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Abstract

This memoir deals with the solution of nonlinear fractional-time partial differen-
tial equations using the Residual Power Series Method (RPSM). The method is
applied to the generalized Kuramoto—Sivashinsky (KS) equation, adopting the Ca-
puto time-fractional derivative of order o. The memoir is divided into three chap-
ters: the first chapter covers the fundamentals of fractional calculus and special
functions, the second reviews the RPSM methodology and its convergence theory,
while the third presents a numerical application to three test cases with different pa-
rameters and initial conditions. The resulting approximate solutions are compared
with exact solutions and the results of other numerical methods through error ta-
bles and two- and three-dimensional graphical plots. The results demonstrate high
accuracy, numerical stability, and low computational cost. They also highlight the
memory effect induced by the fractional order oz on wave behavior and temporal
convergence, confirming the efficiency of the method in modeling complex phys-
ical phenomena such as flame fronts, thin liquid films, and plasma.

Keywords: Fractional partial differential equations -- Caputo derivative -- Resid-
ual Power Series Method (RPSM) -- Approximate solutions -- Kuramoto—Sivashinsky
equation.



Résumé

Ce mémoire traite de la résolution des équations aux dérivées partielles non li-
néaires a temps fractionnaire en utilisant la méthode des séries de puissances rési-
duelles (RPSM). La méthode est appliquée a 1'équation de Kuramoto—Sivashinsky
(KS) généralisée, en adoptant la dérivée fractionnaire temporelle de Caputo d'ordre
a. Le mémoire est divisé en trois chapitres : le premier chapitre couvre les fon-
damentaux du calcul fractionnaire et les fonctions spéciales, le deuxiéme expose
la méthodologie de la RPSM et sa théorie de convergence, tandis que le troisieme
présente une application numérique a trois cas tests avec différents parametres et
conditions initiales. Les solutions approchées obtenues sont comparées aux solu-
tions exactes et aux résultats d'autres méthodes numériques a travers des tableaux
d'erreurs et des représentations graphiques bidimensionnelles et tridimensionnelles.
Les résultats démontrent une haute précision, une stabilité numérique et un faible
colt de calcul. Ils mettent également en évidence I'effet de mémoire introduit par
l'ordre fractionnaire « sur le comportement des ondes et la convergence tempo-
relle, confirmant I'efficacité de la méthode pour la modélisation de phénoménes
physiques complexes tels que les fronts de flamme, les films liquides minces et les
plasmas.

Mots-clés : Equations aux dérivées partielles fractionnaires -- Dérivée de Caputo
-- Méthode des séries de puissances résiduelles (RPSM) -- Solutions approchées --
Equation de Kuramoto—Sivashinsky.
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Notation

r : The Gamma function.

: The Beta function.

Eq : The Mittag-Leffler function (one-parameter).
Eqp : The Mittag-Leffler function (two-parameter).
R : Real part of a complex number.

N : Set of positive integers.

R : Set of real numbers.

C : Set of complex numbers.

I¢ : Riemann-Liouville fractional integral.

RLp« : Riemann-Liouville fractional derivative.

D“ : Caputo fractional derivative.

RPSM : Residual Power Series Method.

KS : Kuramoto—Sivashinsky.

NTDM : Natural Transform Decomposition Method.
q-HATM : g-Homotopy Analysis Transform Method.

FPS : Fractional Power Series.
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Introduction

Fractional calculus is a branch of mathematical analysis that aims to generalise the notions of differen-
tiation and integration to non-integer (fractional or real) orders, thereby enabling mathematical models to
describe memory effects and accumulated history that classical integer-order models cannot capture.
The roots of this field date back to 1695, when the Marquis de 1’Hopital asked about the meaning of a
derivative of order % Leibniz replied that such a concept could one day lead to useful results. Later,
Euler paved the way by extending the factorial concept through the Gamma function in 1730, while
Fourier introduced in 1822 an integral representation for derivatives of arbitrary order. The first practical
application was given by Abel in 1823, when he solved the tautochrone problem using a derivative of
order 1 [18],[21].

Later on, Liouville and Riemann established the theoretical foundations of this field through the intro-
duction of the Riemann-Liouville [19],[15] integral, followed by the Griinwald—Letnikov and Caputo
definitions [19], which opened the way to modern applications in viscoelastic materials, anomalous
diffusion, and control theory.

The theory of fractional differential equations is considered a natural extension of the theory of ordinary
differential equations, in which integer-order derivatives are replaced by fractional ones. This theory relies
on fractional differential and integral operators, among which the Riemann-Liouville and Caputo opera-
tors are the most prominent. The Caputo operator is generally preferred whenever the initial conditions
possess a clear physical interpretation.

