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Abstract

This memoir deals with the solution of nonlinear fractional-time partial differen-
tial equations using the Residual Power Series Method (RPSM). The method is
applied to the generalized Kuramoto–Sivashinsky (KS) equation, adopting the Ca-
puto time-fractional derivative of order α. The memoir is divided into three chap-
ters: the first chapter covers the fundamentals of fractional calculus and special
functions, the second reviews the RPSM methodology and its convergence theory,
while the third presents a numerical application to three test cases with different pa-
rameters and initial conditions. The resulting approximate solutions are compared
with exact solutions and the results of other numerical methods through error ta-
bles and two- and three-dimensional graphical plots. The results demonstrate high
accuracy, numerical stability, and low computational cost. They also highlight the
memory effect induced by the fractional order α on wave behavior and temporal
convergence, confirming the efficiency of the method in modeling complex phys-
ical phenomena such as flame fronts, thin liquid films, and plasma.

Keywords: Fractional partial differential equations -- Caputo derivative -- Resid-
ual Power SeriesMethod (RPSM) -- Approximate solutions -- Kuramoto–Sivashinsky
equation.



Résumé

Ce mémoire traite de la résolution des équations aux dérivées partielles non li-
néaires à temps fractionnaire en utilisant la méthode des séries de puissances rési-
duelles (RPSM). La méthode est appliquée à l'équation de Kuramoto–Sivashinsky
(KS) généralisée, en adoptant la dérivée fractionnaire temporelle de Caputo d'ordre
α. Le mémoire est divisé en trois chapitres : le premier chapitre couvre les fon-
damentaux du calcul fractionnaire et les fonctions spéciales, le deuxième expose
la méthodologie de la RPSM et sa théorie de convergence, tandis que le troisième
présente une application numérique à trois cas tests avec différents paramètres et
conditions initiales. Les solutions approchées obtenues sont comparées aux solu-
tions exactes et aux résultats d'autres méthodes numériques à travers des tableaux
d'erreurs et des représentations graphiques bidimensionnelles et tridimensionnelles.
Les résultats démontrent une haute précision, une stabilité numérique et un faible
coût de calcul. Ils mettent également en évidence l'effet de mémoire introduit par
l'ordre fractionnaire α sur le comportement des ondes et la convergence tempo-
relle, confirmant l'efficacité de la méthode pour la modélisation de phénomènes
physiques complexes tels que les fronts de flamme, les films liquides minces et les
plasmas.

Mots-clés : Équations aux dérivées partielles fractionnaires -- Dérivée de Caputo
-- Méthode des séries de puissances résiduelles (RPSM) -- Solutions approchées --
Équation de Kuramoto–Sivashinsky.



ڲڪٌۘ
لگ۰ ޗݠ ً؇ݿٺ༱ڎام اܳـܝ๤ཏي ݆݁ෑෂا ذات اࠍ੅ޚ٭۰ ଫଃ༚ ۰ਃಮݞ੊اࠍ اܳٺڰ؇ݪܹ٭۰ اৎ৊أ؇د৖৑ت ༡ܭّ֟ اৎ৊ڍாணة ۱ڍه ོྥٷ؇ول
،۰݄ اৎ৊أّ݄֟ (KS) ௧ௌ܋ިرا݁ިّި-ݿ٭ڰ؇ނ٭ྡྷފ ᄭᄟ݁أ؇د আॻ༟ لگ۰ اܳޚݠ ݑ ّ֟ ّޚُٴ .(RPSM) اৎ৊ٺٴگ٭۰ اܳگިى ᄭᄥ݁ྥފܹފ
اܳڰݱܭ ل؞ޚ޶ ڣݱިل: ۰ٔఈఃٔ ሌᇿإ اৎ৊ڍாணة ྾ཏگ਍ಾ .α ۰ਊಾීෂا ݆݁ اෑෂ݁ٷ٭۰ ل۰ ๤ཏاܳـܝ ިّިًႤ၍ ݁ލٺگ۰ ا؜ٺ݄؇د ؕ݁
ل۰ وَޙݠ RPSM لگ۰ ޗݠ ዛዊ݁۠٭۰ ሒᇃ؇اܳټ و૭૏ٺأݠض اࠍ੅؇ݬ۰، واᄴᄟوال اܳـܝ๤ཏي اࠍ੆ފ؇ب أݿ؇ݿ٭؇ت ا৙৑ول
۰ਃಮڎاਐಸا و๤ཇوط ًިݿ؇فޔ ل۰ اۊٺٴ؇ر ৖৑؇༡ت ఈఃٔث আॻ༟ ً ༟ڎدل؇ ً ّޚٴ٭گ؇ اܳټ؇ܳت اܳڰݱܭ لگڎم ඔ൹༡ ሒᇭ ،؇ዛኞّگ؇ر
݆݁ اරඝ৙৑ى، اܳأڎدل۰ اܳޚݠق ༇຀؇ਐ಻و اৎ৊ݯٴިޗ۰ اࠍ੆ߺࠊل ؕ݁ ۰෠ູ؇اܳٷ اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل ݁گ؇ر۰َ ෠ݠى ُູ ෛ੼ٺܹڰ۰.
وၯၽਐಸڰ۰ ً ༟ڎدل؇ ً واݿٺگݠارا ༟؇ܳ٭۰ دڢ۰ ༇຀؇اܳٷٺ ّޙ۳ُݠ ا৙৑ًأ؇د. ۰ਃುఈఃٔو ۰ਃಮ؇਍ು ۰ਃ಻؇ਃಸ ورݿިم اࠍ੅ޚ؊ ༥ڎاول ఈః༠ل
،มฃ݁ෑෂا واܳٺگ؇رب ا༥ިৎ৊؇ت ݿߺࠊك আॻ༟ α اܳـܝ๤ཏل۰ ۰ਊಾීෂا ොڎٔ۬ ُູ اᄳᄟي اᄳᄟاாணة أߜߵ ଫଊّز პაႰ ݁ٷۛڰݯ۰، ۰ਃಸ؇ۋފ
اෂීڢ٭گ۰ ᄭᄥاܳފ؇ف وا৙৑ؗލ٭۰ ا۳ይዧص ۏዛ዇؇ت ݁ټܭ ݁أگڎة، ۰ਃಮ؇ل ଩ଃڣ ޖިا۱ݠ ۰༥ڍஓ஁ ሒᇭ لگ۰ اܳޚݠ ܋ڰ؇ءة ᄕცلޝ ؇ᆙᆘ

واܳٴఈఃز݁؇.
اܳگިى ᄭᄥ݁ྥފܹފ لگ۰ ޗݠ -- ިّިًႤ၍ ݁ލٺگ۰ -- اܳـܝ๤ཏل۰ ۰ਃಮݞ੊اࠍ اܳٺڰ؇ݪܹ٭۰ اৎ৊أ؇د৖৑ت اिऻء׫ոؼמ١: اڤոஈ࿦࿮ت

.௧ௌ܋ިرا݁ިّި–ݿ٭ڰ؇ނ٭ྡྷފ ᄭᄟ݁أ؇د -- اܳٺگݠ཯ྟ٭۰ اࠍ੆ߺࠊل -- (RPSM) اৎ৊ٺٴگ٭۰



Notation

Γ : The Gamma function.

β : The Beta function.

Eα : The Mittag-Leffler function (one-parameter).

Eα,β : The Mittag-Leffler function (two-parameter).

ℜ : Real part of a complex number.

N : Set of positive integers.

R : Set of real numbers.

C : Set of complex numbers.

Iα : Riemann-Liouville fractional integral.

RLDα : Riemann-Liouville fractional derivative.

CDα : Caputo fractional derivative.

RPSM : Residual Power Series Method.

KS : Kuramoto–Sivashinsky.

NTDM : Natural Transform Decomposition Method.

q-HATM : q-Homotopy Analysis Transform Method.

FPS : Fractional Power Series.
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Introduction

Fractional calculus is a branch of mathematical analysis that aims to generalise the notions of differen-

tiation and integration to non-integer (fractional or real) orders, thereby enabling mathematical models to

describe memory effects and accumulated history that classical integer-order models cannot capture.

The roots of this field date back to 1695, when the Marquis de l’Hôpital asked about the meaning of a

derivative of order 1
2 . Leibniz replied that such a concept could one day lead to useful results. Later,

Euler paved the way by extending the factorial concept through the Gamma function in 1730, while

Fourier introduced in 1822 an integral representation for derivatives of arbitrary order. The first practical

application was given by Abel in 1823, when he solved the tautochrone problem using a derivative of

order 1
2 [18],[21].

Later on, Liouville and Riemann established the theoretical foundations of this field through the intro-

duction of the Riemann–Liouville [19],[15] integral, followed by the Grünwald–Letnikov and Caputo

definitions [19], which opened the way to modern applications in viscoelastic materials, anomalous

diffusion, and control theory.

The theory of fractional differential equations is considered a natural extension of the theory of ordinary

differential equations, in which integer-order derivatives are replaced by fractional ones. This theory relies

on fractional differential and integral operators, among which the Riemann–Liouville and Caputo opera-

tors are the most prominent. The Caputo operator is generally preferred whenever the initial conditions

possess a clear physical interpretation.

A fractional derivative is a nonlocal operator in time or space, which gives the solutions a memory or

accumulated-effect property absent in classical models. Over the past decades, fractional calculus has

evolved into a unified mathematical framework due to its wide range of applications in engineering,

physics, chemistry, biology, and many other scientific fields [5],[23],[11],[1],[8]

Due to the complexity of nonlinear fractional partial differential equations and the difficulty of obtaining

exact analytical solutions in most cases, many numerical and semi-analytical methods have been developed

to approximate their solutions, such as the Laplace Adomian Decomposition Method (LADM) [7],[6], the

Variational Iteration Method (VIM) [13], the Reproducing Kernel Method (RKM) [14], the Optimised

Decomposition Method (ODM) [12], and the Homotopy Perturbation Method (HPM) [16].



In this context, the present memoir aims to highlight a promising and relatively simple semi-analytical

technique, namely the Residual Power Series Method (RPSM) [24], [20], which was introduced in 2013

by Omar Abu Arqub [3]. This method is based on constructing rapidly convergent power series solutions

of differential equations without requiring linearisation, decomposition of nonlinear terms, or the use

of complicated integral transforms. Moreover, it does not rely on domain discretisation or perturbation

techniques, which explains its rapid spread in applications of fractional calculus. In this work, we apply

the Residual Power Series Method (RPSM) to the time-fractional Kuramoto–Sivashinsky equation. The

Kuramoto–Sivashinsky (KS) equation [2],[22] , is one of the important nonlinear partial differential

equations used in the mathematical modelling of several physical phenomena. It is a fourth-order equation

that first appeared in modelling flame fronts, thin-film instabilities, and plasma physics. The equation also

combines nonlinearity, dispersion, and damping, which leads to rich dynamics encompassing bifurcations,

chaos, and the formation of complex patterns. In this memoir, we study the time-fractional generalisation

of this equation, which is given as follows:



Dα
t u+u

∂u
∂x

+a
∂ 2u
∂x2 +b

∂ 3u
∂x3 + c

∂ 4u
∂x4 = 0,

0 < α ≤ 1, x ∈ R, t ∈ [0,T ],

u(x,0) = ϕ(x),

where a, b, and c are constants, while α denotes the fractional order that introduces memory and heredi-

tary properties into the model, leading to more complex dynamical behaviour compared to the classical

integer-order case.

This memoir is organised into three chapters:

Chapter 1 presents the analytical foundations of fractional calculus through the introduction of the

Gamma function, the Beta function, and the Mittag–Leffler function. It also introduces the two principal

definitions of fractional integration and differentiation (Riemann–Liouville and Caputo), together with

their properties and a comparison between them. The chapter concludes with the concept of fractional

power series, their convergence conditions, and the formulas of their coefficients.

