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Exercise01 consider 4 = {3121% tnE N}

1. finding the real numbers a, b so that =2 = a + .
3n+1 3n+1

3n+1 3 3n+l

2. Showing that the set A is bounded.
2
3

Letn>0.Then 3n+1>1 itfollows—gs —

3n+1
2

Adding 1 to each sides of the last inequality gives 0 < =— 2

3n+1

Therefore A c [0;5[. Thus A4 is bounded.

3. Determining min(A4), max(A),inf(A) and sup(A) if there exist.
2X0

3n +1 3x0+1

Using the fact that 0 is a lower bound of A yields min 4 = 0.

Hence infA4 = 0.

= 0 which means 0 € A.

For n = 0 we have

As lim,,_, 3721% = %with % is an upper bound of A, we suppose that sup(4) =

N |

Prove that sup(4) =

N |

2n,
3ng+1’

sup(A) =§ & Ve > 0,3an.eN s.t%— e<

1

Let € > 0. By Archimedean property there exist n, > g -

2
3

So3n,+1> % It follows — > —¢.

3ng+1

Addlng glves < ——

3n£+1

We thus conclude sup(4) = %

. 2 3 . . .
Since ﬁ =7 has no solution in N, we deduce that max A does not exist.

Exercise02
let —1+ t5 + +—andvn=1+ -+ + + /nEN

1
2n—-1

—/n €N,

1. Showing that that: ¥n € N*; %S
1
n

- We denote by p(n): <3

- Base step: Forn = 1. We get




holds.

- Induction step: suppose that p(n) —'
Then prove that p(n + 1): < i/ € N holds.

(n +1)' = 2n
Letn € N*
. . 1 . 1 1
We have — < g Multiplying byz yields € N : ol S z_n'
Forn > 1, we have n+1> 2. Then. Itfollows —— <1l <l —. which implies <.
n+1in! Zn' (n +1)| 2n

Therefore p(n + 1) holds.
- By principle of mathematical induction % <

2. Provethatforalln € N: u, < 2.

Letn e N
It is easy to that u,, is a sum of n+1-terms of geometric sequence with common ratio % .

-

n+1

N—

Sou,=1 .Thenu, =2 — (l)n.

2

NI N

. 1\ . .
Since — (5) < 0, Itis obvious that u, < 2.

3. Showing that (v,) is monotone

Vi =V = (Tt tottot—) = (Lot ) = —

n+1! n+1!"

Then v,,, — v, > 0. Therefore (v,,) is increasing. Which implies (v,,) is monotone.

4. _deducing that the sequence(v,) is convergent.

As (v,) is increasing, it suffices to prove that (v,,) is bounded to show that it is convergent.

From the first question we have found = < ,3_1
k! 2

Vk € N*.

Hence ¥, ._Zk 12k T

1 1
Furthermore Y.2_; — " ~ < ( k=1 zk_—l) + o

Which means v, < u,. Since u, <2 Vn € N, we obtain v, <2 Vn€N.
The sequence (v,,) is bounded and increasing then it is convergent.
Exercise03

sin(x?) ifx=0
xe*sin(x?) ifx<0

FRoR - fo)=]

1. Showing that: YVa € R: |sina| < |a|
Let a be positive real.
The function f is continuous on [0, @] and differentiable on ]0, |.
By mean value theorem there exist 6 € |0, a[ such that
sina —sin0 =cos @ (a — 0). Hence sina = a cos 6.
Since —a < acosf < a,we get —a < sina < a.
So [sina| < a = |a].




Let § = —a be negative real.
We have |sina| < |a|. Then |—sina| < |—a]. It follows [sin(—a)| < |—a].
Therefore |sin(B)| < |B] for all negative number.
In conclusion Va € R: |sina| < ||
2. Using the definition of limit, Prove that lim,_,(sin(x?)) = 0.
We want: Ve > 0,36 > 0s.tVx E RO < |[x — 0] < § = | sin(x?) — sin(0?)| < ¢
In other words Ve > 0,35 > 0s.tVx ERO < |x| <6 = | sin(x?)| < &.
- Lete > 0.Choose § = +e. Let x € R . we have |x| < Ve.

2
| sin(x?)| < |x?] < |x|?> < Ve ==

Therefore lim,_( sin(x?)) = 0.

3. Prove that f is continuous over R.
The function f is a combination (composition and product) of continuous functions on R*
then f is continuous overR*.
At the point x, = 0.
- f(0)=sin(0) =0
_ . — . . 2 —
Jim (f() = lim [sin(x*)] = 0
. _ . . 2 _
- Jl)rggr(f(x)) = xll)rglJr[xex sin(x*)] =0
From above we have lin(l)(f(x)) = £(0).
x>

Therefore f is continuous at 0.
Conclusion: the function f is continuous over R.
4. Show that f is differentiable on R
The function f is a combination (composition and product) of differentiable functions on R*
then f is differentiable on R*.

We have [sin(x2)]" = 2x cos x? over neighborhood of 0. Then f;' (x) = 2x cos x2.
Hence f;(0) = 0.
We have [xe* sin(x?)]" = (x + 1)e* sin(x?) + 2x2e* cos x? over neighborhood of 0. Then
f(x) = (x + 1)e* + 2x%e* cos x2.
Hence f/(0) = 0.
Therefore £,/ (0) = f;'(0). We thus conclude that f is differentiable at 0.
Conclusion: the function £ is differentiable over R.
5. Calculate f' the derivative of the function f over R.

2xcosx?  ifx>0
0 ifx=0
(x + 1)e* sin(x?) + 2x%e* cosx? if x < 0.

fix) =