A fractional derivative is a nonlocal operator in time or space, which gives the solutions a memory or
accumulated-effect property absent in classical models. Over the past decades, fractional calculus has
evolved into a unified mathematical framework due to its wide range of applications in engineering,
physics, chemistry, biology, and many other scientific fields [5],[23],[11],[1],[8]

Due to the complexity of nonlinear fractional partial differential equations and the difficulty of obtaining
exact analytical solutions in most cases, many numerical and semi-analytical methods have been developed
to approximate their solutions, such as the Laplace Adomian Decomposition Method (LADM) [7],[6], the
Variational Iteration Method (VIM) [13], the Reproducing Kernel Method (RKM) [14], the Optimised

Decomposition Method (ODM) [12], and the Homotopy Perturbation Method (HPM) [16].



In this context, the present memoir aims to highlight a promising and relatively simple semi-analytical
technique, namely the Residual Power Series Method (RPSM) [24], [20], which was introduced in 2013
by Omar Abu Arqub [3]. This method is based on constructing rapidly convergent power series solutions
of differential equations without requiring linearisation, decomposition of nonlinear terms, or the use
of complicated integral transforms. Moreover, it does not rely on domain discretisation or perturbation
techniques, which explains its rapid spread in applications of fractional calculus. In this work, we apply
the Residual Power Series Method (RPSM) to the time-fractional Kuramoto—Sivashinsky equation. The
Kuramoto—Sivashinsky (KS) equation [2],[22] , is one of the important nonlinear partial differential
equations used in the mathematical modelling of several physical phenomena. It is a fourth-order equation
that first appeared in modelling flame fronts, thin-film instabilities, and plasma physics. The equation also
combines nonlinearity, dispersion, and damping, which leads to rich dynamics encompassing bifurcations,
chaos, and the formation of complex patterns. In this memoir, we study the time-fractional generalisation
of this equation, which is given as follows:

02 Au  d*u

o du u
Dt M‘|‘Ma+aﬁ+bﬁ+6'ﬁ:0,

0<a<l, xeR, rel0,7T],

u(x? 0) = (P(X),

where a, b, and c are constants, while & denotes the fractional order that introduces memory and heredi-
tary properties into the model, leading to more complex dynamical behaviour compared to the classical
integer-order case.

This memoir is organised into three chapters:

Chapter 1 presents the analytical foundations of fractional calculus through the introduction of the
Gamma function, the Beta function, and the Mittag—Leffler function. It also introduces the two principal
definitions of fractional integration and differentiation (Riemann-Liouville and Caputo), together with
their properties and a comparison between them. The chapter concludes with the concept of fractional
power series, their convergence conditions, and the formulas of their coefficients.

Chapter 2 is devoted to the Residual Power Series Method (RPSM) for solving nonlinear time-fractional
partial differential equations in the Caputo sense. The method is presented through clear algorithmic steps,

together with a nonlinear example including convergence analysis and error estimation.



Chapter 3 applies the RPSM to the fractional Kuramoto—Sivashinsky equation for three different
test cases with varying coefficients and initial conditions. Approximate solutions up to the third-order
term (U3) were obtained using Mathematica. The obtained results are compared with exact solutions
and with published results achieved by the NTDM [2] and q-HATM [22] methods. The results are
illustrated through error tables and two- and three-dimensional graphics, highlighting the high accuracy

and numerical stability of the method for various values of the fractional order «.



Preliminaries

This chapter covers the basic concepts of fractional calculus that will be needed later in the thesis. It
starts by introducing three important special functions: the Gamma function, the Beta function, and the
Mittag-Leffler function. These functions form the foundation of fractional analysis. Next, the chapter
explains the main definitions and properties of fractional integrals and derivatives, focusing specifically on
the Riemann-Liouville and Caputo approaches. Finally, it introduces fractional power series expansions

and shows how they can be used as a practical tool for solving fractional differential equations.

1. Special Functions

This section introduces a group of mathematical functions known as special functions, including notable
examples like the Gamma, Beta, and Mittag-Leffler functions. These functions are termed "special" due
to their recurring role in tackling complex mathematical problems, particularly those involving differential
equations. Their distinctive properties and wide-ranging applications make them valuable tools in both

theoretical and applied mathematics.

1.1 The Gamma Function

The Gamma function, originally developed by Euler during the eighteenth century, serves as an exten-
sion of factorial notation to encompass non-integer values, including real and complex numbers. This
mathematical tool proves indispensable across numerous disciplines, from probability theory and complex

analysis to engineering applications and fractional calculus.