Chapter 2 is devoted to the Residual Power Series Method (RPSM) for solving nonlinear time-fractional

partial differential equations in the Caputo sense. The method is presented through clear algorithmic steps,

together with a nonlinear example including convergence analysis and error estimation.

2



Chapter 3 applies the RPSM to the fractional Kuramoto–Sivashinsky equation for three different

test cases with varying coefficients and initial conditions. Approximate solutions up to the third-order

term (U3) were obtained using Mathematica. The obtained results are compared with exact solutions

and with published results achieved by the NTDM [2] and q-HATM [22] methods. The results are

illustrated through error tables and two- and three-dimensional graphics, highlighting the high accuracy

and numerical stability of the method for various values of the fractional order α .

1



Preliminaries

This chapter covers the basic concepts of fractional calculus that will be needed later in the thesis. It

starts by introducing three important special functions: the Gamma function, the Beta function, and the

Mittag-Leffler function. These functions form the foundation of fractional analysis. Next, the chapter

explains the main definitions and properties of fractional integrals and derivatives, focusing specifically on

the Riemann–Liouville and Caputo approaches. Finally, it introduces fractional power series expansions

and shows how they can be used as a practical tool for solving fractional differential equations.

1. Special Functions

This section introduces a group of mathematical functions known as special functions, including notable

examples like the Gamma, Beta, and Mittag-Leffler functions. These functions are termed "special" due

to their recurring role in tackling complex mathematical problems, particularly those involving differential

equations. Their distinctive properties and wide-ranging applications make them valuable tools in both

theoretical and applied mathematics.

1.1 The Gamma Function

The Gamma function, originally developed by Euler during the eighteenth century, serves as an exten-

sion of factorial notation to encompass non-integer values, including real and complex numbers. This

mathematical tool proves indispensable across numerous disciplines, from probability theory and complex

analysis to engineering applications and fractional calculus.



1. SPECIAL FUNCTIONS

Definition 1.1.1: [19] Let z ∈ C with ℜ(z)> 0, the Gamma function Γ(z) is defined by the integral:

Γ(z) =
∫ +∞

0
tz−1e−t dt (1.1)

Key properties include:

Γ(1) = 1,Γ(0+) = +∞,

and Γ(z) as a strictly decreasing,monotonic for 0 < z < 1.

Properties 1.1.1: [19] The Gamma function satisfies several fundamental properties that make it indis-

pensable in analysis. Among the most important are :

1. Γ(z+1) = zΓ(z) ℜ(z)> 0

2. Γ(n+1) = n! ∀n ∈ N

Proof:

1. We begin with the definition of the Gamma function :

Γ(z+1) =
∫ +∞

0
tze−t dt

we apply integration by parts, Let us set :

u = tz u′ = ztz−1

v′ = e−t v =−e−t .

Hence,

Γ(z+1) =
∫ +∞

0
tze−t dt

=
[
−tze−t]+∞

0 +
∫ +∞

0
ztz−1e−t dt

= 0+ z
∫ +∞

0
tz−1e−t dt

= zΓ(z).

Thus,

Γ(z+1) = zΓ(z) ℜ(z)> 0.

3



1. SPECIAL FUNCTIONS

2. By repeating property 1 each time, we obtain:

Γ(2) = 1Γ(1) = 1!

Γ(3) = 2Γ(2) = 2 ·1! = 2!

Γ(4) = 3Γ(3) = 3 ·2! = 3!

...

Γ(n+1) = nΓ(n) = n(n−1)! = n!

Remark 1.1.1:

Γ(1) =
∫ +∞

0
t1−1e−t dt =

∫ +∞

0
e−t dt = 1.

Example 1.1.1: Calculating the gamma function when : z = 1
2

Γ

(
1
2

)
=
∫ +∞

0
t−1/2e−t dt.

By changing the variable :

t = y2 ⇒ dt = 2ydy,

We obtain the following integration:

Γ

(
1
2

)
=
∫ +∞

0
(y2)−1/2e−y2 ·2ydy = 2

∫ +∞

0
e−y2

dy.

We have the well-known Gaussian integral, and its value is:

∫ +∞

0
e−y2

dy =
√

π

2
,

therefore,

Γ

(
1
2

)
= 2 ·

√
π

2
=
√

π.

we have,

Γ

(
1
2

)
=
√

π.

4



1. SPECIAL FUNCTIONS

Figure 1.1: The Gamma Function

1.2 The Beta Function

In mathematics, the Beta function stands as a fundamental special function with broad utility in evaluating

definite integrals. Its importance extends across multiple disciplines, including mathematical analysis,

probability, and statistics. The function is particularly noteworthy for its intimate connection to the

Gamma function, a relationship that proves invaluable in simplifying complex integral expressions.

Definition 1.1.2: [19] The Beta function β (z,w) is a fundamental special function defined for two complex

z and w Its standard integral form is given by :

β (z,w) =
∫ 1

0
tz−1(1− t)w−1 dt. ℜ(z)> 0, ℜ(w)> 0. (1.2)

Remark 1.1.2: The relationship between the two functions Beta and Gamma can be written as follows:

β (z,w) =
Γ(z)Γ(w)
Γ(z+w)

, ℜ(z)> 0, ℜ(w)> 0. (1.3)

From (1.3), we deduce the symmetry of the beta function:

β (z,w) = β (w,z), ℜ(z)> 0, ℜ(w)> 0.

Example 1.1.2: Calculating the β (1,1): β (1,1) = Γ(1)Γ(1)
Γ(2) = 1.
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1. SPECIAL FUNCTIONS
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Figure 1.2: The Beta function

1.3 The Mittag-Leffler Function

Originally introduced by Gösta Magnus Mittag-Leffler (1846–1927) , the function that bears his name

extends the exponential function to a broader class of arguments. It is indispensable in fractional calculus,

where it provides solutions to fractional-order differential equations. These equations arise naturally when

describing systems with memory or hereditary properties, making the Mittag-Leffler function essential in

fields such as anomalous diffusion, signal processing, and biomechanics.

Definition 1.1.3: [19] Let z ∈C, the Mittag-Leffler function of order α is defined by the following infinite

series:

Eα(z) =
+∞

∑
n=0

zn

Γ(αn+1)
, α > 0. (1.4)

A more general formula, often referred to as the Wright function, exists for parameters α and β , and is

defined by the following formula:

Eα,β (z) =
+∞

∑
n=0

zn

Γ(αn+β )
, α > 0, β > 0. (1.5)

Properties 1.1.2: The Metag-Leveler function has several properties that simplify its form by varying the

values of α alpha and β each time, as follows:

1. β = 1 :

In this case, the Mittag-Leffler function becomes as follows:

Eα,1(z) =
+∞

∑
n=0

zn

Γ(αn+1)
= Eα(z).

6



1. SPECIAL FUNCTIONS

2. α = 1 and β = 1 :

In this case, we obtain the well-known exponential function, because:

E1,1(z) =
+∞

∑
n=0

zn

Γ(n+1)
=

+∞

∑
n=0

zn

n!
= ez.

3. α = 1 and β = 2 :

The Metag-Leffler function becomes more simplified:

E1,2(z) =
+∞

∑
n=0

zn

Γ(n+2)
=

+∞

∑
n=0

zn

(n+1)!
=

1
z

+∞

∑
n=0

zn+1

(n+1)!
,z ̸= 0.

By changing the variable:

k = n+1 
n = 0 ⇒ k = 1,

n →+∞ ⇒ k →+∞.

We have :
+∞

∑
n=0

zn+1

(n+1)!
=

+∞

∑
k=1

zk

k!
= ez −1

consequently :

E1,2(z) =
ez −1

z
,z ̸= 0.

4. For α = 1 and β = m(m ≥ 1) :

E1,m(z) =
1

zm−1

(
ez −

m−2

∑
n=0

zn

n!

)
, m ∈ N, m ≥ 1. (1.6)

Figure 1.3: The Metag-Leffler function
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2. FRACTIONAL INTEGRATION

2. Fractional Integration

Fractional integration lies at the heart of fractional calculus. While conventional integration is restricted

to positive integer orders, fractional calculus generalizes this operation to accommodate arbitrary real

or complex orders. This continuous range of integration orders offers a richer mathematical framework,

enabling more accurate descriptions of physical and engineering systems where memory, heredity, or

non-local effects play a significant role.

2.1 Riemann-Liouville Fractional integration

The Riemann–Liouville fractional integral is one of the earliest and most fundamental definitions in

fractional calculus. It extends the concept of repeated integration to non-integer orders by means of

a convolution integral involving the Gamma function. To understand its origin, consider a continuous

function f defined on the interval [0,T ] with T > 0.

The first primitive of f is simply the standard integral:

I1 f (t) =
∫ t

0
f (τ)dτ

For a second primitive, using Fubini’s theorem :

For : 0 ≤ τ ≤ u ≤ t.

we obtain:

I2 f (t) =
∫ t

0
I1 f (u)du

=
∫ t

0

(∫ u

0
f (τ)dτ

)
du

=
∫ t

0

(∫ t

τ

f (τ)du
)

dτ

=
∫ t

0

(∫ t

τ

du
)

f (τ)dτ

=
∫ t

0
(t − τ) f (τ)dτ.

By repeating this process n times, we generalize formula n of the function f to the following formula:

In f (t) =
1

(n−1)!

∫ t

0
(t − τ)n−1 f (τ)dτ, t > 0, n ∈ N∗. (1.7)

8



2. FRACTIONAL INTEGRATION

Because the factorial is generalized using the gamma function, the following definition is given by:

Definition 1.2.1: [19],[15]The Riemann-Liouville fractional integral of the function f of order α ∈ C

,(ℜ(α)> 0) , denoted by Iα , Let f ∈ L1([0,T ]), T > 0 is defined by:

Iα f (t) =
1

Γ(α)

∫ t

0
(t − τ)α−1 f (τ)dτ, t > 0, α > 0. (1.8)

where : Γ(α) is the Gamma function .

Properties 1.2.1:Let α and β be two real numbers,and let f be an integrable function on the interval [a,b)

The following properties hold:

1. Iα
(
Iβ f (t)

)
= Iα+β f (t), α > 0, β > 0.

2. Iαtβ = Γ(β+1)
Γ(α+β+1) tα+β , α > 0.

Proof:

1. By definition of the Riemann–Liouville fractional integral:

Iα f (t) =
1

Γ(α)

∫ t

0
(t − τ)α−1 f (τ)dτ, t > 0, α > 0.

Applying Iα to Iβ f (t), we get:

Iα
(
Iβ f
)
(t) =

1
Γ(α)

∫ t

0
(t − τ)α−1

[
1

Γ(β )

∫
τ

0
(τ −ξ )β−1 f (ξ )dξ

]
dτ.

Substitute τ = ξ +(t −ξ )s, dτ = (t −ξ )ds, we obtain:

∫ t

ξ

(t − τ)α−1(τ −ξ )β−1 dτ = (t −ξ )α+β−1
∫ 1

0
(1− s)α−1sβ−1 ds,

where: ∫ 1

0
(1− s)α−1sβ−1 ds = B(β ,α) =

Γ(β )Γ(α)

Γ(α +β )
, α,β > 0.

So,

Iα
(
Iβ f
)
(t) =

1
Γ(α +β )

∫ t

0
(t −ξ )α+β−1 f (ξ )dξ = Iα+β f (t), α > 0, β > 0.

9



2. FRACTIONAL INTEGRATION

2. By definition of the Riemann–Liouville fractional integral:

Iαtβ =
1

Γ(α)

∫ t

0
(t − τ)α−1

τ
β dτ, t > 0, α > 0, β >−1.

