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Introduction

About the fractional calculus, as we know it today, the point of beginning of this area can
be traced back to the end of the seventeenth century, the time when the famous mathemati-

cians Newton and Leibniz improved the formation of differential and integral calculus. In

d"f(x)

o to stand for the nth derivative of a func-

particular, Leibniz introduced the notation

tion f. When he announced this in a letter to de I'Hospital (seemingly with the implicit

assumption that n € N), de I'Hospital replied: “What does d;]; Y mean if n = 1/22” This letter

from de 'Hospital, written in 1695, is nowadays generally accepted as the first incidence of
what we today call a fractional derivative, and the fact that de 'Hospital specifically asked
for n = 1/2, i.e., a fraction (rational number), actually gave rise to the name of this part of
mathematics.

Therefore, Fractional calculus (FC) generalizes integrals and derivatives to non-integer
orders. During the last decades, FC was found to play a fundamental role in the model-ing
of a considerable number of phenomena; the motivation for studying fractional differential
equations comes from the fact that the theory of fractional differential equations has funda-
mentally been attracted by the enormous numbers of interesting and novel applications aris-
ing in physics, chemistry, biology, engineering, finance, and other areas which have been de-
veloped in the last few decades. control theory, relaxation in filled polymer networks, model-
ing of viscoelastic materials, heat propagation, modeling of the behavior of viscoelastic and
viscoplastic materials under external influences, image processing, description of mechani-

cal systems subject to damping. Also, it is worth pointing out that a completely different and



very novel applicable field is the area of mathematical psychology, where fractional-order
systems may be used to model the behavior of human beings, more precisely, using frac-
tional operators, a model of memory-dependent phenomena is prepared which is based on
human reaction and the external influences depending on the backgrounds that has been
made in the past. Hence FC emerged as an important and efficient tool for the study of dy-
namical systems where classical methods reveal strong limitations.

One of the powerful tools used in the theory of FC is the so-called Measures of noncom-
pactness that constitutes a very important branch of nonlinear functional analysis and are
widely applied in fixed point theory and are especially useful in investigations connected
with the theories of differential equations, integral equations, functional integral equations
of arbitrary order . It finds a lot of applications in operator theory. First of all, it allows us to
select very significant class of operators being generalizations of compact operators. Those
operators are known as operators satisfying the Darbo condition or contractions with respect
to a measure of noncompactness as well as condensing operators.

We will present one of the application of the MNC in FC theory In this thesis, organised

as follows :

e Chapter 1: In section 1, We give some preliminaries about functional spaces that we
will be using. In section 2, we introduce the notion of a measure of non-compactness
and explore some of its properties. In section 3, we review some special function that
will be useful. In section 4, we define the Riemann-Liouville fractional integral and

derivative.

e Chapter 2 : In this chapter we will apply the technique of MNC to investigate the ex-
istence of solutions of an infinite system of FDE, than using a semi-analytic method
(a modified homotopy perturbation method), we approximate the system’s solutions.

Providing an illustrative example of the used techniques.



Chapter 1

Preliminaries
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1.1 Functional analysis

In this section we give a brief review of some basic definitions, classical theorems and

inequalities in functional analysis.

1.1.1 Metric spaces

Definition 1. a metric space is an ordered pair (E,d) where E is a set and d is a metric on E,

i.e., afunctiond: E x E — R, satisfying the following axioms for all points x,y,z € E:
(i) dx,y)=0 <= x=y
(it) d(x,y) =d(y,x)

(i) d(x,2) <d(x,y)+d(y,2)

If (E, d) is a metric space, then : the open ball with center at x and radius r is denoted by

B(x,r): B(x,r)={Y €E; d(x,Y) <r}. The closed ball of radius r around x is defined as :
B(a,r)={x€E; d(x,a) <r}.

A set A c (E,d) is said to be bounded if there exists x € E and M > 0 such that: A c
B(x, M) If Ac (E,d) and x € E, we call the distance of x from A- and we denote d(x, A)- the
real :

d(x,A) =inf{d(x,a); a€ A}.

If Ac (E,d) is abounded set, we call diameter of A the real :
diam(A) =sup{d(a, b); a,b € A}.

e-net: If M and S are subsets of a metric space (X, d) and € > 0, then the set S is called an
e-net of M if for any x € M there exists s € S, such that d(x, s) <e. If the set S is finite, then

the e-net S of M is called finite e-net.
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Sequences in metric spaces

A sequence (u,) of (E,d) is convergent to ¢ € E if:

Ve>0,ANeN,Vn=N, d(u,,f) <e.

A subsequence of a given sequence (x,) is any other sequence (yy) that is of the form
Yk = X(n,) Where (n;) is an increasing sequence of natural numbers, i.e. n; <ny <nz <---.

A sequence of points x, in a metric space X converges to a point a € X, if for every € >0
there is an N; € N such that for all n = N, we have x,, € B.(a) We write lim,,_.., X, = a or

X, — a.

Continuity

Let X, Y be two metric spaces, f a map from X to Y and a a point of X. We say that f is

continuous in a if :

Ve>0,30>0,Vxe X, d(x,a) <6 =>d(f(x), f(a) <e.

f is continuous on X if it is continuous at every point of X.

Definition 2. Let (X, d) and (Y, 6) be two metric spaces and F a family of functions from X to

Y.The family F € € (X, Y) is equicontinuous if :

VxeX,Ve>0,In>0,VfeFEVyeX, dxy) <n=06(f(x),f(y) <e.

Let X and Y be metric spaces. A family F of functions from X to Y is said to be equi-
bounded if there exists a bounded subset B of Y such that for all f € F and all x € X it holds:
f(x) € B. Notice that if F c 6}, (X,Y) (continuous bounded functions) then is F is equi-
bounded if and only if F is bounded (with respect to the metric of uniform convergence).

Let A be a subset of a metric space E. A point ain A is is a limit point (or cluster point or
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accumulation point) of the set A if : every neighbourhood of a contains at least one point of
A different from a itself .i.e :

Vr>0, Bla,r)NA#¢@.

The closure of a subset A of points in a metric space -denoted A consists of all points
in A together with all limit points of A. The closure of A may equivalently be defined as the
union of A and its boundary, and also as the intersection of all closed sets containing A.

We say that / is a valeur d’adhérence of the sequence (u,) if there exists a subsequence
of (u,) that converges to [.

We say that a sequence (x;) in a metric space (X, d) is a Cauchy sequence if :
Ve>0,ANeN, Vp,g= N, d(up,ug) <e

Completeness

A metric space E is complete if every Cauchy sequence on E converges.

Lim sup and Lim inf

A sequence of real numbers -even bounded- doesn’t have to be convergent, for instance :
the sequence (1) ,eny = ((-1)™) nen- The concept of limit superior and limit inferior makes
itlook like it’s real i.e : (1) ,eny CcOnverges !

Let (1) ,en be @a bounded sequence of reals. We set for every n e N : v, = sup{uy : k = n}.
Then (u,) ,en is a decreasing sequence bounded from below, hence it converges to a limit /.
The real [ is called the limit superior of the sequence (u,) ,,cny and we denote it by limsup u,..

n—+oo

Hence we could define the limit superior and the limit inferior of (u,) ,cn, respectively, as :

limsup x,, := lim (sup x,,)
n—o0 n—00 m=n

liminfx, := lim (inf x,,)
n—oo n—.oo m=n



1.1 Functional analysis 12

Remark 1. If (u,) ,en is not bounded, then for all n € N, we have : sup{uy : k= n} = +oo and
we put : limnsup Up = +00.

We define similarly, the limit inferior replacing sup by inf. The limit superior of a se-
quence (u,) is the greatest value of the limit points of (u,) and the limit inferior is the lowest

one.

Compactness

A subset M of a metric space X is compact if every sequence (x,) in M has a convergent
subsequence, and in this case the limit of that subsequence is in M.

The set M is said to be relatively compact if the closure M of M is a compact set.

A subset M of a metric space X is relatively compact if and only if every sequence (x,) in
M has a convergent subsequence; in that case, the limit of that subsequence need not be in
M.