1. SPECIAL FUNCTIONS

Definition 1.1.1: [19] Let z € C with R(z) > 0, the Gamma function I'(z) is defined by the integral:
oo
I(z) = / £l dt (1.1
0
Key properties include:
F(l) = 1,F(0+) = +-o0,

and I'(z) as a strictly decreasing,monotonic for 0 < z < 1.
Properties 1.1.1: [19] The Gamma function satisfies several fundamental properties that make it indis-

pensable in analysis. Among the most important are :
1. T'(z+1) =2zI(z) R(z) >0
2.T(n+1)=n! VneN

Proof:

1. We begin with the definition of the Gamma function :

~+o0
I(z+1)= / rfe " dt
0
we apply integration by parts, Let us set :
u=rt* u =751
V=e! y=—e'

Hence,
~+oco
[(z+1)= / tfe " dt
0
oo
= [—tze_’]:;m—&—/ 25 e dt
0
o0
:0—i—z/ e dt
0
=z[(z)
Thus,
[(z+1)=2z(z) R(z) >0



1. SPECIAL FUNCTIONS

2. By repeating property 1 each time, we obtain:

r'((2)=1r(1) =1
I(3)=2r2)=2-11=2!

I'(4) =30(3) =3-2!1=3!

I'(n+1)=nl'(n) =n(n—1)! =n!

Remark 1.1.1:

Example 1.1.1: Calculating the gamma function when : z = %

1 Fee
F - — —1/2 —t .
<2> /0 t e 'dt

By changing the variable :

t=y° = dt=2ydy,

We obtain the following integration:

1 —+oo ; ~+oo
r <) = / (yz)fl/zeﬂ2 2ydy = 2/ e dy.
2 0 0

We have the well-known Gaussian integral, and its value is:

[ e an= vz
0 2

therefore,

r<1> R N

we have,



1. SPECIAL FUNCTIONS

Figure 1.1: The Gamma Function

1.2 The Beta Function

In mathematics, the Beta function stands as a fundamental special function with broad utility in evaluating
definite integrals. Its importance extends across multiple disciplines, including mathematical analysis,
probability, and statistics. The function is particularly noteworthy for its intimate connection to the
Gamma function, a relationship that proves invaluable in simplifying complex integral expressions.

Definition 1.1.2: [19] The Beta function 3 (z, w) is a fundamental special function defined for two complex

z and w Its standard integral form is given by :
1
B(z,w) :/ A=) Vdr. R(2) >0, Rw)>0. (1.2)
0
Remark 1.1.2: The relationship between the two functions Beta and Gamma can be written as follows:

Blzw) = =22 R(z) >0, R(w) > 0. (1.3)




1. SPECIAL FUNCTIONS

Figure 1.2: The Beta function

1.3 The Mittag-Leffler Function

Originally introduced by Gosta Magnus Mittag-Leffler (1846—1927) , the function that bears his name
extends the exponential function to a broader class of arguments. It is indispensable in fractional calculus,
where it provides solutions to fractional-order differential equations. These equations arise naturally when
describing systems with memory or hereditary properties, making the Mittag-Leffler function essential in
fields such as anomalous diffusion, signal processing, and biomechanics.

Definition 1.1.3: [19] Let z € C, the Mittag-Leffler function of order ¢ is defined by the following infinite

series:
+o n
Z
E = _— o> 0. 1.4

A more general formula, often referred to as the Wright function, exists for parameters o and 3, and is

defined by the following formula:

4o "

Eqp(z) = Z Tan+B)’

n=0

o>0,8>0. (1.5)

Properties 1.1.2: The Metag-Leveler function has several properties that simplify its form by varying the

values of o alpha and 3 each time, as follows:

1. B=1:

In this case, the Mittag-Leffler function becomes as follows:

+oo Zn

Ea,l(Z) = r;)m = Ea(Z)-



1. SPECIAL FUNCTIONS

2.a=1landB=1:

In this case, we obtain the well-known exponential function, because:

+o 7" +oo Z"
En@=Y =y <-ec
n;) I'(n+1) n;) n!
3.a=landpB=2:
The Metag-Leffler function becomes more simplified:
foo n Foo n doo _ntl
b4 b4 1 b4
E172( ): = 7Z7é0-
n;)F(rH-Z) r;) (n+1)! z 5= (n+1)!
By changing the variable:
k=n+1
n=0= k=1,
n— oo = k — oo,

We have :

o0 n+1 oo Zk

R I

=+ &k
consequently :

et —1
E; Z(Z) = e 7£ 0

4. Foro=1land B=m(m>1):

E\n(z) = (1.6)

Figure 1.3: The Metag-Leffler function



2. FRACTIONAL INTEGRATION

2. Fractional Integration

Fractional integration lies at the heart of fractional calculus. While conventional integration is restricted
to positive integer orders, fractional calculus generalizes this operation to accommodate arbitrary real
or complex orders. This continuous range of integration orders offers a richer mathematical framework,
enabling more accurate descriptions of physical and engineering systems where memory, heredity, or

non-local effects play a significant role.

