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RESUME

Dans cette these nous étudions deux types de problemes. Pour la premiere, nous
établissons la question de 'existence globale et le comportement a 'infini des solutions et
en suite la stabilité asymptotique globale des solutions d’un modele de réaction-diffusion
modélisant un phénomene de propagation d'une épidémie sous des conditions sur la non-
linéarité. Le résultat de Global existence est basé sur la méthode de fonctionnelle de
Lyapunov. En ce qui concerne le deuxieme probleme, on calcule le nombre de reproduc-
tion de base de phénomene épidémique de réaction-diffusion et en analysant les valeurs
propres et une fonction de Lyapunov convenablement construite, nous établissons a la fois
localement et globalement dans les cas ODE et PDE étudiés en donnant des exemples
d’analyse numérique des deux problemes.

Mots clés: Réaction-diffusion, existence globale de solutions, stabilité asymptotique,
SI modele épidémique, stabilité asymptotique locale et globale, Lyapunov fonctionnel,
équilibre endémique, équilibre sans maladie, taux de reproduction de base.

Abstract

The purpose of this thesis is to study two types of problems, the question of global ex-
istence and global asymptotic stability of solutions of epidemic reaction-diffusion models.
For the first, we establish a result on the global existence in time of the solutions of a class
of disease epidemics systems, our techniques of proof are based on Lyapunov functional
method. The asymptotic behavior of these solutions via a Lyapunov functional in partic-
ular case and under suitable conditions on the non-linearity we contribute to the study
of the behaviour of the solutions. As for the second problem through, we calculate the
basic reproduction number of reaction-diffusion epidemic phenomena and by analyzing
the eigenvalues and an appropriately constructed Lyapunov functional we establish both
locally and globally in the ODE and PDE cases, with giving numerical analysis examples
of the two problems.

Key Words: Reaction-diffusion, global existence of solutions, asymptotic stability,
SI epidemic model, local and global asymptotic stability, Lyapunov functional, endemic
equilibrium, steady state, disease free equilibrium, basic reproduction number.
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Nomenclature

The following are some nomenclature that are used in this work

ut = max (u, 0)

u~ = max (—u,0)

u!  transpose of a vector u

2 open bounded subset of R™ with smooth boundary 0f2
ﬁ outward pointing unit normal on the surface element do

w; = u; (t, )

ou : o . .
u; = — partial derivative of u with respect to time ¢

ot

u
Uz, = — second partial derivative of u with respect to x

0x?

~— (2) = Vu(2).7/(z) outward normal derivative to 9

o1 ,%

Vu = (ﬂ (), ..., 2 (x)) gradient operator

n
Au = VVu = Vu= % laplace operator of u
=101

lim supd () = lim sup { (r) / 7 > 1}

t—o00

u™  nth derivatives of u
ReZ real part of a complex numberZ
TrA trace of a matrix A

det A determinant of a matrix A

p(A) =max {|\| : X € spec(A)} spectral radius of operator A

Ry basic reproduction number
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R(A) ={Au,ue D(A)} = A(D(A)) range of operator A

D (A) domain of operator A

L? (2) space of p-integrables functions on (2

C(©2) space of continous functions on

C*(Q),k € N space of the functions continuously differentiable to order k on
HL(Q) = {f € H'(Q) /=0 in 00}

H™(Q) ={f € L?*(Q) /D*f € L? () for all « € N*,|a| < m}, m € N* Sobolev

spaces
P(0,T;V) = {f [0, 7] — V measurable, fo If @Y 8t<oo}

L2 (0, 7517 () = L7 (Qr) = L7 ([0, T] x ©)

L>(0,T;V) = {f : [0, 7] — V measurable, sup ess || f (t)HV}

t€[0,T]
[u(@®)|[ = [q lu(z)[”dz norm in space I” (), 1 < p < oo

||U||c(§) = max lu(z)| norm in space C (€2)

1 #1130y = 112y + Jo [V dx norm in space H* (€2)
|ull, = esssup |u(z)| =inf {M / |u(z)| < M p.p} norm in space L>((2)
€N

[l mgoirory = esssup {IIf (B)l, .t € [0, T} < +oo.

< wu,v > inner product or the scalar product of v and v
(fs P2 = Jq fgdx  inner product in L? ()

ODE  ordinary differential equations

PDE  partial differential equations

SIR susceptible-infectious-recovered epidemic model



General Introduction

he study of infectious diseases is one of the oldest and richest studies in mathe-
T matical biology. Infectious diseases have attracted mathematicians for a century,
and with good reason. Of course, mathematics has the possibility to make a positive
contribution to the world. When studying infectious diseases, the basic elements of math-
ematics are quickly understood and well captured in mathematical representations. Dy-
namic systems are widely used in biological modeling, particularly in epidemiology, and
mathematicians are interested in studying the equilibrium stability of these models. The
main goal of epidemiological modeling is to understand and control the spread of the
infectious disease. Because epidemics that cause infections are rapidly increasing in oc-
currence or expanding in geographical scope.We give examples of this diseases HIV and
AIDS, severe acute respiratory syndrome (SARS), Ebola hemorrhagic fever,... With the
global emergence of the COVID-19 virus, mathematical models are essential to inform
decision-making as governments and health agencies turn to senior designers for advice,
and news services seek clarity they can provide to identify and address emerging infection
threats. It’s a rare opportunity that is important for those who spend most of their time
on abstract exercises.

In the study of contact-borne diseases, specific populations have been established, and
this knowledge is used to control health problems as central to understanding disease
dynamics.

The assumption that the total population size remains constant is reasonable if a
disease spreads rapidly (that is, in less than one year) among the population. It is also
plausible when modeling a disease over many years that the births are roughly in balance
with the natural mortality rate. But if there are many disease-related deaths or births
are out of balance with deaths, then it must be assumed that population size depends on
time.

Biologists and mathematicians have long been interested in epidemics and infectious
diseases that are a branch of population dynamics, and one of the first mathematical
models is the Kermack-McKendrick model describing a pandemic, where the population
is divided into three disjoint classes of individuals: the susceptible class, the infective class
and the removed class.

In this thesis, we study two main branches of mathematics: global existence and the
stability of the solution to a general model of an epidemiological problem of a diffusion
reaction system. The work and issues addressed in this thesis has been the subject of two
published articles:
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1. Global existence and asymptotic behavior of solutions for some coupled systems via
a Lyapunov functional [23].

2. Global and local asymptotic stability of an epidemic reaction-diffusion model with
a nonlinear incidence [24].

This work is organized into four chapters. Firstly, the chapteil] is divided into six
sections: The first section is devoted to functional spaces, preliminary results and basic
theories that will be useful in studying the two problems and to facilitate readers an
understanding of our work. In the second section, we present the results of existence and
uniqueness of the solution and we show its positivity in the third section. In the fourth
section we will give the difference between global existence and blow up of solution. In
section five we have presented the basic means of stability theory and the Lyapunov
method that will be use in the chapter [dl In the last section we have created a section
for numerical analysis in which we will explain the numerical method that we will rely in
the analysis and examples to affirm the validity of the findings.

The second chapter [2is devoted to explaining and studying the special forms of epi-
demiological models, basic concepts of epidemiology dynamics and an example of reaction—
Diffusion Systems.

The third chapter [3| composed of two special sections: The first is devoted to
prove the uniform boundedness and so global existence of solutions for a class of disease
epidemics systems formed of 2 parabolic partial differential equations called reaction—
diffusion systems with homogeneous Neumann boundary conditions, involved in modeling
the spread of the disease AIDS in a population, the proof of this result is based on
the technique of Lyapunov function, where we prove global existence of solutions under
suitable conditions. In the second section we are interested in the study of the asymptotic
behavior of solutions in particular case. The basic idea of this result is a Lyapunov
function which is non increasing function. These results are valid for any positive initial
data in C (ﬁ) :

Finally, the aim of the fourth chapter 4] is to study the local and global stability
of a Reaction-diffusion of HIV/AIDS model with a nonlinear incidence rate, where we
derive sufficient conditions for asymptotic stability of the proposed model by means of
the linearization method in ODE and PDE cases and a threshold R, is calculated. In
the ODE case we discusses the global stability of the disease-free equilibrium point and
the endemic equilibrium point, where we will prove that the disease-free equilibrium is
globally stable if Ry < 1, where the infected of the population disappears and the endemic
equilibrium is globally asymptotically stable if the basic reproduction number Ry > 1,
the infected persists. Also by applying the direct Lyapunov method, we prove the global
stability of the disease free and endemic equilibria respectively, where we give the condition
of the global stability in PDE case and we present some numerical examples to illustrate
the effectiveness of the theoretical results.



Chapter 1

Basic elements to Study a
Reaction—Diffusion System

This chapter consists of three parts: In the first part, we recall some basic notions that
are fundamental for the study of a reaction-diffusion system.

In the second part which is the most important and essential of this chapter, we
will introduce the main known results concerning the local and global existence and
uniqueness of solutions to reaction diffusion systems and preservation of it’s positivity
also we introduce several definitions, some key results on stability of linear and nonlinear
nonnegative dynamical systems.

In the third part we are interested in the study of numerical analysis.

1.1 Notions and Preliminary Results

In this section, we collect some results and notions which will be used throughout these
work.

Definition 1 [12]. Let H be a vector space on R, an unbounded linear operator A :
D(A) C H— H said to be monotone (accretive or positive), if it satisfies

(Au,u) >0 for allu e D(A).

Definition 2 ( Quadratic Form with a Matriz ). [20] Let Q = (a;;) be an n X n
symmetric matriz, and let x be an n-vector. Then

Q(z) = iiaijxixj =gt Ax
i=1 j=1

18 a Quadratic forms where matrix () its associated quadratic form is called positive definite
if Q(z)=2a2'Qx >0 for all nonzero x.

Theorem 1 Suppose Q) is the symmetric matriz of Q (x) = > > ax;x;. Then Q (x) is
i=1j=1
positive definite if and only if all leading principal minors of @) are positive.
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1.1 Notions and Preliminary Results 4

Theorem 2 (Green’s formula) [J]. In dimension n. For any v € H? (), and v €

H' (Q) we have
/(Au)vdx:/ @vds—/Vqudx,
Q a0 On Q

where s is the surface mesure of 9Q. Note that in the case when u € H? (), and v € H{ (Q)

Green’s identity reads
/(Au)vdx: —/ VuVudz.
Q Q

Remark 1 If we write this formula in dimension one, Q becomes a segment (a,b) in R!
and we find the integration by parts formula: So let u,v € C' [a,b] we have a special case
of the Green’s formula.

b b
/u'(x)v(w)dx:—/u(w)v'(x)dx+u(b)v(b)—u(a)v(a).

Now we recall some basic inequalities which we frequently use. We will start with this
basic inequality in the study of elliptic and parabolic problems.

Lemma 1 (Gronwall Lemma) [32, page 8] .
Let ¢ : [0,T] — R satisfying

t
Oggo(t)ga—i-b/ o(s)ds, forall 0< t<T,
0

Gronwall showed that, if a and b are nonnegative constants. Then
0< o) <ae™ for 0< t<T.

Proposition 1 (Cauchy-Schwarz Inequality). [63] Let (X, {.,.)) be an inner product
space for all (u,v) € X x X, the Cauchy-Schwarz inequality is:

|<u,v>| <<wu,u >3< v, v >3
Equivalently,
[<u,v>] < ul o]l

where we define ||u||” = /< u,u>. The equality hold if and only if the two vectors are
linearly dependent.

1.1.1 Fundamental Theorems

To prove the existence of solutions to equations, we will mention the theories mentioned
below and one of the most useful theories is the Intermediate Value Theorem. We
will mention the exact situation that we will use.

Theorem 3 (Generalizations of Intermediate Value Theorem). Replacement of
R by the real straight completed R.
Let —0o < a < b < +o00 and h : (a,b) — R continuous and strictement monotone on
(a,b) and having in a and b limits L, and Ly (finies ou infinies):
limh (v) = L, and lin})h (v) = L.
v—r

v—a

Then, for all real k strictly included between L, and Ly, then there exists a unique real

c € (a,b) with h(c) = k.

Lamia Djebara 2021



1.1 Notions and Preliminary Results 5

Theorem 4 (The Mean Value Theorem). Suppose that the function f is continuous
on the closed interval [a,b] and differentiable on the open interval (a,b). Then there is a
point ¢ in the open interval (a,b) at which

f(b) = fla) = f(C)(b - a).

Theorem 5 (Lax—Milgram Theorem). [20,[63]. Let H be a real Hilbert space. Let
(.,.) beits inner product, and ||.||, the associated norm and H be the topological dual of
H. Leta: Hx H— R be a bi-linear form on H.

Assume that a is continuous in Hx H | i.e, if there exists ¢ > 0 such that, ¥ (u,v) € HxH,
la (u,v)| < cllull o]

a coercive in H, i.e. if there exists o > 0 such that,Yu € H,a (u,u) > « ||ul|*, then for all
L € H be a continuous linear form on H, there exists a unique u € H solution to problem

a(u,v) =L (v), forallveH.

1.1.2 ODE Existence and Uniqueness (Theorem of Cauchy-Lipschitz-
Picard)

To state the very classical result (Cauchy-Lipschitz Theorem), it is necessary to introduce
the following definition.

Definition 3 ( Local Solution and Global Solution ). Let I an open interval of R,
Q is an open in R™ and a function

F : IxQ—=R"
(t,u) — F(t,u)=(fi (tu), ... fot,u)",

so (to,up) € I x Q, let us introduce the Cauchy problem:

dt
u (to) = up.

{ du — P (tu), tel (1.1)

A local solution of (1.1)) is a solution define in an strictly sub-interval J C I, a global
solution is a solution define in I.

Using the previous definition, one can give the following local and global existence
result.

Theorem 6 Let I an open interval of R, let Q is an open in R™, suppose the function
F satisfying the following:

e [ continuous functions on I x €.

o [ locally lipschitzian with respect to w.
Then,

1. there exists a unique mazximal solution of (1.1)), define on an open interval J C I :
ue CH(J,RY).

Lamia Djebara 2021



1.1 Notions and Preliminary Results 6

2. If supJ < supl. (i.e. the mazimal solution u is now global), then lim |u(t)| =

t—sup J
+00.

3. More generally if the maximum solution u : J — R™ is bounded in all bounded
domain in J, then is global.

Lemma 2 [66] Let F(t,u) be continuously differentiable with respect to u in . If there
eists € > 0 such that 35 (t,u) is bounded in U = {|t — to| < €} X {|u — uo| < €}, then F
18 Lipschitzian on U.

1.1.3 Reaction—Diffusion Systems

Definition 4 (Reaction—diffusion systems). Mathematically, by combining the two
reaction f and diffusion processes D, we obtain an equation of “reaction-diffusion” type
evolution equations, which take the form of semi-linear parabolic partial differential equa-
tions. They can be represented by the general form

%—DAU—F]C(U), t>0andz e Q CR", (1.2)
where u = u(t,x) € R™ represents the unknown vector function defined on Rt x Q
with values in R™. f : R™ — R™ describes all local reactions and it is a nonlin-
ear function that represents the reaction phenomenon in question (human interaction or
chemical reaction, for example). D denotes a diagonal diffusion coefficient matriz kinet-
ics. Note that we suppose this system to be isotropic and uniform, so D is represented
by a scalar matriz, independent on coordinates. ?9_1: = D% +f(u),t>0andx € R
15 the simplest reaction—diffusion equation is in one spatial dimension in plane geome-

try (One-component reaction—diffusion equations) and the general two-component system
represented in the form (see figure

(8) -7 o) (0) (60
S 0 DA v G (u,v) )
The system (1.2) can be reduced to a system of form

%(zﬁ) + AU (t)=F (U (t)), tel0,7)

where U : [0, 7) — E, is an unknown function of time with values in a Banach space E,
it could be for example the space L>()). The diffusion operator A acting from E to E
and F' : E — E is a nonlinear function. In the case where F is of finite dimension, we
find the EDO.

Reaction diffusion systems are used to model a variety of phenomena in the natural
sciences such as biology, chemistry , population dynamics, thermics, but also physics,
crystallization, medicine, etc.

For example, in chemistry, the individuals represent chemicals. In biochemistry, they
can represent molecules. In population dynamics, they are humans. In the environment,
they can represent the animals or the plants of a forest...

Lamia Djebara 2021



1.1 Notions and Preliminary Results 7
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Figure 1.1: reaction-diffusion

1.1.4 Some Results on The Local Existence of the Solutions of
the Evolution Equations

The In-homogeneous Initial Value Problem

Cauchy-Lipschitz-Picard’s Theorem [] is of great service in the study of ordinary differen-
tial equations, but it is practically useless for solving partial differential equations. The
study of local existence and uniqueness of the solutions to the problem of partial dif-
ferential equations is based on the existence theory for abstract semi-linear differential
equations.

Let A: D(A) C X — X be alinear operator on a Banach space (X, ||.||). We consider
the following nonhomogeneous Cauchy problem

Wy+ AU () =F (U (t), te0,7),
(13)

U(0) = Uy € D(A),

where 7 € (0, +00] .

In physical applications one encounters many “semi-linear” equations in the form of
. Now, we state the following result which ensures the existence and uniqueness of
the local solution for partial differential equations of evolution.

Theorem 7 [21] Let X is a Banach space and let the problem (1.3)): where A: D (A) C
X — X be a linear operator, m-accretive operator in D (A) = X, and F is locally Lip-
schitzian in X, then for any Uy € X, there exists T (||Up||) > 0 such that has a
unique classical solution U € C* ((0,T),X)NC([0,T),D(A)). In addition we have the

alternative

either Ty = +00  we have the global existence;
or
Tiax < +00  and limy_,7, . ||U (t)]|x = +o0, we have

the blow up.

where Thax denotes the greatest of these T's.
If U is a solution of (1.3), then U satisfies the variation of constants formula:

U(t)=Ta(t) Uy + /t Ta(t —s) F (U (s))ds,Vt € (0,T), (1.4)
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with (T (), s a Co- semigroup of operators generated by —A. The solution U (t) of
the integral equation (1.4) is called a mild solution of equation (|1.3)).

1.2 Preservation of Positivity

Let us introduce the general system

881? — d;Au; = fi(uy, ug, ..., Uy,) on R x Q

%I;i =0, on RT x 09, (1.5)

w; (0,2) = wup (x) >0, i =1,...,m,

where 2 C R" (n > 1) is a bounded domain in R™ with smooth 02 and d; > 0 for all
1 =1,...,m. We start with a very classical result.

Theorem 8 (Proposition 52.6 page 510 in [61)]). Assumed that

fg;i — d;Au; — fi(ul, ,um) < %‘? — Av; — fi(vl, ...,Um),

uio (2) < vio (), © €L,

ou; — ov; =0

on on

Then u; (t,x) < v; (t,x).
We next give the results for preservation of positivity for classical solutions.

Definition 5 (Quasi-Positive or Essentially Nonnegative ) [60)]. The nonlinear-
ity F'=(fi)izr..m> fi: R™ —> R is quasi-positive if

Vu = (U1, ooy Uy) € [0,400)", i =1,.,m,  filug, ugy ooy ui—1.0, Uig1, ooy Upy) > 0. (1.6)

w; (x,t) >0, forall x€Q and t€[0,T).

To obtain a positivity of u, we use the maximum principle and we can also applying
Lemmal3

1.3 Global Existence and blow-up of Classical Solu-
tions

From the general theory of semi—groups, we know that a unique local classical solution
exists in some maximal interval [0, Tax), where Tha € (0,400 | (e.g. [32], B8, page
109]). Furthermore, if Ti,ax < +00, then

lim ( > <t>|roo> = +o0,

1<i<m
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1.3 Global Existence and blow-up of Classical Solutions 9

where Tax (u;0) denotes the eventual blow-up time. Therefore, if there exists a positive
constant C' such that

> ui ()] < C forall t€[0,Thax), then Tiu = +0o. (1.7)

1<i<m

Consequently, to show the global existence of classical solutions of the systems ([L.5)),
it suffices to show that all the functions wu; (t) are uniformly bounded for any t € [0,7T),
T < Thax- Thus, a priori L*°-bounds imply global existence. In other hand to demonstrate
the global existence of the solutions of the reaction systems, we use the functional methods
based on a priori estimates on Lyapunov functional.

Definition 6 (Lyapunov Functional). We call
L:Rt = R,
a functional Lyapunov associated with a system (1.5)) if L satisfying:

d

for allt > 0 and any solution u(t,.) = (uy(t,.),ua(t,.), ..., um(t,.)) of system (1.5)).

1.3.1 Global Existence by the Regularizing Effect
Let consider
9u — dAu= f(t,u) on RT x Q,

g—z =0, on RT x 09, (1.8)

u(0,2) =up € L*(Q),
(i1) the f are C' function such that f(¢,0) > 0,
(22) d > 0.

Proposition 2 [32, [30] . For system (L.8), if there exists a constant ¢ >0 andp > §
such that [, | f(t,u)|"dx < ¢, then there exists M >0 such that |ull < M, for all
t>0.

proof. By using Theorem15.11 page 87 of [61]. O

Remark 2 To show the global existence, it suffices to show, using the reqularizing effect
that the reaction terms are in L (Tyax; P (Q))  for some p > 3.

In this chapter we present several definitions, and some key results on stability of linear
and nonlinear nonnegative dynamical systems needed for developing the main results of
this monograph.
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1.4 Fundamental ODE Stability Theory

In this section we present the tools of Lyapunov stability theory. That will be used in the
fourth chapter to analyze and study the stability of an epidemic model. For details we
refer to [40, [77], and [66, page230].