Let X and Y be infinite-dimensional complex Banach spaces. A linear operator L from X
to Y is called compact (or completely continuous) if D(L) = X for the domain of L, and for
every sequence (x,) € X such that || x,| < c, the sequence (L (x;)) has a subsequence which

convergesin Y.

Convexity

Let X be a vector space over the field R. A subset E of X is said to be convex if Ax +
(1-A)ye Eforallx,ye€ Eandforall A € (0,1). The intersection of any family of convex sets
is a convex set. If F is a subset of X, then the intersection of all convex sets that contain F is

called convex hull (or convex cover) of F denoted by co(F).

Definition 3 (Schauder basis). A Schauder basis in a Banach space X is a sequence {e,},, = o of
vectors in X with the property that for every vector x € X, there exist uniquely defined scalars

[o,0] n
{Xn}nso depending on x, such that: x = Y, xpep, i.e., x:lillann(x), Py(x):= Y xpep.
n=0 k=0
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1.1.2 Normed vector spaces
Amap |||l : E— R, is called a norm if it satisfies :
(i) Vx€E, |xll=0©x=0
(i) VxeE, VA€eF,|Axll =I|Al-lIxIl
(i) Vx,y€E, |x+y| < Ixl+|y|

Then we say that (E, |.|) is a normed vector space. If (E, ||.||) is a normed vector space, then
themap d: E x E — R, defined by : d(x, y) = || x — y| is called the associated distance to the

norm ||.||.

Banach space

A complete normed vector space is said to be a Banach space.

Theorem 1 (Banach-Steinhaus theorem/ Uniform Boundedness Principle). Let X be a Ba-
nach space, Y a normed vector space and B(X,Y) the space of all continuous linear operators
from X into Y. Suppose that F is a collection of continuous linear operators from X to Y. If

suplIT(x)lly <oo forallxe X,, then: sup IT(x)|ly =suplTlpx,y) <oo
TeF TeF TeF
lxl=1

Minkowski inequality

Let pe[l,+ool and uy,..., Uy, vy,..., vy, complex numbers. Then :

n 1/p n 1/p n 1/p
(Z|uk+vk|p) s(ZIuklp) +(Z|Vk|p) -
k=1 k=1

k=1
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Holder’s inequality

Let p,q € [1,+o00o[ such that: 1/p+1/q =1.. If uy,...,u, and vy, ..., v, are complex num-

bers, then :

n n 1/p n 1/q
Y luellvel < | X Tul? Yolvl?| .
k=1 k=1 k=1

1.1.3 Sequence spaces

A sequence space is a vector space whose elements are infinite sequences of real or com-
plex numbers. Equivalently, it is a function space whose elements are functions from the
natural numbers to the field K of real or complex numbers. Some of the classical sequence

spaces are (which are Banach spaces with their respective norms) :

* The space of all bounded sequences:

b= {xe w:sup|xgl <oo; 1 Xlleo :suplxkl}
k k

e the space of all absolutely p-summable series :

1
p

0= x€ w:Xk"lxkl”<oo; ||x||p:(zk:|xk|”) ,1<sp<oo

Where w is the space of all real or complex sequences x = (xx)72 ;

e Let X be a linear space and d a metric on X. Then d is called translation invariant if:

dx+z,y+2)=d(x,y) forallx,y,zin X.

e LetXbe alinear space which is also a metric space with the translation invariant metric
d on X. Then (X,d) or X for short, is said to be a linear metric space, if the algebraic
operations on X are continuous functions. That is, that X is a linear metric space if and

only if it is both a linear and a metric space such that
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(i) the distance between any two points are preserved under the identical transla-

tions of these points.

(ii) the vector addition map (x,y) — x+ y is a continuous function from X x X into X,

and
(iii) the scalar multiplication map (A, x) — Ax is a continuous function from R x X

into X.

* Asequence space X with linear topology is called a Kspace ifeach of the maps p,, : X — C

defined by p,(x) = x, is continuous, for all x = (x;) € X and every n € N.
e A complete linear metric space is called a Fréchet space.

e K space X is called an FK space if X is a complete linear metric space, that is, X is an

FK space if X is Fréchet space with continuous coordinates (i.e., if x™ —— x inthe
n—o0

metric of X then x; ™ xx for each k).

n—oo

* Anormed FK space is called a BK space, that is, a BK space is a Banach sequence space

with continuous coordinates .

* An FK space X is said to have AK (The notation AK arises from the German words Ab-
schnittskonvergenz (for Sectional Convergence) if every sequence x = (xx) € X has a
S (0K o (k) H(k
unique representation x = ) 1 ®e® thatis, lim Y x®e® = x .This means that
k=1 =00 k=1
{e(k)}zo:1 is a Schauder basis for any FK space with AK such that every sequence, in an

FK space with AK, coincides with its sequence of coefficients with respect to this basis.

Example: ¢, (1 < p <oo) have AK, but ¢, do not have AK.

* monotone norm We say that a norm ;||.|lon a sequence space is monotone if x, X € X
with | x| < |X| for all k, implies: || x|l < || X]l. Example: The standard unit vector bases of
¢, for 1 < p < oo, are monotone Schauder bases. In this unit vector basis {x,}, > ¢,the

vector x, in £, is the scalar sequence [xn, i] ; where all coordinates x,,; are 0 except the
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n-th coordinate: x, = {xn,i};ﬁo € €y, Xp,i=0ni, wherebd,;isthe Kronecker delta.

The space ¢ is not separable, and therefore has no Schauder basis.
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1.2 Measure of non-compactness

1.2.1 Basic concept

The measure of non-compactness (MNC) is a positive real valued function defined on the
set of all bounded subsets of a metric space that measures the distance between a set and the
set of relatively compact sets, in other words it measures the degree of non-compactness.?
i.e: how far is the set from being compact. The notion of measure of non compactness was

first introduced by Kuratowski in 1930.

Definition 4 (1). Letdpy : M x x M x — R be the function defined by :

dy (S, Q) = max{supd(s, Q),supd(q, S)};S,Q €. Myx.
seS qgeQ

The function dy is called the Hausdorff distance, and dg (S, Q) is the Hausdorff distance
between S and Q. If ¢ # F< X and B(E,r) = U B(x,r) ={ye X:d(y,F)<r;r>0} is the
xeF

open ball with center in F and radius r, then :
dp (S, Q) =inf{e>0:Sc B(Q,¢) and Q < B(S,¢)}

Definition 5 (The Kuratowski Measure of Non-compactness : KMNC). [1] Let (X, d) be a met-
ric space and Q a bounded subset of X. Then the Kuratowski (set) measure of non-compactness
of Q, denoted by a(Q),is the infimum of the set of all numbers e > 0 such that Q can be covered

by a finite number of sets with diameterse > 0, that is :

n
a(Q) :inf{ €>0:Qc | JSi:Sic X, diam(S)) <e, (i = 1,..,n);n€|\|}
i=1

In general the computation of « is difficult, another MNC which is more convenient is

the The Hausdorff Measure of Non-compactness (HMNC).

Definition 6 (The Hausdorff Measure of Non-compactness). [1,6] Let (X, d) be a metric space
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and Q a bounded subset of X. Then the Hausdorff measure of non-compactness ( or ball mea-
sure of non-compactness) of the set Q ,denoted by x(Q), is defined to be the infimum of the set

of all reals € > 0 such that Q can be covered by a finite number of balls of radii < €, that is:

n
X(Q):inf{£>0:Qc UBGi,r):xie X,ri<g, (izl,..,n);nel\l}
i=1

Remark 2. From the definition of the HMNC we have :
VgeQ JieN:geBx;,r))=>VqeQ IxieX:d(x;,q)<ri<e.

Hence: {x;,ieN} isa finitee—netof Q, since the x; s were not supposed to belong to Q, we

can state the definition of the HMNC equivalently :
¥(Q) =inf{e>0:Qhasa finitee—netin X}

Proposition 1 (1). Let (X, d) be a metric space.Q,Qy, Q2 € M x and JVXC be the set of all non-

empty and compact subsets of (X,d). Then :
1 (QD -1 (Q2)] < dr(Q1, Q)
¥ (Q =dp (Q Ay)
Where dy is Hausdorff distance.

