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IMPACT OF THE SHEAR AND THICKNESS STRETCHING 

EFFECTS ON THE FREE VIBRATIONS OF ADVANCED 
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Quasi-3D high-order shear deformation theories (HSDT) are often more effective for investigating advanced 
composite thick plates than two-dimensional (2D) theories. The present study examines the specific dimensionality 
effect of quasi-3D HSDT theories through-thickness stretching on the free vibration behavior of thin-thick 
rectangular plates. For this purpose, a 3D displacement field defined by only five unknowns is proposed. Besides, 
it contains a stretching component that contributes to the whole behavior of the plate. The results of the 2D 
model are compared to the results of the quasi-3D model. In addition, several factors, such as the aspect ratio, 
geometrical ratio, and material index, illustrate the influence of dimensionality. Young’s modulus and densities 
should be graded in the direction of thickness. The motion equations are deduced based on Hamilton’s principle. 
According to the boundary condition type, Navier’s solution method is used for solving the obtained equations. 
The results show that the inclusion of the stretching component would increase the dynamic response of the thick 
advanced composite plates. Moreover, the influence of dimensionality is less significant for pure ceramic plates.
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1. Introduction

Recently, a new class of advanced composites functionally graded materials (FGMs) has received special atten-
tion. Following their advantageous characteristics with high strength-to-weight and stiffness-to-weight ratios, they were 
successfully utilized in nuclear engineering, the aerospace industry, and high-temperature conditions, unlike traditional 
composite materials [1]. Although these materials are intended for aerospace and aeronautics, they have found their place 
in other fields such as automotive, biomedical, military defense, electrical, electronics, thermoelectric, athletes, etc. [2-6].

In general, FGMs are composed of a mixture of ceramic and metal. Many researchers are interested in studying the 
free vibration and dynamic behavior, bending, and buckling response of FGM beams, shells, and plates [7-15]. They spend 
time understanding the mechanical behavior of FGMs, which enables to design an optimal profile.

FGM plates can be analyzed using many theories, such as the classical plate theory (CPT). Arshid et al. [16] stud-
ied the free vibration analysis of a circular plate composed of a porous material with integrated piezoelectric actuator 
patches using Hamilton’s variational principle and the CPT to obtain the governing motion equations for various boundary 
conditions. Using the isogeometric analysis based on CPT, Valizadeh et al. [17] numerically studied the buckling of free 
and forced vibration analyses of orthotropic plates. Many researchers used CPT to obtain the problem solutions [18-21]. 
Using the first-order shear deformation theory (FSDT) and the finite element method (FEM), Zghal et al. [22] investigated 
the large deflection behavior of nanocomposite structures, having geometrical nonlinearity and reinforced with carbon 
nanotubes [23-26]. Recently, Zhou and Zhu [27] analyzed the vibration and wave problems of composites reinforced by 
graphene platelets (GPLs), considering four types of dispersions along the z -direction, using FSDT. Bourihane et al. [28] 
examined the nonlinear dynamic of functionally graded (FG) plates subjected to external dynamic loading using the third-
order shear deformation theory (TSDT) implicit algorithm to solve stationary nonlinear problems and structural nonlinear 
dynamic problems. Zhou et al. [29] using TSDT studied the bending and vibrations of thin-thick FG rectangular plates with 
simply supported edges submitted to a magneto-electric field. Several investigations using the higher-order shear deforma-
tion theory (HSDT) with nonlinear variations of displacements in the thickness of the plate, such as TSDT, were carried 
out [30-32]. Shahsavari et al. [33] considered a novel quasi-3D hyperbolic theory to study the free vibration analysis of FG 
porous plates with the Winkler/Kerr/Pasternak foundations. Arefi et al. [34] developed a theory with sinusoidal shear de-
formation theory (SSDT) for investigating the elastic bending analysis of FG polymer composite plate reinforced with 
graphene platelets resting on Pasternak foundation. Many researchers used SSDT in their solutions [35-36].