Let τ = ts, then dτ = tds, thus the integral becomes:

Iαtβ =
1

Γ(α)

∫ t

0
(t − τ)α−1

τ
β dτ

=
tα+β

Γ(α)

∫ 1

0
(1− s)α−1sβ ds

=
tα+β

Γ(α)
B(β +1,α)

=
tα+β

Γ(α)
· Γ(β +1)Γ(α)

Γ(α +β +1)

=
Γ(β +1)

Γ(α +β +1)
tα+β .

(1.9)

Example 1.2.1: Calculating the Riemann-Liouvel fractional integral of the function f (x) = x3 , if

α = 1 > 0,β = 3 >−1, the integral is given Thus,

Iαxβ =
Γ(β +1)

Γ(α +β +1)
xα+β

Iαx3 =
Γ(3+1)

Γ(1+3+1)
x1+3 =

Γ(4)
Γ(5)

x4 =
6

24
x4 =

1
4

x4

Remark 1.2.1: Relation (1.9) shows that the Riemann-Liouville fractional integral of order α of a constant

is given by:

IαC =
C

Γ(α +1)
xα , x > 0, α > 0.

Proof: Let C be a constant function. The Riemann–Liouville fractional integral of order α > 0 is defined

by:

IαC =
1

Γ(α)

∫ x

0
(x− t)α−1C dt, x > 0.

Thus:

IαC =
C

Γ(α)

∫ x

0
(x− t)α−1 dt.

We make the substitution t = xu, so dt = xdu. When t = 0, u = 0; and when t = x, u = 1. This gives:

IαC =
C

Γ(α)

∫ 1

0
(x− xu)α−1 xdu =

Cxα

Γ(α)

∫ 1

0
(1−u)α−1 du.

10



3. FRACTIONAL DERIVATIVE

The integral
∫ 1

0 (1−u)α−1 du is the Beta function B(1,α), which satisfies:

B(1,α) =
Γ(1)Γ(α)

Γ(1+α)
=

Γ(α)

Γ(α +1)
(since Γ(1) = 1).

Substituting this result, we obtain:

IαC =
Cxα

Γ(α)
· Γ(α)

Γ(α +1)
=

C
Γ(α +1)

xα .

Hence, for any constant function C, the Riemann–Liouville fractional integral of order α is given by:

IαC =
C

Γ(α +1)
xα , x > 0, α > 0.

3. Fractional Derivative

We now introduce fractional derivatives, which generalize the familiar concept of differentiation to

non-integer orders. Unlike classical derivatives that are limited to positive integers, fractional derivatives

provide a continuous spectrum of differentiation orders. This generalization is not merely a mathematical

curiosity; it has proven essential for capturing the complex dynamics observed in many physical, biological,

and engineering systems where integer-order models fall short.

3.1 Riemann-Liouville Fractional Derivative

Originally developed by Riemann and Liouville in the 1800s, the Riemann–Liouville fractional derivative

stands among the most frequently employed definitions in fractional calculus. Its construction—combining

fractional integration with conventional differentiation—extends the notion of derivative to arbitrary

non-integer orders. This formulation plays a central role in modeling complex systems and remains

fundamental to the study and application of fractional differential equations.

Definition 1.3.1: [19],[15] Let f ∈ L1([0,T ]), with T > 0, and let α ∈ C such that ℜ(α) > 0. The

Riemann-Liouville fractional derivative of the function f of order , denoted by RLDα f (t), is defined as:

RLDα f (t) =


dn

dtn [I
n−α f (t)] =

1
Γ(n−α)

dn

dtn

∫ t

0
(t − τ)n−α−1 f (τ)dτ, n−1 ≤ ℜ(α)< n,

dn

dtn f (t), α = n ∈ N.

(1.10)
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3. FRACTIONAL DERIVATIVE

Proposition 1.3.1: [19],[15] Let n−1 < α ≤ n and m−1 < β ≤ m, where , n,m ∈ N, and let f and g be

functions for which RLDα f (t) f (t) and RLDα f (t) g(t) exist.

Then we have the following properties:

1. Linearity: The Riemann-Liouville fractional derivative is a linear operator:

RLDα(λ f +g)(t) = λ (RLDα f )(t)+(RLDαg)(t), λ ∈ R.

2. Reduction to classical derivative: In the limit of integer order:

lim
α→n

RLDα f (t) = f (n)(t), lim
α→n−1

RLDα f (t) = f (n−1)(t).

3. Non-commutativity: In general, Riemann-Liouville fractional derivatives do not commute:

RLDα
(RLDβ f (t)

)
̸= RLDβ

(RLDα f (t)
)
.

Properties 1.3.1: We proceed to compute the Riemann–Liouville fractional derivative of f (t) = tβ . Let

α > 0 such that n−1 < α < n with β ≥−1 and n ∈ N. According to equations (1.11) and (1.10), we

have:

RLDαtβ = RLDn
[
I n−αtβ

]
=

Γ(β +1)
Γ(β +n−α +1)

RLDntβ+n−α . (1.11)

Considering the identity:

RLDntβ+n−α = (β +n−α)(β +n−α −1) · · ·(β −α +1) tβ−α

=
Γ(β +n−α +1)

Γ(β −α +1)
tβ−α .

(1.12)

Substituting the result from (1.13) into formula (1.12), we obtain:

RLDαtβ =
Γ(β +1)

Γ(β +n−α +1)
RLDntβ+n−α

=
Γ(β +1)

Γ(β +n−α +1)
· Γ(β +n−α +1)

Γ(β −α +1)
tβ−α

=
Γ(β +1)

Γ(β −α +1)
tβ−α .

12



3. FRACTIONAL DERIVATIVE

Thus, the Riemann-Liouville fractional derivative of the function f (t) = tβ is given by:

RLDαtβ =
Γ(β +1)

Γ(β −α +1)
tβ−α . (1.13)

Example 1.3.1: The Riemann-Liouville fractional derivative of the function

f (x) = (x−1)2 and α = 1 ,β = 2 is given by:

RLDα(x−1)β =
Γ(β +1)

Γ(β −α +1)
(x−1)β−α =

Γ(3)
Γ(2)

(x−1) = 2x−2

RLD1(x−1)2 = 2x−2

Remark 1.3.1: In particular, if β = 0 and α > 0, the Riemann-Liouville fractional derivative of a constant

function, f (t) =C, is nonzero, its value is:

RLDαC =
C

Γ(1−α)
t−α ,

3.2 Caputo Fractional Derivative

In 1967, Michele Caputo introduced the fractional Caputo derivative, a modification of the Riemann-

Liouville derivative that generalizes classical derivatives to include non-integer orders.

This model is of great importance in the context of physical systems, as it allows the use of initial

conditions as derivatives of integer orders, making it more suitable for modeling real-world problems.

Definition 1.3.2: [19] Let f ∈Cn([0,T ]) , with T > 0, and let α ∈ C such that ℜ(α)> 0. The Caputo

fractional derivative of the function f of order α , denoted by CDα f (t), is defined as:

CDα f (t) =


I n−α f (n)(t) =

1
Γ(n−α)

∫ t

0
(t − τ)n−α−1 f (n)(τ)dτ, n−1 ≤ ℜ(α)< n,

dn

dtn f (t), α = n ∈ N.

(1.14)

Proposition 1.3.2: [19],[15] Let n−1 < α ≤ n and m−1 < β ≤ m, where, n,m ∈ N, and let f and g

be functions for which CDα f (t) and CDαg(t) exist, Then we have the following properties:

1. Linearity: The Caputo fractional derivative is a linear operator:

CDα(λ f +g)(t) = λ (CDα f )(t)+(CDαg)(t), λ ∈ R.

13



3. FRACTIONAL DERIVATIVE

2. Reduction to classical derivative: In the limit of integer order:

lim
α→n

CDα f (t) = f (n)(t), lim
α→n−1

CDα f (t) = f (n−1)(t)− f (n−1)(0).

3. Non-commutativity: In general, Caputo fractional derivatives do not commute:

CDα
(CDβ f (t)

)
̸= CDβ

(CDα f (t)
)
.

Proof:

1. Linearity: Consider the linear combination λ f (t)+g(t) and apply the definition of the Caputo

derivative:

CDα(λ f +g)(t) =
1

Γ(n−α)

∫ t

0
[λ f (n)(τ)+g(n)(τ)](t − τ)n−α−1 dτ

=
λ

Γ(n−α)

∫ t

0
f (n)(τ)(t − τ)n−α−1 dτ +

1
Γ(n−α)

∫ t

0
g(n)(τ)(t − τ)n−α−1 dτ

= λ
CDα f (t)+CDαg(t).

2. Reduction to classical derivative: Using integration by parts, set

u = f (n)(τ), dv = (t − τ)n−α−1dτ ⇒ du = f (n+1)(τ)dτ, v =−(t − τ)n−α

n−α
.

Then

CDα f (t) =
1

Γ(n−α)

[
− f (n)(τ)(t − τ)n−α

n−α

∣∣∣t
0
+
∫ t

0

f (n+1)(τ)(t − τ)n−α

n−α
dτ

]

=
f (n)(0)t n−α

Γ(n−α +1)
+

1
Γ(n−α +1)

∫ t

0
f (n+1)(τ)(t − τ)n−α dτ.

Considering the limits:

lim
α→n

CDα f (t) = f (n)(t),

lim
α→n−1

CDα f (t) = f (n−1)(t)− f (n−1)(0).

14



3. FRACTIONAL DERIVATIVE

Example 1.3.2: We seek to determine the Caputo fractional derivative of the function f (t) = tβ .

Let n ∈ N be such that n−1 < α < n with β > n−1.

The n-th derivative of f (τ) = τβ is given by:

f (n)(τ) =
Γ(β +1)

Γ(β −n+1)
τ

β−n. (1.15)

Using the definition of the Caputo fractional derivative, we have:

CDαtβ =
Γ(β +1)

Γ(n−α)Γ(β −n+1)

∫ t

0
(t − τ)n−α−1

τ
β−n dτ. (1.16)

By making the change of variable τ = ts, with s = 0 when τ = 0 and s = 1 when τ = t, so that dτ = t ds,

equation ( 1.16) becomes:

CDαtβ =
Γ(β +1)

Γ(n−α)Γ(β −n+1)

∫ 1

0
(t − ts)n−α−1(ts)β−n t ds

=
Γ(β +1)

Γ(n−α)Γ(β −n+1)
tβ−α

∫ 1

0
(1− s)n−α−1sβ−n ds.

Using the definition of the Beta function B(x,y) =
∫ 1

0 sx−1(1− s)y−1ds and the relation B(x,y) = Γ(x)Γ(y)
Γ(x+y) ,

we obtain:

CDαtβ =
Γ(β +1)B(n−α,β −n+1)

Γ(n−α)Γ(β −n+1)
tβ−α

=
Γ(β +1)Γ(n−α)Γ(β −n+1)

Γ(n−α)Γ(β −n+1)Γ(β −α +1)
tβ−α

=
Γ(β +1)

Γ(β −α +1)
tβ−α .

Thus, the Caputo fractional derivative of f (t) = tβ is:

CDαtβ =
Γ(β +1)

Γ(β −α +1)
tβ−α . (1.17)

Remark 1.3.2: For a constant function C defined on [0, t] and α > 0, the Caputo fractional derivative is

zero:

CDαC = 0.
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3. FRACTIONAL DERIVATIVE

3.3 Relationship Between the Caputo and Riemann–Liouville

Understanding the relationship between the Caputo and Riemann–Liouville definitions is essential for

several reasons. First, it allows us to translate results obtained with one formulation into the language

of the other, facilitating comparison and cross-validation. Second, it clarifies the circumstances under

which each definition is most appropriate, guiding the selection of the right tool for a given problem.

Finally, exploring this connection deepens our theoretical insight into the underlying structure of fractional

calculus itself.