The HMNC shares similar properties with the KMNC with some additional properties

suitable in applications.

Proprieties 1. .[1,6] Let Q,Q; and Q2 be bounded subsets of the metric space (X, d), Then :
1. The familykery ={ Q€ #x: x (Q) =0} is non-empty andker y < Nx.
2. Regularity : x(Q) =0 < Q is a precompact set.

3. nonsingularity : y is equal to zero on every single-element set.
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10.

11.

12.

13.

14.

15.

16.

17.

Invariant under closure: .x(Q) = x (Q)
monotonicity: Q1 < Q2 = ¥ (Q1) < x(Q2).
Semi-additivity: y(Q1 U Q) = max{y(Q1), x(Q2)}.

x(Q1NQ2) <min{y(Q1), x(Q2)}.

Kuratowski’s intersection theorem (is a generalisation of Cantor’s intersection theorem.
Whereas Cantor’s result requires that the sets involved be compact, Kuratowski's result
allows them to be non-compact, but insists that their non-compactness "tends to zero"
in an appropriate sense.): If (X)) is a sequence of closed sets from Mg such that X1 C
Xy for n=1,2,... and if limp—..op(Xy) = 0, then the set X = ()., X, is a non-empty

compact set.

B [f X is normed, then :

(algebraic subadditivity): x(Q1 + Q2) < x(Q1) + x(Q2)

(invariance under translations): y(Q + x) = y(Q),Vx € X.
(semihomogeneity): x(AQ) = |1 x(Q),VA€eF.

invariant under passage to the convex hull: y(Q) = y (co(Q)).
Convexity : y (AQ1 +(1-21) Q2) <Ay (QU)+ (1 =) ¥ (Q2) ; A€ [0,1].

Lipschitzianity: |x(Q1) — x(Q2)| < p(Q1,Q2), where p denotes the Hausdorff semimetric

defined by: p(Q1,Q2) =inf{e>0:Q; cQ2+¢B,Q, c Q; +&B}.
x(Q) = p(Q, A%).
Continuity: Ye > 0,36 >0: p(Q1,Q2) <86 = [x(Q1) — x(Q2)| <e.

IfXis infinite-dimensional: y (Bx) = 1. (We note that these measures of non-compactness

are useless for subsets of finite-dimensional spaces like the Euclidean space R": by the



1.2 Measure of non-compactness 20

Heine—Borel theorem, every bounded closed set is compact there, which means that y(Q) =
0 if Q is bounded ,0c0 otherwise.Measures of non-compactness are however useful in the

study of infinite-dimensional Banach spaces.

18. x(B(A,r))=x(A+r),whereB (A, 1) =UxeaB (x,1).

1.2.2 Computation of the HMNC

Let X be a Banach space with a Schauder basis {ej, e,...}.Then each element x € X has a

[e.@]
unique representation x = Y ¢; (x) e; where the functions ¢; are the basis functionals. Let
i=1

n
pPn: X — X be the projector onto the linear span of {ey, ey, .., e}, thatis p,(x) = X ¢; (x) e; .Then,
i=1

by Banach-Steinhaus theorem, all operators p, and I — p, are equibounded.

Theorem 2. (2) Let X be a BK space with Schauder basis (b,,),Q € Mx,P,: X — X (neN)) be

the projector onto the linear span of {ey, e, .., e,,} and I be the identity operator on X.Then:

1
= lim sup (sup I(I = Py) (x) ||) <1< irr}f(suP I(I = Py) (%) ||) <lim sup (sup I(I = Py) (x) ||)

a4 n—oo | xeQ x€Q n—oo |\ xeQ

Where: a=1im sup ||[I - P||.

n—oo

Proof. For all neNwe have Q c P,,Q+ (I — P,) Q .It follows that :

X(Q) < x(PrQ)+x((I-Pp) Q) =x((I-Pr) Q) < Sug (I =Pp) (Xl
X€

We obtain :

1(Q) < irnlf(sup I(I = Py) (x) ||) <lim sup (sup I(1 = Py) (x) ||) .

x€Q n—oo |\ xeQ



1.2 Measure of non-compactness 21

Now lete>0and{zy,...zx} bealy (Q)+el—netof Q. SinceQ c{zj,...zx} + [ (Q) + €] By,
this implies that for anyx € Q, there existz € {z;,...zx} and s € Bx such that
x=2z+[x(Q)+¢€]ls,and so :

sup [[( = Pp) ()l < sup [(I="Py) (z) |+ [} (Q)+e]II— Pyl

xeQ 1<isk

n—oo er n—oo

This yields : lim sup (sup (I - Py,) (x) II) <(x(@Q +¢)lim sup |(I—Pp)ll.

hence élim sup (sup |(I-Py)(x) II) <xy(Q)+e.

n—oo xeQ

The next theorem gives an explicit expression of the Hausdorff measure of non-compactness
for any bounded subset of an arbitrary monotone BK space with AK. This indicates why the

Hausdorff measure of non compactness is the most suitable in applications.

Theorem 3. [1] Let X be a BK space with AK and monotone norm, Q € Mx and punen) :

X — X be the operator (projection) defined by : p,, (x1, X2,..) = x!"™ = (x1, X2, .., X,0,0,..) for all

x=(x1,X>,.) € X. Then:

x(Q) = ,}iggo(sug (I —-Pp) (x)II)

Proof. For Q € /x and a fixed n € N, we put u, = u,(Q) = supll({ — P,)(x)|l. Since X is a

xeQ
monotone BK space with Ak, it follows that :

I =P @) = || x— x| = ||x = "] = 1T = Pps) ).
Let n € Ny and € > 0 be given.Then, there is a sequence e Q such that :

(= Prn) )| = ptsr — €

Hence :

tn(Q) = |I=P) (X0 = |- Ppen) )| = pnsr — €
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Since € > 0 is arbitrary, we have: u,(Q) = u,+1(Q) =0, for all n € N and so nlim 1n(Q) exists
—00
for all Q € ./ x and we can replace limsup by lim in theorem 2. It remains to show that
lim sup [|I— P, = 1. Since |.|| is monotone, [|(I - Pp)(x)|l = | x — x| < || x|l for all xe X and
n—oo

allneN, hence || I - P, <1 for all n. To show the converse inequality, let n € N be given. We

obtain ||(I - Pp)(e"™)| = |[e"*!|| # 0, which implies : |1 - P, = 1 for all n. O

Since ¢, (1 < p <oo) is a BK space with AK and monotone norm |.|| ,, the HMNC in ¢,

is given by :

Theorem 4. [9] Let Q be a bounded subset of X = ¢, for (1< p <oo). Since { e e® Lisa

Schauder basis for ¢, (1 < p <oo) then :

< =

Xe,(Q = lim sup(Z |xk|P)

x€Q \k=n

Proof. By theorem 3 :

1
Xe,(Q) = lim |sup [|(Id = Py) (X zp) = lim (sup II(0,0,.-,an..)Ilg,,) zl}ijgo(sup (2 kalp)”).

%\ xeQ o0\ xeQ X€Q k>n

1.2.3 Measure of Non-compactness of Operators

Definition 7 (1,6). Let ; and u, be measures of non-compactness defined on Banach spaces

E and F,respectively. Let L : E — F be an operator. Then :

o L is called (p1, 42) — contractive operator with constant k > 0 (or simply k — (p1, t2) -

contractive) if L is continuous and

2 (L(Q)) < kpy (Q) foreach Q€ M.

In particular, if E = F and |1, = uo = p then we say that L is a k-p-contractive operator.
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e L is called (w1, 12)-condensing operator with constant k > 0 (or simply k — (p1, i2)-

condensing) if L is continuous and

U2 (L(Q)) < kuy (Q) for each non-precompact Q € M.

In particular, if E = F and py = o = u then we say that L is a k-p1-condensing operator.

Moreover, if k = 1, we say that L is a p-condensing operator.