1.4.1 Elements of the Lyapunov Stability Theory

One of various types and most important type of stability problems may be discussed
for the solutions of differential equations or difference equations describing dynamical
systems is concerning the stability of solutions near to a point of equilibrium. This may
be discussed by the theory of Aleksandr Lyapunov, a Russian mathematician and engineer
who laid the foundation of the theory, which now carries his name. In simple terms, if
the solutions that start out near an equilibrium point u* stay near forever u*, then is
Lyapunov stable. More strongly, if «* is Lyapunov stable and all solutions that start out
near u* converge to u*, then is asymptotically stable.
We first consider the general dynamical system which satisfies

) — F(t,u(t)) on I C R, o

u (0) = up,u € R™,

is called non-autonomous (ordinary) differential equations or time varying. We will
assume that F (f,u) satisfies the standard conditions for the existence and uniqueness
of solutions. Such conditions are, for instance, that F'(¢,u) is Lipschitz continuous with
respect to u, uniformly in ¢, and piecewise continuous in ¢t. A special case of arises
when the function of F' does not depend explicitly on ¢; that is, we considering the general
nonlinear autonomous dynamical system

dz(tt) =F(u(t)) ontelC R,

(1.10)
u(0) = up, u(t) e Q CR™,

where

o u=(u,..,uy)" is the unknown function,

o '=(f1,...; fm)T : Q@ — R™ is a given function on an open subset 2 C R™, with the

assumption F is a locally Lipschitz map. Suppose u* € €2 is an equilibrium point
of (1.10)). Our goal is to study the stability of u*.

The system is said to be autonomous or time-invariant, where I is the maximal
interval of existence for the solution u(-).

Equilibrium points (states) are essential in studying the dynamics of any physical
system in biology, economics, physics, etc. They are used in the study of stability theory,
which is a topic of great importance to scientists. It is desirable that all states (solutions)
of a given system tend to be Equilibrium (point). We are now giving the following
definitions.
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1.4 Fundamental ODE Stability Theory 11

Definition 7 (Equilibrium Points). A point u* € R™ in the state space is said to be
an equilibrium point of . % =0 e F(u*) =0. Means that, whenever the state
of the system starts at u*, it will remain at u* for all future time. An equilibrium point
of a dynamical system represents a stationary condition for the dynamics. A dynamical
system can have zero, one or more equilibrium points. If there are multiple equilibrium
points, we will need to examine the stability of each.

Definition 8 (Invariant Set) [27]. A subset D C Q is an invariant set relative to
(1.10) if D contains the orbits of all its points.

Definition 9 (A Positively Invariant Set). A positively invariant set is a set with
the following properties: Given a dynamical system and trajectory u(t,uy) where
ug 1s the initial point. Let D = {u € R"; ¢ (u) = 0} where ¢ is a real valued function. The
set D is said to be positively invariant if ug € D implies that u(t,ug) € D for all times
t > 0. In other words, a solution that starts in D remains in D for all times t > 0.

Definition 10 ( The Region of Attraction of the Equilibrium ). Assume that
u =u* is an equilibrium point of (1.10) and let ¢ be the solution of the system. The set

D z{C € Q limsupo (t, () = u*}

t—o00

15 called the region of attraction of the equilibrium u*.

1.4.2 Stability For Nonlinear autonomous Systems

Stability is one of the essential aspects in the study of linear and nonlinear dynamical
systems. An important question is to know the behavior of the trajectories initially close
to the equilibrium, for this one defines the notion of stability of a point of equilibrium
that is, whether a particle near such a point remains near or wanders off into another
part. It is not necessary to calculate detailed differential solutions; it is sufficient to know
the fixed points (equilibrium points) and their stability. To study non-linear systems this
simplified result is of great importance by studying non-linear systems in the vicinity of
these points.

Definition 11 [/0, [66/,(Locally Stable). An equilibrium point is locally stable if all
solutions which start near u* remain near u* for all time. Means that, An equilibrium
point u* for is called stable if given any € > 0 there exists 6 () > 0 ( meaning that
the initial conditions are in a neighborhood of u* ) so that

|lu(0) — uw*|| < & implies |u(t) —u|| <e,

for all t > 0. Other wise it is unstable. Note that local stability of an equilibrium point
means that if you put the system somewhere nearby the point then it will move itself to
the equilibrium point in some time. If u* is not stable it is said to be unstable .

e ( Global stability ). Global stability means that the system will come to the equi-
librium point from any possible starting point (i.e., there is no "nearby” condition).
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e ( Locally Asymptotically Stable- Globally asymptotically stable ) [15].
The point u* is said to be locally asymptotically stable equilibrium if, in addition,
for [|[u(0) —u*|| < 0 one has tlggo ||u(t) —u*|| =0, or an equilibrium point is locally
asymptotically stable if it is locally stable and also all solutions starting near u* tend
towards u* ast — oo . This corresponds to the case where all nearby trajectories
converge to the equilibrium point for large time. If the system is asymptotically
stable whatever the initial state vector w (0), then the equilibrium point is globally
asymptotically stable.

Theorem 9 [75]. Let F : R" — R" be a C' function, suppose that F (u*) = 0.
Then u = u* is an equilibrium solution to the system of ordinary differential equations
. The equilibrium is locally asymptotically stable if the Jacobian matriz J = F' (u*)
15 stable; i.e. all the eigenvalues of J have negative real parts.

1.4.3 Second-Order autonomous systems

The second autonomous system occupy an important place in the study of nonlinear
systems, is represented by two scalar differential equations in the form

{ ue = f(u,v), (1.11)

v =g (u,v).

Here autonomous” means that the functions f,¢g do not depend explicitly on time t¢.
If t — U(t) = (u(t),v(t)) be the solution of (1.11)) that starts at a certain initial state
U (0) == U() == (Uo,U()) .

Definition 12 (Trajectory or Orbit). The locus in the u — v plane of the solution
U(t) for all t > 0 is a curve that passes through the point Uy. This curve is called a
trajectoury or orbit of (L.11)) from Uy or the set of points

O ={(u(t),v(t)); t € I} C R,
1s called an orbit.

Definition 13 (The Phase Plane). The phase plane diagram in the u — v plane for
the system (1.11)) is obtained by drawing orbits and equilibrium points, and marking the
direction of motion along the orbits.

Definition 14 (The Phase Portrait). Is the family of all trajectories or solution
CUTVES.

If we compare the case of linear and nonlinear systems, one realizes that the dynamic
behaviors of nonlinear systems are: Much more complicated. For example, talking about
equilibrium stability or system stability is the same in a linear state. In the case of a
non-linear system, the study of the stability of the equilibrium point is not limited to
determining the nature of the equilibrium point or its non-asymptotic stability, but also
in determining the field of attraction, that is, the set of initial conditions whose solutions
converge with equilibrium. Consequently, we are talking about local or global stability
or instability, and local stability, which signifies the convergence of solutions with close
initial conditions.
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Phase Plane Diagrams for Linear Systems

The study of stability of linear systems about the equilibrium point (0,0) is important
because any equilibrium’s point can be shifted to the origin and the local stability of
a nonlinear system near an equilibrium point can be deduced by linearising the system
about that point and studying the stability of the resultant linear system.
Let consider the linear homogeneous system ( F' is linear ) that is to say that the
system (|1.10]) is of the form.
U' = AU, (1.12)

u a1 ai12 .
where U = < ; ) , A= ( u a and the coefficients a;; are real numbers. If a;;
21 Q22

age — a1 a12 # 0 the unique equilibrium point of (1.12)) is (0,0) and the solution of ([1.12))
for a given initial state Uy is given by U (t) = Pe’r P71Uy, where J, = P~'AP is the real
Jordan form of A he may take one of three forms depending on the eigenvalues of A,

A0 Ak a —f
(0 %) (0 3) = (5.7),

where k is either 0 or 1. Using the following linear change of coordinates

(Z):P*(Z), (1.13)

i
then ( I;) > — PAP! ( l; > . Various cases arise.

Case 1. Both eigenvalues are real : \; # Ay # 0 Let vy,v9 be corresponding
eigenvectors the change of coordinates (|1.13]) transforme the system into two decoupled
first order differential equations and the general solution is thus

cleAltvl + cze’\Qtvg,

the phase portrait depends on the signes of \; and \s.

Case la. A\ < Ay <0 The term c;e*tv; + cpe™tvy tend to zero as t — 400 and all
trajectories flow into the origin. In this situation, the equilibrium point is called a stable
node.

Case 1b. 0 < A\ < Ay The term cieMtv; + cpe*?v, tend to +00 and trajectories
flow away from the origin. In this situation, the equilibrium point is called a unstable
node.

Case lc. A\ <0 < )y The terme w (t) = wee — 0 and 2 (t) = zpe™! — Foo0.
In this case the equilibrium point is called a saddle.
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Case 2. Complex eigenvalues : \;; = a i, f#0 Next, assume that the matrix
A has complex eigenvalues and the change of coordinates (1.13)) transform the system into

vy = (a+iB)y, where y = w + iv. (1.14)

We write y in the form y (t) = 7 () ! and substituting this in (1.14)), where we get two
uncoupled first-order differential equations and his solution for a given initial state (rg, 6p)

is given by " )
r(t) = roe™,
{ 0 (t) = pt + 6.

Case 2a. « =0 When a = 0, the trajectory is a cerle of radius ry. In this situation,
the equilibrium point is called a center.

Case 2b. o <0 When o < 0, we get r(t) — 0 as t — +o0. In this situation, the
equilibrium point is called a asymptotically stable focus.

Case 2c. @ >0 When o > 0, we get r (f) = £oo as t — +oo. It diverges a way
from the origin. In this situation, the equilibrium point is called a unstable focus.

Case 3. \; = Ay = A #0 The change of coordinates ([1.13]) transform the system and
his solution for a given initial state is given by

{ w (t) = woe™

2 (t) = zeM.

The equation of the trajectory given by z = ;—%w. The phase portrait depends on the
signs of \.

Case 3a. A >0 When A > 0, we get u,v — oo as t — +o0o. The equilibrium
point is called a unstable node.

Case 3b. A <0 When X <0, we get u,v — 0 ast — +00. The equilibrium point
is called a asymptotically stable node.

Case 4. One or both eigenvalues are zero Using the change of coordinates ((1.13]),
we get a system his solution is

2 (t) = zet?,

{ w (t) = wo,

all trajectories converge to the equilibrium when Ay < 0 and diverge away from it
when Ay > 0. For details we refer to ( [40, , page 43], [66, page236]).
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Figure 1.2: Stability-Diagram

Typology Classification of the Solutions of the Linear Systems in the (t¢r,det)-
Plane

Conclusion 1 For system (1.12) the characteristic polynomial is
p(A) =X — (TrA) A +det A =0,

where
TrA = ap +ax =\ + A,
det A = 11922 — A21A12 = >\1)\2, (115)
A = (TrA)* — 4det A.

Since we are assuming that A is a real matriz, this polynomial has real coefficients and
either its roots are both real or they are complex conjugates. The typology of the solutions
of the planar linear systems which we established depends on the nature of the eigenvalues
of the matriz of the system . This can also be summarized in the plan shown in
Figure[1.2,

The nature of the eigenvalues depends on the sign of the discriminant A. In the plan
(T'r,det), the equation A = 0 is that of a parabola passing by the origin: TrA? = 4 det A.
This parabola divides the plan into two great areas: above the parabola ( A < 0), one
finds the portraits of phase of the hearths and the centers, below (A > 0), one finds
them nodes and the points saddles.

e The case A = 0. In this case TrA? = 4 det A and from (L.15)), we get (A — X)> = 0,
then \; = Ay = A, i.e. TrA =2\ and det A = \2. Consequently,

1. if TrA > 0, we have a star or an unstable degenerated node.
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2. If TrA <0, we have a star or a stable degenerated node.

e The case A > 0. In this case we have two distinct real eigenvalues then is in the
area under the parabola who still can is shared in three zones:

1. det A < 0. Then \; and Ay are of opposed sign, the origin is a point saddles.

2. det A >0 and TrA > 0, then A\; > Ay > 0, the equilibrium point (0, 0) is called an
unstable node.

3. det A >0 and TrA < 0, then \; < Ay < 0, the equilibrium point (0,0) is called an
asymptotically stable node.

e The case A < 0. In this case the matrix A has two complex eigenvalues \; o = a=£if,
then det A = o?+ 32 > 0 and TrA = 2a, which division there still in three distinct
Zones:

1. TrA > 0. Then, the real part of the eigenvalues is positive, the equilibrium point
(0,0) is called an unstable focus.

2. TrA < 0. Then, the real part of the eigenvalues is negative, the equilibrium point
(0,0) is called an asymptotically stable focus.

3. TrA = 0. Then the eigenvalues of A are imaginary number and the origin is a
stable center.

Remark 3 1. The asymptotic behavior of solutions to the linear two—component system
based on the nature of the eigenvalues of A. The first stability case, which is the asymp-
totically stable node, can be guaranteed if the trace of A is negative and its determinant
18 positive, i.€.
TrA
{ ra <y, (1.16)

det A > 0.

2. The origin is stable, but not asymptotically stable, in the following cases.

2.1 A>0,TrA<0,det(A) =0,
2.2 NAN<0,TrA=0.

Theorem 10 [28, Theorem 4.1 page 15], [77, Theorem 1.2.5 page 11] The equilibrium of
the homogeneous equation U = AU is asymptotically stable if all the characteristic roots
of the matriz A have negative real parts ( ReX; < 0 ). If at least one of the characteristic
roots has a positive real part then the equilibrium is unstable. If all the characteristic
roots have non-positive real parts and some of them actually have a zero real part then the
equilibrium s stable, but not asymptotically stable.

proof. See [T, Theorem 1.2.5 page 11]. O
Lyapunov stability, in his original 1892 work, proposed two methods for demonstrating
stability.
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1.4.4 Lyapunov’s first method ( The linearization techniques )

In Lyapunov’s first method, the linearization techniques is applied to study the stability.
The study of stability in the case of nonlinear systems poses a very difficult problem,
however, Lyapunov and others have noticed by studying the trajectories of integral curves
in the neighborhood of equilibrium that, in the majority of cases, the equilibrium points
of nonlinear systems can be brought back to the same types of equilibrium points of
linear systems. So the study of a linear system is easy since it is solved in a purely
algebraic criterion and the determination of the nonlinear stability of the equilibrium
point is reduced to the linearization of the system at this equilibrium point then,
to answer the questions of stability, we must consider the linearization of the system
around the point of equilibrium gives the following linear system:

du(t) _ OF(u(t))
a = o |, w0, (1.17)
= Au(t),

may be found by forming the Jacobian matrix, where a;; = [%u(]”)] o with 7, j =

1,2,...,n and A = (a;;). In the case of the second order autonomous systems, we get

(e )= (),

where A is the Jacobian matrix of F (u (t)) = (f1, f2)" evaluated at the equilibrium u*.
For the stability of the nonlinear autonomous system we have the following theorem:

_OF (u(t)

A ou

u=u*

Theorem 11 (Linearization theorems)

1. If all the eigenvalues of A = % L, are strictly negative real parts, the nonlin-

ear system (1.10)) is asymptotically stable.

2. If all the eigenvalues of A = OF (u(t))

ou
system ((1.10)) is stable.

3. If at least one eigenvalue of A has a real part strictly greater than 0, the nonlinear
system 1s unstable.

have negative real parts, the nonlinear

u=u*

1.4.5 Lyapunov’s second method for stability ( The direct Method
of Lyapunov )

Lyapunov functions or direct method (also called the Lyapunov’s second method for sta-

bility) are used to study the global stability of an equilibrium points of dynamic systems.

The problem is that the method rests on knowledge about a certain function having
certain properties, and there is no general technique for constructing Lyapunov functions.

Theorem 12 [[0] Let u = u* be an equilibrium points for (1.10)) and Q@ C R™ be a domain

containing u*. Let V : Q0 — R be a continuously differentiable function such that

e V(u)=0and V(u) >0 inQ— {u*},
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o V' (u) = VV.F, given by

IR X

/ _d - B
V() = 2V (zt)—i:1 auiui—iﬂa—mﬂ_wv? F(u)
_ oy oy _ |
- [ ] - R0 men

Then, V (u) is called a Lyapunov function and when we use direct Lyapunov method,
we can get from the system if it is stable, asymptotic or unstable, but in some cases
this method fails to prove stability, in this case we apply Lasalle invariance principle
to get asymptotic stability.

Theorem 13 [/0/( LaSalle’s theorem ) Let u = u* be an equilibrium points for
and Q C R™ be a domain containing u*. LetV :  — R be a continuously differentiable
function such that

Vi(u) <0in Q. Let M ={ueQ:V (u)=0} = {u*}. Then, u* is asymptotially
stable.

Remark 4 If R" =, in the last theorem, u* is globally asymptotially stable.

1.4.6 Stability For Nonlinear Non-Autonomous Systems

The concepts of stability and asymptotic stability of equilibrium points for non-autonomous
systems are essentially the same as those presented in definition for an autonomous
system. We note that, the solution of the non autonomous system may depend on both ¢
and ty and while the autonomous system solution depends only on t — ty. The definition
of global uniform asymptotic stability in an autonomous system is equivalent to global
asymptotic stability in Non-Autonomous Systems.

1.5 Fundamental Stability and unstable Theory of

Reaction Diffusion Systems
We consider the system of reaction diffusion equations (1.5), where f = (f1,...,fn), D =

diagonal matrix (di, ...,d,), Au = (Auq,...,Au,) and ug = (ug1, ..., Ugn) , NOW We can
write (1.5 in the following form

%:DAu+f(u),t20 and x € Q CR", (1.18)

with Neumann boundary data. The solutions of
DAu+ f (u) =0,

with the Neumann boundary condition are called equilibrium solutions.
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1.5.1 Eigenvalues of the Laplacian with Neumann boundary con-
ditions

The Laplacian is an unbounded operator. To apply the Local Stability in the PDE case
from the previous chapter we use the Neumann Laplacians (see [50]).

—AU,J' = )\ju]' in Q,

Ou,

—~ =0 on 0f).

We will denote the eigenvalues of the Laplacian with Neumann boundary conditions by
0:>\0</\1§)\2S/\3§.../‘+00.

The first eigenvalue for the Laplace operator with zero Neumann boundary conditions
data case is zero : A\; = 0, corresponding to constant functions, then eigenfunction u; =
const # 0 (This constant function belongs to H! (2)).

1.5.2 The technique of eigenfunction expansions

The eigenfunction expansion method is a total analytic method or a method of transfor-
mation of a PDE (in space and time) into a system of ODEs in time.

Let denote {)\i, (@ij)?zl}%oo be the sequence of eigenvalues and the normalized eigen-
functions corresponding to )\z for the elliptic operator (—A) subject to the homogeneous
Neumann boundary condition on €2, where 0 = \g < A\ < Ay < ..., and each \; has
the algebraic multiplicity m; > 1. Also let recall that &, = const and \; — oo at
i — 00 . That is, dy,...,d, and \; satisfy —A®;; = \;®;; in Q, with 5% = 0 in 0, and
Jo @3(x)dx = 1.

Define the linearization of the system around the point of equilibrium gives the
following linear system:

?9_1; = DAu + Au, (1.19)

with the same initial and boundary conditions as given with ((1.18]). The solution to the
linear system (1.19) can be written in the form u (¢, z) = Y ®;; (z) editug;.

Let denote the linearizing operator by £ =DA + A.ZS(i)milar to the ODE case, the
asymptotic stability of the steady state solution (u*,v*) can be determined by examining
the eigenvalues of the operator £. That is the solution is asymptotically stable if all the
eigenvalues of £ have negative real parts. For example in the case where N = 2, to achieve
that, suppose (¢(), ¥ (x))T is an eigenfunction of £ corresponding to an eigenvalue . By
definition, the characteristic equation can be given by

L(¢(x), v (2))" = &(d(2), 9 ()",

co()-()

leading to
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Let (¢(x),1(x))T forms a complete orthonormal basis in L? (), for this we can write

(p(x),h(z))" = 20§i§oo,1§j§mi (aij, bij)T Wi Or

¢ = Z @ijPij, Y = Z bij i,

0<i<o0,1<j<m; 0<i<oo,1<j<m;

This can be rearranged to the form

S (A-A\D-¢I) (Zj) O, = (8) .

0<i<o0,1<j<m;
Theorem 14 [75].

(i) The equilibrium point of the nonlinear problem(1.18)) is (locally) asymptotically sta-
ble, if the equilibrium point of the linearized problem (1.19)) is asymptotically stable.

(17) The equilibrium point of (1.18|) system is globally asymptotically stable, if for each
nonnegative integer i the eigenvalues of (A — \;D) have negative real parts.

(1ii) The equilibrium point is unstable, if for some n there exists an eigenvalue of A; =
(A — \;D) with either positive real part or zero real part with a non simple elemen-
tary divisor.

proof.  See [15]. O

1.6 Numerical analysis

This part aims to find approximate numerical solutions for the system of Reaction-
diffusion with elementary-bound conditions using the finite difference method, and the
importance of this method comes in that these approximate solutions enable the researcher
to understand and clarify the behavior of the physical or chemical phenomenon studied,
as well as predict future results for it.

We need approximation because we either cannot solve the procedure analytically or
because the analytical method is difficult and using numerical methods are techniques for
approximating mathematical procedures to compute the numerical solutions to ordinary
differential equations and non-linear partial differential equations by implicit methods.
So we must understand what is the finite difference method and how to use it to solve
in one-dimensional problem that we will use in the numerical examples.

The finite difference method (FDM) seems to be the simplest approach for the numer-
ical solution of PDEs. In numerical analysis, FDM are discretizations used for solving
differential equations by approximating them with difference equations that finite differ-
ences approximate the derivatives. FDMs convert a linear ordinary differential equations
(ODE) or non-linear partial differential equations (PDE) into a system of equations that
can be solved by matrix algebra techniques. The reduction of the differential equation
to a system of algebraic equations makes the problem of finding the solution to a given
ODE/PDE ideally suited to modern computers.
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1.6.1 Finite Difference Method for Solving ODEs Equations
Finite-Difference Methods for Linear Problems

The Finite-Difference Method is a way of obtaining a numerical solution for linear and
nonlinear problems, but they generally require more computation to obtain a specified
accuracy. In this subsection we show how to approximate the solution to boundary-value
problems (differential equations with conditions imposed at different points ) where, we
solve the linear second-order ordinary differential equations with two boundary values of
the form (see [53])

(1.20)

Uy =D (T) Uy +q(x)u+1(x), = €la,b] (Governing equation),
u(a) =a, u(b)=p (Boundary values).