Zigzag theories (ZZT) are also utilized in [37-39]. The quasi-3D approach considering a normal stretching influence 
was also used in [40-42]. However, some of these theories are computationally expensive due to the number of additional 
variables included in the model. CPT and FSDT are the most widely accepted and applied approaches for determining 
stresses and strains in the plates as simpler and more computationally efficient theories. The influence of shear deformation 
by means of a linear variation of the plane displacements through the thickness are considered in the FSDT by applying 
a correction factor. To improve the representation of transverse shear stresses without correction factors, HSDT theories 
were developed in order to overcome the drawbacks of CPT and FSDT. These theories include higher-order terms in ap-
proximating the in-plane displacement fields and satisfying the zero shear stress conditions at the outer sides of the plates.

Several analytical and numerical models were applied to study the mechanical and dynamic response of advanced 
composite materials and nanostructures. Yaylacı et al. [43] using finite element ANSYS and ABAQUS software studied the 
receding contact problem of elastic layer and elastic quarter plane. Yaylacı et al. [44] analyzed the continuous and discontinu-
ous receding contact problems between FG layer and rigid foundation using analytical solutions and FEM. Öner et al. [45] 
employing FEM and an artificial neural network (ANN) studied the contact problem of multilayer FGM structures under 
uniformly distributed compressive traction. Pourabdy et al. [46] analyzed the dynamic behavior of FG circular nanoplates 
using the nonlocal strain gradient (NSG) model. Daikh et al. [47] studied the equilibrium of FGM sandwich nanoplates 
using a novel nonlocal theory. Bouhadra et al. [48] using the Eringen theory analyze the stability behavior of imperfect FG 
nanobeam under mechanical loading.
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The free vibration response of the square FGM advanced composite plates with simply supported edges was studied 
to estimate the specific dimensional effect through-thickness stretching using a hybrid function shape and quasi-3D HSDT. 
Only five unknowns included in the selected displacement field and the transverse shear effect was taken into account. 
The transverse displacements over the plate thickness satisfy the stress-free boundary conditions. The power-law scheme 
distribution shows that mechanical properties vary continuously with plate thickness. In addition, the five motion equations 
generated are also developed using Hamilton’s principle and solved applying the Navier’s approach for simply supported 
boundary conditions.

The main objective of this study is to use a new displacement field containing fewer unknowns compared to other 
quasi-3D shear deformation theories. This model simplifies the problem and considers the effect of transverse stretching, 
which is not considered in the case of 2D shear deformation theories. However, the boundary conditions are the main limi-
tation of the present model compared to computational methods. In other words, the present model could be only used for 
simply supported plates. However, with a slight modification in solutions, the present model could effectively predict the 
behavior of clamped or simply clamped FG plates.

In addition, a more comprehensive analysis studied the effect of many parameters on natural frequencies, including 
the side-to-thickness ratio, thickness ratio, aspect ratio, volume fraction index, and material properties. Finally, numerical 
results were verified by comparisons with other theory solutions for plates found in the literature to ensure the accuracy 
and effectiveness of the theory proposed. It was concluded that the specific dimensional effect of quasi-3D HSDT theory 
significantly affects the free vibrations of the FG advanced composite plates. Therefore, the resulting negative implications 
of stretching thickness are reduced by implementing suitable quasi-3D theories.

2. Theoretical Formulations

2.1. Material proprieties and geometrical configuration of FG plate

Figure 1 shows the plate with uniform thickness h , length a , and width b . The Cartesian coordinate system x y z, ,  
has the midplane plane z = 0 .

The volume fraction of the FG rectangular plates is considered to follow a function with a power-law change along 
the z -direction:
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Fig. 1. A schematic of FG plate in the Cartesian coordinates system.



1004

The actual material properties such as Young’s modulus E  and material density ρ  are expressed based on the rule 
of mixtures as follows:
	 P z P P V Pc m m� � � �� � � ,	 (2)

where P  is the property of the material for the FG plate; P1  and P2  will represent the properties of the top and bottom faces, 
respectively.