1.2.4 Darbo’s fixed point theorem

One of the most used fixed point theorems in proving existence results for functional
equations is Schauder fixed point theorem which asserts that every continuous self-mapping
on a nonempty, convex and compact subset of a Banach spaceEhas at least one fixed point.
The main difficulty in applying this theorem lies in finding a convex and compact subset of
E, which is transformed into itself by a continuous operator that depends on the considered
equation. In order to overcome these difficulties, one of the possible strategies is the use of
techniques associated with the concept of the measure of noncompactness

Darbo formulated his celebrated fixed point theorem in 1955 for the case of the Kura-
towski measure of non-compactness. This was the first theorem that involves the notion of

measure of non-compactness.

Theorem 5. [1,6] Let E be a Banach space, M c E a non-empty, closed, convex, bounded
subset, and T : M — M a p-condensing operator. Then T has at least one fixed point and the

set of fixed points of T belongs to ker 1, where u is an arbitrary measure of non-compactness.

Remark 3. Schauder’s theorem extends Brouwer’s theorem (from R" to infinite-dimensional
Banach spaces) and Darbo’s theorem extends Schauder’s theorem(from compact to condensing

operators).
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1.3 special functions

1.3.1 Gamma function

Definition 8 (3). If the real part of the complex number z is strictly positive (Re(z) > 0), then
the integral T'(z) = [;° x*"'e™*dx converges absolutely and is known as the Euler integral of

the second kind or T function.
Proprieties2. 1. ['(1)=1, I'(0") =+o0o0.
2. T(z+1)=2T(2),z€C

3 I'(n+l)=n',neN

1.3.2 Incomplete gamma function

Definition 9 (3). Let s be a complex parameter, such that the real part of s is positive.

The upper incomplete gamma function is defined as:

o0
F(s,x):fts_le_tdt,

X

The lower incomplete gamma function is defined as:

X

(s, X) =fts_1e_tdt.
0

1.3.3 Beta function

Definition 10 (3). the beta function, also called the Euler integral of the first kind, is a special
function that is closely related to the gamma function and to binomial coefficients. It is defined

by the integral:

1
B(zl,ZZ):ftzl_l(l—t)zz_ldt
0
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for complex number inputs z,, zp such that Re(z;),Re(zy) > 0.

Proprieties3 (3). 1. B(a,f) = rr(‘(";i(ﬁl;)

2. B(a,p)=B(p,q)

3. aB(a,p+1)=pB(a+1,p)
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1.4 Fractional calculus

Let f : [a,b[ — R be a continuous function, then a primitive of f is given by :(I f)(x) =
X

Off(t) dt. For a sec ond primitive we have : I? f(x) = [* dt [ f(u)du, using Fubini : I? f (x) =
/. ; (x—1) f(t)dt. By induction we get the Cauchy formula for repeted integration : (I "f ) (x) =
ﬁ j (x— 8" f(t)dt, which leads to a generalization for real n. Using the gamma func-
tion tg remove the discrete nature of the factorial function gives us a natural candidate for

fractional applications of the integral operator :

1
(a—

(I"f) (x) = l)f(x—t)“_lf(t)dt.

1.4.1 Riemann-Liouville Fractional Integrals and Fractional Derivatives

Definition 11 (3). Let f € € ([a,b]),(—oo < a < b < +o00) and a € R}. The Riemann Liouville

left-sided and right-sided integral are defined respectively by :

1

t
%‘[a -0 fmdr; t>a.

a+1gf([) =

a 1 b o
bItf(f):mft T-0*f@mdr; t<b.

Definition 12 (3). The Riemann Liouville left-sided and right-sided derivatives of order a €

C (Re(a) = 0) are defined respectively by :

(D® )()~—(i)nu”‘“ )0 = —— (i)nfxﬂ- >
ar V)X = dx ar Y " Tn-a)\dx) J, (x—t)“‘”“’x @

(Dy-y)(x) := (—i)n(ln_a )(x) = ! (—i)nbe)dt'x<b
p Y=\ Ty ) Ve Y " Tn-a)\ dx) Jo (t-x)entt’ '
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Proprieties 4 (3). 1. Let feLP(la,b])),p=1,a>0,6>0. Then:

151 f = 1P £ ()

at

2. RLD®, is a linear operator.

3. .(F'D%) (P12 (0 = f(1)

Example 1. Riemann - Liouville right - sided integral of f(t) = (t — a)P :

RLI® f(1) = ﬁf;(t—s)“_l(s—a)ﬁds, viachangeof variables=a+(t—a)s:

RL _ (t=a)P r1 -1 _ (t—a)*F
1% (t-a)f =152— [y 1= Pdr="52— B(a,f+1)

_ =@ T@r(p+1) _ T(p+1)
T T@ T(a+p+1) ~ I(a+p+l

—_ )atp
)(t a) .

Example 2. The Riemann - Liouville derivative of the function f(x) = (x — a)P, (a >0,6= 0) :

fx (t-a)fdt

n
RLDE, f(x) =D, (x - @) = b (&) Ji L59dh,

“I'(n-a)

viachangeof variablet=a+ (x—a) s we get:

RLDng()C—LZ)'B — F(nl—a) (%)n(x_ (Z)n+ﬁ_af;(1 _ S)n—a+1 S'BdS
I'(n+p-a+1)B(n—a,p+1 -
_ (n ar(n)_og)n a ) (x—ﬁ)ﬁ a

_ TI'(n+p-a+1)T(n-a)I(B+1) B-a
T Tn-a)T(f-a+1) T (n+f-a+l) (x_ﬁ)

= F(Fﬁ(f;)l) (x—a)P% (a<x<h).
In the same way we obtain: *:DY_(x - a)P = r(r[glj;i)l) (b-x)Pa,

Remark 4. In particular, if p = 0 and Re(a) = 0, then the Riemann-Liouville fractional deriva-

tives of a constant are, in general, not equal to zero: (D, 1)(x) = (I’fa‘f);;x .

lemmal (3). Fora >0, the general solution of the fractional differential equation : RLDS‘ f)=

0 with fe€0,)NL! (0,00) is given by :

loc

.....
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Proof.

n-l1 I'k+1)
RL Ka — =
If Dmf(t)_Othenf(t)_kz:ockl“(k+a+l—n)

(t— @) " () ko,..m-1 € R.

d n
RLD;Qf(r) = (E) (RLIZI“f) (1) =0,this means the usual derivativeof order nof

RL=a £ is null, hence: (RX 1'% ) (1) = ck(t—a) K applying R I“ onbothsides gives:
a f a* =0
(RLIn+f) (1) = (RLIa+(n—a)f) (1) = RLpe, (nz—:l et a)k) _ i Cr (RLIa+ ((t— a)k)) _
a at a = = a
nzl r'k+1 d\" d
Y ek (—F(a(+k+)1) (t—a)‘”k),applying (%) onboth sides : f(t) = (dt) (R f) ()
k=0
= L(k+1) (d\" ark) = C(k+1) T(k+a+1) atken
_,Cgock(r(a+k+1) (_) (t-a )_,CZ:OC’C(F(a+k+1) Thea+ti-m @ )
n-1
— Z I'(k+1) (t_a)oﬁk—n'

I'k+a+1-n)

o _ n F'n—-i+1)
fora=0andi=n—-kwehave: f(t) = i;c‘zr( ita+l

n
oc—i — Z C: 19!
i=1

O

D%z(1) = f (1), ;€ [0,al
Theorem 6. [8] Let f(t) € €(0,al and1l < a < 2, then the unique solution of

z(0)=2z(a) =
isgiven by : z(t) = fO“ Ul(t,s)f(s)ds, where

—— (1 YHa-9)*"1-a"(t-9%"), 0<ss<t
-1 y x SN
Ut,s)=4 « '@

1
aal—r(a)(a S)a , ISS<a.

is the green function.