Proposition 1.3.3: [19],[15] Let α ≥ 0 with n−1 < α ≤ n, and let f ∈Cn([a,b)). Then the following

relation holds:

CDα f (t) = RLDα f (t)−
n−1

∑
k=0

f (k)(0)
k!

t k−α . (1.18)

Remark 1.3.3: The Caputo fractional derivative coincides with the Riemann-Liouville derivative, i.e.,

CDα f (t) = RLDα f (t), (1.19)

if

f (k)(0) = 0, k = 0,1,2, . . . ,n−1.

3.4 Comparison Between the Caputo and Riemann–Liouville Fractional Derivatives

The main advantage of the Caputo approach is that the initial conditions of fractional differential equations

involving Caputo derivatives have the same form as those of classical integer-order differential equations.

Property Riemann–Liouville Caputo

Representation RLDα f (t) =
dn

dtn

(
I n−α f (t)

) CDα f (t) = I n−α

(
dn

dtn f (t)
)

Reduction α → n lim
α→n

RLDα f (t) = f (n)(t) lim
α→n

CDα f (t) = f (n)(t)

Reduction α → n−1 lim
α→n−1

RLDα f (t) = f (n−1)(t) lim
α→n−1

CDα f (t) = f (n−1)(t) −

f (n−1)(0)

Linearity RLDα(λ f +g) = λ
RLDα f + RLDαg CDα(λ f +g) = λ

CDα f +CDαg

Non-commutativity
dn

dtn

(RLDα f
)

= RLDα+n f ̸=

RLDα

(
dn

dtn f
) CDα

(
dn

dtn f
)

= CDα+n f ̸=

dn

dtn

(CDα f
)

Constant f (t) = c RLDαC =
C

Γ(1−α)
t−α CDαC = 0

Table 1.1: Comparison between the Riemann–Liouville and Caputo fractional derivatives
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4. FRACTIONAL POWER SERIES EXPANSIONS

4. Fractional Power Series Expansions

Fractional power series (FPS) expansions are the focus of this section. These expansions provide an

effective analytical approach for tackling fractional differential equations, especially in situations where

classical techniques break down. Their ability to capture solution behavior near singularities or initial

values makes them a versatile tool, bridging theoretical developments and real-world applications in

fractional calculus.

Definition 1.4.1: [10] A fractional power series centred at t0 is given by :

+∞

∑
n=0

cn(t − t0)nα = c0 + c1(t − t0)α + c2(t − t0)2α + . . . , (1.20)

where 0 ≤ m−1 < α < m, m ∈ N, t ≥ t0, and cn are constants called the coefficients of the series.

Theorem 1.4.1: [10] Let ∑
+∞

n=0 cntnα , t ≥ 0, be a fractional power series.

1. If the series converges at t = b > 0, then it converges for all 0 ≤ t < b.

2. If the series diverges at t = d > 0, then it diverges for all t > d.

Theorem 1.4.2: [10] For the fractional power series ∑
∞
n=0 cntnα , t ≥ 0, there are only three possibilities:

1. The series converges only at t = 0.

2. The series converges for all t ≥ 0.

3. There exists a positive real number R such that the series converges for

0 ≤ t < R and diverges for t ≥ R.

Remark 1.4.1: The number R in Theorem (1.4.2) is called the radius of convergence of the FPS. In case

1, R = 0, and in case 2, R =+∞.

Definition 1.4.2 [4] For 0 ≤ m−1 < α ≤ m, a series of the form

+∞

∑
n=0

an(x)(t − t0)nα = a0(x)+a1(x)(t − t0)α +a2(x)(t − t0)2α + . . . , (1.21)

where x ∈ I and t ≥ t0, is called a multiple fractional power series about t = t0, with an(x) being functions

of x called the coefficients.

Theorem 1.4.3: [4] Suppose u(x, t) has a multiple FPS representation at t = t0 of the form

u(x, t) =
+∞

∑
n=0

an(x)(t − t0)nα , 0 ≤ m−1 < α, x ∈ I, t0 ≤ t < t0 +R. (1.22)
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If Dnα
t u(x, t) are continuous on I × (t0, t0 +R) for n = 0,1,2, . . . , then the coefficients are given by:

an(x) =
Dnαu(x, t0)
Γ(nα +1)

, n = 0,1,2, . . . , (1.23)

where:

Dnα
t =

∂ α

∂ tα
· ∂ α

∂ tα
· · · ∂ α

∂ tα︸ ︷︷ ︸
n-times

, R = min
c∈I

Rc,

and Rc is the radius of convergence of the FPS ∑
+∞

n=0 an(c)(t − t0)nα .

Proof: Assume u(x, t) can be represented by the series (1.22). Substituting t = t0 into (1.22) , all terms

after the first vanish, giving

a0(x) = u(x, t0).

Applying Dα once to (1.22) gives

Dα
t u(x, t) = Γ(α +1)a1(x)+

Γ(2α +1)
Γ(α +1)

a2(x)(t − t0)α +
Γ(3α +1)
Γ(2α +1)

a3(x)(t − t0)2α + . . . (1.24)

Substituting t = t0 in (1.24) determines

a1(x) =
Dαu(x, t0)
Γ(α +1)

. (1.25)

Similarly, applying Dα
t twice gives

D2αu(x, t) = Γ(2α +1)a2(x)+
Γ(3α +1)
Γ(α +1)

a3(x)(t − t0)α +
Γ(4α +1)
Γ(2α +1)

a4(x)(t − t0)2α + . . . (1.26)

Substituting t = t0 in (1.26) gives

a2(x) =
D2αu(x, t0)
Γ(2α +1)

. (1.27)

By induction, applying Dα
t recursively n times and substituting t = t0 gives the general formula

an(x) =
Dnαu(x, t0)
Γ(nα +1)

, n = 0,1,2, . . . (1.28)

Hence, the proof is complete.
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The Residual Power Series Method(RPSM)

This chapter presents the Residual Power Series Method (RPSM), an analytical technique for solving

nonlinear fractional partial differential equations involving Caputo derivatives. The approach follows a

clear algorithmic structure. Its application is illustrated through a practical example that highlights both

accuracy and ease of implementation. A theoretical convergence analysis is then provided, grounded in

the framework of the fractional Taylor series.

1. Methodology

In this section, we describe the step-by-step application of the Residual Power Series Method (RPSM) to

solve a nonlinear time-fractional partial differential equation involving Caputo derivatives. The equation

under consideration takes the following general form:

CDα
t u(x, t)+L [u(x, t)]+N [u(x, t)] = f (x, t), (2.1)

t > 0, x ∈ R, 0 < α ≤ 1.

subject to the following initial condition:

u(x,0) = ϕ(x) = ϕ0(x) (2.2)

In this formulation, the symbol CDα
t denotes the Caputo fractional derivative of order α , while L and N

are linear and nonlinear operators, respectively, and f (x, t) is a continuous function.

The RPSM procedure for obtaining an approximate solution to the initial value problem (2.1)–(2.2)

consists of the following steps:



1. METHODOLOGY

Step 1: Fractional Power Series Expansion

Assume that the solution u(x, t) can be expressed in the fractional power series form

u(x, t) =
+∞

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
, 0 < α ≤ 1, x ∈ I, 0 ≤ t < R (2.3)

From the initial condition, we obtain

ϕ0(x) = ϕ(x).

Step 2: Truncated Series Solution

Define the k-th truncated series approximation as

uk(x, t) =
k

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
, 0 < α ≤ 1, x ∈ I, 0 ≤ t < R, k = 1,2,3 . . . (2.4)

Step 3:Define the Residual Functions

The residual function measures how well a candidate solution satisfies the original equation:

Res(x, t) = Dα
t u(x, t)+L [u(x, t)]+N [u(x, t)]− f (x, t). (2.5)

For the truncated series, we define the k-th residual function as

Resk(x, t) = Dα
t uk(x, t)+L [uk(x, t)]+N [uk(x, t)]− f (x, t). (2.6)

Ideally, Res(x, t) = 0 for the exact solution and limk→∞ Resk(x, t) = Res(x, t).

Step 4: Determination of the Unknown Coefficients

The key idea of the Residual Power Series Method (RPSM) is to enforce that the fractional derivatives of

the residual function vanish at t = 0. Because the Caputo fractional derivative of a constant is zero, we

impose the condition

CD(k−1)α
t Resk(x, t)

∣∣∣
t=0

= 0, k = 1,2,3, . . . (2.7)

These conditions yield algebraic equations for the unknown coefficients ϕk(x). Starting with k = 1:

• For k = 1, we compute

D0
t Res1(x,0) = Res1(x,0) = 0,

which allows us to determine ϕ1(x).
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1. METHODOLOGY

• For k = 2, we compute

Dα
t Res2(x,0) = 0,

to determine ϕ2(x), using the previously obtained functions ϕ0(x) and ϕ1(x).

This procedure continues recursively. At each step k, we solve

D(k−1)α
t Resk(x,0) = 0

to obtain the coefficient function ϕk(x).

Step 5: Construction of the Approximate Solution

After determining the coefficients, the approximate solution of order k is obtained as

uk(x, t) = ϕ0(x)+
ϕ1(x)

Γ(1+α)
tα +

ϕ2(x)
Γ(1+2α)

t2α + · · ·+ ϕk(x)
Γ(1+ kα)

tkα .

uk(x, t) = ϕ(x)+
k

∑
n=1

ϕn(x)
tnα

Γ(1+nα)
. (2.8)

Example 2.1.1:

Consider the nonlinear time-fractional partial differential equation [17]:


CDα

t u(x, t) =−u(x, t)∂u
∂x (x, t)., 0 < α ≤ 1,

u(x,0) =−x

(2.9)

Using the Residual Power Series Method (RPSM), we determine the RPS solution for n = 4.

Solution:

To determine the first unknown coefficient ϕ1(x) in the series expansion given by Eq. (2.6), we begin by

substituting the first-order truncated series u1(x, t) into the first residual function Res1(x, t). This gives

Res1(x, t) = CDα
t u1(x, t)+u1(x, t)

∂u1

∂x
(x, t). (2.10)

Recall that the first truncated series is

u1(x, t) = ϕ0(x)+ϕ1(x)
tα

Γ(1+α)
.
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1. METHODOLOGY

Substituting this into Eq. (2.10) gives

Res1(x, t) = ϕ1(x)+
[

ϕ0(x)+
tα

Γ(1+α)
ϕ1(x)

][
ϕ
′
0(x)+

tα

Γ(1+α)
ϕ
′
1(x)

]
(2.11)

Now, evaluating this expression at t = 0 simplifies it considerably, as all terms containing powers of t

vanish. We obtain

Res1(x,0) = ϕ1(x)+ϕ0(x)ϕ ′
0(x) (2.12)

Imposing the condition that the residual function must be zero at the initial time, i.e., Res1(x,0) = 0, leads

to an algebraic equation for ϕ1(x):

ϕ1(x) =−ϕ0(x)ϕ ′
0(x) (2.13)

By compensation we find :

ϕ1(x) =−x

With ϕ0(x) known from the initial condition, this relation directly provides the first coefficient. Subse-

quently, the first-order RPS approximate solution can be constructed as

u1(x, t) = x(−1− tα

Γ(1+α)
) (2.14)

This process is then repeated for higher-order approximations. For the second coefficient ϕ2(x), we

substitute the second truncated series

u2(x, t) = ϕ0(x)+ϕ1(x)
tα

Γ(1+α)
+ϕ2(x)

t2α

Γ(1+2α)

into the second residual function

Res2(x, t) = Dα
t u2(x, t)+u2(x, t)

∂u2

∂x
(x, t).