2.2. Kinematics

Based on HSDT and taking into account the impact of normal and transverse stresses (thickness-stretching), the plate 
displacement field can be expressed as:

	 u x y z t u x y t zw k f z x y t dxx( , , , ) ( , , ) ( ) ( , , ) ,
,

� � � �0 0 1
� 	

	 v x y z t v x y t zw k f z x y t dyy( , , , ) ( , , ) ( ) ( , , ) ,
,

� � � �0 0 2
� 	 (3)

	 w x y z t w x y t g z x y tz( , , , ) ( , , ) ( ) ( , , ),� �
0

� 	
where
	 k

1

2�� ,    k
2

2� � . 	 (4)

The following assumptions are considered.
The displacements are small compared to the plate thickness; therefore, the strains involved are infinitesimal.
The transverse displacement w includes two components: bending ( w0 ) and stretching effect (ϕz ). 
The displacements u  in the x -direction and v  in the y -direction consist of extension, bending, and shear com-

ponents.
The function shape can be found as [13]:
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where
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Note that the coefficient r  can take two values:
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Hereafter, we consider only the 3D case. 2D case can be obtained by considering the value r = 0 .
The strain functions can be given by:
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The integral terms that are employed in Eq. (10) should be determined by a Navier’s method and are given as follows:

	 �
�

� ��y dx A xy� � , , 
�
�

� ��x dy B xy� � , , � � dx A x� � � , , � � dy B y� � � , ,	 (11)

where the coefficients ′A  and ′B  are expressed according to the type of solution used; in this case, it is via Navier’s solution.
Therefore, ′A , ′B , k1  and k2  are expressed as follows:

	 � � �A 1

2�
,  � � �B 1

2�
,   k

1

2�� ,   k2
2� � ,	 (12)

where α  and β  are used in Eq. (29).

2.3. Constitutive relations

The linear constitutive relations of an FG plate in the case of the 3D formulation can be expressed as:

	 � � � � � �ij ij kk ijz z� �2 ( ) ( ) .	 (13)

The coefficients � �  and  in terms of engineering constants are given below:
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2.4. Motion equations

This study uses Hamilton’s principle to derive the motion equations. The principle can be expressed in analytical 
form as follows:

	 0

0

� �� ( )� �U K dt
T

,	 (15)

where δU  is the strain energy variation, δK  is the kinetic energy variation. The strain energy variation of the plate is deter-
mined by:
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in which: A  represents the surface. N , M , and Q  are the resultants of stresses. Stiffness components are expressed as:
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The kinetic energy variation of the plate can be written as:
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in which dot-superscript convention designates the differential with regard to the time variable t  and ( , , , , , , , )I I J J I J K Ks s
0 1 1 1 2 2 2 2

 
are the mass inertias that can be determined as follows:
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Putting the terms of δU , δK , and δV  from Eqs. (16) and (18) into Eq. (15), then, integrating and collecting the 
common coefficients of � � � ��u v w

0 0 0
, , , ,  and δ fz , the motion equations of the plate can be determined as follows:
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By putting Eqs. (8) into Eq. (13), and the results obtained into Eq. (17), the resultants of stresses are expressed as:
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By putting Eqs. (9) and (10) into Eq. (21), and the results obtained into Eq. (20), the motion equations can be 
determined in terms of displacements (� � � �� ��u v w z0 0 0

, , , , ) as
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2.5. Exact solution for simply supported FG plate

Generally, the rectangular plates can be classified based on the type of support used. In this study, the exact solutions 
of Eqs. (25a)-(25e) for a simply supported FG plate is considered.

The boundary conditions at the edges of the plate are expressed as follows:

	 v w N M My x x
b

x
s

0 0
0� � � � � � � �� � �

,
 at x a=0, , 	

	 u w N M Mx y y
b

y
s

0 0
0� � � � � � � �� � �

,
 at y b=0, . 	