Proof. D%z(1) = f(1) & D%2(t) - f(£) =0 & D%2(r) = D¥I* (1) = 0 & D% (2(1) = I*f(£)) = 0
By the previous lemma : z(t) - I*f(t) = ¢, %4 ct%2; ¢1,00 €R, then z(t) = I f(t) +
c1t¥ %2,

The boundary conditions givec, = mfoa (a—$)* ' f(s)dsand c, =0. Hence:

2(0) = 75 Jo U= 97 f(8) ds+ lw) o a—9%f(s)ds
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ﬁ (r—9% - aatlr(a) (a—s)*" l)f(s) ds+ [,

Il
SR
—_—

a_—
a% 1l“(oz)

:fot((m) ( a— l(t Dk 1,4 pa- l(a $)* 1))]0(8) ds+

(a-9)%1f(s)ds

fta aa_tll"(a)( - S)a_lf(s) dS.
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Infinite systems of differential equations have many applications in real world problems:
the theory of neural nets, the theory of branching processes, the theory of dissociation of
polymers among many others. Moreover, when we consider some problems of partial differ-
ential equations, we can use the process of semi-discretization to transform those problems

into infinite systems of differential equations.

2.1 Tempered sequence spaces

[8] Consider the infinite system of ordinary differential equations which can be written

in the general form :
Xy = fut,x1,X2,..); t€I=10,T], n=1,2,... (2.1.1)

The Cauchy problem for the above system can be formulated as the initial value condi-
tions :

x,0)=x2;n=1,2,.. (2.1.2)

n

The solutions of (2.1.1,2.1.2) has the form of a function sequence :
x(8) = (xn (1) = (x1 (), x2 (1), ...)

Thus, for each fixed t € I the sequence (x, (¢)) presents certain sequence of real numbers.
Therefore, we consider the solvability of problem (2.1.1,2.1.2) in some sequence space. But
even in simple situations, the classical sequence spaces fail to be suitable for the investiga-

tion of our problem .

Example 3. Taking x,,(0) = n in 2.1.2, then the solution of (2.1.1,2.1.2) is given by : x(t) =
(x, (1) = (ne') = (e,2¢%,...). This means: x(t) ¢ { for every t € 1. Here the situation seems

quite naturally since the initial value x° ¢ (.

The above example suggests that we have to enlarge the spaces under considerations
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to ensure that solutions of infinite systems of differential equations starting from a point in
such a space remain in the space in question when ¢ runs over some interval I . It seems that
a natural way to realize the enlargement is to consider tempered sequence spaces. Those
spaces can be obtained from classical sequence spaces with the help of a tempering se-
quence. For example, if we take the tempering sequence (8,) = (1), n=1,2,.. then the space

Ffo is the space of all sequences (x,) such that the sequence (f,x,) = (% x,) is bounded.

Definition 13 (9). For 1 < p < oo, the tempered space ¢}, is the space of all real or complex
o0

sequences x = (X;)jen+ SUch that ). aflxilp < 0o, Where a = (@;);en+ IS a fixed positive non-
i=1

increasing real sequence called tempering sequence.

% »
On [g we define the map ||.||[<; X — ||x||gg = (Elaflxilp) .
Proposition 2. ([‘;, ”-”Z%) is a banach space for1 < p<oo.

Proof. For x,yin ¢}, we have :

= =

1=

1 1
e p p o0

|2+l s = (Z a;|x; +yl'|p) = (Z (1] |x,-+yi|)p) = (Z i (xi +yi)|p)
i=1 i

—

1

o p
:(l-zzi|aixi+aiyi|p) é (

Minkowski inequality

—

1

18

P 0o
|6¥ixi|p) +(Z |aiYi|p)
i=1

I
—

i

1
p

1
o0 p o0
- (Z af’lx,-w) + (Z “ﬂyilp) = [|xll gz + ||y||[g.
i=1 i=1

Hence ||.||g% is a norm.

Now let (x¥)  , be a Cauchy sequence in £% then:

Ve>0 INeN: VkI>N: Hx(k)—x(l)

a<:€.
‘p

Hence:

(k) _
i

k niP _ k nIP !
aip)xg)—xl(,)) < Z‘aixg)—a,-xg) :Zafx xlU
i=1 i=1

p p
= Hx(k) —x¥ H < gP.
‘p
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So for fixed i (x;.l))l N is a Cauchy sequence in (F,|.|]) complete, so: lim xi.l) = X; €F. Set
€

[—o0

(Xi)jens =X then: Ve>0,ANeN:Vk,[= N:

(k) % (l)

— lim x; ;
[—o00

) _ (k) _ (l) p
X; = lim Zoc ’ ) <ePr.

l—»oo

(k) P o P
|2 -1, = Xal |+
p i=1

This means : (x*¥)), converges to X in £ . It follows that : % = (56 — x(k)) +x® €02, Thus
e

el
a P
elp

¢} is complete. O

2.2 HMNCon/ g

lemma 2. (9]¢, is isomelric to ¢ ]‘;.

Proof. Let Is :é% — ¢, be the mapping defined by : Is (x) = Is((xi 721) = (aix,-)‘l?zl. Then

for fixed x,y in £ we have :

< =

00 p
|15 - Is(y)],, = (@ixn32, - (“iyz')(;;”eg = (Zl a] | xi - yil ) = ||x—J’||zg-
i=

O

Theorem 7. [9] The HMNC x ¢a of a non-empty bounded subset B* of (', (p=1)isgiven by:

X€EBY [=n

Xé“(B )= hm (sup () plxklp)’_”)

Proof. By theorem 4 the HMNC on ¢, is given by :

xe,(Q) = lim (sup (2 kal”)P)

X€Q fk>n

Now by lemma 2 we have :

Xea(Q) = hm (sup I(Id —Py) (X))l W) = hm (sup I1((Id—Pp) (X))l )
xeQ xeQ
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= lim (sup ||I((0,0,..,xn+1,..))Ilgp) = lim (sup I (@kxi) k=1 ||[p)

0\ xeQ xeQ

1 1
= lim (sup ( Z Iakxkl”)P) = nli_rgo(sup (Z ak”lxkl”)”).

=0\ xeQ k>n X€Q k>n
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2.3 Existence of solutions of infinite system of FDEs in ¢ ([0, al,? g)
forp=>1

Proposition 3 (9). Let € ([0, a],ﬁg) be the space of all continuous functions on [0,a] (a>0),
with values in Zg (1 <Sp< oo). Then (‘6 ([0, a],é;';) , “.“cg([aya]jg)) is a Banach space , where :

1y I (10,0, = sup Iy @l eos ¥y = i O, € 6(10.a,65).

Proof. Let (y ) be a Cauchy sequence in € ([0, al, !g) ,then: Ve>0,3NeN:Vk,[=N:

k ! k ! k !
|y ®0-yPw| e < sup [yP@-yP0| =]y ®-y®| crome <c
tel0,a]
and the proof is similar to Proposition 2. O

Proposition 4 (9). Let B be a nonempty bounded subset of € ([0, a],[‘;) and for t € [0, al

define: B* (t) = {x(#) : x€ B*}. Then :

X‘ﬁ([o,a],ég)(Ba): sup xs(B*(1)).
reloal

Proof. By theorems 3 and 7 :

X[%(Ba):r}i_l:lgo sup [|(Id — Pp) (X)ll¢a |-

xeBY

Taking supremum over ¢ :

sup yea(BY(1) = lim | sup sup [[(Id - Pp) (x(D)lles | = Xeg(0,a1,05)(BY).
tel0,a] "0 | xeBY re(0,a) P P

J/

I (Id—Pn)(x)H(p([o a [a]
6\ fp

O

Now that we have an explicit formula for the HMNC, we are ready to investigate the fol-
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lowing infinite system of FDEs with boundary conditions :

DY zi(t) = S (8, 2(1)) ly]+1 .
:2i(0),zi(a),z;(He€Y ' ;te0,al;i=1,2,.. (2.3.1)

zi(0)=z;(a) =0
Where z(t) = (z,-(t))‘l?‘:’1 and (S (t,z(t)))‘l?‘:’ are elements of a Banach space . For J = [0, a],

we define the functions #; and the operator © as follows :

7;: 7% 6], 05) ~ R 0:%j,08) —¢(j,¢3)
(1, 2(8) — (8, 2(2) 2(t) = (©2)(1) = (#(1, 2(1) i1

The unique solution of 2.3.1 is given by :

z; (1) :f Ul(t,s)H;(s,z(s) ds
0

where U(t, s) is the green function (theorem 6). Now, define the operator S : ( VR4 g) — ( VR4 g)

by :

(e 9)

a
GWM0=HQMAMﬁ1:tﬁlﬂu@ﬁmadwds

J

=z;(1) i=1

~

:;(t)
Then, proving the existence of solutions for system 2.3.1 is equivalent to prove the exis-

tence of a fixed point for S. Which is the main aim of this section.

lemma3. Letl<y<2, and:

(S2)i(8) = zi(1) o1 .
;2i(0),zi(a) ,zi () €€ te)0,al;i=1,2,.. (2.3.2)

zi(0)=z;(a) =0

Then, z(t) is a solution of 2.3.1 if and only if z(t) is a solution of 2.3.2.