This substitution yields a more involved expression:
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1. METHODOLOGY

Res2(x, t) =ϕ1(x)+ϕ2(x)
tα

Γ(1+α)
+ϕ0(x)ϕ ′

0(x)+
tα

Γ(1+α)
ϕ1(x)ϕ ′

0(x)

+
t2α

Γ(1+2α)
ϕ2(x)ϕ ′

0(x)+
tα

Γ(1+α)
ϕ0(x)ϕ ′

1(x)+
t2α

Γ2(1+α)
ϕ1(x)ϕ ′

1(x)

+
t3α

Γ(1+α)Γ(1+2α)
ϕ2(x)ϕ ′

1(x)+
t2α

Γ(1+2α)
ϕ0(x)ϕ ′

2(x)

+
t3α

Γ(1+α)Γ(1+2α)
ϕ1(x)ϕ ′

2(x)+
t4α

Γ2(1+2α)
ϕ2(x)ϕ ′

2(x)

(2.15)

Applying the fractional derivative operator Dα
t to both sides of Eq. (215) and then setting t = 0 (so that

the condition Dα
t Res2(x,0) = 0 holds) gives an equation for ϕ2(x):

ϕ2(x) =−ϕ0(x)ϕ ′
1(x)−ϕ1(x)ϕ ′

0(x) (2.16)

By compensation we find :

ϕ2(x) =−2x

Thus, using previously determined coefficients, we find ϕ2(x). The second-order approximate solution

then becomes

u2(x, t) = ϕ0(x)+ϕ1(x)
tα

Γ(1+α)
+ϕ2(x)

t2α

Γ(1+2α)
(2.17)

u2(x, t) = x
(
−1− tα

Γ(1+α)
− 2 t2α

Γ(1+2α)

)
Continuing in the same fashion, we can compute higher-order coefficients ϕ3(x),ϕ4(x), . . . by imposing

successive conditions D(k−1)α
t Resk(x,0) = 0. The resulting expressions become increasingly lengthy but

are straightforward to derive with the aid of symbolic computation. For instance, the third and fourth

coefficients take the form

ϕ3(x) = x
[
−4− Γ(1+2α)

Γ(1+α)2

]
,

u3(x, t) = x
[
−1− tα

Γ(1+α)
− 2 t2α

Γ(1+2α)
− 4 t3α

Γ(1+3α)
− t3α Γ(1+2α)

Γ(1+α)2 Γ(1+3α)

]
,

ϕ4(x) = 2x
[
−4− Γ(1+2α)

Γ(1+α)2 − 2Γ(1+3α)

Γ(1+α)Γ(1+2α)

]
,
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u4(x, t) = x

[
−1− tα

Γ(1+α)
− 2t2α

Γ(1+2α)

+

t3α

(
−4− Γ(1+2α)

Γ(1+α)2

)
Γ(1+3α)

+

2t4α

(
−4− Γ(1+2α)

Γ(1+α)2 − 2Γ(1+3α)

Γ(1+α)Γ(1+2α)

)
Γ(1+4α)

]

2. Convergence Analysis

In this section, we introduce key foundational results related to the convergence and error bounds of

approximate solutions obtained using the residual power series method (RPSM) for fractional differential

equations. We begin by providing an estimate for the limit of the residual in the context of a fractional

Taylor series. Next, we present a sufficient condition to ensure that the approximate RPSM solutions

converge to the exact solution of the problem.

Theorem 2.2.1:

[9]Let (X ,∥ · ∥) be a Banach space. we have a sequence {un(x, t)}n≥0 ⊂ X satisfying

∥un+1∥ ≤ K∥un∥ ∀n ∈ N, 0 < K < 1.

for some constant K and for every fixed 0 < t < R < 1 and x in the parameter domain.Then the sequence

{un(x, t)}n≥0 converges (geometrically) in X to a limit u(x, t) ∈ X . and the convergence is uniform in the

parameters on any domain where the above inequality holds.

Moreover, for the N-th partial sum SN = ∑
N
n=0 un, the remainder satisfies

∥∥∥u−
N

∑
n=0

un

∥∥∥≤ KN+1

1−K
∥u0∥.

Proof: We prove by induction that

∥un∥ ≤ Kn∥u0∥ ∀n ≥ 0. (*)

For n = 0 the statement is trivial. Assuming it holds for some n, we have

∥un+1∥ ≤ K∥un∥ ≤ K ·Kn∥u0∥= Kn+1∥u0∥,

which completes the induction.
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Next, we estimate the difference between successive terms using the triangle inequality and the

inductive bound (∗):

∥un+1 −un∥ ≤ ∥un+1∥+∥un∥ ≤ (Kn+1 +Kn)∥u0∥= Kn(1+K)∥u0∥. (**)

For any integers n > m ≥ 0, write the difference as a telescoping sum:

un −um =
n

∑
j=m+1

(u j −u j−1).

Applying the triangle inequality and the estimate (∗∗), we obtain

∥un −um∥ ≤
n

∑
j=m+1

∥u j −u j−1∥ ≤
n

∑
j=m+1

K j−1(1+K)∥u0∥.

The right-hand side involves a finite geometric series. Indeed,

n

∑
j=m+1

K j−1 = Km +Km+1 + · · ·+Kn−1.

This is a geometric series with first term Km, common ratio K, and n−m terms. Using the standard

formula for the sum of a finite geometric series,

n

∑
j=m+1

K j−1 = Km 1−Kn−m

1−K
, (K ̸= 1).

Substituting this into the estimate yields

∥un −um∥ ≤ (1+K)∥u0∥ ·Km 1−Kn−m

1−K
.

Since 1−Kn−m ≤ 1, we obtain the simpler bound

∥un −um∥ ≤
(1+K)Km

1−K
∥u0∥. (***)

Because 0 < K < 1, we have Km → 0 as m → ∞. Hence ∥un −um∥→ 0 as n,m → ∞. Therefore, {un} is

a Cauchy sequence.

Since X is a Banach space (i.e., a complete normed vector space), every Cauchy sequence converges in X .
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Consequently, there exists an element u ∈ X such that

un → u in X .

Now, let SN = ∑
N
n=0 un denote the N-th partial sum of the series ∑

∞
n=0 un. Then the remainder is given by

u−SN =
∞

∑
n=N+1

un.

Using the triangle inequality and the inductive bound (∗),

∥u−SN∥ ≤
∞

∑
n=N+1

∥un∥ ≤
∞

∑
n=N+1

Kn∥u0∥.

The infinite series on the right-hand side is geometric with ratio K. Its sum is

∞

∑
n=N+1

Kn = KN+1(1+K +K2 + · · ·) = KN+1

1−K
.

Thus, we obtain the remainder estimate

∥u−SN∥ ≤
KN+1

1−K
∥u0∥. (****)

In particular, since KN+1 → 0 as N → ∞, this confirms the convergence of the series ∑
∞
n=0 un to u. Finally,

we address the uniformity of convergence with respect to the parameters x, t. Assume that the constant

K is independent of the parameters and that ∥u0(x, t)∥ is uniformly bounded; i.e., there exists a constant

M < ∞ such that

M = sup
x,t

∥u0(x, t)∥< ∞.

Then from estimate (∗∗), we have

sup
x,t

∥∥∥∥∥u(x, t)−
N

∑
n=0

un(x, t)

∥∥∥∥∥≤ KN+1

1−K
M.

The right-hand side tends to zero as N → ∞ and does not depend on x, t. Hence, the convergence is

uniform in the parameters.
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Numerical Implemrntation

This chapter focuses on the practical implementation of the Residual Power Series Method (RPSM)

for solving nonlinear partial differential equations involving fractional derivatives in time. To illustrate

its capabilities, the chapter applies the method to several test cases derived from the fractional-time

nonlinear Kuramoto–Sivashinsky(KS)Equation.It first details how the RPSM is adapted to the general

form of this equation, then moves on to explore specific instances. The accuracy of the obtained solutions

is evaluated by comparing them with both exact analytical results and those produced by alternative

numerical approaches. Tables and various graphical illustrations, including two- and three-dimensional

plots, are included to clarify the findings and support the discussion.

1. General Application

This section outlines the general steps for using the Residual Power Series Method (RPSM) to solve the

nonlinear fractional-time Kuramoto Sivashinski (KS) equation. It begins with the general formula of the

equation and then reviews the key components of the process: how to formulate the problem and how to

construct the power series solution. The discussion focuses on the initial value problem formulated using

Caputo’s derivative.

The equation is defined as follows:



Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+a
∂ 2u
∂x2 (x, t)+b

∂ 3u
∂x3 (x, t)+ c

∂ 4u
∂x4 (x, t) = 0,

x ∈ R, t ∈ [0,T ], 0 < α ≤ 1,

u(x,0) = ϕ(x).

(3.1)
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where a, b, and c are constants,

Given the nonlinear fractional-time Kuramoto-Sivashinski (KS) equation in problem (3.1), and considering

the initial condition, according to the Residual Power Series Method (RPSM), the solution is written as a

fractional power series.

u(x, t) =
∞

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
(3.2)

Using the initial condition

ϕ0(x) = ϕ(x). (3.3)

The k-th truncated series approximation is given by :

uk(x, t) = ϕ(x)+
k

∑
n=1

ϕn(x)
tnα

Γ(1+nα)
(3.4)

To obtain the value of coefficients ϕn(x),n = 1,2, . . . ,k in series expanded of Eq.(3.4), Residual function

Res is given by

Res(x, t) = Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+a
∂ 2u
∂x2 (x, t)+b

∂ 3u
∂x3 (x, t)+ c

∂ 4u
∂x4 (x, t). (3.5)

and the k-th Residual functions of equation (3.1) is defined by:

Resk(x, t) = Dα
t uk(x, t)+uk(x, t)

∂uk

∂x
(x, t)+a

∂ 2uk

∂x2 (x, t)+b
∂ 3uk

∂x3 (x, t)+ c
∂ 4uk

∂x4 (x, t). (3.6)

to find the needed coefficients ϕn(x) for n = 1,2, . . . ,k in Eq.(3.4).

To obtain ϕ1(x), we consider k = 1 in Eq. (3.6),

Res1(x, t) = ϕ1(x)+
[

ϕ(x)+
tαϕ1(x)
Γ(1+α)

][
ϕ
′(x)+

tαϕ ′
1(x)

Γ(1+α)

]
+a
[

ϕ
′′(x)+

tαϕ ′′
1 (x)

Γ(1+α)

]
+b

[
ϕ
(3)(x)+

tαϕ
(3)
1 (x)

Γ(1+α)

]
+ c

[
ϕ
(4)(x)+

tαϕ
(4)
1 (x)

Γ(1+α)

]

Where, the first truncated solution is :

u1(x, t) = ϕ(x)+ϕ1(x)
tα

Γ(1+α)
.
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Where, we know that Res1(x, t) = 0 at t = 0 and thus,

ϕ1(x) =−ϕ(x)ϕ ′(x)−aϕ
′′(x)−bϕ

(3)(x)− cϕ
(4)(x)

and

u1(x, t) =
ϕ(x) [Γ(1+α)− tαϕ ′(x)]− tα

[
aϕ ′′(x)+bϕ(3)(x)+ cϕ(4)(x)

]
Γ(1+α)

Likewise, to obtain the form of the second unknown coefficient ϕ2(x), we write k = 2 in Eq.(3.6),

Res2(x, t) =−bϕ
3(x)−ϕ(x)ϕ ′(x)−aϕ

′′(x)− cϕ
(4)(x)+

tα

Γ(1+α)
ϕ2(x)

+

[
ϕ(x)+

t2α

Γ(1+2α)
ϕ2(x)+

tα

Γ(1+α)

(
−bϕ

3(x)−ϕ(x)ϕ ′(x)−aϕ
′′(x)

− cϕ
(4)(x)

)]
×

[
ϕ
′(x)+

t2α

Γ(1+2α)
ϕ
′
2(x)+

tα

Γ(1+α)

(
− (ϕ ′(x))2 −b(ϕ3)′(x)

−ϕ(x)ϕ ′′(x)−aϕ
(3)(x)− cϕ

(5)(x)
)]