It can be noted that, for first-order differential equations, only one condition is specified,
so there is no distinction between initial-value and boundary-value problems.

To find u as a function of z. First, we select an integer n > 0 and follow the steps
below:

Stepl: Divide solution domain [a,b] into a series of discrete nodes separated
by Ax = h = distance between nodes, i.e, into n + 1 equal subintervals whose endpoints
are the mesh points z; = a+iAzx for 0 <i<n+1, where Az = fﬁ

So at the interior mesh points x;, for 0 < i < n, the differential equation to be
approximated is

Uz () = P (27) g () + q (z5) w (xy) + 7 () . (1.21)
We need to approximate derivatives in the Governing equation in x;, by using the following
step.

Step2: (Write the ODE for each node using finite difference formulas for
the derivatives)

Assuming that v € C* ([x;_1, 2;11]) , developing u in a third Taylor polynomial about
x; evaluated at x;,1 and x;_1, we get

u(xip1) = u(x; + h) =u(x;) + hu, (x;) + %QUM (x;)
(1.22)
—I—%sum (x;) + —u(4) (¢;) for some ¢ in (x;,xi41),

w(xi1) =u(x; —h) =u(x;) — hug (x;) + h;um (x;)
(1.23)

—%Sum (:) + 2u® (1) for some n; in (21, 2;) .

Adding ((1.22] - , solving the resulting for u,, (z;) and by applying the Intermediate
Value Theorem (3| . can be used to simplify the error term and we obtain the following
centered-difference formula

1 h?
Uz () = 73 [u (1) — 2u () +u(x1)] — Eu(4) 0:), (1.24)
for some 6; in (x;_1,x;41). In a similar manner, we can get
1 h?
uy (i) = o [wit1 — ui1] — EU(?’) (pi) (1.25)

for some p; in (z;_1, 1) -
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Substituting u, (z;) , U (x;) with its values in (1.21]), we get

o [ (i) = 2u (23) +u (1)) = p(23) [g [wir1 — uin]]

+q (x;) u(z;) +r(x;) — }f—; [Qp (z:)u® (p;) — u® (Qz)] . (1.26)

Step3: (Apply the boundary conditions and write system of algebraic equa-
tions)

Approximations v; to u (z;) for each i = 0,1, ...,n + 1.

A Finite-Difference method with truncation error of order O(h?), results by using
together with the boundary conditions u (a) = a, wu(b) = 3 to define the system
of linear equations.

At node i = 0 and i = n + 1, we have ( Boundary Condition)

vo = u (o) = u(a), vnt1 = u(Tps1) = u(b)

and . )
32 [~Vip1 + 205 — visa] + p (24) [ﬁ [Vig1 — Uifl]]

1.2
+q (l’z) V; = —T (IZ) , ( 7)
for each ©+ = 1,2, ...,n. We can rewrite the last equation in the following form
_ h A : 2 , .
(1 + 2p (xl)) Vi—1 + (2 + h q (‘TI>> Uj (128)

+ (1 — g’p (:ci)) Vip1 = —h*r (i),

for each i = 1,2, ...,n. The resulting system of equations is expressed in the tridiagonal
n X n matrix form

AV = B, (1.29)
where
[ 2+ h2q (xy) —1+%p(x2) 0 0 T
-1 - %P (z2) 2+ h*q(x2) 1+ %p (73)
0 0
i ,

2+ h2q(z,_ 1)

0 0 —1=2p(z,) 24 h%q(z,)

—h2r (21) + (L4 2p(z1)) vo |

—h2r (x9)
V:(vl, Vo, ... Up )T and F = :
—h*r (1)
| _hzr ('Tn) + (1 - %p (xn)) Un+1 i
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Step4: Solve the resulting system of linear algebraic equations by using the tridiagonal
matrix algorithm, also known as the Thomas algorithm (named after Lewellyn Thomas),
is a simplified form of Gaussian elimination that can be used to solve tridiagonal systems

: : . . T
of equations to obtain an approximate solution ( UYy, ULy  eevnen s Up—1y ey Uy ) .
The following theorem gives conditions under which the tridiagonal linear system

(1.29) has a unique solution.

Theorem 15 Suppose that p,q, and r are continuous on [a,b]. If g(x) > 0 on |[a,b].
Then, the tridiagonal linear system (1.29) has a unique solution provided that h < %,
where L = max Ip ()]

Remark 5 It should be noted that, the hypotheses of this last Theorem guarantee a unique
solution to the boundary-value problem , but they do not guarantee that u € C*[a,b].
We need to establish that u™® is continuous on [a,b] to ensure that the truncation error
has order O(h?).

Finite-Difference Methods for non Linear Problems

For the general nonlinear boundary-value problem

Upe = [ (z,u,u,), =€ [a,b],
{ u(a) =a, u(b)=p. (1.30)

We assume that f satisfies the following conditions:
1. f and the partial derivatives f, and f,, are all continuous on

D = {(z,u,u,) /z € [a,b], with —oco <u<oo and — oo < u, < oco}.

2. The constants k = max |f (z,u,u,)| and L= max |f,, (z,u,u,)| exist.
(z,u,uz)€D (z,uuz)€D
The difference method is similar to the method applied to linear problems in the last
Subsection. Requires the replacement of u,, and u, by difference quotients, which results
in a nonlinear system (Here, the system of equations will not be linear). This
system is solved using Newton’s method, so an iterative process is required to solve it.

1.6.2 Finite Difference Method for Solving Parabolic PDEs

We consider the numerical solution to a problem involving the heat, or a parabolic partial
differential equation of the form

ou  ,0%u
— - =—==0, O<z<l, t>0 1.31
ot “or2 T T STSD ’ (1.31)
subject to the initial data
u(x,0)=f(z), 0<z <, (1.32)

and to one of the typical sets of the boundary conditions of this problem

u(0,t) =u(l,t)=0, t>0 (1.33)
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or
ou ou

The approach we use to approximate the solution to this problem involves finite differ-
ences. Method of finite differences in a single spatial dimension depends on the conversion
of the following physical solution region

D=A{(x,t); 0<z<I 0<t},

where z is the space variable, the spatial domain is [0, ], ¢ is the time variable and u (x, t)
denote the exact solution to the initial value problem. To get the finite difference scheme,
we follow the following steps.

Stepl: D is discretized into cells described by network of nodes set (x;,¢;) by dividing
them into equal distances. The grid points for this situation are (z;,t;),

(1.35)

where n is integer (Number of steps), Ax distance between nodes and At time step.

Step2: The lines x = x; and ¢t = t; are grid lines, and their intersections are the
mesh points of the grid. For each mesh point in the interior of the grid, (z;,t;), for
1=1,2,...n—1and 5 = 1,2, ..., we can use the Taylor series in the variable z about z;
to generate the centered-difference formula

h? 0*u

- E@@’m’

1
U (T, t5) = 5 [u (@i, 1) = 2u (20, 85) + u (2ie1, )]

for some 6; in (z;,_1,%;41). In a similar manner we can get

ue (33, t5) = T [u (@i, tjr1) — u(zi t;)] = ol (@i, p5) ,

for some p; in (¢;,,41) . Using these formulas in the parabolic partial differential equation
(1.31) allows us to express the equation at the points (z;,t;) as

[ (wiytjn) — u (i, )] — o5 [u ($§+14, tj) = 2u (s, ;) + u (w1, t5)]
- %utt (xiJ p]) - QQ%% (817t]) =T,

x|

(1.36)

forj=1,2,...andi=1,2,....n — 1.
Remark 6 The local truncation error for this difference equation is

k ( ) o, h? 0t
T = —uy (x5, p;) — " ———
t \Fis P 12 0u?

Step3: Approximations v! to u (z;,t;). (A Finite-Difference method with truncation
error of order O(h? + k?) results).

We denote the approximate solution vf at an arbitrary point (z;,t;), ie. v
u(zi,t;) =u(ilx, jAL).

~
~

J
i
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Replace u (x;,t;) with v} in (I.36) (in a single spatial dimension), gives

1oy 1
7 [v] " —]] _O‘Qﬁ [y = 2v] +0],] =0,
we obtain the explicit scheme for (|1.31)
vt — ) — ﬁaQ [v]. —20] + vl 4] =0, (1.37)

forall j=0,1,2,...and e =1,2,....,n — 1.
Solving equation (|1.37)) for v/ 1 gives

o/t = (1 —20)v] + Y [vl, +v] ], foreach

t=1,...n—1land j5=0,1,.., (1.38)
where we choose T = (%) a?.
So we have from the initial data (|1.32))
u (24, t0) = u (2;,0) =) = f(x;) foralli=0,1,...,n. (1.39)

For all the interior nodes, putting j =0 and ¢ =1,...,n — 1, in equation (1.38]), we have
(vl =u(zo,t1) = u(0,t;) = 0;
=(1-27)v? + 7 [v) +J];

= (1-27) vS+T[v§+v?]; (1.40)

vh 4 (1—2T>n1+T[ +09_,];

vf = u (@, t1) =u(l,t;) =0.

\ n

Now we can use the v} values to generate all the v? values and so on.

The typical equation can be solved explicitly because it can be written for each
internal location node for time node j 4+ 1 in terms of u at time node j. In other words,
if we know values of v at node j = 0, and knowing the boundary values of u, which is
the values of u at the external nodes, we can find values of u at the next time step. We
continue the process by first finding the values of v at all nodes 7 = 1, and using these to
find the values of u at the next time node 7 = 2. This process continues till we reach the
time at which we are interested in finding the values of w.

In other case equation can be written for all nodes (except the external nodes), at
a particular time level. This results in simultaneous linear equations which can be solved
to find u at a particular time. The explicit nature of the difference method implies that
the (n — 1) x (n — 1) matrix associated with this system can be written in the following
tridiagonal matrix form

AVt = v (1.41)
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such that ~ _
1-27 T 0o - 0
T 1-27T 7T . :
f " e T
0 e 0 T 1-27 |
Vi = (U{ , vg o vﬁ;fl)t for each j = 1,2, ..., the difference approximation of the exact

solution u (x,t) and VO = (f (z1), f(22),..., f (2n_1))".

Remark 7 Special algorithms such as Thomas algorithm, can be used to solve simulta-
neous linear equation with tri-diagonal coefficient matrices.
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Chapter 2

Modeling in epidemic dynamics and
basic concepts

To study infectious diseases in mathematical biology, the basic elements of this science
will first be quickly understood by providing examples of simple epidemics in terms of the
basic SIR or SIS models for constant population size. In a simple epidemic, where the
population consists only of susceptibles and infectives, and are well captured in mathe-
matical representations. Therefore, we introduce basic mathematical disease models in
the first part to facilitate understanding of the models we will study in the third and
fourth chapters.

2.1 The theory of epidemic dynamics

The theory of epidemic dynamics is so rich that it is impossible for us to cover all of its
aspects. We only introduce basic mathematical disease models, the ideas for modeling,
and fundamental concepts and techniques.

2.1.1 Special forms of epidemiological models

An epidemic model is a simplified means of describing the transmission of communicable
disease through individuals. Two fundamental dynamic models of epidemics dynamic
models for infectious diseases are mostly based on compartment structures that were
initially proposed by Kermack and McKendrick in 1927 and 1932 models of infectious
diseases were presented systematically in [38] [39], who obtained a known threshold result
for the model they proposed. Since then great literature about such models has grown.
Their work was later developed by many other biomedical scientists. To formulate a
dynamic model for the transmission of an epidemic disease, the population of a particular
area is often divided into several different groups.

Kermack—Mckendrick SIR model

Kermack—Mckendrick STR model studied by Kermack and Mckendrick in [38], the pop-
ulation is divided into three groups: a susceptible group, labeled S, in which all the
individuals are susceptible if they contact with a disease; an infected group, labeled I, in
which all the individuals are infected by the disease; and a removed group, labeled R, in
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BSI 1

Figure 2.1: The SIR model without vital dynamics.

which all the individuals recovered from the infection. Denote the numbers of individuals
in the groups S, I, and R, at time t, as S(¢), I(t), and R(t), respectively. The following
three assumptions were made by them:

(i) The disease spreads in a closed environment; that is, there is no immigration, and
neither birth nor death in the population, so that the total population remains a
constant N for all ¢, that is,

S(t) + I(t) + R(t) = N.

(ii) The number of susceptible who are infected by an infected individual per unit of
time, at time ¢, is proportional to the total number exposed to injury by the rela-
tive parameter called the transmission factor 3, so that the total number of newly
invective’s, at time t, is 8S(¢)1(t).

(iii) The number removed (recovered) individuals from the infected group per unit time is
~I(t) at time ¢, where 7y is the recovery rate coefficient, and the recovered individuals
gain permanent immunity and the model equations are given in the system

Se=—=BS()1(t),
L= S (1) -1 (1), 1)
Ry =~I(t) , teR".

and see Figure [2.1] for the following corresponding flowchart of the STR model.

Because the formula for the variable R is separate from the first two equations for
system ([2.1), we only need to consider the following system

{ S, =—-BS@H)I(t), t € R, (2.2)

Ii=BS ()1 (t) =1 (1)
From , we have
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oS vy
_ = + —_—,
oI BS
if the initial number of susceptible S (0) = Sy > %, the number of infectives increases

and if S(0) = Sy < %, the number of infectives decreases. Define Ry = gSo. Then
the epidemic spreads when Ry > 1 and dies when Ry < 1. We know that v/ 1is the
number of people who recovered from the affected group I, per unit of time, at time t.
Hence after the period of time %, all the infectives I(t) recover. Therefore, 1 is actually
the mean duration of infection, and R, is the number of newly infectives infected by an
infected individual during the whole infection period when all of the individuals in the
population are initially susceptible. The number of infectives decreases if Ry < 1 and
increases if Ry > 1. Therefore, to control the spread of an epidemic, one of the key
factors is to estimate the value of Ry and then reduce it to less than one. So the quantity
Ry determines the transmission threshold.

It follows from the second equation of that I(t) — 0, ast — oo, if Ry < 1. Then

since S(t) is monotone decreasing and bounded below, tlimS (1) = Soo-
—00

-1

Kermack—Mckendrick SIS model

For epidemiological viral diseases, such as influenza, measles, and covid-19 and smallpox,
individuals who have recovered generally acquire immunity to the virus (SITR). But for
the study of the dynamics of transmission of bacterial diseases, such as encephalitis and
gonorrhea, the people who have recovered do not gain immunity and the infection can be
repeated. For this study, Kermack and Mckendrick [39] suggest the SI1.S model equations
are given in the system

{ Sp=—=BS )L (t) +~I(),
L =BS{)I(t)+~I(t), t € R*.

In the SIS model, infected individuals become susceptible to infection again once they
recover from the infection, and this model is one of the simplest and is the primary form of
infectious disease that is transmitted from person to person, and many other models are
nothing but derivatives of this form. This model consists of two parts: S the number of
people exposed to the infection and I for the number of infectious people, Where healing
gives lasting resistance, like measles and rubella. If there is a migration to the population
and the birth and death rates differ among the population, this means that the size of the
population will change, or that there are other diseases that have caused the death of the
population, then the population will be different and it is assumed that a small number
of infections are introduced to the population at risk. With an risk person, the infected
person becomes infected immediately. That is, S turns into I and the graph of the SIS
model is shown in Figure [2.2]

The basic forms of epidemiological models fall into the following groups:

Models without vital dynamics: If a disease spreads rapidly in a population
for a short period, such as influenza or chickenpox, then vital factors, such as natural
population death and childbirth, can usually be ignored. We call these models, models
without biodynamics.

Models without latent periods: Models without latent periods are models in which
individuals are directly injured. These models are represented by SI, SIS, SIR, SIRS,
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Figure 2.2: The SIS model without vital dynamics.

STRI models, ... For example, in the ST model, the infectives cannot be recovered from
infection and in the SIS model, infected individuals become susceptible to re-infection
immediately after they recover from the infection (no immunity after recovery ). As for
the STRS model, recovered individuals have temporary immunity after the infection is
cured, and their immunity will wear off over time.

In the case of dynamic models there are two cases:

First case: If we assume that birth and death rates in the population are equal during
the period of the epidemic and that there are no deaths due to the disease, then the size
of the population will remain constant in a closed environment, denoted by N.

The second case: If the birth and death rates among the population are different,
or there are deaths, then there is a migration into the population, then the size of the
population is variable. For further understanding, we present an example of a S1.5 model
in which newborns or individuals with many diseases, such as hepatitis C' and hepatitis
B, can be infected, a model in which newborns can also be infected by individuals with
many diseases. p the natural death rate coefficient, b is the birth rate coefficient, A is the
input rate of the total population, B is the output rate coefficient of the susceptible and
the infected and « is the coefficient of death rate caused by the disease. See Figure [2.3]

2.1.2 Basic Concepts of Epidemiology Dynamics
Basic reproduction number, disease-free equilibrium and endemic equilibrium

The possibility of an propagation of an infectious disease and its spread of the population
is one of the most important concerns, and for many large epidemiological models, a
disease-free equilibrium Ej to keep the population in the absence of disease.

Definition 15 ( Basic Reproductive Number ) The basic reproduction number, de-
noted by Ry, is the most important mathematical quantity in the infectious diseases. Bio-
logically, Ry can be interpreted as the average number of infections expected for secondary
cases resulting, in a population of susceptible individuals, Typically contagious during the
time in which he have an infection.
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Figure 2.3: The SIS model with input output and disease-induced death.
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Figure 2.4: The SIR model without vertical transmission

If Ry > 1, then each infected individual produces, more than one new infection, and
the disease can invade the population and creating an epidemic situation. If Ry < 1, then
on average an infected individual produces less than one new infected individual over the
course of its infectious period, and the infection cannot grow. (See [17, 22, [71].

Definition 16 Ry, = p(A), where A = FV~! is the next generation matriz for the
epidemiological model and to understand what are F' and V' the m x m matrices (see [71,

page 32/).

Remark 8 Ry is the very important number for the study of our model in chapter four
and important number in the study of Kermack-Mckendrick SIR model , where
a disease dies out if Ry < 1 (the disease will disappear over time) and the disease can
spreads if Ry > 1 ( the disease continues in the population), it is known this law the
famous threshold standard.
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To better understand this number Ry and to find out a disease-free equilibrium and
endemic equilibrium, we propose to study the example below, which was introduced in
[79].

Example 16 We consider now the SIR model after changes to the previous model ([2.1)
and its corresponding flow chart in figure 2.4

Sp=puN = BS () I (t) — psS(t),
Iy =BS5S ()1 (t) — pl (t) =1 (t), (2.3)
R, =~I(t)—puR(t), t € RT.

The variable R is not included in the first two equations of (2.3)), and we are only
interested in the spread of the disease, we only investigate the system consisting of the
first two equations

S = uN = BS (D)1 (t) — uS (1) = F (S, 1),
(2.4)
L=B8SWI() —(u+)I(t) =G(SI), inR",

where (S,I) € D = {(5,1):S>0, 1>0, S+1<N}, so that the equilibrium of the
system (2.4)) are a disease free equilibrium Ey = (N,0) and an endemic equilib-

py u[ﬁNf(quv)])
B Bluty) '
We then discuss the dynamics of these equilibrium as follows:

rium E* = (

Mty

1. If Ry = (B—N < 1. Then, there is only one equilibrium Ey in region D. The Jacobian
matriz of ([2.4)

at this equilibrium, Ey, is given by

J(EO): < _O,U BN__M,]YV_M),

J (Eo) has two eigenvalues \y = —p < 0, Ay = N —y—pu <0 if Ry < L
Then the equilibrium Ey s locally asymptotically stable and we note that region D
1s positively invariant for system such that all orbits of started inside
D cannot go out of D. This implies that in this population, the epidemic cannot
continue and dies out eventually. The point Ey = (N,0) is called a disease-free
equilibrium.

2. Assume Ry = (fﬁy) > 1. In addition to Ey, there is a positive equilibrium E* in

region D. The Jacobian matriz of (2.4]) at the equilibrium E* is given by

BN
o[ Py —et)
J(E) = ( M[/BN—(I(LM‘E’Y)] 0 :
Bty

Thus, it follows from tr J (E*) = —u% <0 anddet J(E*) = p[BN — (u+7)] >
0, the equilibrium E* is locally asymptotically stable if it exists. They proved that the
equilibrium E* s globally asymptotically stable in region D. This explains that once
the disease spreads in the population, the epidemic will continue, so that the disease
becomes endemic and the point E* is called an endemic equilibrium, where the

. . : . _ pty : _ HIBN—(ptv)]
epidemic invades the population and tliglOS (t) = 5 and tllglo] (t) = )
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3. Ry =1 1s a threshold that determines whether a disease persists or goes. The epi-
demic does not persist if Ry < 1, and spreads and eventually forms an endemic if
Ro > 1. This can be interpreted. From the second equation of system , we can
see that % 15 the mean infective period, N is the number of the individuals in
the population, also the number of susceptibles at the disease-free equilibrium FE.
Therefore, Ry = % is actually the average number of secondary infections pro-
duced by one infected individual during the mean course of infection in a completely
susceptible population. If Ry < 1, then on average, the number of new infections by
one infected individual over the mean course of the disease is less than one, which
implies that the disease dies out eventually. If Ry > 1, then the number of new
infections produced by one infected individual is greater than one, which leads to the
persistence of the infection.