Theorem 8. [9] Assume :
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(i) Thefamily ((©z) (1)) ey is equi-continuous at every point of € ([0, al, ﬁg) ,

(ii) There exists non-negative functions Q; (t) and R; (t), continuous on J forall i = 1,2,..

that satisfy the inequality : | 7;(t, z(£)|P < Q; (t) + R; (1) |z; ()|P.

(iii) Q1) = % ani (t) is uniformly convergent on J.
i=1

'ulH

2-p .
(iv.ar» UR

(U =sup|U(t,s)|, Q=supQ(t), R=sup R;(1)).

s,te] te] te]

Then : the system 2.3.1 has at least one solution z(t) € € (], Z;‘;) .

Proof. We will use Darbo fixed point theorem 5.

¢ 3 is well defined For a fixed ¢ € J, we have :

g f Ul(t,s)A;(s,z(s) ds
0

> (af
i=1

p
s( sup IU(t,s)I) Z(a
i>1

t,s€[0,a]

)

P f F, (s,2(5)) ds
0

)

< 0 Z Pl ”1”19’ ”eifl (s, Z(S))”p |pdS ByHolderlnequahty(% pl :1)"
i=1

=gP

N a  wl” a p
=0P (f |1|P) Z(aff |7 (s,2(5))| ds
0 i=1 0
—_—
:ap71

< Upa” 1 ( PJ‘O (Q[ (8)+ R;(s) |Zl (S)l)pdS) "By assumption (ii)"
1

i=

<aP 0P ZapQI(S) ds+ sup R;(s) Zaplzl(S)l” ds
0 i>1 sel0,a 0 izl

o) R =lz(0)l
p

J/
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<a”T"| sup Q()+R sup llz(n)l},
s€[0,al te(0,al b

g

P
Q _”Z”%([O,a],l%]

J

Let dj be the optimal solution (the smallest value of d € R) of the inequality :
a?U" (Q+RdP)<dP
Then :

”%Z”(g([oya] y[%) < d() (2.3.3)

LetBY = {2 €€ (J,0%) : 12l 7,05 < do, 2(0) = z;(@) =0} and 3(B) = {3z € € (J,£8) : ze B}
. Since U(0,s) =U(a,s) =0forall se J,wehaveforalli=1,2,..: (32);(0) = (S2);(a) =0..
Hence, by 2.3.3 :

3(B%) < B? and S is well defined.

¢ B%is bounded, closed and convex
B% is bounded by definition.

For (z,), in B% such that lim z, = zwe have:
n—oo

z ay = limz“ = lim |z oy <dg.
12l g(0.a1.e5) = | lim 2 cloanes) = I NZnb05) <o

Hence z € BY and B? is closed in € (], Z;‘;).

Let x,ye B*and 1 € [0, 1], then:
[Ax+@ -1y ||<g([0_a]_€g) < Axllg(y,ea) + | (1- /1)y||<g(],[g) < (A+(1-2A))do = do.

Hence B¢ is convex.

e $is continuous with respect to z on B¢
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For a fixed Z € B% and for all t € J we have :

p
> @l 182 (- (32; (01 = Y o

izl izl

fU(t,s)Jf,-(s,z(s)ds—f Ul(t,s)A;(s,z2(s) ds
0 0

:Za’f’ Y
1

izl

f Ul(t,s) (S;(s,z(s) —Hi(s,2(8)) ds
0

a p
<0”Y o’ ( | 155,219 - #1520 dS)
0

izl

<0O" .Zi(aﬂ 1l 175(s, 2(5) — 765(s,2(9)l, |V ds)
1=

:UP (f |1|p) Z(a?f |<}€i(S,Z(S) —in(s,ﬁ(S)l dS)
0 i=1 0
D — —
=qbP-1

By assumption (i) we have (F is a family of operators O) :
VZ2eBY Ve>0,36>0,VOe F, Vze BY, |lz— Zlleg (1,05 < 6 = 102 = OZlleg (5, 40y < €.
Since :

102 = 0Zll/(;,p0) = sup [(©2)(2) = (©2)(D)ll¢g = sup [(A;(t, 2(1)) i1 = (Hi (2, 2(1) i1l 2
P te] te] P

1
o0 p
=sup (Z a7, (t, z(1) —in(t,é(t)lp)

te] \i=1

. _ & .
Taking € = —= gives :

|—
==

p — a p
Zaﬁ(%z)i(t)—(%z)i(nw) sa%ﬁ(z(aff |7, (s, 2(5) — HE;(s,2(3)] ds))
0

i=1 i=1

< =

= a7 U(( Y all7#i(s,z(s) —in(s,z(s)l”dS))

0 j>1
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1
p
p-1 a p
=ar U f Y. allAi(s,z(s) —7(5,2(9)1P |ds
0 |i=1
&P
<eP=—5p
1
14
p-1 a gp 2 p-1 | EP a
<sar U = =a?r ds
o aPUP aPUP | Jo
=a
p2t 1 pl g1 polopil
=aP? U—ar=av? a pE=a P E=E
aU

Therefor :

v
132) (1) - (32) (D)l ¢z = (Z a1(82); () - (32); (t)V”) <¢

izl

Taking the supremum over ¢ in J yields :
1Sz - %2”%0,[%) <é

Hence, S is continuous with respect to z on B%.

e Jis continuous for each ¢ in J
By continuity of U(t, s) for y > 1, we have for fixed 7 € J :
. . . A . al~Pep
Vie],V£>0,36>0,Vie]: |t—-F<6=>|Ut,s)-U(9)| < 5
aQ+
Now :

(2@ -Q2®| = 2 ai|2i(D - S2:0]"

i=1

<x(al
i=1

fU(f,s)in(s,z(s)ds—f Ul(t,s)H;(s,z(s)ds
0 0

)
< ap_lf \U(t,5)-U(,35)|” Y al|7#(s, z(5)Pds
0

izl

<a” ' [|Ut,9)-UE 9" al (Qi () + R (1) |zi(1)|P) ds

i=1
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l-pgp
<a! (u)f
aQ+ Rdy) Jo

Q+ﬁ2af|zi(t)|pds)

i=1

Takin supremum over te]J:
|S2@ - Q2D 4y, <2

Hence, S is continuous for each t € J.

* 3is a condensing operator

We already proved that S is continuous on B, now for fixed ¢ € J and B¥(¢) = {z(¢) : z € B*},

p)i
p

Lp

<a ? lim su y a’ alU(t,S)Iplffi(S,Z(S)Ip "By Holder’s inequality”

p iJo Yy q y
=0 2(1eBe (1) \izn

we have :

—

a
f Ul(t,s)H;(s,z(s) ds
0

)([g(%B“(t)):lim sup (Zaf

=00 2(neB (1) \izn

|~

< =

— a
< alTpU lim sup (Z affo (Qi () +R; (5) |z (5)1) ds)
izn

=00 2(HeB (1)

= =

p _ | a a
=a ? Ulim sup Z ani (s)ds+supR; (s)f Z aflzi(s)lp ds
N=00 ,(neBe(r) | YO jzn seJ 0 \izn

S

Q) R

< =

1_ o~
< aTPU a (nlim Z (XfQi (s)
—00

izn

+Ra|lim sup ) allz(n)l”

=00 2(eBY(1) i>n

J/

Xeg B%(0)
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By assumption (iii) : nlim y af Q; (s) =0, hence:
—Xi>p

1—

Xex (3B (1) < a? avURY xeg (B (1) = a

2-p
p

~ ~1 a
U R? ye (B*(D).

take sup over ¢ € J yields :

2-p
P

-]

1
X6(10,al,¢%) (SB)<a R? X6(10,a1,09). (B)

By assumption (iv) : § is condensing.