+a

[
ϕ
′′(x)+

t2α

Γ(1+2α)
ϕ
′′
2 (x)

+
tα

Γ(1+α)

(
−3ϕ

′(x)ϕ ′′(x)−b(ϕ3)′′(x)−ϕ(x)ϕ(3)(x)−aϕ
(4)(x)− cϕ

(6)(x)
)]

+b

[
ϕ
(3)(x)+

t2α

Γ(1+2α)
ϕ
(3)
2 (x)+

tα

Γ(1+α)

(
−3(ϕ ′′(x))2 −4ϕ

′(x)ϕ(3)(x)

−b(ϕ3)(3)(x)−ϕ(x)ϕ(4)(x)−aϕ
(5)(x)− cϕ

(7)(x)
)]

+ c

[
ϕ
(4)(x)+

t2α

Γ(1+2α)
ϕ
(4)
2 (x)

+
tα

Γ(1+α)

(
−10ϕ

′′(x)ϕ(3)(x)−5ϕ
′(x)ϕ(4)(x)−b(ϕ3)(4)(x)−ϕ(x)ϕ(5)(x)

−aϕ
(6)(x)− cϕ

(8)(x)
)]

.

where

u2(x, t) = ϕ(x)+ϕ1(x)
tα

Γ(1+α)
+ϕ2(x)

t2α

Γ(1+2α)
. (3.7)
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1. GENERAL APPLICATION

we know that Dα
t Res2(x, t)|t=0 = 0 and thus,

ϕ2(x) =bϕ
3(x)ϕ ′(x)+ϕ

2(x)ϕ ′′(x)+4aϕ
′(x)ϕ ′′(x)+3b(ϕ ′′(x))2 +ab(ϕ3)′′(x)

+4bϕ
′(x)ϕ(3)(x)+10cϕ

′′(x)ϕ(3)(x)+b2(ϕ3)(3)(x)+a2
ϕ
(4)(x)

+6cϕ
′(x)ϕ(4)(x)+bc(ϕ3)(4)(x)+abϕ

(5)(x)+ϕ(x)
[
2(ϕ ′(x))2 +b(ϕ3)′(x)

+2aϕ
(3)(x)+bϕ

(4)(x)+2cϕ
(5)(x)

]
+2acϕ

(6)(x)+bcϕ
(7)(x)+ c2

ϕ
(8)(x).

and

u2(x, t) =
1

Γ(1+α)Γ(1+2α)

[
t2α

Γ(1+α)ϕ
2(x)ϕ ′′(x)+ϕ(x)

(
− tα

Γ(1+2α)ϕ ′(x)

+2t2α
Γ(1+α)(ϕ ′(x))2 +Γ(1+α)

(
Γ(1+2α)+bt2α(ϕ3)′(x)+2at2α

ϕ
(3)(x)

+bt2α
ϕ
(4)(x)+2ct2α

ϕ
(5)(x)

))
+ tα

(
−bϕ

3(x)
(
Γ(1+2α)− tα

Γ(1+α)ϕ ′(x)
)

+3btα
Γ(1+α)(ϕ ′′(x))2 +abtα

Γ(1+α)(ϕ3)′′(x)+4btα
Γ(1+α)ϕ ′(x)ϕ(3)(x)

+ϕ
′′(x)

(
−aΓ(1+2α)+4atα

Γ(1+α)ϕ ′(x)+10ctα
Γ(1+α)ϕ(3)(x)

)
+b2tα

Γ(1+α)(ϕ3)(3)(x)+a2tα
Γ(1+α)ϕ(4)(x)− cΓ(1+2α)ϕ(4)(x)

+6ctα
Γ(1+α)ϕ ′(x)ϕ(4)(x)+bctα

Γ(1+α)(ϕ3)(4)(x)+abtα
Γ(1+α)ϕ(5)(x)

+2actα
Γ(1+α)ϕ(6)(x)+bctα

Γ(1+α)ϕ(7)(x)+ c2tα
Γ(1+α)ϕ(8)(x)

)]

.

Similarly to obtain ϕ3(x), we consider k = 3 in Eq. (3.6),

Res3(x, t) =−b(ϕ3)[x]+
t2αϕ3[x]

Γ(1+2α)
−ϕ[x](ϕ ′)[x]+

btα(ϕ3)[x](ϕ ′)[x]
Γ(1+α)

+
2tαϕ[x](ϕ ′[x])2

Γ(1+α)

+
btαϕ[x]((ϕ3)′)[x]

Γ(1+α)
−a(ϕ ′′)[x]+

tαϕ[x]2(ϕ ′′)[x]
Γ(1+α)

+
4atα(ϕ ′)[x](ϕ ′′)[x]

Γ(1+α)

+
3btα(ϕ ′′)[x]2

Γ(1+α)
+

abtα((ϕ3)′′)[x]
Γ(1+α)

+
2atαϕ[x](ϕ3)[x]

Γ(1+α)
+

4btα(ϕ ′)[x](ϕ3)[x]
Γ(1+α)

+
10ctα(ϕ ′′)[x](ϕ3)[x]

Γ(1+α)
+

b2tα((ϕ3)3)[x]
Γ(1+α)

− c(ϕ(4))[x]+
a2tα(ϕ(4))[x]

Γ(1+α)

+
btαϕ[x](ϕ(4))[x]

Γ(1+α)
+

6ctα(ϕ ′)[x](ϕ(4))[x]
Γ(1+α)

+
bctα((ϕ3)(4))[x]

Γ(1+α)
+

abtα(ϕ(5))[x]
Γ(1+α)

+
2ctαϕ[x](ϕ(5))[x]

Γ(1+α)
+

2actα(ϕ(6))[x]
Γ(1+α)

+
bctα(ϕ(7))[x]

Γ(1+α)
+

c2tα(ϕ(8))[x]
Γ(1+α)

+

[
ϕ[x]+

t3αϕ3[x]
Γ(1+3α)

+
tα

(
−b(ϕ3)[x]−ϕ[x](ϕ ′)[x]−a(ϕ ′′)[x]− c(ϕ(4))[x]

)
Γ(1+α)

+
t2α

Γ(1+2α)

(
b(ϕ3)[x](ϕ ′)[x]+ . . .
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1. GENERAL APPLICATION

where

u3(x, t) = ϕ(x)+ϕ1(x)
tα

Γ(1+α)
+ϕ2(x)

t2α

Γ(1+2α)
+ϕ3(x)

t3α

Γ(1+3α)
. (3.8)

When D2α
t Res3(x,0) = 0 and thus,

ϕ3(x) =−16a(ϕ ′[x])2
ϕ
′′[x]− aΓ[1+2α](ϕ ′[x])2ϕ ′′[x]

Γ[1+α]2
−3ab((ϕ3)′[x])ϕ ′′[x]

− abΓ[1+2α]((ϕ3)′[x])ϕ ′′[x]
Γ[1+α]2

−33b(ϕ ′[x])(ϕ ′′[x])2 −30c(ϕ ′′[x])3 −4ab(ϕ ′[x])((ϕ3)′′[x])

−6b2(ϕ ′′[x])((ϕ3)′′[x])−ϕ[x]3ϕ
(3)[x]−24b(ϕ ′[x])2

ϕ
(3)[x]−4b2((ϕ3)′[x])ϕ(3)[x]

−14a2(ϕ ′′[x])ϕ(3)[x]− a2Γ[1+2α](ϕ ′′[x])ϕ(3)[x]
Γ[1+α]2

− . . .

and

u3(x, t) =ϕ[x]−
tα
(
b(ϕ3)[x]+ϕ[x]ϕ ′[x]+aϕ ′′[x]+ cϕ(4)[x]

)
Γ[1+α]

+
t2α

Γ[1+2α]

[
b(ϕ3)[x]ϕ ′[x]+ϕ[x]2ϕ

′′[x]+4aϕ
′[x]ϕ ′′[x]+3b(ϕ ′′[x])2

+ab(ϕ3)′′[x]+4bϕ
′[x]ϕ(3)[x]+10cϕ

′′[x]ϕ(3)[x]+b2(ϕ3)(3)[x]

+a2
ϕ
(4)[x]+6cϕ

′[x]ϕ(4)[x]+bc(ϕ3)(4)[x]+abϕ
(5)[x]

+ϕ[x]
(
2(ϕ ′[x])2 +b(ϕ3)′[x]+2aϕ

(3)[x]+bϕ
(4)[x]+2cϕ

(5)[x]
)

+2acϕ
(6)[x]+bcϕ

(7)[x]+ c2
ϕ
(8)[x]

]
− t3α

Γ[1+α]2Γ[1+3α]

[
16aΓ[1+α]2(ϕ ′[x])2

ϕ
′′[x]+ . . .

Repeating the above operation for, we find the unknown coefficients ϕk(x). The solution of equation (3.1)
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2. EXAMPLES AND CASE STUDIES

2. Examples And Case Studies

This section presents several test cases and numerical examples to demonstrate the efficiency and accuracy

of the Residual Power Series Method (RPSM) in solving the time-fractional Kuramoto–Sivashinsky (KS)

equation under different initial conditions and parameter values.

2.1 Application 1

By substituting a =−1,b = 0,c = 1. into the equation (3.1), we find :



Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)− ∂ 2u
∂x2 (x, t)+

∂ 4u
∂x4 (x, t) = 0,

x ∈ R, t ∈ [0,T ], 0 < α ≤ 1,

u(x,0) = µ +
15tanh3

(
ρ(x−η)

)
−45tanh

(
ρ(x−η)

)
19

√
19

.

(3.9)

where µ,ρ and η are real constants.

By taking α = 1, we obtain the exact solution as [2]

u(x, t) = µ +
15 tanh3(ρ(x−µt −η))−45 tanh(ρ(x−µt −η))

19
√

19

For: µ = 3
4 ,ρ = 1

2
√

19
,η =−25 Applying the RPSM method to solve equation (3.9),Suppose the solution

is written as the following power series.

u(x, t) =
∞

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
(3.10)

We consider that uk(x, t) is k. truncated series of u(x, t)

uk(x, t) = ϕ(x)+
k

∑
n=1

ϕn(x)
tnα

Γ(1+nα)
, k = 1,2,3, . . . (3.11)

where u0(x, t) = u(x,0) = ϕ0(x) = ϕ(x)

To obtain the value of coefficients ϕn(x),n = 1,2, . . . ,k in series expanded of Eq.(3.9), Residual function

Res is given by

Res(x, t) = Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)− ∂ 2u
∂x2 (x, t)+

∂ 4u
∂x4 (x, t). (3.12)
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2. EXAMPLES AND CASE STUDIES

and the k-th Residual functions of equation (3.9) is defined by:

Resk(x, t) = Dα
t uk(x, t)+uk(x, t)

∂uk

∂x
(x, t)− ∂ 2uk

∂x2 (x, t)+
∂ 4uk

∂x4 (x, t). (3.13)

to find the needed coefficients ϕn(x) for n = 1,2, . . . ,k in Eq.(3.11). To obtain ϕ1(x), we consider k = 1

in Eq. (3.13),

Where, we know that Res1(x, t) = 0 at t = 0 and thus,

ϕ1(x) =
135

2888
sech4

(
25+ x
2
√

19

)

Likewise, to obtain the form of the second unknown coefficient ϕ2(x), we write k = 2 in Eq.(3.13), we

know that Dα
t Res2(x, t)|t=0 = 0 and thus,

ϕ2(x) =
810 csch5

(
25+x
2
√

19

)
sinh6

(
25+x
2
√

19

)
361

√
19

Similarly to obtain ϕ3(x), we consider k = 3 in Eq. (3.13),

When D2α
t Res3(x,0) = 0 and thus,

ϕ3(x) =
1215 sech9

(
25+x
2
√

19

)
1267762688Γ(1+α)2

[
240

√
19Γ(1+2α) sinh

(
25+ x
2
√

19

)