2.1 Riemann-Liouville Fractional integration

The Riemann-Liouville fractional integral is one of the earliest and most fundamental definitions in
fractional calculus. It extends the concept of repeated integration to non-integer orders by means of
a convolution integral involving the Gamma function. To understand its origin, consider a continuous
function f defined on the interval [0, 7] with 7 > 0.

The first primitive of f is simply the standard integral:

1y = [ fwas

For a second primitive, using Fubini’s theorem :
For : 0<t<u<t.

we obtain:

2= [ 1) du
:/0’ </Ouf(‘c)d7:>du
:/Ot </;f(r)du)d’v
:/Ot </;du>f(r)dr

- /t(t—r)f(r)d‘c.
0

By repeating this process n times, we generalize formula n of the function f to the following formula:

I"f(t):(n_ll)!/ot(t—r)"_lf(r)dr, £>0, neN. 17



2. FRACTIONAL INTEGRATION

Because the factorial is generalized using the gamma function, the following definition is given by:
Definition 1.2.1: [19],[15]The Riemann-Liouville fractional integral of the function f of order o € C

,(R(a) > 0), denoted by 1%, Let f € L'([0,T]), T > 0is defined by:

I“f(t)zl/ot(tr)“‘lf(r)dr, >0, a>0. (1.8)

where : I'(@) is the Gamma function .
Properties 1.2.1:Let o and 3 be two real numbers,and let f be an integrable function on the interval [a, D)

The following properties hold:

L I%(IPf(1)) = 19T f(1), a>0,>0.
2. 1P = %t‘”ﬁ, a>0.
Proof:

1. By definition of the Riemann-Liouville fractional integral:

19 £ (1) = F(loc)/ot(t 0% f(nydr, 150, a>0.

Applying I% to IB £ (1), we get:
(P10 = g [ -9 | [ -8 g ae
Substitute T =& + (1 —&)s, dt = (t—§)ds, we obtain:

0

/;(t — T)afl(f_ &)Bfl dt = (t _é)aJrﬁfl /1(1 _S)(xflsﬁflds’

where:
: a1 p1 o _ _I'(B)I(a)
/O(l—s) 1P lds=B(B,a) = NCETIR o, >0
So,
1)) = g ) 1O P @ E =17 0. w0550



2. FRACTIONAL INTEGRATION

2. By definition of the Riemann—Liouville fractional integral:

1 t
I“tﬁ:—/ r—1)%'Par,  1>0,0>0,B>—1.

Let T =ts, then dT = tds, thus the integral becomes:

1 t
I"‘tﬁ:—/ t—1)* B ar
I'(a)Jo ( )

_ tOHﬁ ! a—1_

_F(OC)/() (1—5)""sPds
sy

_ 1.9
F(a)B(B+1’a) (1.9)

1P T(B+ 1))
T I(a) T(a+B+1)

LT g
Foa+B+1) '

Example 1.2.1: Calculating the Riemann-Liouvel fractional integral of the function f(x) = x° , if

oo=1>0,8=3> —1, the integral is given Thus,

Iaxﬁ:: IKB'+1) xa+ﬁ
Foa+B+1)

193 — FG3+1) ;.5 TM4) 4 6 4_1x4

TT(+3+D) T TG)T T 24t T4
Remark 1.2.1: Relation (1.9) shows that the Riemann-Liouville fractional integral of order & of a constant
is given by:
C

I“C:mx‘x, x>0, a>0.

Proof: Let C be a constant function. The Riemann-Liouville fractional integral of order & > 0 is defined
by:

1 X
Iacz—/ D% cdr 0.
I Jo (x—1) , x>

Thus:

e C x o—
I C_l“(oc)/o (x—1)% 'dr.

We make the substitution = xu, so dt = xdu. When t = 0, u = 0; and when ¢ = x, u = 1. This gives:

o C ! . o— o Cx“ ! oNo—
I C_l"(a)/o (x—xu) lxdu—r(a)/o(l u)* du.

10



3. FRACTIONAL DERIVATIVE

The integral [y (1 —u)® ' du is the Beta function B(1, &), which satisfies:

B(1,a) = ?((ll)i(g)) _ F(FOE(—?U (since T(1) = 1).