* All conditions of theorem 5 are verified. Hence, by lemma 3 : the system 2.3.1 has a

solution in € (],ﬁg).
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2.4 Example

zi(O)In(1+1)

[9] Taklng P = 2,')/ = %, ]: [0) 1] and %i ([,Z(t)) - tz COS(”:) + Z 2j2(1+i)3

jzi

in system 2.3.1,

we get :

t2 COS(lt) z; () In(1+1)
@42 (O)=——+ Y TR

j>i

;1=1,2,.. 2.4.1)
zi{(0)=2z;(1)=0

We will study the existence of solutions for the above system in € ([0, 1] ,[g) choosing as a

tempering sequence @ = (;)jen = (%)ieN. Now let’s verify the assumptions of theorem 8 :

e Assumption (i) :

Let z,z€ 6 ([0,1],¢5) and ¢ € [0,1] been fixed, then we have :

1©2)(1) = @) (D75 = I (1, 2(0) 151 = (Hi (1, 2zl Gg = 3 aflA; (1, 2(0) = H1 (8, 2D
i=1

2
tz cos(zt) z;(H)In(1+ t) tz cos(it) zZi(HIn(1l+1)
— s T Z 12 2 .\3 - Z ! 2 3
i=i 2j°(1+1) i? =i 2721+

1
11

2 2
v Ly @®-z@)ha+n| (1)22i|Zi(t)—2i(t)|2|ln(1+t)|2 yL
i=1 i j=i 2j2(1+i)3 S 2 i=1 i 1+0)° ]'Bl'j2
2
1 1 11 1
_ = 2 . =, 2 - - 2 _ = 2 -
=3I+ 0F | ¥ lait0 - 200) ; 5| < 7 I+ 0P (120 z(t)llgg)j;j2
; . ) -
l2()=2(0)154 2
2 6

g () 8- 2O < Folind + DE 120 — 252
= @+ 02| 2| 20 - 201% < 21+ DE 120 - 201

Hence:

In(2))?
1©2)(1) - (©2) (D)l 4= < M|| 2i(8) = Zi(0)ll g2
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Taking supremum over ¢ € [0,1] :

7 (In(2))?

Pz-0z ay <
” ||<g([0,1],[2) 12

1z =2l (j0,11,e9)

12
7 (In(2))?

Now by choosing § = , we get :

Vze€(0,11,45),Ve>0,36>0, VO € (Oz2) (1) ef0,1), Y2 € ([0,11,05):

12¢ 7 (In(2))?
lz—Z| n<d=——-=||0z-0Z| < ————||z—Z]| ay < E.
“0L) 7 (In(2))> cU.6) 12~ “eons)
< 12¢
= 7 (In@)?

Hence, ((02) (1)) se(0,1) is equicontinuous at every point of € ([0,1],45) .

e assumption (ii) :

t7 cos(it) z;()In(1 + 1)

t2 cos(it) N Z z;(OIn(1+ 1)

2 2
|H; (t,2()]* = < ( +1) )

i2 =io2j20+0)3 i? isio2jra+i?
b costin | ingen]|
t2 cos(it zZi(In(d+¢ . <ol +21b2"
<2 2 + 2 jél 2201477 (lal+1b)? <2laf +21b}?
2
_|z zi(OIn(1+ 1) 5 L _2d |a@ind+o 7 *
i2 21+1)° 5172 i? 2(1+0)° 6
20t ziOInQ+1 L[> 21t #*nd+0)?
L2, |aohaen o 20 ainaof o,
i2 123 i2 72 i

Hence we could take : Q; (1) = %, and R; (1) = ”4”?2(—?5”'2 Then, Q; (¢) and R; (t) are

continuous on [0,1] forall i = 1,2,.. as composition of continuous functions.

e Assumption (iii) :

we have : Y a?Qi(t) =y %2 % =2t X l% which converges uniformly to Q(¢) =
i>1 i=1 i=1

2 . . .
(Using Fourier series: Y %6 =)
i>1

2|t 95z -

e assumption (iv) :
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Fora=1,y= %, the green function is given by :

1

1 1 a-1 1
= (t4(1—s)4—a (t—s)4) ;0<sss<tr<l.
r')

Ul(t,s) = 1 1
L ti(1-g)s ;0<sts<s<l.
I'(3)

1

Take t=1and s=0weget: U= sup |U(t,9)|= 5.
5,1€ [0,1] @)

Since the function (/n) is increasing, by taking r=i=1:

7 n1+9* _ 7*n@))

R= sup R;(t)= sup : -
te [0,1] l te [0,1] 72 i6 72

Hence: .
2p . 1 1 [#*In2/?12 7% |In2|
a 2 URP = 5 = 5 <
- rel 72 6V2T(3)
=1 2

e All assumptions of theorem 8 are verified, hence: system 2.4.1 has a solution in

€ ([0,1],45) .
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2.5 Semi-analytic method to approximate solutions of infi-
nite system of FDEs

Homotopy perturbation method (HPM) is a semi-analytical technique for solving linear
as well as nonlinear ordinary/partial differential equations. The method may also be used
to solve a system of coupled linear and nonlinear differential equationsas well as differen-
tial equation of fractional order. The idea behind the HPM was proposed by J. He in 1999,
by introducing a small parameter p into the differential equation and expanding the solu-
tion of the resulting equation H(v, p) = 0 in a Taylor series about p=0: v=vyp+v1p +....
This method was developed by making use of artificial parameters and some modifications
happened. Next we present a review of the HPM and the modified HPM we will be using

here.

2.5.1 Homotopy Perturbation Method (HPM)

[5,8] consider the following differential equation:
Aw) - f(r)=0,reQ (2.5.1)
subject to the boundary condition :
ou
B(u,—)=0,rerl (2.5.2)
or

where A represents a general differential operator, B is a boundary operator, I' is the bound-
ary of the domain Q and f(r) is a known analytic function. The operator A can be decom-
posed into two parts : linear (L) and nonlinear (N). Therefore, equation 2.5.1 may be written
in the following form :

L)+ Nw) - f(r)=0 (2.5.3)
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An artificial parameter p can be embedded in 2.5.3 as follows :
Lw+p(Nw-fr)=0

wherepl0, 1] is the embedding parameter (also called as an artificial param-eter). Using ho-
motopy technique proposed by He and Liao, we construct a homotopy v(r, p) : Q x [0,1] = R

to equation 2.5.1, which satisfies :
H(v,p)=Q10-p) [L(v) - Lup)l + p[L(v) + N(v) - f(r)] =0 (2.5.4)
and
H(v, p) = [L(v) — L(up)1 + pL(up) + p [N(v) — f(r)] =0 (2.5.5)

Where u is an initial approximation of equation 2.5.5 which satisfies the given conditions.

By substituting p = 0 and p =1 in 2.5.5, we get the following equations, respectively :
H(v,0) = L(v) — L(uo)

Hv,1)=AWw)-f(r)=0

As p changes from zero to unity, v(r, p) changes from g (r)) to u(r). In topology, this is called
deformation and L(v) — L(up) and A(v) f(r) are said to be homotopic to each other. Due to
the fact that p[0,1] is a small parameter, we consider the solution of 2.5.4 as a power series
in p as shown below :

V=1vy+V1p+ U2]92+...

The approximate solution of equation 2.5.1 may then be obtained as :

U= lin{ V=Ug+ U1+ U2 +... (2.5.6)
p—>



2.5 Semi-analytic method to approximate solutions of infinite system of FDEs 48

The series 2.5.6 is convergent for most cases, and the rate of convergence depends on: L(u)+

N(u) .