2.1.3 Example of Reaction—Diffusion System

Example 17 (An epidemic propagation model). The spread of an epidemic(contagious
disease) or a rumor in a population, divides the latter automatically into two separate
groups:

e (S) the group of susceptible individuals who are not infected, but who may become
s0.

e (I) the group of contagious or infected individuals carrying the virus and therefore
capable of transmitting it to individuals in group (S).

o Let us denote by S(z,t), I(x,t) the densities at point x of space (position) at time
t > 0 of the groups (S) and (I) respectively. We suppose that Susceptibles ()
become infectious (I) after contact with an infectious and at a rate proportional to
the number of contacts between individuals in groups (S) and class (S) and another

function of class (I) (i.e. ¥ (S)e(I) ).

e Individuals are removed from the infected class at a rate proportional to a function

of (I).

e The total population is constant and is confined to a bounded domain, we are led to
the following system of equations:

{ Si=dAS =9 (S) (),
I =do AT+ (S) o (I) = h(I), in€QxR*.

If we assume that there is no migration across the border of €2 we have the conditions
with homogeneous Neumann boundary conditions:

05 _ ol _
o o
with the nonnegative continuous and bounded initial data

u(0,2) = ug (z),v(0,2) =vy(x) in €,

on R x 09,

Remark 9 When ¢ (S) = kS with k > 0 and ¢ (I) = h(I) = I is called a diffusive
epidemic model.
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Chapter 3

Global existence and asymptotic
behavior of solutions for some
coupled systems via a Lyapunov
functional

The purpose of this chapter is to study the global existence and asymptotic behaviour
of solutions to a coupled reaction-diffusion systems, which describes epidemiological or
chemical situations. Our techniques are based on Lyapunov functional methods.

In the first part we will prove the local existence, the positivity of the solutions, global
existence and bounded solutions for all positive time of a class of disease epidemics systems
formed of 2 parabolic partial differential equations called reaction—diffusion systems. In
second part we give a simple proof of global existence and bounded solutions for all positive
time for an epidemic system in the case where, f(u,v) = g(u,v) and under suitable
conditions on the the non-linearity ¢ (v), we contribute to the study of the behaviour of
the solutions for f(u,v) = g(u,v) = Aup (v).

The work of this chapter is the subject of an international publication [23][]

3.1 System Model

Let 2 C R™ (n > 1) is an open bounded region with smooth boundary 0€2. In this section
we consider the following mathematical model in epidemiology

gu _ aAu =N — f(u,v) — pu,
ot
(3.1)
9 _ bAV = g(u,v) —
9 v=g(u,v) —ov,
in RT x €, with the non negative continuous and bounded initial data
u(0,2) =uo (z),v(0,2) = vy () in Q, (3.2)

L. Djebara, S. Abdelmalek, S. Bendoukha, Global ezistence and asymptotic behavior of solutions for
some coupled systems via a Lyapunov functional, Journal.Acta Mathematica Scientia, Chinese Academy
of Sciences, 39B(6): 1538-1550, (2019).
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and Neumann boundary conditions of this problem

ou  Ov
— == R* Q. .
o0~ 0 on X 0 (3.3)

3.1.1 Parameters of The model and its Assumptions

e 1 is the time variable and z is the position.

e u = u(x,t) and v = v(z,t) is used to represent the number of non dimensional
population densities of the susceptibles and the number of infectious individuals at
location x and time t, where the susceptibles u, which can get the disease and the
infected v, who have the disease and can transmit it respectively and hence have to
be positive.

e a, b the diffusion coefficients.

e The constant A denote the growth of susceptibles corresponding to births or migra-
tion (the recruitment rate of the population).

i is the natural death rate.

o is the rate at which invective’s recover from the disease.

° % the period of infection.

We also assume that a,b, A, u and o are positive constants such that
a>0,b>0,u>00>0 and A >0 and that a # b.

In addition, we suppose that f and g are nonnegative continuously differentiable function
on R? satisfying

(A1) f(0,n) =0andg(§0) =0 forany&,n =0,

(A2) g(&n)<v(n) f(&n),

where 1) is a non-negative and continuously differential function on R* such that there
exists a constant § > 1 satisfying
lim 7% =
Jm () =46,

for £ > 0, and
(A3) g(&n) <CH (e C>0anda>0,

for certain constants C' > 0 and a > 0 where § is the same as in (A2) and ¢ is all non
negative continuously differentiable function on R* such that ¢ (0) = 0.

The diffusive model (3.1)—(3.3) subject to conditions with (A1)-(A3) is related to epi-
demiology. It describes the propagation of an infectious disease with u and v representing
the population densitities of susceptible and infective individuals, respectively [13, [16].
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3.1.2 Interpretation of model

System (3.1)—(3.3) it is a model derived from the simple basic model uv. The model is for
the spread of an infectious disease in a confined population in a region  ( this corresponds

0 0
with e _ v 0, which means no migration through €2 ) and the population divided

0 0

into th heal@h states: susceptible to the infection of the pathogen (often denoted by
u); and the class of infected by the pathogen v. In this case, there is an arrival of new
susceptible A individuals into the population and assuming ( The population of susceptible
individuals is increased at any time “t” by the recruitment rate A. We consider all the new
births are susceptible and join the susceptible class u (,x)), a death rate u, so we have
A — pu. During the epidemic, the number of susceptible person is supposed to become
infectious over time through contact with other infectious ( The population of susceptible
individuals is decreased by the contact rate of susceptible with infected individuals by
f(u,v) ), and then he leaves the community of susceptible. Hence the term —f(u,v).
The infection is supposed to leave an infectious layer at the rate o of infection, quarantine
and then die, so we have g(u,v) — ov.

3.2 Objectives of This Study

In this paper, we aim to establish the global existence of a unique solution to system
— with homogeneous Neumann boundary conditions and exponential growth
conditions on the nonlinear terms by the constraint ||uo||,, where the following assumption
is imposed

8ab
afln (a —b)*’
luoll, < M, £=0. (3.5)

lluoll, < M < >0, (3.4)

For example, our results are applicable to

f(&m) =& +nm)er,
g(Em =g m>p5—-1>0, (3.6)
Y () =1+,
in this case ¢ = 0.
The local and global existence results will be discussed in Section [3.5] [3.6], respectively.

In section we deal with the long time behaviour of the solution as the time goes to
+o0o in the case where f(u,v) = g(u,v) = Auyp (v), we show that every global solu-
tion uniformly converges to the corresponding constant function as t — 400, where we
demonstrate that the infective class v converges asymptotically to zero in L (2), and the
susceptible class u converges asymptotically to % Our approach for the global existence
and the asymptotic stability is based on the use of Lyapunov functionals [I]. Section
illustrates the analytical conditions through numerical examples.

3.3 Previous results for our first work

The diffusive model (3.1])—(3.3)) is related to epidemiology. It describes the propagation
of an infectious disease with v and v representing the population densities of susceptible
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and infective individuals, respectively [13] [16]. Consider two component version of system

(3.1)—(3.3) with A = g = 0 and nonlinearities
fu,v) == g(u,v) = —uw”.

This corresponds to a modification of the system considered in [55] and numerous studies
have examined its dynamics. For instance, Alikakos [9] established the global existence
and L>-bounds of solutions for positive initial data when 1 < g < 242,

n

In 1983 Masuda [56] continued the work and showed that solutions of this system exist
globally for 5 > 1. Haraux and Youkana [31] proved the global existence of solutions by
employing Lyapunov functional with the nonlinearities

f(u,v) = =g (u,v) = —uF(v) = —ue",

for v < 1. Kouachi and Youkana [47] generalised the method further and added the term
—cAu to the right hand side of the second equation with the reaction terms

f(U,U) = _)‘F<U7U) and g(Uﬂ]) =K F(U,U),
for some F (u,v) > 0. The authors imposed the condition

lim [log (1+ F(r, s))} <o

s—+00 S

. 2ab _ {)\ a—b}
af = > min { —, .
n(a—b)"[luoll & ¢

They assumed positive diffusivities a > b, and constants ¢, A\, ( > 0 that reflect the weak
exponential growth of the reaction term. Another important study that followed is [34],
where the authors established the global existence of positive solutions subject to with
the boundary conditions with

for all » > 0, with

ﬁla/BQZO and O<)\1,)\2<17 )\1:)\2:17 01’)\17)\2:0’ or
Bi=pBr=0 and M, =0.

The considered that for each r > 0 there exist numbers Ly (r) and pg (1) such that for
r<wv
{ 72119 (u,v)] < Lo (r) (1 +v)",
S, 0) + g (u,v) < po (r) -
The global existence of solutions to this problem was established in [64] for A =p =0 =
0.

Note that in case A > 0, and p > 0, it is not obvious to obtain the global existence
of solutions when the non-linearity has an exponential growth or at most polynomial
growth (see the work of L. Melkemi et al. [57]). Finally, Abdelmalek et al. [6] added
the term —dAwv to the right hand side of the second equation with the reaction terms

f(u,v) = g(u,v), and p = o.
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3.4 The casethata=b =0and a=b # 0

If we looks at the corresponding system without diffusion we get the ordinary differen-
tial equations case (a = b = 0 ), local existence of a unique classical solution holds by
using the Cauchy-Lipschitz theorem [6] Note that in the simple case when the diffusion
coefficients are moreover equal a = b # 0, we use the Hill-Yosida Theorem [7| for the local
existence of a unique classical solution and under the conditions (A1) and (A2) the clas-
sic local solutions on [0,7) can be extended on a maximal interval [0,7*). If we assume,
up (), v (z) > 0 and thanks to the hypothese (A1), we conclude that the solutions is
nonnegative. Moreover, in particular we deduce by applying the maximum principle (see

propositiorff] )

A _
u(t,z) < |lu(t,.)], < max (HUOHOO , —) =K forallte (0,T), = €.
0

The problem is then reduced to obtaining a uniform estimate of v. Multiplying the first

equations of (3.1) by the constant § > £ 4 1, adding it to second equation of (3.1]), lead

to
0 (0u +v)

ot
From the assumption (A2), we get

< OA+[-(+1)+v ()] f(En).

—aA (Ou+v) < ON—0f(u,v) + g(u,v).

Since n°~ 149 (1) goes to £ as 1 goes to infinity, there exists 77 > 0 such that for all n > 7,
we have
¥ (n)

i? <£f+1.

Then,

[~ 4+ 1)+ )] f(&n)
< [+ + €+ f(En).

Since n'~” goes to 0 as 1 goes to infinity, there exists 7y > 0 such that for all n > 7, we
have n'=# < 1 and
[+ +E+1)n""] f&n) 0.

On the other hand, if n is in the compact interval [0, 7], then the continuous function

n= 0N+ [—(€+1)+v ()] f(&n)

is uniformly bounded for n > 0 and 0 < § < K. In this way one can deduce that there
exists a positive constant ¢ such that

OA+[—(L+ 1)+ (n)] f(&n) <o

and we have

Lamia Djebara 2021



3.5 Preliminary results 39

m—aA(@u—l—v)gg in Rt x Q,

Ou (0,2) + v (0,2) = Oug (x) +vo (x) in Q,

dOu+v) 0
X an ’
by taking
B—g—aA and w = 0u+v
ot N ’
h(t) = ||Quo + vol| o, + Ot
We obtain

( B(w) < B(h),
w(0,2) < h(0),
Oow _ Oh
- S —_,
L JIn n
thanks to the comparison principle Theorem[§| we get
0<w(t,z) <h(t) forall (t,z) €]0,T[x Q,

and the following estimate is verified
10w+ [l o () < NI0u0 + w0l + CT.

Together with the positivity of u (t), v (t) and @, then according to the criterion of global
existence (1.7, we deduce the global existence of the solutions of the problem. But the
situation turns out to be quite more complicated when the diffusion coefficients are not
equal. It is assumed throughout this study that the diffusion coefficients a and b are
different.

3.5 Preliminary results

3.5.1 The local existence and uniqueness

Proposition 3 (We can see [{Z, page 331]) An operator A is m-accretive in LP () for
1 <p < o0 and (e7")i=0 is an analytical semi-group in P (Q) for 1 < p < co. More-
over, the restriction of A to X =C (Q) 1S m-accretive.

proof. See [42], 30]. O

Proposition 4 For all ug, vy in X = C(Q), the local ezistence of a classical solution holds
for system (3.1)—(3.3)), where there is a mazimum time Tyax > 0 and only one solution

(u,v)
u e C'(0,T[; X)NC(0,T[;D(A)),
v € C'(J0,T[; X)NC(10,T[;D(A)),YT < Thax,
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Proposition 5 for some Tyax € (0, 4+00], such that

%:@:Ome*xaQ :
on  On

proof. First, we convert (3.1)—(3.3)) to an abstract first order system in the Banach
space X x X of the form

D(A) = {(u,v) € H2 (Q) x H2 (Q)

U+ AU = F(U),

U(0) = Uy, (3.7)

-0
where the unbounded linear operator A : D (A) C X x X — X x X is defined by

u —aAu 0 u
A(v):<0 _bAv)foreachU:<U)€D(A),

where we will consider U as the function U : RT — X x X and

F(U):<A—f<u,v>—uu>‘

g(u,v) — ov

Using Theorem [7| and Proposition |3 we will state and prove some results regarding the
local existence, uniqueness and regularity of solutions U in X x X with X = C (ﬁ) to (3.6)).
We can prove A that is a maximal monotone operators in L? () x L? (2),1 < P < oo
and consequently in X x X (see [30, page 272] and |42, page 330]).

For a simple study, we consider the case of the Hilbert space IL? (2) x L2 (Q) and prove
that A: D(A) Cc L?(Q) x L2 () — L2 (Q) x L*(Q) is a maximal monotone operators
in L2(Q) x L2(Q).

(i) A is monotone in 1.2 (Q) x IL? () because VU = (u,v) € D (A),

—aA 0 u u
<AU7U>L2(Q)><L2(Q) - /Q( 0 —bA ) ( v ) ( v )d:L“

= a/]Vu]zdx+b/\Vv\2dx20.
Q 0

(i) To show that A is maximal monotone in L2 () x IL? (2) enough to show that (7 + A)
is surjective, that is to say

VH = (hy, hs) € L2(Q) x L2(Q),3U € D (A),U + AU = H,

which is equivalent to the following strong formulation of the problem is: Find u,v
define on R™ x Q such that

u— alAu = hy in €,
{ v —bAv = hy in Q, (3.8)
with (u,v) € D (A). Multiplying (3.8) by the functions tested ¢ and ¢ € H =
{uEHl(Q),g—Zzo onR+xQ},Wehave
{ (u, ) — a{Du,p) = (h1, ),
<U7 ¢> —b <AU7 ¢> = <h27 w> :
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By Green’s identity and because of the homogeneous condition at the border, we
have the variational formulation of the problem ({3.7) is to find (u,v) € H x H such
that

Jqupdr +a [ VuVedr = [ hiedz, Vo € H,
(weak formulation). (3.9)
Jouibdz +b [, VoVde = [ hotpdr, Vi € H,

A solution (u,v) is naturally solution of the following problem: Applying the Lax-
Milgram Theore, (3.9) suggests that the appropriate bilinears forms in this case
are

ar (u,p) = /(u<pdx+aVqup)dx, (3.10)
Q

as (v,9) = /(v¢dm+bV@V¢)dw,
Q

and linears forms

L(g) = /Q hapdr, L () = /Q had,

1. ay,ae are bilinears. Let ay, a9 € R and u; us p € H,

ar (quy + Pugp) = / [(quy + Bug)pdr + aV (auy + Pug) V| dx
Q

= a(/ [urpdz + aVu Vpdz]) + ﬁ(/ [uspdz + aVuaVdz))
Q 0

= aa(u, @) + Bai(uz, ).

The same result for as

as(u, aipr + Bepa) = /U((wl + Byq)dx + a/VW(Oésol + Bpo)dx
Q Q

= a(/ uprdz + a/Vquplda:) +ﬁ(/ upodr + a/Vqudx
0 0 0

Q
= waz(u, p1) + Bas(u, ps).

2. L € (M), L islinear because, for all o, 3 € R and o1, 0y € H we have

L(apr + Bp2) = /Oéh%dfﬂ =+ /Wl%dl’ = aL(p1) + BL(p2),
Q Q

and is continuous (bounded) because, by the Cauchy-Schwarz inequality that,

L@ = | [ heds| < lllz e,
Q

< Inllza Ml < Cullelly -
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3. ay is bounded on H because Vu, ¢ € H and applying Cauchy-Schwarz inequal-
ity, we get

lay (u, )] = /ugpda:—{—a/Vquoda: = |(u, ¥)|y
Q Q

< Lfully llolly -
The same result for all ¥, v € H, we get
|az(v, U)| < Cs [[v]ly - [Vl
then ay is bounded on in H.
4. ay coercive : It must be shown that there is a constant o« € Rtsuch that
lay (u, )| > « ||u||§_[, for all u € H.
By hypothesis on a;, we have:
a(u,u) = / [u.udx + aVuVu| dx

Q
2 2
= ullz =1l

which demonstrates the coercivity of a; in H. The hypotheses of Lax-Milgram
Theoreml are thus verified and we can deduce the variational formulation has
a unique solution. Therefore Lax-Milgram says that 3! (u,v) € H x H such
that , which means precisely that there is a unique weak solution (u,v) to

(3.7

Step3. ( F'is locally Lipschitz in X x X) In the other hand, it is clear that the map
F'is locally Lipschitz in X x X, where

A = f(u,v) — pu Ji(u,v)
F(u,v) = . = ’ ,
(u,v) ( g(u,v) —ov fo (u,v)
that is to say we will prove that f;, fo are locally Lipschitz in X x X.
To show that f; is locally Lipschitz in X x X, it’s enough to prove that % (u,v),

% (u,v) are locally bounded in R*. On a % (u,v), % (u,v) are locally bounded in R*
(because f € C'(Q)), we have
{ % (U,U } - |_% (U,U) _M| < Klloca
%0 (w0)] = =55 (u,0)] < Koo

Then f; is locally Lipschitz in X x X .
Similarly, f, is locally Lipschitz in X x X. Then F' is locally Lipschitz in X x X.
This concludes the proof of Proposition.
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3.5.2 The positivity of the solutions

For the global existence we need the fact that the solutions are positive.

Lemma 4 For the initial data uy and vy are nonnegative functions, if we assume, (A1),

the solution of system (3.1)—(3.3) is nonnegative for all t > 0.

proof. [62, Lemmab.4.1] We are going to give two simple proofs of this lemma .

(1)

(2)

In the first step, we start by studying the case of variable u, we prove that
u(t,x) >0,V (t,z) € (0, Tmax) X 2.

By applying maximum principle to the first equation in system (3.2)), multiplying
this last by (—u ™), and integrating over €, to obtain

1d N2 _
o7 Q(u ) dx—i—a/Q(Au)u dx——A/Q

u dx + / f(u,v)u dx —|—u/ uu~d.
Q Q

Using Green’s formula (see Lemma [2) and the Neumann boundary conditions, it
holds that

1
ld (u_)2dx—{—a/|Vu|2dx§/f(u,v)u_dx—,u/(u_)zdl‘.

But in the other hand, by the Mean Value Theorem (Theorem and using
(A1) there exists ¢ € [0,v] with f (u,v) — f(0,v) = u% (c,v), then

1d 0
3dt |, (u‘)zdx < /Qa_zfa (c,v)uu"dz

S kloc/(u)de7
Q

integrating in time [0,¢], give the following

t
1/(u)de—l/(uo)Qalaz:S/’{;loc/ /(U)le’dT,
2 Q 2 [¢) 0 JQ

and the non-negativity of ug, implies that % fQ (ug )de = 0, applying now the
Gronwall Lemma |1 we have v~ = 0, witch implies, v > 0 on (0, Ti,ax) . To prove
the positive of v (¢, ), in an analogue way, we get v~ = 0 witch implies v > 0 in
(0, Tinax) % 2. Lemmald] is completely proved.

The second proof is as follows: The quasi-positivity condition of f; and f5 is satisfied
because
fl(O,U)ZAZO and fQ(U,,O):g(U,70)ZO

From Lemma3| we deduce the preservation of the positivity of the solution.

Remark 10 The positivity of the solution is always preserved if the condition (A1) is
replaced by the condition

g(¢,0) >0 and A > f(0,n) forall {,n > 0.
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3.6 Global existence and boundedness of solutions

3.6.1 Uniform boundedness of the Solutions

For proving the global existence of solutions for the problem (3.1)—(3.3)) it suffices to prove
that the solutions (u,v) remains bounded in (0, Tiax) X 2. Using the regularizing effect
it’s enough to show that the reaction terms are uniformly bounded in L? (2), for some
p > 5. We introduce the following proposition.

Proposition 6 Let (u(t,.),v(t,.)) be a solution of (3.1)—(3.3) on [0,T] for some T <
Thax, it follows from the maximum principle that, there exists M > 0 such that

A
0 <u(t,r) < max (HUOHOO , —) =K < M, (3.11)
I

for all (t,x) € (0, Thax) % 2.

proof. Multiplying the first equation in system (3.2]) by (v — K )" and integrating over
Q, we get

Kﬁ%m—kwdm—géAuw—Kﬁ¢r: +g/w—kwdx—4fwmﬂu—Kﬁm;

i [utu=K) o, € O.T),

Q
wsingu=u—K+K=u—-K)"—(u—-K) +K and (u— K)" (u— K)~ =0, we have
du n 1d 2
/QEW_K) dx:§% Q((U—K) ) dx,

and
—u/u(u—K)+dx = —,u/[(u—K)+]2d$—uk/(u—K)+dx§u/[(u—K)Jr}de
—uk/(u—K)+da:.