Substituting this result, we obtain:

. T C
=) Tlat) " Tar D)™

Hence, for any constant function C, the Riemann-Liouville fractional integral of order ¢ is given by:

C o

fC=——
Tla+1)"

x>0, a>0.

3. Fractional Derivative

We now introduce fractional derivatives, which generalize the familiar concept of differentiation to
non-integer orders. Unlike classical derivatives that are limited to positive integers, fractional derivatives
provide a continuous spectrum of differentiation orders. This generalization is not merely a mathematical
curiosity; it has proven essential for capturing the complex dynamics observed in many physical, biological,

and engineering systems where integer-order models fall short.

3.1 Riemann-Liouville Fractional Derivative

Originally developed by Riemann and Liouville in the 1800s, the Riemann—Liouville fractional derivative
stands among the most frequently employed definitions in fractional calculus. Its construction—combining
fractional integration with conventional differentiation—extends the notion of derivative to arbitrary
non-integer orders. This formulation plays a central role in modeling complex systems and remains
fundamental to the study and application of fractional differential equations.

Definition 1.3.1: [19],[15] Let f € L'([0,T]), with T > 0, and let o € C such that R(a) > 0. The

Riemann-Liouville fractional derivative of the function f of order , denoted by *:D* f(¢), is defined as:

d" 1 dar [t
" ()] = o [ (=7 f(e)dT, n—1<R(a) <n,
repa gy = 4 Lln—a)di /0 (1.10)
dn
Wf([), oa=neN.

11



3. FRACTIONAL DERIVATIVE

Proposition 1.3.1: [19],[15] Letn— 1 <a <nandm—1 <  <m, where , n,m € N, and let f and g be
functions for which ®ED® £(¢) f(t) and RED £(t) g(t) exist.

Then we have the following properties:

1. Linearity: The Riemann-Liouville fractional derivative is a linear operator:

DU Af+8)(1) = A (D f)(1) + (*"D%)(r), A €R.

2. Reduction to classical derivative: In the limit of integer order:

lim RLDaf(t) _ f(n) (t), lim RLDaf(t) _ f(n_])(t).

a—n a—n—1

3. Non-commutativity: In general, Riemann-Liouville fractional derivatives do not commute:

RL pyot (RLDﬁf([)) 7& RLDﬁ (RLDaf(l)) _

Properties 1.3.1: We proceed to compute the Riemann—Liouville fractional derivative of f (1) =#. Let
a >0suchthatn—1 < a <nwith B > —1 and n € N. According to equations (1.11) and (1.10), we

have:

RLDOCtB — RLDn |:In706tﬁ:| _ F(ﬁ + 1) RLDntB+n7(X. (111)
I'B+n—a-+1)

Considering the identity:

Riprptn—o — (B+n—a)(B+n—o—1)---(B—a+1)P~¢

_TB+n—a+l) 4,
- T(B-a+1)

(1.12)

Substituting the result from (1.13) into formula (1.12), we obtain:

RLpa B _ I(g+1) RL pyn B+n—a
rB+n—a+1)
L(B+1) ‘F(ﬁ%—n—a—l—l)t,ﬁa

TT(B+n—a+l) TB—-oa+l)

— F(.B+1) tﬁfa
TB—a+l)

12



3. FRACTIONAL DERIVATIVE

Thus, the Riemann-Liouville fractional derivative of the function f(z) = tP is given by:

rB+1) _

RLa B p—a

DYt = ——F— "7 %. 1.13
TB—ot1) (119
Example 1.3.1: The Riemann-Liouville fractional derivative of the function

f(x)=(x—1)>and & = 1,B =2 s given by:

(x—1W—a:E19(x—1):2x—2

RLpa( _ 1\B — I'(g+1)
D%(x—1) 2

CT(B-a+l)
RLp'(x—1)>=2x—2

Remark 1.3.1: In particular, if 8 =0 and & > 0, the Riemann-Liouville fractional derivative of a constant
function, f(¢) = C, is nonzero, its value is:
C -

RL o
D*C = ———t
r(l-a) ’

3.2 Caputo Fractional Derivative

In 1967, Michele Caputo introduced the fractional Caputo derivative, a modification of the Riemann-
Liouville derivative that generalizes classical derivatives to include non-integer orders.

This model is of great importance in the context of physical systems, as it allows the use of initial
conditions as derivatives of integer orders, making it more suitable for modeling real-world problems.
Definition 1.3.2: [19] Let f € C"(][0,T]) , with T > 0, and let & € C such that (o) > 0. The Caputo

fractional derivative of the function f of order ¢ , denoted by D% f(t), is defined as:

1 t
1= —— [ =) 0 (D)dr, n—1<R(a)<n,
D () = . FOr—a%A (1.14)
ﬁf(t% o=nc N

Proposition 1.3.2: [19],[15]Letn—1 < a <nandm—1 < 8 < m, where, n,m € N, and let f and g

be functions for which * D% f(¢) and “D%g(t) exist, Then we have the following properties:

1. Linearity: The Caputo fractional derivative is a linear operator:

D¥Af+8)(t) =A(DUf) (1) +(“D%)(r),  AER.