+Γ(1+α)2

(
−1805 cosh

(
25+ x
2
√

19

)
+361 cosh

(
5(25+ x)

2
√

19

)

−480
√

19 sinh
(

25+ x
2
√

19

))]

and

u3(x, t) =
3
4
+

135 tα sech4
(

25+x
2
√

19

)
2888Γ(1+α)

+
810 t2α csch5

(
25+x
2
√

19

)
sinh6

(
25+x
2
√

19

)
361

√
19Γ(1+2α)

+
15 tanh

(
25+x
2
√

19

)(
−3+ tanh2

(
25+x
2
√

19

))
19
√

19
+

1215 t3α sech9
(

25+x
2
√

19

)
1267762688Γ(1+α)2 Γ(1+3α)

×

[
240

√
19Γ(1+2α) sinh

(
25+ x
2
√

19

)
+Γ(1+α)2

(
−1805 cosh

(
25+ x
2
√

19

)

+361 cosh
(

5(25+ x)
2
√

19

)
−480

√
19 sinh

(
25+ x
2
√

19

))]
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2. EXAMPLES AND CASE STUDIES
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2. EXAMPLES AND CASE STUDIES

Table 3.1 shows that the RPSM achieves extremely small numerical errors (down to 10−13) for all

fractional orders α , with a clear superiority over NTDM [2], as the error of RPSM is several orders of

magnitude smaller, reflecting its high efficiency. The parameter α represents the order of the fractional

derivative and expresses the level of memory or cumulative effect of the system. When α < 1, the system

at a given time t does not depend only on its instantaneous state, but also on its past evolution over time,

meaning that the solution exhibits a time-dependent memory effect. The results also indicate that the

accuracy of the method improves as α approaches the classical case (α = 1), where the memory effect

gradually disappears and the system becomes local in time, depending only on the current state. Therefore,

these findings confirm that α not only affects the form of the solution but also determines the temporal

nature of the system, and that RPSM provides an accurate and stable numerical approximation over time

for different values of α .

0.0 0.2 0.4 0.6 0.8 1.0
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-15 -10 -5 0 5 10 15
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3.4

3.6

3.8

Exact Solution α=1 α=0.8 α=0.6 α=0.4

(a) Fixed x = 1 with 0 ≤ t ≤ 1. (b) Fixed t = 1 with −15 ≤ x ≤ 15.

Figure 3.1: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders α (α = 1,α = 0.8,α = 0.6,α = 0.4) for Application 1.

Figure 3.1 presents a 2D comparison between the exact solution and the RPSM approximation for

the fractional orders α (α = 1,α = 0.8,α = 0.6 and α = 0.4). Panel (a) illustrates the time evolution

at the fixed spatial point x = 1 for 0 ≤ t ≤ 1, while panel (b) depicts the spatial distribution at the fixed

time t = 1 for −15 ≤ x ≤ 15. Both plots clearly show that the agreement between the approximate and

exact solutions improves steadily as α approaches unity. A perfect match is observed at α = 1, which

is expected because the fractional derivative reduces to the classical integer-order derivative, allowing

the RPSM representation to recover the exact solution fully. For smaller values, such as α = 0.4, a slight

discrepancy emerges due to the stronger memory effects inherent in fractional operators. Despite this,

the RPSM approximation consistently exhibits excellent accuracy across the entire temporal and spatial

domains, demonstrating the method’s reliability for analyzing fractional differential models.
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2. EXAMPLES AND CASE STUDIES

(a) Exact Solution (b) α = 1 (c) α = 0.8

(d) α = 0.6 (e) α = 0.4

Figure 3.2: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders α(α = 1,α = 0.8,α = 0.6,α = 0.4) for Application 1.

Figure 3.2 displays 3D surface plots comparing the exact solution and the RPSM approximation

for fractional orders α(α = 1,α = 0.8,α = 0.6,α = 0.4). The horizontal axes correspond to the spatial

variable x ∈ [−20,20] and the temporal variable t ∈ [0,1.5], while the vertical axis represents the solution

u(x, t). The surfaces clearly demonstrate that the approximate solution visually coincides with the exact

solution across the entire domain when α = 1, and the agreement remains excellent for values close

to unity such as α = 0.8. As α decreases towards 0.6 and 0.4, slight deviations become noticeable in

certain regions, reflecting the stronger memory effects inherent in fractional operators. Nonetheless, the

RPSM method consistently captures the overall structure of the solution with high fidelity, confirming its

reliability for simulating fractional differential equations over the considered ranges.
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2. EXAMPLES AND CASE STUDIES

2.2 Application 2

By substituting a = 1,b = 0,c = 1. into the equation (3.1), we find :



Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+
∂ 2u
∂x2 (x, t)+

∂ 4u
∂x4 (x, t) = 0,

x ∈ R, t ∈ [0,T ], 0 < α ≤ 1,

u(x,0) = µ + 15
19

√
11
19

(
−9 tanh

(
ρ(x−η)

)
+11 tanh3(

ρ(x−η)
))

(3.14)

where µ,ρ and η are real constants.

By taking α = 1, we obtain the exact solution as [2]

u(x, t) = µ +
15
19

√
11
19
(
−9 tanh

(
ρ(x−µt −η)

)
+11 tanh3(

ρ(x−µt −η)
))

For: µ = 3
4 ,ρ =

√
11

2
√

19
,η =−25 Applying the RPSM method to solve equation (3.14),Suppose the solution

is written as the following power series.

u(x, t) =
∞

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
(3.15)

We consider that uk(x, t) is k. truncated series of u(x, t)

uk(x, t) = ϕ(x)+
k

∑
n=1

ϕn(x)
tnα

Γ(1+nα)
, k = 1,2,3, . . . (3.16)

where u0(x, t) = u(x,0) = ϕ0(x) = ϕ(x)

To obtain the value of coefficients ϕn(x),n = 1,2, . . . ,k in series expanded of Eq.(3.14), Residual function

Res is given by

Res(x, t) = Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+
∂ 2u
∂x2 (x, t)+

∂ 4u
∂x4 (x, t). (3.17)

and the k-th Residual functions of equation (3.14) is defined by:

Resk(x, t) = Dα
t uk(x, t)+uk(x, t)

∂uk

∂x
(x, t)+

∂ 2uk

∂x2 (x, t)+
∂ 4uk

∂x4 (x, t). (3.18)

to find the needed coefficients ϕn(x) for n = 1,2, . . . ,k in Eq.(3.16). To obtain ϕ1(x), we consider k = 1

in Eq. (3.18),
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2. EXAMPLES AND CASE STUDIES

Where, we know that Res1(x, t) = 0 at t = 0 and thus,

ϕ1(x) =−1485
2888

[
−7+4cosh

(√
11
19

(25+ x)

)]
sech4

(
1
2

√
11
19

(25+ x)

)

Likewise, to obtain the form of the second unknown coefficient ϕ2(x), we write k = 2 in Eq.(3.18), we

know that Dα
t Res2(x, t)|t=0 = 0 and thus,

ϕ2(x) =−4455
5776

√
11
19

sech5

(
1
2

√
11
19

(25+ x)

)[
−10sinh

(
1
2

√
11
19

(25+ x)

)

+sinh

(
3
2

√
11
19

(25+ x)

)]

Similarly to obtain ϕ3(x), we consider k = 3 in Eq. (3.18),

When D2α
t Res3(x,0) = 0 and thus,

ϕ3(x) =− 147015
2535525376Γ(1+α)2 sech9

(
1
2

√
11
19

(25+ x)

)

×

[
−480

√
209Γ(1+2α)

[
92sinh

(
1
2

√
11
19

(25+ x)

)
−27sinh

(
3
2

√
11
19

(25+ x)

)

+2sinh

(
5
2

√
11
19

(25+ x)

)]
+Γ(1+α)2

[
30685cosh

(
1
2

√
11
19

(25+ x)

)

−3249cosh

(
3
2

√
11
19

(25+ x)

)
−7581cosh

(
5
2

√
11
19

(25+ x)

)

+361cosh

(
7
2

√
11
19

(25+ x)

)
+88320

√
209sinh

(
1
2

√
11
19

(25+ x)

)

−25920
√

209sinh

(
3
2

√
11
19

(25+ x)

)
+1920

√
209sinh

(
5
2

√
11
19

(25+ x)

)]]
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2. EXAMPLES AND CASE STUDIES

and

u3(x, t) =
3
4
−

1485 tα

[
−7+4cosh

(√
11
19(25+ x)

)]
sech4

(
1
2

√
11
19(25+ x)

)
2888Γ(1+α)

−
4455

√
11
19 t2α sech5

(
1
2

√
11
19(25+ x)

)
361Γ(1+2α)

[
−10sinh

(
1
2

√
11
19

(25+ x)

)

+sinh

(
3
2

√
11
19

(25+ x)

)]
−

147015 t3α sech9
(

1
2

√
11
19(25+ x)

)
2535525376Γ(1+α)2Γ(1+3α)

×

[
−480

√
209Γ(1+2α)

[
92sinh

(
1
2

√
11
19

(25+ x)

)
−27sinh

(
3
2

√
11
19

(25+ x)

)

+2sinh

(
5
2

√
11
19

(25+ x)

)]
+Γ(1+α)2

[
30685cosh

(
1
2

√
11
19

(25+ x)

)

−3249cosh

(
3
2

√
11
19

(25+ x)

)
−7581cosh

(
5
2

√
11
19

(25+ x)

)

+361cosh

(
7
2

√
11
19

(25+ x)

)
+88320

√
209sinh

(
1
2

√
11
19

(25+ x)

)

−25920
√

209sinh

(
3
2

√
11
19

(25+ x)

)
+1920

√
209sinh

(
5
2

√
11
19

(25+ x)

)]]

+
15
19

√
11
19

tanh

(
1
2

√
11
19

(25+ x)

)[
−9+11tanh2

(
1
2

√
11
19

(25+ x)

)]
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2. EXAMPLES AND CASE STUDIES

Table 3.2 shows that the RPSM achieves extremely small numerical errors (down to 10−14) for all

fractional orders α , with a consistent and clear superiority over NTDM [2] across all spatial and temporal

grid points (x, t). The results indicate that the difference between the two methods spans several orders of

magnitude, confirming the high accuracy and efficiency of the proposed method. On the other hand, it is

observed that the accuracy of RPSM improves as α increases. In particular, the results at α = 0.8 are

very close to those obtained at the classical case α = 1, with only a negligible difference between them.

This behavior indicates the rapid stabilization of the method and its fast convergence toward the classical

solution over time. A similar general trend is also observed in Table 3.1, where RPSM consistently

outperforms NTDM and the accuracy improves as α approaches 1. However, Table 3.2 exhibits smaller

errors and stronger numerical stability, especially for larger values of α , which further confirms the

robustness of the method across different applications.
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-15 -10 -5 0 5 10 15
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Exact Solution α=1 α=0.8 α=0.6 α=0.4

(a) Fixed x = 10 with 0 ≤ t ≤ 1. (b) Fixed t = 0.5 with −15 ≤ x ≤ 15.

Figure 3.3: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders α (α = 1,α = 0.8,α = 0.6,α = 0.4) for Application 2.