2.5.2 Modified Homotopy Perturbation Method

[9] Consider the general nonlinear non-homogeneous problem (with infinite functions

z(1) = (z;(1))72, and f a known function (called source term) :
R(z(t)—-f(i,)=0, te[0,f] ,ieN (2.5.7)
by decomposition of X into RX; (not necessarily linear), X, and finto f;, f> we write :
N1 (2(0) - fii, )+ Rz (2(0) - fo(i,1) =0 (2.5.8)
We define the modified homotopy perturbation H of parameter p for v as :
H(v(t,9),p) =R (w@®) = fili, )+ p R (v(D) = f2(i,0)) =0 (2.5.9)

Let v(8) = (vi(0)32, be the approximation of z(¢) = (z,'(t))‘l?‘;1 ,i €N. Then, we write the com-
ponents v;(f) of the solution v as a linear combination of the Adomian polynomials as fol-

lows :

o0

zi() = vi() =Y pFvir(0) (2.5.10)
k=0

where p € [0,1] is the embedding parameter.We get the solution by :
zi(t) = lim1 v; (1) (2.5.11)
p—>

We give an illustration of the method through example 2.4.1 :

Step 1 : Transform the differential equation to an integral equation :
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Consider the FDE in system 2.4.1 (y =3, m=[y]|+1=2):

t t (HIn(l+ ¢
RLgyd z: (1) + —Cos(l )+Z—Z’(_) n ,3) = (2.5.12)
i = 2j2(+1)
By definition of The Riemann-Liouville fractional derivative, we write 22 as :
1 d\? rt ; t7 13 1 1+¢ 1
= (—) f Zl(:) ds+ ZC?ZSU )+ i n( 3)2—2:0 (2.5.13)
re-p\de) Jo (z—ga-2+1 i +1)° i3

Deviding both sides of 2.5.13 by l?ﬁ“}? Z 2]2 gives :

1+1)3 1 1 (d)2 tozi(s) t2cos(it) (1+1)3 1
z; (1) + — f —ds|=— -
In(l+0 ¥ - r( y|\\dt) Jo (r-g)3 2 In(l+n ¥ ;L
jzi® jzi®
(2.5.14)

Hence, we write the integral equation 2.5.14

a+® 1 1 d\2 [t zi(s) tzcos(it) (1+1)° 1
al) + In(+0 ¥ 4 re) dt fo I In1+5 y L
=Ry (2(1)) =il (2= 5)% jzi?l’
‘ —g(i,0) ) — A0+ 00
‘ = Rp (2(1)) ] =10
= R(2(1))
Taking :
-3 1 1 d 2 t .
R (2(0) = 2 () + | o 3 (—) f “ s
In(1+71) Y 5z F(Z) dat) Jo (r— g
jzi?
and :
1
) tz2cos(it) (1+1)3 1
f(lyt):_ )
i In(1+1) Z
j=i?

The FDE 2.5.12 is written in the general form 2.5.7.

Step 2 : Decomposition :
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Now, by taking :

Ry (z(1)) = z; (1) (2.5.15)

R (e = | LFD° 11 (i)zf[ i) (2.5.16)
2= In(a+0 y L) |\lde) Jo -9 o

j=i

tzcos(it) (1+i)3 1
i2 Inl+1) ¥ 2]%

j=i

fl(lyt)+f2(lyt) = -

in the integral equation 2.5.14, we get the desired decomposition 2.5.8.

Step 3 : substituting 2.5.15,2.5.16 and 2.5.10 in 2.5.9, we get :

. X PFvik(s)

[e) d 2 -
Zpkvi,k(t)_fl(i,t))+l9 g(i,t)(d—) f B ds-fi,n|=0
k=0 t) Jo  (t—g)i

Hence :
- q\2 tkg P vik(s)
Zpkvi,k(t)=f1(i,t)+]9 —g(i,t)(—) f _O—lds +p foli,0)
k=0 at) Jo  (t-91
. a (AN vik(s) .
=f0, 0+ Z pk+1 (—g(z,t)(d—) f Uik 1ds) +p f2(i,1)
k=0 t) Jo (t-s)1
2 ot o). 2ty
=f1(i,t)+p1(—g(i,t)(di)f v,,o(t)l d3)+..+pk(—g(i,t)(i) f V”k_l(f)ds) +.+p foli, 1)
t) Jo (-9 at) Jo (r-s)a
2 ot o). 2 ot
=f1(i,t)+p1(—g(i,t)(i)f Vl’l(s)l ds+ fz(i,t))+..+pk(—g(i,t)(i)f vl'k_l(f)dS)Jr
dt) Jo (t— )i dt) Jo (t-s)i
Hence :

po violf) + pl vi1(f)+...+ pkv,-,k(t) +..=

2 pt o4, 2 nt o).
PO fid, )+ p (—g(i, t)(%) f Uz,l(S)1 ds+ fz(i,t))+..+ pk (—g(i, t)(i) f Vi k-1(9) ds) N
0 0

(t—s)2 at (t—s5)1

Comparing the coefficients of same powers of p in the above equation we get the
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algorithm :
p°:vio(®) = fi(Q, 1)
2 ,
plivi(t) =g, t)(%) IN (”“(;i ds+ fo(i, 1) 2.5.17)
t—9)4
2 :
p* vkt =—-g(, t)(%) o Lkl g
(t—9)4
Step 4 : solution
Using the boundary conditions : z;(0) = z;(1) = 0 in 2.5.10 gives : v; (0) = v; k(1) =
o. Then, a simple suggestion for v; o(f) would be the zero function. Hence we can
choose fi(i, ) = 0 in algorithm 2.5.17. Thus, the terms of the sequence (v;(?));en
can be obtained by induction as follows :
Fori=1:
v1,0(6)=0
—8v/tcost
V11 (F) = st
11(7) 2 In(1+1)
i) =0, k=23,..
Hence:
o —8+/fcost
a@® =) =) rit)=0+ 50— +0+
k=0 % In(1+ 1)
By iteration :
—ifll+i)3\/z;c()st , t € (0, 1)
_y 1|
zi(1) = ( & 1-2) 5 i+
0, t=0,1
2.5.3 convergence

Theorem 9. Let (x,),en be the sequence of partial sums of the function series of order n:

n

X (=Y pfvip(t), n=2
k=2

in the banach space (<€ ([o,11), 1. IIOO) then, (x,) nen 1S a Cauch sequence.
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Proof. we have:

”Vi,k”oo: Sup |Vzk(t)|— Sup
€(0,1]

d\* [ vik-105)
(l)t)(_)f : dS
SN b o

|

) Ay rt 1 ) 1 s
< sup |vi-19)|] g, 0] (—) f —ds| | = ||vik-1] ., sup (|g(z,t)|‘——t i
s€(0,1] 0 te01] 4

S

~
=lvik-1ll _ %t%

11 3 1

1
=|vig-1]o sup |-——0+? | ——
“ren|4 X 57 TG t1 [In(1+ 1)
2

N J

c=;zr(i,t)

Hence :

[viklo < ellvikrlloo < e Hvinlloo =" sup [via(@)
te(0,1]

=f1(Q,9)

k d\ [t Vio(s)
=c*1 sup |-gi, t)( ) f =ds+ f(i,t)—- fi(i, 1)
te0,1] at) Jo (t—gi  ———

=fa(i, 1)

—ds+f>(i, 1)

d\ [t
<c® ! sup (sup fid, s))g(z t)( ) f
0 (t—9)t

t€[0,1] | \s€0,1]

-

c(1)

= (] Al ) o + 1200 1)

Using the boundary conditions in system 2.4.1, we could choose : fi(i, t) = v;o(f) =0, then
we got :

[viklloo < M o) (2.5.18)
O

Now :

%5 () = Xm (O)] =

L 2 v e-1(9)
p*l-g, t)( )f—’ ds
k=;+1 ( dt) Jo (-
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d 2 nt 1 n r n k
<l-sin( ) [[—=do| = plosaloze S ploial
0 (t—y9)4 | k=m+1 k=m+1

[

~"
=cC

<c Y PR = X PRGN G<IRGI ] X P

k=m+1 k=m+1 k=m+1

Hence, (x,),en is @ Cauchy sequence in a Banach space, it converges.
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