13



3. FRACTIONAL DERIVATIVE

2. Reduction to classical derivative: In the limit of integer order:

im CDYf(r) = fW)(1),  lim SD¥f() = £ V() — - (0).

a—n a—n—1

3. Non-commutativity: In general, Caputo fractional derivatives do not commute:
“D*(“DP (1)) #“DP (CD¥£(1)).

Proof:

1. Linearity: Consider the linear combination A f(¢) + g(¢) and apply the definition of the Caputo

derivative:
D*(Af+8)1) = F(n_a)/Ot[lf(")(r)+g(")(r)](t_T)n—a—ldr
B F(nla)/of )=o) e s [ @) e
:chaf(l‘)—f-CDag(t),

2. Reduction to classical derivative: Using integration by parts, set

(t—1)" ¢

u=f"1), dv=@t—-1)""% "t = du=f"V(t)dr, v=— —

Then

“DUf(t) =

1 () —7)"
Tn—a)| n—a

AR

— 1 t (n1) e
_F(n—a+1)+r(n_a+1)/0f ()t —1)"*dT.

-
O—i—/o dt

n—uo

Considering the limits:

lim “D*f(t) = f"(1),

oa—n

lim “D%f(r) = f"V(r) — f"=1(0).

a—n—1

14



3. FRACTIONAL DERIVATIVE

Example 1.3.2: We seek to determine the Caputo fractional derivative of the function f(r) = ¢P.
Letn e Nbesuchthatn—1 <a <nwithf >n—1.

The n-th derivative of f(7) = ©# is given by:

F(B+1) ﬁ—n.

()= "~ 1 1.15
Using the definition of the Caputo fractional derivative, we have:
rg+1) /t 1B
Cna,p _ n—a—1_B-n
D"’ = 1—7 ™ dT. 1.16
F'n—o)I'(B—n+1) 0( ) (110

By making the change of variable T = ts, with s =0 when T =0 and s = 1 when 7 =1, so that dt =t ds,

equation ( 1.16) becomes:

r(g+1) /1 o -
CnapB n—a—1 B—n
D"tF = r—t d
T a)T(B—ng1) Jo (1) () eds
— 1—s5)" "ds.
Tn—ar(Bnin)’ Jy 17977 s s
Using the definition of the Beta function B(x,y) = fol s*"1(1 —5)’~'ds and the relation B(x,y) = Fr(gi(yy)),
we obtain:
CpaB — FB+1)Bn—oa,f—n+1) (B
I'n—a)l'(B—n+1)
I+ 1DI(n—a)l'(B—n+1) B—a
I'n—o)I'(B—n+1I'(B—a+1)
= MI.B_O"
r'p—o+1)
Thus, the Caputo fractional derivative of f(r) = ¢P is:
r 1
cpop— LB+D  pa (1.17)

TB—a+l)

Remark 1.3.2: For a constant function C defined on [0,] and & > 0, the Caputo fractional derivative is

ZEro.

Cp%*c =0.
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3. FRACTIONAL DERIVATIVE

3.3 Relationship Between the Caputo and Riemann-Liouville

Understanding the relationship between the Caputo and Riemann-Liouville definitions is essential for
several reasons. First, it allows us to translate results obtained with one formulation into the language
of the other, facilitating comparison and cross-validation. Second, it clarifies the circumstances under
which each definition is most appropriate, guiding the selection of the right tool for a given problem.
Finally, exploring this connection deepens our theoretical insight into the underlying structure of fractional
calculus itself.

Proposition 1.3.3: [19],[15] Let & > 0 withn— 1 < o < n, and let f € C"([a,b)). Then the following

relation holds:

(k)
! '(0) th=e. (1.18)

n—1
D) =" p0) - Y T
k=0

Remark 1.3.3: The Caputo fractional derivative coincides with the Riemann-Liouville derivative, i.e.,

D*f(t) ="DYf (1), (1.19)

if
fO0y=0, k=0,1,2,....n—1.
3.4 Comparison Between the Caputo and Riemann-Liouville Fractional Derivatives

The main advantage of the Caputo approach is that the initial conditions of fractional differential equations

involving Caputo derivatives have the same form as those of classical integer-order differential equations.