(26)

The procedure of the Navier’s solution in this study is obtained by assuming the following solution 
� � � �� ��u v w z0 0 0

, , , ,� � that satisfies the boundary conditions in Eq. (26):
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whereUmn , Vmn , Wmn , Xmn , and Φmn are the arbitrary parameters to be determined, ω is the natural frequency, α , β  are 
defined as:
	 � �� m a/  and � �� n b/ .	 (28)
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By putting Eqs. (27) and (28) into Eq. (25), the analytical solutions can be determined from
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in which
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3. Numerical Results

This Section presents several numerical examples for the free vibration analyses of a simply supported FG plate. 
Firstly, the model proposed will be validated by means of comparison with the data available in the literature. For this, 
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two types of FGMs plates are assumed: Al/Al2O3 and (Al)*/ (ZrO2)*. Table 1 presents the properties of the FG plates. For 
convenience, the current normalized natural frequency forms are used:

	 � �� �� � �2 2a h Em m/ , � � � �� a h D2 2 , � � �� h Ec c , 	

	 � �
�
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�

�

����
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����
b
h

E
2

0 0
� , � ��

�

�

����

�

�

����
a
h

Ec c

2
� .	 (32)

To study the effectiveness of the present theories, many comparative studies are presented in the next Section. In 
Table 2, the normalized natural frequencies calculated and the results obtained by the quasi-3D models of Jha et al. [41] 
and Hebali et al. [42], the exact 3D solution of Srinivas et al. [48], and FSDT of Whitney and Pagano [49] are compared. 
The results demonstrate that the current theories (2D and quasi-3D) agree with those determined by the other theories for 
all vibration modes.

TABLE 1. Material Proprieties Used in the FG Plates

Proprieties
Metal Ceramic

Al Al* Al2O3 ZrO2
*

E, GPa 70 68.9 380 211
ν 0.3 0.3 0.3 0.3

Ρ, kg/m3 2702 2700 3800 4500

TABLE 2. Comparison of Normalized Natural Frequencies ω  for Isotropic Square Plate ( a h/ =10 ).

Method ε z
Mode (m, n)

(1, 1) (1, 2) (2, 2) (1, 3) (2, 3) (3, 3) (2, 4) (1, 5)
[41] ¹ 0 0.0932 0.2226 0.3421 0.4172 0.5240 0.6892 0.7515 0.9275
[42] ¹ 0 0.0933 0.2228 0.3422 0.4173 0.5240 0.6890 0.7512 0.9268
[49] ¹ 0 0.0932 0.2226 0.3421 0.4171 0.5239 0.6889 0.7511 0.9268
[50] = 0 0.0930 0.2220 0.3406 0.4149 0.5206 0.6834 0.7447 0.9174

Present 2D = 0 0.0930 0.2219 0.3406 0.4151 0.5208 0.6840 0.7454 0.9187
Present 3D ¹ 0 0.0931 0.2226 0.3421 0.4172 0.5240 0.6892 0.7515 0.9275

a h/ 10=

b
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Fig. 2. Variation of the first dimensionless frequency ω  as a function of material index k  of square 
FG plate with side-to-thickness ratio a h/  = 5 (a) and 10 (b).
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The first five modes of the normalized natural frequencies for two values of aspect ratio ( a b/ = 1, a b/ = 2), 
respectively, are presented in Tables 3 and 4. The results given by Yin et al. [37] and the results obtained by the current 
approaches (2D and quasi-3D) are compared. The fundamental frequencies calculated by the present methods match bet-
ter than those from Yin et al. [37] based on the CPT and FSDT.

TABLE 3. Normalized Natural Frequencies ω  of Thin Plate with Various Gradient Indices ( h/a = 0 01. , a b/ =1 )

Gradient index Method Mode (m, n)
1 2 3 4 5

k = 0 CPT [51] 115.9252 289.7795 289.7795 463.5892 579.468
FSDT [51] 115.8926 289.5809 289.5809 463.0745 578.7338
Present 2D 115.7854 289.3056 289.3056 462.6369 578.0866
Present 3D 115.7870 289.3158 289.3158 462.6630 578.1271

k = 0.5 CPT [51] 101.7838 254.4306 254.4306 407.0386 508.7825
FSDT [51] 98.13488 245.2213 245.2213 392.1553 490.1263
Present 2D 98.0682 245.0491 245.0491 391.8845 489.6943
Present 3D 98.7054 246.6456 246.6456 394.4443 492.8985

k = 1 CPT [51] 96.40367 240.9814 240.9814 385.522 481.8871
FSDT [51] 88.42912 220.9715 220.9715 353.3795 441.6718
Present 2D 88.3813 220.8452 220.8452 353.1801 441.3316
Present 3D 89.6946 224.1296 224.1296 358.4368 447.9040

k = 2 CPT [51] 92.1328 230.3048 230.3048 368.4405 460.535
FSDT [51] 80.39669 200.8961 200.8961 321.2691 401.533
Present 2D 80.3647 200.8060 200.8060 321.1202 401.2595
Present 3D 82.1826 205.3494 205.3494 328.3878 410.3423