Figure 3.3 presents a 2D comparison between the exact solution and the RPSM approximation for

the fractional orders α = 1,0.8,0.6, and 0.4. Panel (a) shows the time evolution at the fixed spatial point

x = 10 over the interval 0≤ t ≤ 1, while panel (b) illustrates the spatial distribution at the fixed time t = 0.5

over −15 ≤ x ≤ 15. The results clearly indicate that the agreement between the exact and approximate

solutions improves as α approaches 1, with a perfect match observed at α = 1. This is expected since

the fractional derivative reduces to the classical integer-order derivative in this case, allowing the RPSM

to recover the exact solution exactly. For smaller values such as α = 0.4, slight deviations appear due

to the stronger memory effects inherent in fractional operators. Nevertheless, the RPSM approximation

maintains high accuracy across both the temporal and spatial domains, confirming its efficiency and

reliability in solving fractional differential models.
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(a) Exact Solution (b) α = 1 (c) α = 0.8

(d) α = 0.6 (e) α = 0.4

Figure 3.4: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders α(α = 1,α = 0.8,α = 0.6,α = 0.4) for Application 2.

Figure 3.4 presents 3D surface plots comparing the exact solution with the RPSM approximation

for different fractional orders α (α = 1,0.8,0.6,0.4). The horizontal axis represents the spatial variable

x ∈ [−20,20], while the other axis corresponds to the temporal variable t ∈ [0,0.5], and the vertical axis

denotes the solution u(x, t). The results show that the approximate solution nearly coincides with the

exact solution when α = 1, and this agreement remains very strong for values close to unity such as

α = 0.8. As α decreases to 0.6 and 0.4, slight discrepancies begin to appear in certain regions, which is

associated with the increasing memory effect inherent in fractional operators. Nevertheless, the RPSM

method consistently preserves the overall structure of the solution across all considered cases, confirming

its efficiency and reliability in handling fractional differential equations of varying orders.
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2.3 Application 3

By substituting a = 1,b = 4,c = 1. into the equation (3.1), we find :



Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+
∂ 2u
∂x2 (x, t)+4

∂ 3u
∂x3 (x, t)+

∂ 4u
∂x4 (x, t) = 0,

x ∈ R, t ∈ [0,T ], 0 < α ≤ 1,

u(x,0) = µ +9−15
(

tanh
(
ρ(x−η)

)
+ tanh2(

ρ(x−η)
)
− tanh3(

ρ(x−η)
))

(3.19)

where µ,ρ and η are real constants.

By taking α = 1, we obtain the exact solution as [22]

u(x, t) = µ +9−15
(

tanh
(
ρ(x−µt −η)

)
+ tanh2(

ρ(x−µt −η)
)
− tanh3(

ρ(x−µt −η)
))

For: µ = 3,ρ = 1
2 ,η =−13 Applying the RPSM method to solve equation (3.19),Suppose the solution is

written as the following power series.

u(x, t) =
∞

∑
n=0

ϕn(x)
tnα

Γ(1+nα)
(3.20)

We consider that uk(x, t) is k. truncated series of u(x, t)

uk(x, t) = ϕ(x)+
k

∑
n=1

ϕn(x)
tnα

Γ(1+nα)
, k = 1,2,3, . . . (3.21)

where u0(x, t) = u(x,0) = ϕ0(x) = ϕ(x)

To obtain the value of coefficients ϕn(x),n = 1,2, . . . ,k in series expanded of Eq.(3.19), Residual function

Res is given by

Res(x, t) = Dα
t u(x, t)+u(x, t)

∂u
∂x

(x, t)+
∂ 2u
∂x2 (x, t)+

∂ 4u
∂x4 (x, t). (3.22)

and the k-th Residual functions of equation (3.19) is defined by:

Resk(x, t) = Dα
t uk(x, t)+uk(x, t)

∂uk

∂x
(x, t)+

∂ 2uk

∂x2 (x, t)+
∂ 4uk

∂x4 (x, t). (3.23)
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to find the needed coefficients ϕn(x) for n = 1,2, . . . ,k in Eq.(3.21). To obtain ϕ1(x), we consider k = 1

in Eq. (3.23), Where, we know that Res1(x, t) = 0 at t = 0 and thus,

ϕ1(x) =
360e13

(
cosh

( x
2

)
− sinh

( x
2

))(
(−1+2e13)cosh

( x
2

)
+(1+2e13)sinh

( x
2

))(
(1+ e13)cosh

( x
2

)
+(−1+ e13)sinh

( x
2

))4

Likewise, to obtain the form of the second unknown coefficient ϕ2(x), we write k = 2 in Eq.(3.23), we

know that Dα
t Res2(x, t)|t=0 = 0 and thus,

ϕ2(x) =
1080e13

(
cosh

( x
2

)
− sinh

( x
2

))(
−7e13 +(1+4e26)cosh(x)+(−1+4e26)sinh(x)

)(
(1+ e13)cosh

( x
2

)
+(−1+ e13)sinh

( x
2

))5

Similarly to obtain ϕ3(x), we consider k = 3 in Eq. (3.23),

When D2α
t Res3(x,0) = 0 and thus,

ϕ3(x) =
3240e13

(
cosh

( x
2

)
− sinh

( x
2

))
Γ[1+α]2

(
(1+ e13)cosh

( x
2

)
+(−1+ e13)sinh

( x
2

))9

[
40e13

Γ[1+2α]

(
−18e26 + e13(9+8e26)cosh(x)− cosh(2x)−9e13 sinh(x)+8e39 sinh(x)+ sinh(2x)

)
+Γ[1+α]2

(
1402e39 − e26(702+697e26)cosh(x)+(95e13 −9e65)cosh(2x)

− cosh(3x)+8e78 cosh(3x)+702e26 sinh(x)−697e52 sinh(x)−95e13 sinh(2x)

−9e65 sinh(2x)+ sinh(3x)+8e78 sinh(3x)
)]
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2. EXAMPLES AND CASE STUDIES

and

u3(x, t) = − 3
Γ[1+α]2Γ[1+2α]Γ[1+3α]((1+ e13)cosh(x/2)+(−1+ e13)sinh(x/2))9

×

[
−120e13tα

Γ[1+α]Γ[1+2α]Γ[1+3α](cosh(x/2)− sinh(x/2))

× ((1+ e13)cosh(x/2)+(−1+ e13)sinh(x/2))5 × ((−1+2e13)cosh(x/2)

+(1+2e13)sinh(x/2))−43200e26t3α
Γ[1+2α]2(cosh(x)− sinh(x))

×

[
−9e13(−1+2e13)cosh(x/2)+(−1+8e39)cosh(3x/2)−9e13 sinh(x/2)

−18e26 sinh(x/2)+ sinh(3x/2)+8e39 sinh(3x/2)

]

+Γ[1+α]2

[
−360e13t2α

Γ[1+3α](cosh(x/2)− sinh(x/2))((1+ e13)cosh(x/2)

+(−1+ e13)sinh(x/2))4

(
−7e13 +(1+4e26)cosh(x)+(−1+4e26)sinh(x)

)

+Γ[1+2α]

(
Γ[1+3α]((1+ e13)cosh(x/2)+(−1+ e13)sinh(x/2))6

×

(
e13(−37+3e13)cosh(x/2)+(1+ e39)cosh(3x/2)+(−1+37e13 +3e26

+ e39 +2(−1+ e39)cosh(x))sinh(x/2)

)
−1080e13t3α(cosh(x/2)− sinh(x/2))

×

(
1402e39 − e26(702+697e26)cosh(x)+(95e13 −9e65)cosh(2x)− cosh(3x)

+8e78 cosh(3x)+702e26 sinh(x)−697e52 sinh(x)−95e13 sinh(2x)−9e65 sinh(2x)

+ sinh(3x)+8e78 sinh(3x)

)))]
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2. EXAMPLES AND CASE STUDIES
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2. EXAMPLES AND CASE STUDIES

Table 3.3 shows that the RPSM achieves very small numerical errors (ranging between 10−8 and

10−15) for all fractional orders α studied, with a clear superiority over the q-HATM [22] method. Unlike

the previous tables, where the accuracy of RPSM improved regularly and significantly as α increased

towards unity, we observe here that the accuracy remains similar for all values of α (0.6,0.75,0.9,1),

with the best accuracy (10−15) recorded only at α = 1, and by a slight margin over the other orders. This

behavior reflects the robustness and numerical stability of RPSM, as it remains capable of achieving very

high accuracy even at low fractional orders, without requiring significant improvement as α increases.

These results confirm that RPSM provides an accurate and reliable numerical approximation, and serves

as an effective tool in this field regardless of the value of α .
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(a) Fixed x =−10 with 0 ≤ t ≤ 0.1. (b) Fixed t = 0.7 with −15 ≤ x ≤ 15.

Figure 3.5: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders α (α = 1,α = 0.9,α = 0.75,α = 0.6) for Application 3.

Figure 3.5 presents a 2D comparison between the exact solution and the RPSM approximation for

different fractional orders α (α = 1,0.9,0.75,0.6). Panel (a) shows the time evolution at the fixed spatial

point x =−10 over the interval 0 ≤ t ≤ 0.1, while panel (b) illustrates the spatial distribution at the fixed

time t = 0.7 over the range −15 ≤ x ≤ 15. The results indicate that the agreement between the exact

and approximate solutions improves as α approaches unity, reaching a perfect match at α = 1. This

is expected since, in this case, the fractional derivative reduces to the classical integer-order derivative,

allowing the RPSM method to fully recover the exact solution. For smaller values such as α = 0.6, slight

deviations appear in some regions due to the stronger memory effects associated with fractional operators.

Nevertheless, the RPSM approximation maintains high accuracy over both spatial and temporal domains,

confirming its efficiency in analyzing fractional differential models.
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2. EXAMPLES AND CASE STUDIES

(a) Exact Solution (b) α = 1 (c) α = 0.9

(d) α = 0.75 (e) α = 0.6

Figure 3.6: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders α(α = 1,α = 0.9,α = 0.75,α = 0.6) for Application 3.

Figure 3.6 presents 3D surface plots comparing the exact solution with the RPSM approximation

for different fractional orders α (α = 1,0.9,0.75,0.6). The horizontal axis represents the spatial domain

x ∈ [−20,20], while the other axis corresponds to time t ∈ [0,0.1], and the vertical axis denotes the

solution u(x, t). The results indicate that the approximate solution almost perfectly matches the exact

solution when α = 1, and this strong agreement persists for values close to unity such as α = 0.9. As α

decreases to 0.75 and 0.6, slight discrepancies appear in certain regions due to the increasing memory

effects inherent in fractional equations. Nevertheless, the RPSM method preserves the overall structure of

the solution across all cases, confirming its effectiveness and reliability in solving fractional differential

equations.
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Conclusion

In this memoir, the semi-analytical solution of time-fractional nonlinear partial differential equations was

presented using the residual power series method (RPSM), based on the Caputo time derivative. The

method represents a direct and efficient tool that does not require linearization of the equation, decomposi-

tion of nonlinear terms, or complex transformations, which contributes to accelerating convergence and

reducing computational effort without imposing additional initial conditions. The effectiveness of the

method was verified by applying it to the time-fractional Kuramoto–Sivashinsky equation in three test

cases with different coefficients and initial conditions. The results, represented by graphical plots and error

tables, showed excellent agreement with known exact solutions, confirming the accuracy and reliability of

the method. The comparison tables for absolute and relative errors demonstrated that the RPSM, even with

a few series terms, provides highly accurate results and exhibits good numerical stability across various

values of the fractional order α , reflecting competitive performance compared to other numerical and

analytical methods applied to this type of models. The method is characterized by simplicity, flexibility,

and high accuracy. Unlike some other methods that require recomputing the decomposition of nonlinear

terms or employing integral transforms at each step to extract series coefficients, the RPSM computes

these coefficients efficiently through direct repeated differentiation using Caputo derivative rules, thereby

reducing the overall computational cost and making its implementation straightforward. Based on these

results, the residual power series method (RPSM) can be considered an effective and promising tool for

solving a wide spectrum of nonlinear fractional differential equations arising in physical and engineering

models. In the future, this method can be extended to more complex systems of coupled or delayed frac-

tional equations, applied to broader and more realistic dynamical problems, in addition to the possibility

of combining it with acceleration transforms to enhance convergence efficiency.
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