Property Riemann-Liouville Caputo
d d"
Representation RLpe () = o (I"%f(1)) CDUf(r)=1""" (dt”f(t))
Reduction o — n lim D% f(1) = £ @) lim D% £ (1) = £ )
Reduction oo —»n—1 | lim FEDOf(r) = £ V(1) lim °DYf(t) = fU V@)
a—n—1 a—n—1
F70)
Linearity RLpe(Af+g)=ARD*f +RED%g | CD*(Af +g) = ACD*f +CD%
Non-commutativity % (®pof) = RKpotng £ | Cp® <jt" f> = Cpotny 4
d" d"
RL o
D¥ | — 4 cnha
Constant f(1) =c¢ Ripec = F(lcoc)ta ‘pD*c=0

Table 1.1: Comparison between the Riemann-Liouville and Caputo fractional derivatives
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4. FRACTIONAL POWER SERIES EXPANSIONS

4. Fractional Power Series Expansions

Fractional power series (FPS) expansions are the focus of this section. These expansions provide an
effective analytical approach for tackling fractional differential equations, especially in situations where
classical techniques break down. Their ability to capture solution behavior near singularities or initial
values makes them a versatile tool, bridging theoretical developments and real-world applications in
fractional calculus.

Definition 1.4.1: [10] A fractional power series centred at 7 is given by :
Z Cn(l‘ —lo)na = o+ ([ - l‘())a +C2(l‘ — t())za +... (1.20)
n=0
where 0 <m—1< o <m,méeN,t>t,and ¢, are constants called the coefficients of the series.
Theorem 1.4.1: [10] Let Z::O ct"®, t > 0, be a fractional power series.
1. If the series converges at t = b > 0, then it converges for all 0 < < b.
2. If the series diverges at t = d > 0, then it diverges for all # > d.
Theorem 1.4.2: [10] For the fractional power series Y, c,t"%, t > 0, there are only three possibilities:
1. The series converges only at ¢ = 0.
2. The series converges for all ¢ > 0.

3. There exists a positive real number R such that the series converges for

0 <t < R and diverges for t > R.

Remark 1.4.1: The number R in Theorem (1.4.2) is called the radius of convergence of the FPS. In case
1,R =0, and in case 2, R = +oo.

Definition 1.4.2 [4] For 0 <m — 1 < o« < m, a series of the form

Z (%) (2 —10)"* = ao(x) +ay (x)(t —10)* +ar(x)(t —16)** + ..., (1.21)

where x € I and t > 1y, is called a multiple fractional power series about t = 1y, with a, (x) being functions
of x called the coefficients.

Theorem 1.4.3: [4] Suppose u(x,) has a multiple FPS representation at r = #y of the form
Za,, (t—10)"*, 0<m—-1<a, x€l, tg<t<ty+R. (1.22)
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4. FRACTIONAL POWER SERIES EXPANSIONS

(1.23)

If D?%*u(x,t) are continuous on I X (9,0 +R) forn =0,1,2,..., then the coefficients are given by:
D"“u(x l‘o)
=" =0,1,2,...
an(x) F(nOH—l)’ n [t et ’
where:
a% 9%  9“
a .
U= g g g RETRe
n-times

and R, is the radius of convergence of the FPS ¥ 7% a,,(c) (1 —19)"*.

Proof: Assume u(x,t) can be represented by the series (1.22). Substituting ¢ = f into (1.22) , all terms

after the first vanish, giving

ap(x) = u(x,1).

Applying D% once to (1.22) gives

'2o+1) 'Go+1)
D¥* t)=T 1 —_ t—10)* 4+ —--—% r—1 2a
Fulest) = Dt D () + pg 1y @280 —10) + gy )~ +
Substituting t =ty in (1.24) determines
D%u(x,1p)
W)= Tt
Similarly, applying DY twice gives
I'Go+1) I'4o+1)
D*%u(x,t) =T (2o +1 —-— t—1)% 4+ ———— r—1)*%+ ...
o) = T2a+ Dar () + o a0 =)+ pgory 1y~ +

Substituting ¢ = 7o in (1.26) gives
D**u(x,tg)
@)= Tag 1)

By induction, applying D recursively n times and substituting ¢ = #( gives the general formula

_ D"%u(x,tp)

=— =0,1,2,...
a’l(‘x) l—‘(nOH—l)7 n )y Ly &y

Hence, the proof is complete.
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The Residual Power Series Method(RPSM)

This chapter presents the Residual Power Series Method (RPSM), an analytical technique for solving
nonlinear fractional partial differential equations involving Caputo derivatives. The approach follows a
clear algorithmic structure. Its application is illustrated through a practical example that highlights both
accuracy and ease of implementation. A theoretical convergence analysis is then provided, grounded in

the framework of the fractional Taylor series.