On the other hand using Green’s formula, the Neumann boundary conditions and max <||u0 |l %) =
K, it holds that

10 . 2
551 (= EPdr = —a [ (=50 dr = [ o= K)ds

+A/(u—K)+dx—u/u(u—K)+dx

< A/Q(u—K)+d:z:+u/Q[(u—K)ﬂQd:c—,uk‘/(u—K)er:c
< [ ftu-8)T e
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integrating the resulting over [0, 7], we get

5 [ 10— [ (o= Ko < [ [ = K] daar,

Q
from v (z) < |Jug||, < K, we obtain
(uo — K)" =0,

which implies
1 t
0< 5/ (u—K)")%dz < ,u/ / [(u— K)+]2dxd7,
Q 0
Q

so that Gronwall’s Lemma (1| permits to conclude that 0 < %fﬂ ((u — K)+) 2dr <0, it
follows readily that
(u—K)" =0, and u(t,z) < K,

for all (¢,2) € (0, Trpax) X 2. O

Now, to derive a uniform bound of ||v(¢)||, on (0,4+00) x Q, we will make use the
result established in Haraux-Kirane [30] and D.Henry [32, pp. 35-62], it’s enough to
show that g (u,v) — ov is uniformly bounded in IL? (©2), for some p > % and established
the global existence of unique solutions for (3.1)—(B.3).
First, let use define, for any t € [0, Tj,ax) the functional

L(t) = /Q [(M ) eap@“)"} (t,2) de, (3.12)

where «, 3,7, M are positive constants such that

luoll e < K < M < 35, £>0 4ab
o0 apmn , 0 < <—., and g >1. (3.13
{Huo\|oosz<<M, (=0 TS oy Az B1)
n gl
d — 2> 0. 14
an 5 < p<a6£M’ >0 (3.14)

It is important to observe that when £ = 0, the initial data ug € L>° (€2). Before presenting
the global existence results, let us state the following lemmas and proposition, which will
be useful in the global existence proof.

Lemma 5 Let ® and ¥ be two non-negative continuous functions on [0, +oo with ® (n) —
+00 as n — +oo. Then there exists a positive constant A such that

(1-=®(n)¥(n <A

proof. Because ® (n) — 400 as n — +0o0, it follows from the limit definition that, for
all a« > 0 there exists 79 > 0 such that for all n > ny, ® (n) > a. Now, we choose a = 1
and multiplying by W (n), clearly, we get

(1—®(n)¥(n) <0, for all n > no.
On the other hand, if n is in the compact interval [0, 7], then the continuous function
n= (1=2(n)¥(n)

is uniformly bounded for n € [0, 17,]. Consequently bounded by a positive constant A for
all n > 0. This completes the proof of Lemma 0
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Lemma 6 Let (u(t,.),v(t,.)) be a solution of (3.1)—(3.3) on [0,T] for some T < Tipax.
Under the assumptions (A1)-(A2), there exists a positive constant 6, and p > % satisfies
the inequality

/ (aBpM (v +1)"" g (u,0) = 7S (u,v) ) D dw < 6y |0, (3.15)
Q

where «, B, v and M are positive constants satisfying (3.13)).

proof. Using the conditions (3.13]), we obtain

i
aftM’

n<
2

Then, we can choose p such that

y
aftM’

n<<
2]9

From the assumption (A2), we get
[aBpM (0 + 1) g (u,0) = 7f (u,0)] e+

< [aBpM v+ 1) g (v) = 9] P f ().

Since aSpM£E < ~v and (v + 1)571 ¥ (v) goes to £ as v goes to infinity, there exists o > 0
such that for all v > ¥, we have

[aBpM (v -+ 1) 46 (0) = 5] e f (u,0) < 0.

On the other hand, if v is in the compact interval [0, 7], then the continuous function
v [aBpM (v 4+ 177 (v) = 9] e £ ()

is uniformly bounded for v > 0 and 0 < u < M. In this way one can deduce that there
exists a positive constant d; such that

/ [aBpM (0 + 1) (0) — 5] 40 f () de < 5, [0
Q

So that (3.15)) immediately follows and the Lemma @ is completely proven.
O

Proposition 7 Suppose that (A1) and (A2) hold. For all positive classical solution
(u,v) of the problem (3.1)—[B-3) on [0, Tax), let L(t) be the function defined by
with o, 6,7, p and M satisfying the restrictions (3.13|). Then there exist positive constants
0 and p > 5 such that for allt € [0,T],T < Tiax the functional L satisfies the following
imequality p

ZL(t) < —oL(t)+ B, (3.16)

where B = |Q| [(M — K)77' 61 + 06, (M — K)7].
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proof. Differentiating L with respect to ¢ yields

d 1 0u _ _, Ov s
L) = M — ) 2 DN (M — )77 = | eopo+D)
o (t) /Q ['y( ) 5 +paf(v+1)" ( ) 5| € dr,

on the other hand, it follows from (3.1))

5

B _ A f(u,0) — puta Ault, ),
S = g(u,v) —ov+bAwv(t, ),

substituting %, % with its values, we get

%L (t) = / A — fu,v) — pu +a Ault,2)] 7 (M — u) 7 exp™@tD” dy
Q

+/ [g(u, v) — ov + b Av)] (M —u) YaBp(v + 1) L exp™ )" 4y
Q

and we can write J
ZLO) =T+ T+ D+ Js, (3.17)

where
I = / [cw (M — u) 7 e Ay 4 bpa (M — u) ™ (v 4 1) eap(”H)BAv] :
Q
J1 = —oL (t) s

A—
Jy = O'/Q [g (M _MZ) +1—afpw+1)°~"" U:| (M —u)™" eo‘p(”ﬂ)ﬂdm,

and
Js = / [aﬁp (M — U) (U + 1)5_1 g (u7 U) —f (u7 U>i| (M _ u)—v—l eap(v+1)ﬂd$.
Q
By simple use of Green’s formula on I, we obtain

I = —ay(y+1) /(M — )77 2 exp® D’ | Ty 2d
Q

—ay / (M —u) " aBp(v + 1)P " exp® D’ VuVods
Q
v+1)8 @
o
Sbagip [ (M=) e 0 =[5 1+ asp (o + 1) (04 1)) [l
Q

+cw/ (M — u)™7 L exp do

0N

- / bpaB(v + 1)P L exp™ D (M — u) 7' VuVuda
Q

0
tbpafB [ (v+ 1P Y (M — u) 7 exp® )’ % do.
oQ on
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We may write I as follows

I = / [Oé’)/g—u + bpaff— (M — u)(v+ 1)5—1 (M — u)™"! eXpocp(UJ,-l)B o
20 n

—ary (y+1) /(M — )2 expap(““)ﬁ |Vu| 2dz
Q

—aﬁpb/Q(M — u)? [((5 — 1) +afBp v+ 1D+ 1) Vol 2| (M — u) 72 exp®tD dz.
We next infer from that
I = ay(—y—1) /Q (M —u)? P+’ \Vu|? dz —
(a + b) ypass i (M —u)7? eoP(v+1)’ (M —u) (v+ 1) VuVods —
baﬂp/ﬂ (M — )72 o@D (1 )2 [5 1t afp+1) (vt 1)5‘2] Vol
and using [ > 1, leads to
I < —ay(y+1) /Q(]\/[ — )" 2 exp® D’ |7y 2d
—afp(a+b) /Q(M —u) M = u)(v + 1)P ' VuVo exp®tD’ dg
—aﬁpb/Q(M —u)? [(Ozﬁp (v+1)%) (v +1)°2 Vo) 2] (M — u) ™72 exp®+D’ gz,
which can be written as,

I<-— / Q (Vu, Vo) (M —u) " P+’ oy
Q

this new form involves a quadratic form () with respect to Vu and Vv,
Q(Vu, Vo) = ay(y+1)|Vul* + (a+b)ypaB (M —u) (v +1)°~ VuVv
2
+b [aﬁp (M —u) (v+ 1)’8_1] Vol

Let D, the discriminant of () given by

D = [(a+b)was (M —u)(w+1)"]

2
—daby (v + 1) [aﬁp (M — ) (v + 1)5*1}
5112 2
= v [ozpﬁ(M—u)(v—I—l) ] [ (a—b)" — 4ab] .
Subject to (3.13)), the discriminant D of @) is negative, which implies that Q(Vu, Vo) > 0

and we deduce immediately
I <0on (0, Tax) - (3.18)
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Since J; < 0 is evident, we move to estimate J, can be estimated by taking advantage of
condition (3.12) and Lemma [5 we obtain

A
Jy < 0/ {1— +1—afp+1) " o] (M —u)™ 2P+’ 4oy
Q oM

< J(M—K)_V/q)(v) Pt gy
0

which implies that
J2 S U(M—K)_752|Q|, (319)
where 9 is a positive constant and

A _
® (v) zzﬂ—{—l—aﬁp(v—{—l)ﬁ Yo
o

Also, since 0 < u < K < M, we observe that

- |

[aBpM (0 + D" g (u,0) = 95 ()] e da,
Q

From (3.15)), it is evident that there exists d; > 0 such that
Js < 6 (M —k)77HQ. (3.20)

Finally, adding 1, Ji, Jo, J3 and by virtue of (3.17)), (3.18)), (3.19) and (3.20) it is seen that

d
L) < —oL(t)+o (M- k)05 Q400 (M — k)79
This concludes the proof of Proposition 0

With these results in mind, our main finding concerning the global existence of solu-
tions can be stated as in the following theorem.

Theorem 18 Suppose that the assumptions (A1)-(A3) are satisfied. Then for any non-
negative and bounded initial data (ug,vo) the classical solution (u,v) of the parabolic sys-

tem (3.1)-(3.3) is global and belongs to (L> ((0,400) ; L>® Q).

proof. For the proof of this Theorem, we use the result established in Haraux Kirane
[30]. First, we know that The functional L satisfies the differential inequality (3.16). A
simple integration gives a uniform bound of the functional L over the interval [0, 7] , where

L(t)<L(0)e "+ ?, for all t € [0, Thnax)- (3.21)
Since M~7 < (M — )", for any ¢ € [0, K], it follows that
L(t) > /Q(M —u) exp@tD” gy,
> M‘”/ exp®?© D’ gy
Q

> M‘”/expap”ﬁ dx,
Q
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on the other hand, by using this last and (A3) we get

lg (wv)|? = / 9 (u, v)P da

[/ C ¢ (u) expo‘”ﬁ]pdx

Q

CP [max qﬁ(()]p/ expap”ﬂ dx
Q

0<(<K

< CPRPMOL(t),

IN

IN

where

R = max ¢(&).

0<(<K
From ([3.21)) we obtain the following inequality

B
lg (u,v) 2 < CPRPMO (L ) + ;> |

Hence g (u,v) — ov is uniformly bounded in L” (2) , for some p > 7 (using the results of
[30], S. Abdelmalek, M. Kirane and A. Youkana [6]). Finally by the regularizing effect of
the heat equation [32], we conclude that

v e (L™ ((0,400); L>())) .

which, together, with the fact that [ju(t)|, < K for t € (0,Tyax), implies that the
solutions of the system (3.1)-(3.3) are global and uniformly bounded on (0, +0o0) x €.
This completes the proof of Theorem (18| O

3.7 Asymptotic behaviour of solutions for epidemic
system

In this section, we will study the asymptotic behaviour of global solutions obtained in
Theorem [18| for the following diffusive epidemic model

%—aAu:A—)\ugp(v)—uu, in RT x
5 (3.22)
a—:—bAv:)\ugo(v)—av, in R x Q
with the non negative continuous and bounded initial data
w(0,2) =ug (z),v(0,2) =vg (x) in £, (3.23)
and Neumann boundary conditions
Ou_ 9 _ o onR* x 00, (3.24)
v Ov

where u and v represent the non dimensional population densities of susceptible and
infective, respectively. We can consider the system (3.22))—(3.24) as a model describing
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the spread of an infection disease (such as AIDS for instance ) within a population assumed
to be divided into the susceptible and infective classes (see [29]). We can consider the
constants A, u, 0 and \ are such that

1>0,0>0A>0 and A>0, (3.25)

and the constants of diffusion a,b are positive, a # b. The non-linearity ¢ (v) is a non-
negative and continuously differentiable function on [0, +00) satisfying

w(n) < Ce* and ¢ (0) =0, (3.26)

for some positive constants C, a and we impose the following assumption

b 2

(A4) sup |¢' ()] < _HFT ith e > (at+b)
b
0<n<Ko A (9% + %) a

First, thanks to Theorem |18| (the result established in section ), in the case where

9(6,1) = £ (€,1) = A (n) with ¥ () = 1 and = 1, under the conditions (5.13), (3.25)-
(3.26) it is clear that the system (3.22))—(3.24]) possesses a unique global and uniformly

bounded solution (u,v) on [0, 400) X €.

Before stating the results, Let us expose some simple facts concluded from the result
of the previous section. From Proposition [7] and by using classical method of the semi
group and the fractional powers of operators (see [57]) we can find the positive constants
K and K, for any t in [0, +00)

lu(t, )], <K and [v(t,.)], < K.
Our principal result of this section is stated in the following key proposition.

Proposition 8 Let (u,v) be a solution of (3.22)—(3.24), suppose that assumption (A4)
18 fulfilled. Then the function

F(t) = /Q {uv + = (u - %)2 - %122 + %v} (z,t) de, (3.27)

satisfies the inequality

d 2
— < — _ A _ 2 '
th(t) < u@/ﬂ (u u) dx O’/QU dx (3.28)

—g/|Vv|2dx—%9/|Vu|2dx§0.
Q Q

proof. First, we differentiate F'(¢) with respect to time

d ou Ov A Ou Ov A v
EF(t) = /Q (EQH"“E) da:—k@/ﬂ (u— ;) Eda:—i-/gvgdx—i-;/ﬂadx,
substituting %, % with its values and in the light of Green’s formula and using Neumann

boundary conditions, we get

d
—Ft)=L+1L+1
o (1) 1+ Iy + I3,
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where

[1 - /
Q

(d1Au+ A — dup (v) — pu) v + / u (daAv + Augp (v) — ov) dz
Q

= —(dl—i-dg)/Vqudx—i—A/vdm—)\/uvcp(v)dx
Q Q Q

+)\/ u?o (v) d — (U—I—u)/uvdas,
Q Q

I, = 9/(u—%)(dlAu+A—)\ug0(v)—uu)da:
0

= —d19/
Q

\Vu|? dz + 9/9 <u — %) (A — pu — Aup (v)) dz

2 A
= —d19/ |Vu|2dx—,u¢9/ (u—é> d:v—/\G/UQgp(v) dx+)\9—/ug0(v)dx,
Q Q . Q HJa

and

I; = /v%dw+%/%dm
Q Q

= / v (bAV 4+ \up (v) — ov) dx
Q
+4 / (bAv + Augp (v) — ov) dz
Q

= —b/ ]Vv\2d95+)\/uvgp(v)da:—a/vzdx
Q Q Q
—l—)\%/ugp (v) d:z:—A/vda:.
Q 0

Finally, adding [y, 5, I3 it is seen that

d
ZF (1) =

Finally, we get

—a@/ |Vu]2dx—(a+b)/VuVde—b/ Vol dx
Q Q 0
2
+>\(1—0)/u290(v)dx—(J—l—,u)/uvdx—,ue/(u—%) dx
Q Q 0
—O'/UQCZZE—f—)\(Qé—l-%)/UQD(U)dZE
Q H Q
—99/ |Vu|2dx—(a+b)/Vqudw—9/ Vo|* d
2 Ja 0 2 Ja
a 2 b 2
20/Q|Vu] dx 2/Q|Vv| dx
2 A
—(o+up) [ wdz—o [ vde+X|0—+2 up (v) dz
Q Q H Q

—)\(9—1)/Qquo(v)dx—uH/Q(u—%)de.

d
—Ft)=I+J+H
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where

b
I= 29/ |Vu|2dx—(a+b)/Vqudx——/ \Vol|® de,
2 Ja Q 2 Ja

b
J:—ge/ ]Vu]Qda:——/ Vol? d,
2 Jo 2 Jq

and

H = ()\9%—1-)\%)[)ugp(v)dm—(u%—a)/ﬂuvdx

—A(@—l)/ﬂu%p(u)dw—/w/g(u—%)QdI—J/QUde.

We observe that [ = — [, Q(Vu, Vv) dz involves a quadratic form @ with respect to Vu
and Vv

b
Q (Vu, Vv) = %0 \Vul® + (a +b) VuVu + 2 Vo,

2
is non-negative because 6, a and b satisfies 6 > (a+b)” is chosen such that the discriminant

ab
D of @) given by

D= (a+0b)*>—abd <0
is negative (D < 0), from which it is obviously deduced that

1 <0.

On the other hand, it follows from 6 > % > 1 that
H < ()\9% + )\%) / up (v)dr — (u+ o) / uvdx
Q

Q
_Ne/ﬂ(u—%>2dl’—0’/ﬂv2dl‘.

Adding I, J and H, leads to

%F(t) < (h04 +22) /QW (v) do — (u—l—a)/guvdx

s A GRS
—= Voulde — =0 | |Vu|”dx — ub u—=) de—o [ vide,
5 [ [Veltde =50 | (Vulde—pb | (u=3) j

using ¢ (0) = 0, the Mean Value Theorem , there exists 0 < £ < v, such that

@ (V) —@(0) =¢ (v, forall vel0, Ky
from this we can write

S < L1002 422) ¢ © = (e )] oo

b 2 a 2 A\? / 2
—— Vol“dx — =0 Vu|” dz — 16 — 2 dr — d
2/9[ v|" dx 5 /Q] ul"dr — p /Q<u u) T —0 Qv x,
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and consequently we deduce that

CZF() < /l(A9A+AA) sup yg)()\_(,ﬁa)} wvd

0<¢<Ko

—u@/ u—% d:c / vide
—59/Q]Vu] dx—§/Q]V'U\ dx.

Inequality (3.28) follows directly from (A4). O
Before we present the main result concerning the asymptotic behavior of the solutions,
the following lemma is important. The complete proof of the lemma can be found in [75].

Lemma 7 (Barbalat’s Lemma) Let ¢ > 0 be constants, ¥ (t) > 0, and tlim foth t)dt
—00

exists and is finite assume that ¢ € C' ([0,00)), ¢ is bounded from below and satisfies
o' (t) < —cp (t) +h(t) in [0,00). (3.29)
If ¢ € C'([0,00)) and ¢’ (t) < k in [0,00) for some constant k > 0. Then tlimw (t)=0.
—00

proof. On the contrary, assume that our conclusion tlim@Z) (t) = 0 is not true. Then
— 00

there exist ( > 0 and t; — oo as i — oo such that 1 (¢;) > ¢ for all ¢ € N. Choose
0 < 0 < min (Qi,t tl,l) and because 9’ (t) < k, we have by using the Mean Value
Theorem

V() =Y () <k({ti—t),telti—ot],
then
¢

V(1) 2 (1)~ k(t—1) > C—ko > 2.

Integrating (3.29) over [0, ¢] for all t > ¢,, and using the condition 1 (¢) > 0 we get

o(t) < @(O)—c/ow(s)der/oh(s)ds

< go(O)—cZ/t: w(s)ds—i-/o h(s)ds
< gp(O)—%nCac%—/{) h(s)ds,

because hm fo t) dt exists and is finite, we have hrngo (t) = —o0, a contradiction. The

proof of the lemma can be get in [75, Lemma 1.1, page 2]. O

Theorem 19 Let (u,v) the global and bounded solution to the system (3.22])—(3.24]) in
[0, +00) and suppose that the assumptions (A4) holds. Then as t — +o00

-0 (3.30)

and
l|v (¢, )||Oo — 0. (3.31)
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proof. Integrating from 0 to ¢ the inequality m, we have

F(t)+=2 fo fQ (Vo) dmd7’+“9f0 fQ (Vu) 2 dxdr
+ [ fﬂ( %) dedr + o [! [, v*dedr < F(0),

from this and (3.27)), if we applying Lemma [7| with

t—>¢(t):/9(u—%)28x, C=ub, t—opt)=F()

b
h(t)=— {—/ |Vv|zdx+20/ |Vu|2dx+a/v2dx]
2 Ja 2 Ja Q

where C' > 0, ¢ (t) >0, F € C'([0,)) and
F(t) < F(0)

= [ w05 (o0 - 2)" 4 S 0007 + 200.0] ar

we deduces from (3.27)) that

(u——)eﬂﬂ /+Oo/[ u——] x0T < +00,
/()Jroo/g(u—%)28x87'<+oo

+00 +0oo
velL? () ,/ / (Vo) dzdT < +oo,/ / v?010T < +00.
0 Q 0 Q

By virtue of Lemma [7] we get
lim |ju(t,.) — ||2 = lim |v(¢,.)], = 0. (3.32)

t—+00 t——+00

and

and

On the other hand from Haraux Kirane [30] because the solution (u,v) is uniformly

bounded on [0, +00) x €2, we can show that this solutions are uniformly bounded in

Ct (Q) x C! (Q) As a consequence of Arzela-Ascoli’s theorem we establishes that
{v(t,.), t >0} and {u (t,.) — %, t> O} the orbits of the dynamical system ([3.22))—

(3.24)) are relatively compact (precompact subset) in C (ﬁ) x C (ﬁ), we deduce that there
exists a subsequence {t,},-¢,t, — 00, such that

lirf v (tn, ) =0 (x) in C(Q) (3.33)
and -
nEIJPoo (u (tn,x) — %) =u(x) inC(Q), (3.34)
and we have
0< [0 (@)Pde = [, [0 () — v (tn,x) + v (ty,2)|* do
= [T (x) = v (tn, x)|* dz + [, v (ta, 7)|* dv (3.35)

+2 fQ |(V(z) — v (ty, x)) v (t,, z)| de,
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we apply Young’s inequality, it holds that

/ — v (tg, 7)) (3.36)

/ (0 (tn,2))"
Combining (3.35) with (3.36]) we reach

/Q|’17(a:)]2da: < 2{/Q|@“(x)—v(tn,:c)|2dx+/Q]v(tn,x)fdx}

< 2[I70 = ot 0+ [ oo ds]
= W(~> =0t I 120+ e ]

when ¢ goes to infinity and using and - we get
~ 2 ~
/Q 7@ dr = 7 (@)}, = 0

v(xz)=0 forall z €

N | —

/] ) —v(th,x))v(ty,x)|de <

l\DI»—

which implies

using
lim v (t,,2) =0 in C (9)

n—-+00
or
lim v (¢,.)[. =0,

t——+o0

the limits (3.31)) are true. Similarly, we have

0 < /‘u ]d:c—/‘ tn,x)—§)+<u(tn,x)_%>z
— /‘ u(ty,x) — % dx—f—/‘u o T __)2

+2/‘ u (tn, ) — 2) (u(tn,x)—%> dx

<2|[]a) tn,@_%) ot [ |(uttn) - 2)[ i

< 250 (uttwn =) 101+ [ |(ut0n =) ]
J

- 2|J70 <w> o NEE HCEE

when ¢ goes to infinity and using and - we get

/Q @ () d = |3 ()], = O,
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wich implie
u(z) =0 forall z €,

using (3.33)
. AY . =
nl_l)I_}I_loo (u (tn, ) — ﬁ) =0 in C(Q),
or
lim Hu(zﬁmx)—A = 0.
Which proves the Theorem O

3.8 Numerical Examples

In this section, we would like to show by numerical methods that the results of this paper
as reported in Sections[3.6/and [3.7]are both sound and practical. We consider the following
two examples.