TABLE 4. Normalized Natural Frequencies ω  of Thin Plate with Various Gradient Indices ( h/a = 0 01. , a b/ = 2 )

Gradient index Method Mode (m, n)
1 2 3 4 5

k = 0 CPT [51] 72.45548 115.9255 188.375 246.321 289.7797
FSDT [51] 72.44281 115.8973 188.3682 246.1798 289.5828
Present 2D 72.3264 115.6593 187.7762 245.3760 288.5213
Present 3D 72.3290 115.6658 187.7932 245.4051 288.5618

k = 0.5 CPT [51] 63.61681 101.7841 165.3958 216.2733 254.4307
FSDT [51] 61.34204 98.13939 159.5172 208.4666 245.2231
Present 2D 61.2623 97.9712 159.0721 207.8808 244.4452
Present 3D 61.6614 98.6111 160.1158 209.2493 246.0585

k = 1 CPT [51] 60.25416 96.40398 156.6532 204.8412 240.9816
FSDT [51] 55.27501 88.43342 143.7455 187.851 220.9732
Present 2D 55.2113 88.2950 143.3630 187.3533 220.3086
Present 3D 56.0324 89.6092 145.4997 190.1485 223.5982

k = 2 CPT [51] 57.58483 92.13309 149.7129 195.7659 230.3049
FSDT [51] 50.25433 80.40054 130.6866 170.7853 200.8976
Present 2D 50.2015 80.2801 130.3409 170.3266 200.2793
Present 3D 51.3374 82.0970 133.2920 174.1843 204.8167
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For thick plates, the CPT and FSDT theories cannot provide the results as accurately as 2D and quasi-3D approaches, 
because the 2D and quasi-3D do not depend on any hypothesis compared with CPT and FSDT theories, see Table 5. The 
present theories generally give a good estimation for normalized natural frequencies in thick FG plates, where the impacts of 
stretching and shear strain are important.

Figure 2 compares the fundamental frequency of the square FG plates calculated by different theories. The solutions 
based on the CPT and other theories are close to each other for high values of side-to-thickness ratio a h/ . A significant dif-
ference exists between the CPT and the other theories for small values of side-to-thickness ratio a h/ . However, the divergence 
in the quasi-3D case is faster than the 2D and FSDT theories because of the effect stretching. The side-to-thickness ratio has 
an insignificant impact on the change between the CPT and the other shear deformation theories.

Figure 3 presents the variation of the fundamental frequency of the square plate for three values of gradient index k  
in terms of side-to-thickness a h/  and various theories (CPT, FSDT, HSDT, and Quasi-3D). The solutions obtained by the 
CPT and HSDT are near each other for small or large gradient indices. The material appears relatively homogeneous for small 
or large gradient indexes. However, the material is nonhomogeneous for moderate gradient indexes. In addition, this difference 
is due to the effects of transverse shear strains taken into account in the cases of HSDT, and it appears in the Quasi-3D theory 
due to the stretching effect.

Figure 4 illustrates the variation of the fundamental frequency of the square plate for three values of gradient index 
k  in terms of side-to-thickness b h/  and for different theories (CPT, FSDT, HSDT, and Quasi-3D). For the three cases, the 
fundamental frequencies decrease with the increasing the side-to-thickness ratio. Consequently, the difference between the 
CPT and the other theories increases because of the effect of shear strains. The small difference between Quasi-3D, FSDT, 
and HSDT is due to the stretching effect.

Figure 5 demonstrates the fundamental frequency variation of simply supported FG plate versus the aspect ratio b a/  
for different values of the side-to-thickness ratios a h/ . The highest frequencies are obtained for a square plate ( b a/  = 1). 
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Fig. 3. Variation of dimensionless fundamental frequency ω  vs. aspect ratio a h/  for the index 
material k  = 0 (a) and 10 (b) (at a b/  =1).