3.8.1 Example 1

Let’s consider the following system
flEem=e@+nmer,
g&m=¢e”, m>p-1>0, (3.37)

() =

with £ = 0. We will show that the result of the theorem [18|concerning the global existence
of the solution is correct. With

m=1 [f=1
A=0.2, p=1.5,
o=1, a=0.17,
b=0.2,

(3.38)

we get

du _ 0.17Au=0.2 —u (1l +v)e’ — 1.5u,

gt (3.39)
ot

— — 0.2A0 = ue? — .

It is easy to verify that conditions (A1)-(A3) are satisfied in this example:

1. For (A1) we have
F0,m) = 9(0,7) =0,

and
9(§0)=¢>0.
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2. For (A2) we have

g&n) = @"Z——Z5G+UWW
< ¥ fEn),

where 3 =1>1 and limn°! 1n:€:0.

e T
3. For (A3) we have ¢ (&,n) =E&e" < ¢ (&) e
We assume initial conditions

u(x,0) = 0.3 x (14 0.7sin (0.152)),
{ v (z,0) =1.4 x (1+0.4cos (0.25z)),

(3.40)

and zero Neumann boundaries. From (3.4), since ¢ = 0, it enough that [jugl|,, < M.
So, we take M = 0.5. Theorem (18| asserts that solutions are global in time, which
is evident from Figure [3.1] which maps the solutions in the one-dimensional state
where we choose t € [0,5] and = € [0,80]. The solutions are obtained using the
implicit finite difference method with ¢ = 0.01 and At = 2. The solutions seem to

converge towards a stable fixed state.

3.8.2 Example 2

In order to show that the results presented in Section regarding the asymptotic be-

havior of solution hold. In this example we consider the system

%—aAu:A—)\ugo(v)—uu,

B (3.41)
5~ 0Av= up (v) — ov,
with the following nonlinearity
ve’
= . 3.42
o) = (3.42)
It is easy to know that, the derivative of ¢ (v) is given by
) = e (v 4 1) (3.43)
7 00 ‘ '
Conditions (A1)—(A3) are easily verified. Also, consider the set of parameters
A=02, A=07,
w=15o=1, (3.44)
a=017, b=0.2,
initial conditions
u(x,0) =2 x (14 0.5sin (0.22)), (3.45)
v(x,0) =1x (1+0.5c0s(0.22)), '
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Figure 3.1: Solutions of system (3.37)) with parameters (3.38]), initial conditions (3.40)),

and zero Neumann boundaries in the one—dimensional case.
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and zero Neumann bounaries. To satisfy (3.4]), we choose a value M that is greater than
the supremum of u (z,0). We can easily show that M = 3 is sufficient. We may choose
the parameters

B=1 (=1, andn =1, (3.46)
which implies to
8ab
M=3<——"  =30222 (3.47)
Bln (a —b)
For (A4), we can show that it is verified by taking
(a + b)?
0 =4.1> = 4.0265, (3.48)
a
and satisfying that
sup |/ (n)] = 0.8034 < — T — 41909, (3.49)
0<n<M A <9A i A)
o o

Figure|3.2| shows the spatio—temporal evolution of the solutions. Theoretically, the steady

state is given by
2
* *) — A = _
(u*,v )—(u,O) (15,0>. (3.50)

Solving the system numerically by means of the implicit finite difference method for
t €[0,5] and z € [0,50] with At = 0.01 and At =1 yields the solution

(u(10,5),v (10,5)) & (0.1347, 0.005405) (3.51)

at x = 10 and t = 5. Figure |3.3 shows the time evolution of the solutions at = = 10.
Clearly, the solutions do converge towards the constant steady state (u*,v*).
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Figure 3.2: Solutions of system (3.41)) with parameters (3.44]), initial conditions (3.45)),

and zero Neumann boundaries in the one—dimensional case.
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u(10,t)/v(10,¢t)

Figure 3.3: Solutions of system (3.41)) with parameters (3.44]), initial conditions (3.45)),
and zero Neumann boundaries in the one—dimensional case taken at the single point in
space x = 10.
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Chapter 4

Global and local asymptotic stability
of an epidemic reaction-diffusion
model with a nonlinear incidence

In this chapter, we consider the following reaction-diffusion epidemic phenomena proposed
in Djebara, Abdelmalek and Bendoukha [23], with the nonlinear incidence ug (v), which
is an extended version of the ST epidemic model.

In this chapter, we detail the work of Djebara, Douaifia, Abdelmalek and Bendoukha

24 []

4.1 System model

0
8—7:—dlAu::A—,uu—)\ugo(v):F(u,v) in Rt x Q,

(4.1)
% — dyAv := —ov + dup (v) = G (u,v) in RT x Q.

Throughout this paper, we will use the following general notations, the notation A denotes
the laplacian operator on {2 and V denotes the gradient operator, where €2 is an open
bounded subset of R™ with piecewise smooth boundary 0f). The constant parameters
di,dy > 0 are the diffusion coefficient. We assume the initial conditions

uo(z) = u(z,0), wvo(x) =v(z,0) in €, (4.2)

where uo(z), vo(z) € C?*(Q2) N C(Q), and homogeneous Neumann boundary conditions

ou  Ov

== R* Q 4.
5 = 9 0 on x 082, (4.3)
with v being the unit outer normal to 9€). We will also assume that the initial conditions
up(x),vo(x) € Rsg. We can consider the system (4.1)—(4.3) as a model describing the

transmission of communicable disease through individuals for example HIV/AIDS for
instance and the population assumed to be divided into the susceptible and infective

L. Djebara, R. Douaifia, S. Abdelmalek, S. Bendoukha, Global and local asymptotic stability of an
epidemic reaction-diffusion model with a nonlinear incidence, arXiv:2011.05408v1 [math.AP] 10 Nov
(2020).
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Figure 4.1: A transfer diagram of the proposed system model

classes (see Hamaya [29]), where u(z, t) and v(z,t) denote the non dimensional population
densities of susceptible and infective individuals at location z and time t, respectively.
The parameter A > 0 denote the growth of different categories of susceptibles whether
through birth or migration (the recruitment rate of the population), x is the natural death
rate and A is the rate at which the susceptible become infectious, o is the rate at which
invectives recover from the disease. We will assume that p >0, o0 > 0, and A > 0.

The functions ¢(v) is the incidence function allowing for a nonlinear relation between
the two classes of individuals. The incidence function ¢ is assumed to be a continuously
differentiable function on R, and to satisfy the following criteria:

v (0) =0, (4.4)

and
0 < vy (v) <p(v) forall v>0. (4.5)

4.2 Objectives of This Study

In the present work, we generalised the model of Li et al. [52] to a epidemic model with
spatial diffusion (diffusive epidemic model) and we deal with the same model as in [23],
where the global existence of solutions to problem f was established and in this
work we will continue with examine the existence of equilibria and the asymptotic stability
conditions.

Our paper is organized as follows. In Section we will firstly present the proposed
system model and identify its main characteristics and the conditions on the parameters.
Section will define the basic reproductive number Ry and we examine the existence of
equilibrium, local asymptotic stability and instability of the disease-free equilibrium and
the endemic equilibrium of the model. In Section we will prove that the two steady
states of the model the disease-free equilibrium and the endemic equilibrium are globally
asymptotically stable using an appropriate Lyapunov functional. Finally, in Section
we will present some numerical examples.

The aim of this chapter is to study the dynamics of a Reaction-diffusion ST (susceptible-
infectious) epidemic model with a nonlinear incidence rate describing the transmission
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of communicable disease through individuals. We prove that the proposed model has two
steady states under one condition. By analysing the eigenvalues and an appropriately
constructed Lyapunov functional we establish both locally and globally in the ODE and
PDE cases of the non negative constant steady states if the basic reproduction number is
greater than unit and of the disease free equilibrium if the basic reproduction number is
smaller than or equal to the unit in ODE case. By applying an appropriately constructed
Lyapunov functional we give the condition of the global stability in PDE case. Finally,
we present some numerical examples illustrating and confirming the analytical results
obtained below.

4.3 Previous results for our second work

Infectious diseases are the leading cause of death of living organisms. Historically, a
number of authors have moved to research in epidemiology. The goal is to improve and
develop treatment with planning and predictions that help stop the spread of the disease
and thus reduce mortality.

Hethcote [33] study the following simple model given with the bi-linear and standard
incidences up (v) = Auv, d; = dy = 0 a simple model given by

S, = —\ST +6 — 68,
Iy =ASI — (y+9)I, t e RY,
R{t)=1—(S()+1(t)).

S(0)=S8y>0, I(0)=1I,>0,R(0)>0.

First, he proved the existence of the disease-free equilibrium Ey = (1,0) and if Ry <1
and proved that the region

D={(50eR":1>8>0}

is an asymptotic stability regions for the equilibrium points of model depend on the basic
reproduction number, where if Ry > 1, the region D is an asymptotic stability region

for E* = (RLO,(S@) where Ry = ﬁ, refer also to, e.g, [7, 44, 11] and [54] as for this
case of epidemic models in other situations. The nonlinear incidences of the forms ug (v)
was considered in ( [I4] [8 52], 35, [10]) but with absence of spatial diffusion. In 1978, [14]
Capasso and Serio introduced a saturated incidence S¢ (I) into epidemic models to study
the cholera epidemic spread in Bari in 1973, where they studied the positivity, global

existence, uniqueness of the solution and also the asymptotic stability of the following
epidemiological model
{ S =—pS = Sp(I),

Ii=Se(I)—0ol, in RT,

initial conditions of the following type:
S(0)=S5y>0, I(0)=1y>0, such that Sy+ Iy = N,

where they introduced a saturated incidence S¢ (I) into epidemic models to study the
cholera epidemic spread in Bari, where they studied the positivity, global existence, and
uniqueness of the solution of the system and after the asymptotic stability analysis of
the equilibrium points, it is obtained an extension of the threshold theory. The nonlinear
¢ (I) is a positive continuous function on [0, +00), which satisfies the following conditions:
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(i) ¢(0) =0,¢ () > 0, for all v > 0;
(i) Jee Ry — {0} : (1) < ¢
(iii) ¢’ (v) the derivative of ¢, exists and is bounded on any compact interval [0, +00),

with ¢’ (0) > 0 and ¢ (I) < ¢’ (0) I for all I > 0.

The unique continuously differentiable solution Z(t) = (S(t), I(t)) exists for the system
(4.9)—(4.10) at any time ¢ € R, , and its trajectory is always contained in the triangle

D={(S,])eR*":1,S>0and S+1<N}.

The only equilibrium point is (0,0) and this point is always asymptotically stable. The
authors also suggest the following numerical example in detail ¢ (1) = 1+k(I 7y k>0, a>

0.
In 1981, Webb [76] established the existence of solutions (S (¢,.), I (¢,.), R(t,.)) to the
following STR models for the diffusive epidemic model in one dimensional spatial region

ds
(E—%:—)\SI,
dI
a—%:)\Sl—M,
\ %-%:M,m [—L,L] x R,

So(z) = S(x,0), Iy(x) = I(x,0), Ro(z) = R(x,0) in [-L, L],

with the homogeneous Neuman boundary conditions
Sp(Ly,t) =1,(Ly,t) = Ry(Ls,t)=0,t>0,

with A = p =0, d; = dy and ¢ (v) = v, in one dimensional (n = 1) spatial interval

[—L, L] region. and analyzed their behavior as time goes to infinity where (S (¢,.),I (¢,.), R (t,.)) —
(S0, 0, Ry) with Sy, Ry are positive constants functions on [—L, L], they used in their

proof the dynamic systems and functional analysis tools, specifically on the theory of

linear and nonlinear semi-linear groups in Banach distances and Lyapunov stability tech-

niques for dynamic systems in metric spaces. Also in the same case but with A, u > 0

in section three of [41] Kim et al. introduced the same bird system with homogeneous
Neumann boundary conditions

{St—aAS:A—ﬁS[—uS,

Ii —aAl = ST — (p+0)1  inRT x (4.6)

and they proved that this system always has the disease free equilibrium. They in-
vestigated the uniform bounds of the solutions, also local and global stabilities of the
equilibrium’s are discussed, for prove the global stability of the bird system they consid-

2
ered the following Lyapunov function V (t) = [, {% (S - %) + %I dz. The authors also

showed that the global stability of the model depends on the basic reproductive number.
The study of Chinviriyasit [19] have introduced the same results as [41]. In the case when
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n>1and d; >0, A = = 0, with the bi-linear incidence ug (v) = Auv, Fitzgibbon et al.
[25] in 1995, proposed a criss-cross infection model to describe the spread of FIV (Feline
immunodeficiency virus ). Consider four state variables u, w, v, z representing population
densities of susceptible males, infective males, susceptible females, and infective females,
respectively, the criss-cross epidemic model without age structure

uy — diAu = —kjuw — kouz, in Rt x Q)
vy — doAv = kjuw + kouz — \w, in Rt x Q,
wy — dsAw = —ksvw — kqvz, in Rt x Q,

2z — dgAz = ksvw + kyvz — Ngz QCcR" 1<n<3,

u_0v_ow_0:_ on R* x 9.
n on  dn  On
In 2004, Alexander et al. [8], devloped and analysed the locally and globally asymp-
totically stable of a simple epidemiological model with a generalized non-linear incidence
rate ¢ (v) = S [1 + ¢, (v)] v by using the Poincaré index theory. Furthermore, it is shown
that the basic reproductive number is independent of the functional ¢, (v) they studied

the dynamics of the following epidemiological model

{ Sp=1—=p)A—B[L+w, (I)]IS— pus,
Li=B[1+e, (IS~ (p+a)l, in RY,

where A is the rate of recruitment of individual. [ is the probability of infection per
contact per unit time.

The nonlinear ¢, (1) € C* (R) for I, > 0 is a non-linear function which satisfies the
following assumptions:

(i) ¢, (0) = @0 (1) = 0;
(ii) ¢, (1) >0 for all I > 0;
(iii) 2 (I) <0, for all I > 0.

First, they proved the existence of the disease-free equilibrium Ey = (%, 0) which

is locally and globally asymptotically stable if Ry = % < 1 and unstable if Ry > 1.
Also the model has a unique endemic equilibrium if Ry = BAPA  q

ppta)
In 2005 [45], Korobeinikov and Maini established the Lyapunov functions for ODE SI

and SEIR systems with the incidence rate of the form ¢ (v) g (u) and A = p > 0. Let’s
look at their model SI

{ Se=p—h(8) e (I)—ps,
Li=h(S)p(I)—(@0+pI, inRT.

The non linearities ¢ (I), h(S) are continuously differentiable function on R satisfying:

(i) ¢(0) =0="(0);

(i) 222eW) o eDIMS) 0, for all I > 0 and S > 0.

(iii) 297D < 0, for all I > 0 and S > 0.
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The condition (iii) ensures that the system has two equilibrium states: an infection-
free equilibrium and an positive endemic equilibrium state and if Ry > 1, the endemic
equilibrium state E* of this system is asymptotically stable.

In [46], the same authors generalised the incidence rate to a very general form of inci-
dence rate given by f (u,v) and A = g > 0. The authors extend the Lyapunov functions
constructed in [45] and proved the global stability based of the following mathematical
model in epidemiology

St::u_f(57l) — @S, in RJr)
L= f(S, 1) =8I, inR*.

The nonlinear f (S, ) is a positive continuous function on [0, +00), which satisfies the
following conditions:

(i) £(0,1)= f(S,0) =0, for all S,I > 0;

(ii) The positive function f(S,) is monotonically grows with respect to S and I and
82
is concave with respect to the variable I ( that is 8—[5 <0 );
If Ry > 1, then the system has an unique positive endemic equilibrium state E* which
is globally asymptotically stable.
If Ry < 1, then there is no positive endemic equilibrium state, and the infection-free
equilibrium state Ej is globally asymptotically stable, where Ry = 8’;(‘;‘3[’1).

The nonlinear incidence of the form k-*t proposed by Che et al. in [I8], they

1+6v
discussed a Avian influenza model given by
(X, =C - k% —dX in R,
Y;:k%—(d—km)Y in R,
u =b— 1}:;‘3, + —au in RT,
v =frgy —(a+e+y)v  inRY,

\

they get the reproduction number Ry, it is the threshold which is endemic or not. If Ry < 1
the disease-free equilibrium Fj is global asymptotic stability which implies that the disease
will be extinct. If Ry > 1, the endemic equilibrium E* is globally asymptotically stable.
See also Lahrouz et al.[49).
In 2016, Li et al.[52] they consider an STR epidemic model with the nonlinear incidence
Se (1)
St =pA—pS—Sp(I),
Ly =8Sp(I) = (p+v+a)l, (4.7)
R, =~I — R, in RF,
where they investigated the existence of equilibrium and have introduced new technique to
prove global asymptotical stability of the endemic equilibrium of the ODE SIS epidemic
models with the non-linear incidence rate ¢ (v) = Auy (v), where they constructing a

more general Lyapunov function. Since the R variable in STR model does not appear in
the equations S and I, for model (4.7)), they only needed to consider subsystem

L=So(I)—(p+~v+a)I in RY, '
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where the nonlinear ¢ (1) is a real locally Lipschitz function at least on on [0, +o0o[, which
satisfies the following conditions:

(i) ¢(0) =0, (I) >0, for all I > 0;

(ii) @ is continuous and monotonely non-increasing for all v > 0, and § = lim+@
1—0

exists , 0 < ¢ < +o0;
(i) fy oAmdl = +oc.

Then it follows that the region D = {(S,1) € R* : I,S > 0and S+ < N}isa
positively invariant attractive set for model (4.8) and they investigated the existence of

equilibrium, where when Ry = - f 7‘1& < 1, model (4.8)) has only the disease-free equilib-

rium Fy(A,0) and when Ry > 1, besides the disease-free equilibrium Ej, model (4.8)) also
by using the Intermediate Value Theorem has a unique endemic equilibrium E* = (S*, I*)

x _ (uHy+a)I*
where S* = B om

In [48] Kuniya et al. they concerned with the following diffusive ST epidemic model

% —b(z) - p(x) S — B (x) ST,
Wgtw”f) — AT (t2) = B (2) ST — (u(x) + v (@)1,

in RT x Q, with homogeneous Neumann boundary condition:

oS 0l N
5—%—0, on R X@Q,
in two cases (dy =0, dy > 0) and (d; > 0, dy = 0), is assumed that all parameters can
be spatially heterogeneous, where ¢ (v) = A (z)v and o (.), u(.), v(), A(.) € C (4 R)

are all strictly positive and the globally asymptotically stable of Ey = (%,0) and
E* = (S*(z),I* (z)) in both cases, the authors obtained that the standard threshold
dynamical behaviors, depends on the basic reproductive number.

It 2017, Jia and Qin [35] investigated the stability of the disease-free equilibrium and
the unique endemic equilibrium for the following SITAR epidemiological model, with

general nonlinear incidence rate uy (v) and treatment

Si=A—(d+m)S—9Se(I),

Iy = —(d+ki+ ko) I +a/T+ Sp (1),
Ti = kol —nT,

Ar =kl +aT —(d+6)A,

R =S —dR, in RT,

where ¢ (I) satisfies
(1) ©(0) =0, ¢ (1) >0, ¢"(I) <0, for all I > 0;

(ii) Ili%ﬂ@ = [; when 0 < 8 < +00.
%
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4.4 Preliminary Properties of the Model

Let us assume that the initial conditions (ug,vy) € R%,. Note that for (u,v) € R%,, we
have

F(0,0) = A > 0,
G(u,0) = up(0) = 0.

Which makes the function (F, G)T essentially nonnegative. Hence, the nonnegative quad-
rant R%, is an invariant set [see [27, Proposition 2.1] and [61, page 288] Proposition 2.1].
By dropping the diffusion terms, the proposed system reduces to the following system of
ordinary differential equations:

Lu(t) =F (u,v), in (0,+o0)
{ %v (t) =G (u,v) in (0,+00), (4.9)
u(0) =up > 0,v(0) =vy > 0. (4.10)

In the following subsections, we de ne an invariant region for the system, identify the
system’s equilibria and their relation to the basic reproduction number Ry, establish the
global existence of solutions in time, and investigate the local stability of the system in
the ODE and PDE scenarios.

4.4.1 Invariant Regions

Throughout this paper, we let N = u + v the total population size and oy = min (o, i).
We also define the region

A
D:{(u,v):u,vz()andu~|—0§ —}
g0

The following proposition shows that D is an invariant region of system (4.9))—(4.10)).
Proposition 9 The region D is non-empty, attracting and positively invariant.

proof. We start by summing the equations of system (4.9)—(4.10)), which yields

%N(t):uthvtgA—aoN.

This implies that

A
N (t) < — (1 — e ") + Noe ™",
00

Substituting the value of N yields

A

(u+v)(t) < — (1 =€)+ (u+v)(0)e ™, fort>0.
00
c e . A A
If the initial states satisfy (u+v) (0) < &, then (u+v) (¢) < - and
A
limsup N (t) < —.
t—ro0 0o

As a result, region D is positively invariant and attracting within Ron- Therefore, it is
sufficient to consider the dynamics of the model within D as D is the biologically feasible
region of the system where the existence and uniqueness results hold for the system. [
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4.4.2 Existence of Equilibrium’s and the Basic Reproduction
Number R,

Existence of Equilibrium

In this section, we aim to show the existence of equilibrium solutions for (4.9)—(4.10) and

calculate the basic reproduction number.

Theorem 20 Subject to conditions (4.4), (4.5). The system (4.9)—.10) has a single

disease-free equilibrium Ey = (%,O). If Ry = g%(p' (0) > 1, then the system (4.9))—

(4.10) has two distinct equilibrium, namely: The disease-free equilibrium (DFE) Ey and
a positive endemic equilibrium (EE) E* = (u*,v*) € R%,,.

proof. The steady states of model (4.9)—(4.10) satisfy

F(u,v) =A—dup (v) —pu =0 (4.11)
G (u,v) = Aup (v) —ov = 0. '

If u = 0, it is easy to see that the system has no equilibrium. On the other hand, only

equilibrium is found for v = 0 and that is Ey = (%, 0) . Next, we study the existence

conditions of an endemic steady state in the case v > 0. From the second part of (4.11]),
and because 0 > 0 and, ¢ (v) > 0, we obtain

agv

~ A (v)

Substituting this into the first equation yields

u

h(v) =0, for any v > 0. (4.12)
Where Ao () \
v o
hv)=—22 220 ) - 1,
po v Lo

is continuous for any v > 0 and that

A /
limh (v) = lim—)\m — O—)\limgp (v) — 1,
v—0 v=0po 1 WO v—0
it is clear that AN
. T o / o — .
}}lir(l)h (v) = zlg%lwgo (0)—1=Ry—1, (4.13)

where Ry is the basic reproduction number to be identified next. Using oy = min (o, p),
we have

) A A(og —0) A
Ulir(r%h (v) = h(0_0> = \M—USO (U_o) —-1<0. (4.14)
<0
Hence for Ry > 1,
limh (v) x h(A) = (Ro — 1)h(£) < 0.
v=0 o o
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By applying the intermediate value theorem, there exists a real v* € (0, U%) such that

(4.12) holds. Using (4.5 we can show that the function h is monotonically decreases for

all v >0 as
dh ()~ Mg’ @) —¢ (U)Q] —oN ) _ g
dv Uov

then, there exists a unique real v* € (O, U%) such that h(v*) = 0, which implie the

: : x _ _ov*
existence of a unique u* = X0

. A . .
Note that in <O—O, —l—oo) the second equation of (4.11) has note solution because

max h(v) <h (A) < 0.

’UG(%,"FOO) 00
This completes the proof. [l

Remark 11 If Ry < 1 and ¢ is a non negative and continuously differentiable function
on [0, +00), then the only equilibrium is Fy = (O, %) . If Ry > 1 and ¢ is a non negative
and continuously differentiable function on [0,+00) satisfy the asumptions , then
there are two equilibrium Ey = <0, %) € 0D and E* = (u*,v*) € D.

The Basic Reproduction Number R,

In general, the basic reproduction number is represented by Rj.

In the previous proof, we used the reproduction number Ry of —. It is now
time to identify its value by means of the next generation matrix method formulated in
[67] and described further in |72, Lemma 1 page 32].

First, we can write the system (4.9)-(4.10]) as
o B Aup (v) — ov
Uy N A — dup (v) — pu
Aup (V) ov
0 —AN+ dup (v) + pu )

: : : Augp (v) ov
The Jacobian matrices corresponding to vectors < 0 ) and (_ A+ g (v) + ,uu)

at the disease-free equilibrium Fy = (%, O> , are given, respectively, by

(-G )
(20 - (1 1)

since, the basic reproduction number Ry is the spectral radius of the next generation
matrix

and

A A
K:sv—lz(— ’o) o) = Z=¢/(0),
Mso() (o) Ws&()
which is given by
AN
o -1\ __ !
Ry =p(FV )_—M@(o).
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4.4.3 The Local ODE Asymptotic Stability
Now that we have identified two constant steady states for system (4.9)—(4.10) namely

Ey = (%,0) and E* = (u*,v*), we move to study their local asymptotic stability as

described in the following theorem.

Theorem 21 Assuming that the incidence function o satisfies (4.4)- (4.5)), the following
statements hold for system (4.9)—(4.10)):

(i) If Ry < 1, the disease-free equilibrium solution (DFE) Ey = (%, O) is the only steady
state of the system and is locally asymptotically stable.

(i1) If Ry > 1, Ey is unstable and the positive constant endemic steady state E* = (u*, v*)
18 locally asymptotically stable.

proof. To prove the local asymptotic stability of the constant steady states, we make
advantage of the Jacobian matrix, which may be given by

B F, (u,v) F,(u,v)
Ju,v) = ( G, (u,v) Gy (u,v) )
= () el A ) -,
Aup (v) — ov], [Aup (v) — ov],

(e —n —Mus)
J (u,v) = ( Ao () i (v) — o ) : (4.15)

The local stability of Ey = (%, 0) with (@) in mind yields

2@ (0) —p =A% (0)
1@ = (o " e e )

_ —p —oly
B 0 o (Ro — 1) ’
First case ( Ry < 1)

To determine the local stability of Ey = (%, 0), rests on the nature of the eigenvalues
corresponding to J (Ey). The eigenvalues can be easily shown to be \y = —u < 0,
Ay = /\%gp’ (0) =0 =0 (Ry — 1), It is easy to see that Ay < 0 if Ry < 1, leading to the
asymptotic stability of Ej.

Second case ( Ry > 1)

The equilibrium FEj is clearly unstable but the system possesses a positive endemic

equilibrium E* = (u*,v*) where u*,v* > 0. Since E* satisfies (4.11]), we have

A= du*p (v*) + pu*,
{ Au*p(v*) (417)

o= =

(4.16)

Evaluating the Jacobian matrix (4.15) at E* = (u*,v*) yields

N A2 () e TR TN ()
s = (0 " i e )
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which has trace
tr(J (u”,v")) = = A (V") + p] — o + A" (v7),
using (4.17) and (4.5)), this can be rewritten as

(] (u,0)) = - e [M _y (v*)} <0

u* v*
The determinant of the Jacobian may be given by
det (J (u*,v")) = Ao (v*) + po — pu' (v°).,

using (4.17)) we obtain
Au'p (v)
U*

det (J (u*,v")) = A

@ (V") + pAu® {

and from (4.5]), we obtain
det (J (u*,v")) > 0.

Hence, the equilibrium E* = (u*,v*) is locally asymptotically stable. This concludes the
proof of the Theorem. 0

Remark 12 Any infectious disease is capable of invading a population and many epi-
demiological models contain a Disease Free Equilibrium (DFE) where the disease is not
present in the population. These models usually contain a parameter, which is the basic
reproduction number Ry. If it is Ry < 1, then DFFE is locally asymptotically stable, dis-
ease will not spread, but if Ry > 1, DFFE s unstable and disease will spread throughout
the population.

4.4.4 Global Existence of Solutions

Assuming that the function ¢ satisfies conditions and , the following proposition
establishes that solutions of system — exist globally in time and are bounded by
a parameter dependent constant.

First, however, we state a lemma that was developed in [5] and which will become
useful later on.

Lemma 8 Condition (4.5)) imply that

0< @ < ¢ (0) forallv>0. (4.18)

proof. Clearly, if (4.5) is satisfied, we have
(so(v)>’ _ v @) =)

v V2 -

@ is a decreasing function. Now, for some ¢ € (0,v), we have

p) _ #(Q)

S_

v ¢’

Therefore,
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it follows that
¢ (()

20 < lim—=—=
v -0 (

which yields (4.18]). O

Proposition 10 For any nonnegative initial data (ug,vy) € C (ﬁ) x C (ﬁ), the nonneg-

ative solution (u(t,x),v(t,z)) of system (4.1)—(4.3)) exists uniquely and globally in time.
In addition, there exists a positive constant C (ug, vo, A, pi, A, o) such that ¥t > 0,

Y

e (&5 Ml oo ) + 10 (& )l ooy < C - (4.19)

Furthermore, there exists a positive constant é(A,u, A, 0) such that ¥t > T  for some
large T' > 0, 3
[ (&, M ooy + [0 (& )l ooy < C- (4.20)

proof. Let us define X =) x )Y with Y =C (ﬁ) Given ¢ = < :jjl ) , the norm on X
2

is defined as
] = 1P1lly + 12l -

Hence, (X, ||.||) is a Banach space. Let us also define the unbounded operator

A:'D(A)CX—)X

such that .
A ( Z ) = ([lm,flw) = (dlAu,dgAv)T,
and
D (21) - D (211) x D (AZ) ,
with

In
We may write system (|4.1))—(4.3]) in abstract form in X as

D(Ai>:{g0€C2(Q)xCl(ﬁ): flmé@(ﬁ), 8—('0200118()}, for 1 =1,2.

{ Wt)y=AU )+ Y (U (1)), t >0,
U(O) - UQ € X,

where U (t) = (u(t,.), v (t,.))", YW {)) = (FU@1),G(V(#)" and A = diag (A;, A,),
in which 4; is the closure of A; in Y for i = 1,2. The operator A is the infinitesimal
generator of an analytical semi group of bounded linear operators {1 (t)},., on X, [70].
Since T is locally Lipschitz in X, it follows that system f admits a unique local
solution (u(t,z),v(t,z)) for t € [0, Tiax) and x € Q where Tp,ax is the maximal existence
time, see [58]. Let us now consider the case (¢,z) € (0, Tiax) X €2, which can be formulated
as

% — dlAu =A— nu — )\’U/()O (U) , in (O7Tmax> X Q7
' (0,3) = uo () on (2, (4.21)
o L g (0, Tona) X O
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We can easily observe that an upper solution exists for (4.21]) for any nonnegative function
w and v. This upper solution is given by

A
Ny = max {;, ||u0||(C(Q>} :

Using the comparison principle from [30], we obtain u(t;z) < Ny in [0, Tiax) X Q, and
consequently, u is uniformly bounded in [0, Tiax) X €2 . Integrating the equations of (4.1)
over () and taking the sum of the resulting two identities yields

d

g7 Q(u(t,$)+v(t,x))da: = A\Q|—/Q(uu(t,x)—i-av(t,x))dx,

IA

Al — ao/ (u(t,2) + ot 7)) de,  (4.22)
Q
where g = min{o,u}. From the well-known Gronwall’s inequality, we have for ¢t €
(O’ TmaX>7
/ (u(t,x) +v(t,z)) de < Ny, (4.23)
Q

where Ny > 0. Hence, for ¢t € (0, Tinax),

/ v(t,z)dx < Ns.
Q

Following the footsteps of [9, Theorem 3.1] and using the v-equation, we conclude 3N
depending on Nj such that v(¢,z) < N3 over [0, Thax) X Q. Therefore, v is also uniformly
bounded in [0, Thax) X . Using the standard theory of semi linear parabolic systems
described in [32], we deduce Tiax = 00. When T}, = 00, system becomes

%—dlAu:A—uu—)\wp(v)gA—Mu, in (0,00) x €,
w(0,2) = ug (2) < ||uol gy on €, (4.24)
Qu — 0, in (0,00) x Of.

By means of the comparison principle we get u(t,z) < w (t) for t € [0, 00), where

o) = ualemye + (5 ) (1= ).

is the unique solution of the problem

dw
— =A- t>0
dt /’Lw7

4.25
@ (0) = Juolleay 2

Consequently, for €  , we have

ut,z) < w (t) " =5°

Therefore, we have an upper bound for |[u (, )|/~ q) independent of the initial conditions
given a sufficiently large t. By applying [59, Lemma 3.1] we find that [|v (¢, .)|| g s also
bounded by a positive constant independent of the initial conditions for a large enough ¢.

O

Lamia Djebara 2021



4.4 Preliminary Properties of the Model 77

Remark 13 From Lemm@ we obtain
o (v) <@ (0)e”, forallve (0,400). (4.26)

According to the previous result, the solution of system f exists uniquely
and globally for any nonnegative initial data ug, vy € L™ () satisfying |luo||, < %
with dl 7é d2

(following the work in [23, Theorem 3.4]).

4.4.5 The Local PDE Asymptotic Stability

We have already established sufficient conditions for the local asymptotic stability of
system (4.9)—(4.10)) in the ODE scenario. Let us now examine the more general PDE case

ED-@E3).

Theorem 22 Assuming that the incidence function ¢ satisfies (4.4)- (4.5)), the following
statements hold for system (4.9)—(4.10)).

(i) If Ry < 1, the disease-free equilibrium solution Ey = (%, 0) 15 locally asymptotically
stable.

(i1) If Ry > 1, the positive constant endemic steady equilibrium E* = (u*,v*) is locally
asymptotically stable.

proof. (i) In the presence of diffusion, the equilibrium point Ey = (%, 0) satisfies

diAu+ A — MuFp (vF) — pu* =0,
doAv + Au*p (vF) — ov* =0,

with Neumann boundaries

% = % =0 on  RT xo0.
We denote the indefinite sequence of positive eigenvalues for the Laplacian operator A
over 2, with Neumann boundary conditions by 0 = Ay < A\ < Xy < A3 < ... °. Note
that the first eigenfunction is a constant which is why the corresponding eigenvalue is
equal to zero. The corresponding sequence of eigenfunctions is denoted by ((Pij)j:L—mi,
where m; > 1 is the algebraic multiplicity of \;. These functions are the solutions of

8(132-]- .
W =0 on 89

The eigenfunctions are normalized according to

{ —ACI)Z] = )\zq)m in Q,

1@, = / 92 () dr = 1.

The set of eigenfunctions {(I)ij 212>0,7=1, mi} forms a complete orthonormal basis in
L?(€). In order to establish the local asymptotic stability of the steady states, we must
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examine all the eigenvalues of the linearizing operator and if they all have negative real
parts, then the solution is locally asymptotically stable. The linearizing operator may be
given by
hA —p —AAy (0)
L (EO) = " A .

Using the same method from [2] the stability of Ey reduces to examining the eigenvalues
of the matrices

—diNi —p =5 (0)

. _ S
J; (Eo) (O —dg)\ﬁ—)\%go’(())—a) for all i > 0,

which are given for all 7 > 0 by

ria = —di\i — p,

Tig = —daA; + )\%90’ (0) —o.
Since the Laplacian eigenvalues are positive and in ascending order, both r;;, ;5 clearly
have negative real parts for Ry < 1, leading to the local stability of Ey = (%, 0) is locally

stable.
(ii) The second steady state E* = (u*,v*) satisfies

diAu+ A — dutp (v*) — pu* =0,
doAv + \u*p (v*) — ov* =0,

ou Ov

—=—=0 on Rt x 09.

\ dv  Ov

Hence, the stability of E* rests on the negativity of the real parts of the eigenvalues of
matrices

o [ A =dp (V) —p  —AuFg (v¥)
LE) = ( A (v¥) do A+ A g (v*)—o )7
The stability of E* reduces to examining the eigenvalues of the following matrices
ey [ A = Ao (V) = —Autp (vF) .
Jz (E ) - ( )‘90 (U*) _dQ)\z' + )\u*gé (U*) s y for all ¢ Z 0.

which is guaranteed if the trace and determinant of J; (E*) is given by

tr(J; (E*)) <0, det (J; (E*)) >0, for all i > 0.
The trace of J; (E*) is given by

+Autp (v*) — o
= =\ (dy + dy) +tra(J (u*,v")).
Since tr(J (u*,v*)) < 0, it follows that tr(J; (E*)) < 0 for all ¢ > 0. The determinant is
given by
det (J; (E*)) = dydo)? + N\ [=di @ (v*) + dyo + Ap (v*) do + puds)]
+Aop (V) + po — prutp (v7),
= dido\? + \iHp + det (J (u*,v*)) for all i > 0,
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where
HO = —dl)\u*gé (U*) + d10' + )\(P (’U*) d2 + ,Udg,
using (4.5)) and (4.17)), it holds that
* )\ * *
i > —dow 2 4 g Ml )
v
= dy (Mg (V") + 1),

A
= dg—* > 0,
u

+ Ap (v*) dy + pdy,

/U*

which leads to
det (J; (E%)) = didoX? + \iHo + det (J (u*,v*)) > 0 for all i > 0.
Hence, E* is locally asymptotically stable. 0

4.5 Global Asymptotic Stability

Next, we study the global asymptotic stability of the two steady states Ey and E*. The
global stability depends on the reproduction number Ry, which is why we have decided
to treat the scenarios Ry < 1 and Ry > 1 separately.

4.5.1 Global Asymptotic Stability with Ry < 1

FEo= (2,0) is globally asymptotically stable if there is a continuous differentiable function
o

V (u,v) (t) satisfying the following
(i) v(4.0) =0,
(i) V (u,0) (t) > 0, for (u,v) # (%,0) ,

(i) LV (u,v) (t) < 0, for (u,v) # (%,0) .

For the global asymptotic stability of the disease free equilibrium solution, we consider
the following candidate Lyapunov function

Vo (t) = 41 (P R P T here 6
0 = uv—|—2 U — —|—2v + cv| dx, where > 0.
Q

Our goal in this subsection is to use a condition that is weaker than the condition used
in our previous work in Djebara et al. [23] to extend the results of global asymptotic
stability.

Theorem 23 Assuming that (4.5)) holds, if Ry < 1, then Ey is a globally asymptotically
stable disease-free equilibrium for the system (4.1))-(4.3)) under the following assumption

wto

¢ 0) < —F——=, (4.27)
A A
A ((9; + ;)
with )
(dy + d2)
g >~—= 4.2
—  4did, (4.28)
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proof. To prove that Fy = (%, O) is globally asymptotically stable, we need to establish

that Vy (t) is a Lyapunov function. First, Vy (t) is positive definite. Now evaluating its
derivative with respect to time, and for this we have to distinguish two cases.

The ODE Case

Let (u,v) (¢) be a solution of (4.9)-(4.10) and let consider Vj that is defined by

0 2 1
Vo(t) = uv + 3 (u — %) + 5'02 + %v, where 6 > 0.

Vy(t) is a non-negative (Vp(t) > 0 for all (u,v) # (%,0) ), continuous differentiable
function and Vy (%, O) = 0. Now to prove that the disease-free equilibrium Ey = (%, 0>
is globally asymptotically stable, we need to establish that %Vg (u,v)(t) <0, for (u,v) #
(%, O). First, we differentiate V,(t) with respect to time

d U v U v v
an(t) = (v 4+ul) +6 (u—%) du g ydv  Ady
substituting Cé—?, % with its values, we get
iV (t)=J1+ Jo+ J
dt 0 — J1 2 39
where
Ji = (A= dup (v) — pu) v+ u(Aup (v) — ov)
= Av—duvp (v) + \Pp (v) — (o + p) uv,
Jy = 6’<u— %) (A — pu — Aup (v))
2 A
= —ub (u - %) — MuZp (v) + /\Gﬁugo (v),
and

J3 = v(Aup (v) —ov) + 2 (Aup (v) — ov)
= Auvp (v) — ov” + AMup (v) — Av.

Finally, adding Ji, J, J3 it is seen that
%Ve ) = Av—Av—duwwp (v) + duvp (v) + A (1 — ) up (v)
—I—)\H%wp (v) + Aup (v) = (0 + p) wo
— 6 (u — %)2 — ov®.
= I+,

where

[:)\(1—9)u2g0(v)—,u9<u—%)2—002
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and A
J=A (9;+%) up (v) — (0 + p) uv,

if we choose 6 > 1, we obtain
1 <0, (4.29)

Now, let us examine the second part of the derivative %Ve (t) . Applying Lemm yields

J < |:>\ (6% + %) ¢ (0) — (n+ a)] uv, (4.30)
for Ry < 1, we have
(0) < £2 (4.31)
SO A)\’ :

combining (4.30) and (4.31)), yields

J < [x\(@%—l-%)ﬂ—(u—i-a)] uv,

AN
and
A(@A—l—é)ﬂ—(u—l—a) = Q—i-l po — (p+o)
meo) AN T
= (0o +p)—(u+o0)
= (0-1o<0ifo<L.
Then Lo
< A <0ifg<1. :
J_[A(Qu )AA (u+a)}uv_01f9_1 (4.32)
From (4.32)) and (4.29), we have if 6 =1
d

— =I+J<0.
dth() +J <

Hence £V () = 0 only at the equilibrium point Ep, because

%vg( )(t) - A(1—9)§2¢(0)—u9(§—3)2—a.o2+

A A A A _
+A (0; +;) ;(,0(0) — (O’—l—/L) EO = 0.