TABLE 5. Comparisons of Fundamental Frequency Parameters ω  of Simply Supported Isotropic Rectangular Plates with 
Other Theories ( b a= 2 ).

Method h/b
0.005 0.01 0.02 0.1 0.2

CPT [52] 1.96339 1.9631 1.96188 1.92433 1.81954
FSDT [52] 1.96305 1.9617 1.95639 1.80958 1.51101
Present 2D 1.9630 1.9617 1.9564 1.8099 1.5195
Present 3D 1.9631 1.9618 1.9567 1.8152 1.5320
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They decrease with the increasing the aspect ratio b a/  for all theories. The results obtained using the different theories get 
closer with the rise in the side-to-thickness ratio a h/  and have almost the same values, except for the Quasi-3D theory.

Figure 6 illustrates the fundamental frequencies of various plates versus the geometrical ratio a b/  using different 
shear theories. The highest frequencies are obtained for a ceramic square plate ( a b/ = 1). Whatever the shear theory class, 

Fig. 4. Variation of dimensionless fundamental frequency Ω  vs. the side-to-thickness ratio h b/  for 
various values of index material k  = 0 (a), 2 (b), and ∞  (c); (at a b/  =1).
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all the curves exhibit almost the same evolution. The fundamental frequencies fall rapidly when the geometrical ratio is 
small ( a b/ < 2.5), while they slowly decrease when a b/ > 2.5.

Figure 7 presents the variation of the fundamental frequency of the FG plate as a function of aspect ratio b a/  for 
different values of side to thickness a h/ . The maximum frequencies are obtained for a square plate ( b a/  = 1) and decrease 

Fig. 6. Variation of dimensionless fundamental frequency Ω  vs. the ratio a b/  for various values of 
material index k  = 0 (a), 5 (b), and ∞ ; (at a h/  = 10).
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with the aspect ratio b a/  increasing for all theories. The results obtained using the different theories get closer with the rise 
in the side-to-thickness ratio a h/  and have almost the same values, except for the Quasi-3D theory, which comes down to the 
stretching effect.

Figure 8 illustrates the influence of the various theories on dimensionless natural frequency. The normalized funda-
mental frequency values converge towards the same value for a thinner plate regardless of the theory employed. The slight 
difference between HSDT and FSDT is due to the estimation of shear stresses and stretching effect.

4. Conclusion

Quasi-3D and 2D free vibration analyses were performed using linear small strain elasticity theory. The current 
mathematical method can ensure the accurate solutions for thick plates, better approximating the previous approximate plate 
theories (CPT and FSDT). In addition, the power-law FGM plates are employed. The accuracy of the method presented is 
also validated by comparing the results of this study with other theories. Briefly, the following conclusions can be formulated.

There is good agreement between the results obtained by the models presented and the available in literature. Fur-
thermore, the fundamental frequency decreases with increasing the material index; simultaneously, the difference between the 
models disappears with increasing the side-to-thickness ratio.

For high values of side-to-thickness, the quasi-3D theory of inhomogeneous plate presents a significant difference 
compared with other models due to the stretching effect. However, for the homogeneous thin plates, the values of the frequen-
cies converge towards the same values.

The fundamental frequencies increase with decreasing the side-to-thickness ratio and increasing the aspect ratio.
Increasing the anisotropy ratio increases the normalized natural frequency, and the transverse shear strains can be 

neglected in thin plates.
A parametric study for plate side-to-thickness ratios, aspect ratios, and material index indicates that thin plates are 

slightly more sensitive to material properties than thick plates. Therefore, both models utilized in the present work ensure a 
good prediction for normalized natural frequencies, whatever the plate thickness.

Finally, it is concluded that the specific dimensional effect of quasi-3D HSDT theory, through-thickness stretching, 
significantly affects the free vibrations of the FG advanced composite plates. Therefore, the resulting negative impacts of 
stretching thickness are reduced by adopting suitable quasi-3D theories.
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