Therefore, by Lyapunov’s direct method %Vl (t) is negative semi definite and the largest

invariant set is reduced to the disease-free equilibrium Fy = <%, 0) and FEj is attractive

point, we conclude that Ej is a globally asymptotically stable equilibrium point if Ry < 1.
The PDE Case
To prove that Fy = (%, 0) is globally asymptotically stable, we must show that Vj ()

is a Lyapunov function. The positive definiteness of V, (¢) is evident. Evaluating its
derivative with respect to time gives

d
Y (t) = /( U g dx+6/ 2 8“d:c+/gv%d:c+%/ﬂ%dx.
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Substituting the partial derivatives g—?, % with their respective values from (4.1) and

applying Green’s formula with the assumed Neumann boundaries leads to

d
— t) =1 I I
dtVa() 1+ 1o + I,

where

L = /(dlAu—i—A—/\ugp(v)—uu)v—i—/u(dgAv—i—/\wp(v)—Uv)dm
Q Q
= —(d1+d2)/Vqudx+A/vdm—)\/uvgp(v)dw+>\/u2¢(v)dx
Q Q Q Q

— (o +p) / uvdzx,
Q

I, = 9/<u—%)(dlAu+A—)\ug0(v)—uu)dx
Q

_ _dle/ﬂ |Vu|2da:—|—0/ﬂ <u— %) (—M (u— %) ~ g (v)) dx

2 A
= —dlﬁ/ |Vu|2dx—u9/ <u—é) dx—)\Q/u2<p(v)dx+)\9—/ug0(v)dx
Q Q g Q )

I; = /v%dm+§/%dm
Q Q
= —dg/ ]Vv|2d$+)\/uvg0(v)dx—o/dex
Q Q 0
—l—)\%/wp (v) dx—A/vdx.
Q Q

Taking the sum of terms Iy, Iy and I3 yields

and

ng (t) = —(dl—i—dg)/Vqud:L’—i-A/vdx—)\/uvgo (v)dx
Q Q 0

dt

+)\/u2<p(v)dx—(U—i—,u)/uvdx—dle/ \Vu|? da

Q Q Q
2 A

—u@/ <u—é> dx—)\Q/uggp(v)d:p—k)\ﬁ—/ugo(v)d:p
Q g Q wJa

—d2/ |Vv\2da:+)\/uv<p(v) dx—a/vzdx
0 0 Q

—H\%/ug&(v)dm—/\/vdm
Q Q
— I+

where

I:—dle/ ]Vu\zdx—(d1+d2)/Vqudx—d2/ Vol de,
Q Q Q
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and
J o= A(l—@)/ﬂu%(v)dw—kk(&%—k%)/ngo(v)d:c

2
—(a+,u)/uvdm—u9/ (u—%) da:—o/dex.
0 Q Q0

The first term may be written as

I= —/ Q (Vu, Vo) dz,
Q
where () is a quadratic form with respect to Vu and Vv, i.e.

Q(Vu, Vo) = di0 |Vul|* + (dy + dy) VuVo + dy | V|,

2
which is non-negative because 0, d; and ds satisfies 6 > %

such that the discriminant D of ) given by

and d;0 > 0 is chosen

D = (dy + dy)* — 4(d10) (ds) = (dy + ds)* — 4dyd20 < 0,
is negative (D < 0), from which we obtain
1<0. (4.33)

(d1+d2)*
4d1ds 2

J < )\(9%+§>/Quap(v)d:v—(ajLu)/quda:

_H9/9<u—%>2dx—a/ﬂv2dx.

Applying Lemmag]| yields

0 < [ [A(62+4) 90 (0 )] wwde

_MQ/Q<U—%>2dI—O'/QU2dI‘.

Assuming (4.27)) holds, the derivative £V, (¢) < 0 for all t > 0 with Vy (¢) = 0 being true
when (u,v) = <%, O) . Finally, by Lyapunov’s direct method FEj is globally asymptotically
stable. ]

On the other hand, using the inequality 6 > 1, we have

4.5.2 Global Asymptotic Stability with Ry > 1

First, however, let us state a necessary lemma taken from [68] that will aid with the proofs
to come.
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Lemma 9 Given that ¢ satisfies criterion (4.5) and
L(zx)=2—1—1n(z), forxz >0, (4.34)

the inequality

L( o) ) <L(S). (4.35)

p(v) v
where v* is the second component of the equilibrium point E*, holds.

proof. Using (4.5)), we have @ is a decreasing function for all v > 0. We may separate
the proof into two regions:
o(v)

1. The first region is v > v*. Since =~ is a decreasing function, we have

for all v > v*.

2. The second region is 0 < v < v*. Again, since @ is a decreasing function, we have

plo) v

@ (v*) " v

and given the non-decreasing nature of ¢, we end up with

As a result, we get

Since L is decreasing for 0 < z < 1, which implies (4.35)) holds.
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Lemma 10 Let L(z) = © — 1 —In(z), for x > 0, then L(x) > 0 for all x > 0 and

(L)) = (=)

Since we can rewritten in the forms

*

(=) (-5 =) - (5).

()2 (-2 -5)
-t (%) tr (sf((;*))) L) - (%) |

proof. First, note that

and

1
L'(z) = 1—= forz>0
T

-1
-2 , for x > 0,
x

= —i—u——i—Q—l—lnu—lnu—l—lnu*—lnu*
u* U

_ _(ﬂ_mﬂ_l)_(“__m“__l)_
u* u* U U

Now we can write

and
e () (-9 1) -2)
because

—lnu+Inu+Inu" —Inu* —Iny (v) +Ine (v) +
Inp(v*)—Inp(@)+Inv—Inv* —Inv+1Inv* =0,
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we can write

ho— L _welv gy w p)
vt urp (v)u u (v
(Inu* —Inu) — (Inp (v) —Ing (v*)) + (Inv — Inov*)
+lnu+Ing (v)+Inv* — (Inu* +Ine (@) +nv)+1-1
p\v

_ _(Lmu__l)+(¢<“> a0 _1)
u u (v*) ¢ (v*)
(E ooy ()
vt we)o  utp (v *)
- -2 (5) () - ) - o)
u e (v * v*)v
O
Theorem 24 Assuming that ug, vo > 0 and (4.5) holds, if Ry > 1, then E* = (u*,v")
is a globally asymptotically stable endemic steady-state for system (4.1))-(4.3)).

proof. For this proof, we consider the candidate Lyapunov function created by Kouachi

and Kirane in [43]
V(t) = /Q [u L(u > —i—v*L( ﬂ dz,

which is a positive definite and continuously differentiable function. Differentiating V ()
with respect to time yields

@0 = [l G G G
b))

substituting 3¢, 57 with its values, using Green’s formula and the Neumann boundary

conditions, we get

o [ (1 st [ (1Y ae o [ (1)
[ (1Yt [ (1) s
o (1Yt [ (1)t

Similar to the previous scenario, we apply Green’s formula with Neumann boundaries to
expand the derivative to

d u* 9 u* u*
= — — A 1—— — 1——
dtv() dl/QUQ |Vu|” dz + /Q( u)d:v )\/Q< u)wp(v)dm
—u/ (1_“_) udx—d2/”—2|vv|2dx
Q u Qv
—i-/\/ (1—U—)ug0(v)dx—a/ (1—U—)vdx
Q v Q v

= I+,
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where

I=— U di— |Vul* + dy— |WF] dz <0,
Q u v

J:/Q(1—“—*> [A—Augp(v)—uu}dm—l—/ﬂ(l—%*) s (v) — o] da.

)\ucp

and

Replacing A by Au*p (v*) + pu*, and o by ) and simplifying the resulting equation

leads to

J = /Quu*(1—%) (1—%*)@;
o foreon (g ) (0 5) + (-aig) (- %)

= /uu*Jldx+)\/u*gp(v*)Jgdx
0 0

where

and

o) vt wre()v
Applying LemmdI0, J; and J can be rewritten in the forms

n=-e() (%),
i () e () - () -2 ()

it follows that

and

J=p o [=L(5) = L ()] da

e (07) Jo [0 () + L (£2) - D(2) - L (222 | o
Taking advantage of the established positivity of L and applying Lemma| we end up with

= i oy () 4 L) o= a0 o 1 (5) 4 1 (285) |

e (07) fo [ (£85) L ()] de <0,

is negative and from (4.33) it is clear that £V () = I + J < 0, hence V is non-increasing
in time and

d u* 2 u”
dtV() = —d1/ﬂﬁ|Vu| d:z:—l—A/ﬂ(l—Z>d:p
—)\/ (1—u—>ug0(v)d$—u/ (1—u—>udx
0 u 0 u
[ Ziwlde i [ (1= D) upide o [ (122
QU Q v Q v
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substituting in this the equilibrium E* = (u*,v*), which leads to

d u’ ‘2 u’
EV(t) = _dl/Qu*Q |Vur| dx—i—A/g)(l—E)dx
—/\/ (1—u—*)u*g0(v)dx—u/ (1—u—*)udx
Q u Q u
—dg/ U2|VU*|2dﬂv—|—)\/ (1_1)_) u*gp(v*)dm—a/ (1—1}—) v dx
Q V" Q v* Q v*

= 0,

Therefore, by Lyapunov’s direct method’s, the endemic stationary state E* solution is
globally asymptotically stable.We can show that %V (t) < 0 and, consequently, V is non-
increasing in time with V (¢t) = 0 only at the steady state E* = (u*,v*). The global
asymptotic stability of E* follows from Lyapunov’s direct method’s (See also [3] ). O

4.5.3 Important Remarks

It is important to note that, for system (4.9)—(4.10) in ODE case, we have the following
results:

(i) For Ry < 1, the disease-free equilibrium Fj is globally asymptotically stable. This
ecasy to establish as d; = dy = 0 and thus suffices to choose 6 = 1 in Vy (¥).

(ii) For Ry > 1 and provided that condition (4.5)) is satisfied, the endemic equilibrium
E* = (u*,v*) is globally asymptotically stable.

4.6 Applications and Numerical Examples

In this section, we aim to use numerical solutions to confirm the validity of the theoretical
analysis in our study by looking at a numerical example and one of the three examples in
the thesis.. We use consider an incidence function of the form uy (v), satisfying and
assess the local and global asymptotic stability of the disease-free equilibrium Ey when
Ry < 1 and the endemic equilibrium £* when Ry > 1. Focus will be on the main results

of the paper as reported in Theorem [23] (condition (4.27))) and TheoremP24]
In the following, we examine three different numerical examples.
4.6.1 First Example
In this first example, we consider the function
¢ (v) = awv for all @ > 0.

The resulting problem is given by

(
Qu — diAu = —dauv + A — pu  in (0,00) X 2,

gt
8_1; — doAv = Nauv — ov in (0,00) x Q, (4.36)
u(0,7) = uo(x), v(0,) = vo(z) on O,

| v =2v =0, on (0,00) x 09,
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Table 4.1: Simulation parameters for example 1: system (4.36)).

Set Figure | ug Vg di|de | N alo|AN|ul| Ry
ODE | Set 1 [[4.2[a) | 6 2 - |- 13]3]2]8]1]4
case | Set 2 [[4.2(b) | 6 2 — | —]2]3[35]6]4]08333
PDE | Set 1 |43 |4+ [54smd 3 158 11132814
case |Set2[M4 4+l |scm 3 (5 fo 11306 [4]0.8333

which is a special case of system (4.1)—(4.3)). In fact, system is identical to the bird
system proposed in Section 3 of [41] and in [19] but with d; = dy. The PDE and ODE
scenarios of this model were treated earlier in [44] and [7§], respectively. Conditions
and are clearly satisfied as

System ([4.36]) possesses two constant steady states Ey = (%,0) and for v # 0, we

have A
. ov* . o L o
E* = =|————)=(— Ry—1)).
()\cp(v*)’v) ()\a’a )\a) <)\a"u0( 0 )>

Note that the second steady state E* exists only when the reproduction number Ry =
2—ﬁap’ (0) = 2—?04 > 1 and is globally asymptotically stable. Also, note that the first steady

state Ej is globally asymptotically stable unconditionally in the ODE case and subject to

ﬁ ,u+0_é 202(d1+d2)27
A 4d,dy

Ao o

when d; # dy, and # = 1 when dy = dy in the PDE case. As detailed in Table 1, we use

different sets of parameters to obtain numerical solutions in the ODE and PDE. Note that

throughout the PDE simulations, we assume a single spatial dimension with 2 = (0, 10).
The following is a description of the results:

e Figure shows the solutions in the ODE case subject to sets 1 and 2, with Ry = 4
and Ry = 0.8333, respectively. In the first case, as Ry > 1, E* = (2,3) is globally
asymptotically stable. In the second case, Ry < 1 and E, = (2,0) is globally
asymptotically stable.

e Figure depicts the solution in the PDE case subject to parameter set 1, where
Ry =4 > 1, which by Theorem24 means that E* = (2,3) is globally asymptotically
stable.

e Figure depicts the solution in the PDE case subject to parameter set 2, where
Ry = 0.8333 < 1. By Theorenf23| and given 6 € [22 1] E, = (2,0) is globally
asymptotically stable.
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Figure 4.2: Numerical solutions of system (4.36)) (ODE case) subject to the first and

second sets of parameters.
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Figure 4.4: Numerical solutions of system (4.36)) subject to the second set of parameters.

4.6.2 Second Example

The second numerical example which we are interested in the PDE extension of the ODE

SIR model studied in [49], which is a special case of (4.1))-(.3)) with ¢ (v) = 2,0 >0
and k > 0. The resulting system is described by

(0
3—1; —diAu= —AZP-+ A — pu in (0,00) x Q,
5~ BAv =g —ov in (0,00) x Q, (4.37)
u(0,z) = ug(x), v(0,2) =wvo(xz) on Q,

\%2%20, on (0, 00) x 0N

The imposed conditions (4.4]) and (4.5)) can be easily verified. It is evident that
¢ (0) =0 and ¢ (v) > 0 for all v > 0.

Also, the derivative of ¢ (v) is given by

'(0) = ( Qu >l_a(1—|—kv)—kav
L Ry 7 N e
o
= ————>0and ¢ (0) =a.
(1+ kv)2 2 0)
In addition, we have
a av

ve' (v) =wv ¢ (v).

< —
(1+kv)2 1+ kv

The constant steady states of system (4.37)) are
A * * 1+ kv*
o (_,o) and B = <_) S () = (M) |
1 Ap (v*) A Ao

Lamia Djebara 2021




4.6 Applications and Numerical Examples 92
Table 4.2: Simulation parameters for example 2: system (4.37).
Set Figure | ug Vg di|de | XN |a || A |p|k| Ry
Set 1 |[4.5(a) [ 0.2 4.3 - |- 15213 [2]3]3]55611
ODE | Set 2 [ 4.5(b) | 0.2 4.3 — |- ]2 |3 |1[5 [4]7]08333
case | Set 3 |[4.6(a) |8 10 - - 15121312 ]2]3]55611
Set 4 | [4.6(b) | 8 10 — [ =2 [f 1|5 [4]7]08333
Set 1|7 |02+ 06+ 3 [2 [ S|P [§ %] ]5]55611
PDE | Set 2 [[4.§ [4+< |54 3 o | T [1B[9731513/55611
case |Set3[[9 [02+ <= o6+ 3 2 |2 [ [1]5 [4]2]0.8333
Set 4 [M.10] |02+ =W o6+ [T [2 [2 |1 |15 [4][7]08333
x _ o, (Ro—1)
where v* = u(/\aﬁrku).

Again, E* exists and is globally asymptotically stable provided that the reproduction
number Ry = 2—;\@’ (0) = 22 > 1. On the other hand, Ej is globally asymptotically

stable in the ODE case with no conditions and in the PDE case if

ﬁ(/ﬁLU_é) 58> (dy + do)?

A Ao o - 4d1d2 ’
when d; # do, and to # = 1 when d; = ds or in the ODE case. Table shows the

parameter sets used in the numerical simulations.
The following is a description of the results:

e Figures[d.5]and depict the numerical solutions obtained using the four parameter
sets in the ODE case with steady states E* = (2.5289,2.2617), Ey, = (1.25,0),
E* = (2.5289,2.2617), and Ey = (1.25,0), respectively. In all four scenarios, both
the analytical and numerical methods agree that the equilibrium’s are stable.

e Figure [4.7] shows the PDE solution obtained using parameter set 1 with E* =
(2.5289,2.2617). In this case, Ry = 5.5611 > 1 and by Theorem [24] E* is globally
asymptotically stable.

e Figure [4.8 shows the PDE solution obtained using parameter set 2 with E* =
(4.7823,1.0098). Since Ry = 5.5611 > 1, E* is globally asymptotically stable.

e Figure shows the PDE solution obtained using parameter set 3 with Ey, =
(1.25,0). In this case, Ry = 0.8333 < 1 and using Theorem [23| with 6 € [%, 2], Ey
is globally asymptotically stable.

e Figure [4.10f shows the PDE solution obtained using parameter set 4 with Fy =

(1.25,0). In this scenario, we again have Ry = 0.8333 < 1 and with 6 € [%, 2], Ey
is globally asymptotically stable.
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Table 4.3: Simulation parameters for example 3: system (4.37)).
Set Figure | ug o di | do | AN|alo|A|pul|k| Ry
Set 1 [[4.11f(a) [ 0.8 1.2 — = J1]2]3]6|L]2]12
ODE | Set 2 | |4.11{(b) | 0.4 6 - |- 15[1]2]2]2]5]05833
case | Set 3 [[4.12(a) | 0.2 4 - |- ]1]2]3]|8]%]2]8
Set 4 [[£.12(b) | 0.2 3 — =122 %042
Set 1|13 |4+ 54 T3 13 111236 [1][2]12
PDE |Set 2 |14 0.6+ <2 04+ [5 [2 [1]2]3]6[1]2]12
case | Set 3 [W.15 |26+ o444 T 11 123 [8|2[2]8
Set 4 |16 |4+ |5l f3 [s 11T [o ]33 1705833
Set 5 |17 0.6+ <D [044+ BB T To [117 23318042

4.6.3 Third Example
kv

The last example is obtained by substituting ¢ (v) = (2 which yields the same system

studied in [14], [51] but with d; = dy = 0. The resulting system is given by

( Ju v .
? —diAu = —Ak@u + A —pu in (0,00) X €,
@_: — dyAv = )\k@u — oV in (0,00) x £, (4.38)
u(0,2) = uo(x), v(0.2) =vp()  on

\%:%:07 n (0,00) x 02,

For a >0 and k > 0. The imposed conditions may be verified as
¢ (0) =0, and ¢ (v) > 0 for all v > 0,

¢ 0= (5) = 20 # 0=k

vy’ (v) :U(1+(§))2 < () =¢((v).

Qe

The steady states of system (4.38) are given by Ey = (%,O) and F* = ( /\ZZ’;),U*> =
(M,v*>, where v* = pa-tf=l

= M (0) =
Aak (Aka-p) MUSD
z—ﬁk > 1. Note that if £* exists than it is globally asymptotically stable and that E; is
globally asymptotically stable if

" ,u+a_§ N (d1+d2)2
A Ao o o B 4d1d2

when d; # do, and if 6 = 1 when d; = d; or in the ODE case. Table details the sets
of parameters used in the numerical simulations.
The following is a description of the results:

e Figures and show the numerical solutions of system (4.38) resulting the
four parameter sets in the ODE case with steady states E* = (2.7692,1.6923),

Eq = (1.75,0), E* = (3,2), and Ey = (1.4,0), respectively. In all four scenarios,
both the analytical and numerical methods agree that the equilibrium’s are stable.

with the reproduction number R,
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Figure 4.11: Numerical solutions of system (4.38]) (ODE case) subject to the first and
second sets of parameters.

e Figure [4.13] shows the PDE solution obtained using parameter set 1 with E* =
(2.7692,1.6923). In this case, Ry = 12 > 1 and by Theorem , E* is globally
asymptotically stable.

e Figure 4.14] shows the PDE solution obtained using parameter set 2 with E* =
(2.7692,1.6923). In this case, Ry = 12 > 1 and E* is globally asymptotically stable.

e Figure shows the PDE solution obtained using parameter set 3 with £* = (3, 2).
In this case, Ry = 8 > 1 and E* is globally asymptotically stable.

e Figure [4.16| shows the PDE solution obtained using parameter set 4 with E, =
(1.75,0). In this case, Ry = 0.5833 < 1 and by Theorem [23| with 6 € [28 3] FE,
is globally asymptotically stable.

e Figure [4.17| shows the PDE solution obtained using parameter set 5 with Ey =
(1.4,0). In this case, Ry = 0.42 < 1 and by Theorem With 0 € [%, %}, Ey is
globally asymptotically stable.
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General Conclusion

This thesis is devoted to study a general HIV /AIDS epidemic model with general nonlinear
incidence rate, which describes the diffusion of an epidemic in a population or chemical
situations. Rigorous mathematical results have been established for the model.

Our first contribution is devoted to the proof of the global existence and boundedness
of solutions to a coupled reaction-diffusion systems by using the theory of Lyapunov
function. We also give the result of asymptotic behaviour of solutions to a particular case
of our reaction-diffusion systems.

Our second contribution in this work is to derive sufficient conditions for the local
asymptotic stability of epidemic reaction-diffusion system by means of the stability theory
in ODE and PDE cases with a general incidence function up (v) that includes the bilinear
case wv (studied by 41, [19] ) and a family of saturated incidence rate of the form A5t
and )\kﬁu (studied by [49], [14], [51] ), where if we assuming that the incidence
function goasatisﬁes ©(0) =0 and 0 < vy’ (v) < @(v) for all v > 0, it is proved that
the model always has one disease free equilibrium point Ej locally asymptotically stable
when Ry < 1 and is unstable if Ry > 1. Further, we poved that the model has an endemic
equilibrium E* when Ry > 1 and is locally asymptotically stable.

The basic reproductive number Ry is calculated by use of the method of the next
generating matrix. Also by applying Lyapunov functional we derive conditions for the
global asymptotic stability of the proposed model in ODE and PDE case, where the
condition 0 < vy’ (v) < ¢ (v) holds, if Ry < 1, then Ej is a globally asymptotically stable

disease-free equilibrium for the model under the condition ¢’ (0) < %, 6> (di;flz)z

If Ry > 1 assuming that ug, vg > 0 and holds, then E* is a globally asymptotically
stable endemic steady-state. It is important to note that, the model in the ODE case
if Ry < 1, the disease-free equilibrium Fy is globally asymptotically stable. Finaly we
present some numerical examples.

Open problems

In this section we discuss about some open and interesting problems.

e It would be interesting to study the behavior of system at Ry = 1 is, in order to
complete the analysis that we have made.We could not obtain any results about the
local and global asymptotic stability of the solutions to the problem studied in the
fourth chapter in the case where Ry = 1. It could be an area of our future research.

e Another interesting topic is to ask about the global existence and stability of solu-
tions for the Time-Fractional Epidemic Reaction-Diffusion System.
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e [t would be interesting to consider a family of incidence rates more generally, chang-
ing up (v) by f(u,v) and trying to obtain results of stability similar to the ones
obtained in this work.

e It would be interesting to study global existence and stability of solutions for an
epidemic model with three or more equations.

e We propose use of treatment control by using of the optimal control technique.
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