1. Methodology

In this section, we describe the step-by-step application of the Residual Power Series Method (RPSM) to
solve a nonlinear time-fractional partial differential equation involving Caputo derivatives. The equation

under consideration takes the following general form:

D*u(x,t) + Lu(x, )] + A [u(x,1)] = f(x,1), 2.1

t>0,xeR, O<a<l.

subject to the following initial condition:

u(x,0) = @ (x) = @o(x) (2.2)

In this formulation, the symbol D* denotes the Caputo fractional derivative of order ¢, while . and .4
are linear and nonlinear operators, respectively, and f(x,7) is a continuous function.
The RPSM procedure for obtaining an approximate solution to the initial value problem (2.1)—(2.2)

consists of the following steps:



1. METHODOLOGY

Step 1: Fractional Power Series Expansion

Assume that the solution u(x,¢) can be expressed in the fractional power series form

tna

—+oo
ux,t) =y @(x) =——, 0<a<l1, xel, 0<tr<R
,;O " T(1+na)

From the initial condition, we obtain

Step 2: Truncated Series Solution

Define the k-th truncated series approximation as

l.noc

k
we(x,1) =Y ou(x) =-——, O0<a<l, xel, 0<1<R, k=123...
n=0

I[(1+na)’

Step 3:Define the Residual Functions

The residual function measures how well a candidate solution satisfies the original equation:

Res(x,7) = D¥u(x,t) + Lu(x,1)] + A [u(x,t)] — f(x,1).

For the truncated series, we define the k-th residual function as

Resy(x,1) = D¥ug(x,1) + L ug (x,1)] + A [ug (x,1)] — f(x,1).

Ideally, Res(x,7) = O for the exact solution and limy_,., Resy(x,#) = Res(x,?).

Step 4: Determination of the Unknown Coefficients

(2.3)

2.4)

(2.5)

(2.6)

The key idea of the Residual Power Series Method (RPSM) is to enforce that the fractional derivatives of

the residual function vanish at r = 0. Because the Caputo fractional derivative of a constant is zero, we

impose the condition

CpFVResi(x,1)| =0, k=1,2,3,...

t=0

These conditions yield algebraic equations for the unknown coefficients ¢ (x). Starting with k = 1:

* For k =1, we compute

D?Res; (x,0) = Res; (x,0) = 0,

which allows us to determine @ (x).

20
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1. METHODOLOGY

* For k = 2, we compute

D% Res;(x,0) =0,
to determine @, (x), using the previously obtained functions @y (x) and @;(x).
This procedure continues recursively. At each step k, we solve

Dt(kfl)a Resy(x,0) =0
to obtain the coefficient function @ (x).
Step 5: Construction of the Approximate Solution

After determining the coefficients, the approximate solution of order & is obtained as

_ 0i(x) o @) g %(x)  ka
uk(x,t)—qoo(x)+r(ll+a)t F(1+2a)t2 4. F(l:—ka)tk '
k o
ug(x,t) = @(x) + Z,l ®n(x) T +na)’ (2.8)

Example 2.1.1:

Consider the nonlinear time-fractional partial differential equation [17]:

“Du(x,t) = —u(x,1) 9 (x,1)., O0<a<l,

X

2.9)
u(x,0) = —x

Using the Residual Power Series Method (RPSM), we determine the RPS solution for n = 4.

Solution:
To determine the first unknown coefficient ¢ (x) in the series expansion given by Eq. (2.6), we begin by
substituting the first-order truncated series u; (x,) into the first residual function Res; (x,#). This gives

Res; (x,1) :CDf‘ul(x,t)-l—ul(x,t)aab;l(x,t). (2.10)

Recall that the first truncated series is

ta

(5 = 00(3) 491 () g
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1. METHODOLOGY

Substituting this into Eq. (2.10) gives

tOC

T(1+a)

tOC

mfpl (x) (2.11)

Resi(x,1) = @1(x) + | @o(x) + 0] (X)} [‘P(I)(x>+

Now, evaluating this expression at ¢t = 0 simplifies it considerably, as all terms containing powers of ¢
vanish. We obtain

Res (x,0) = @1 (x) + 9o (x) 9 (x) (2.12)

Imposing the condition that the residual function must be zero at the initial time, i.e., Res; (x,0) = 0, leads

to an algebraic equation for @; (x):

@1 (x) = —o(x) @y (x) (2.13)

By compensation we find :

With @o(x) known from the initial condition, this relation directly provides the first coefficient. Subse-

quently, the first-order RPS approximate solution can be constructed as

tO(

up(x,t) =x(—1 BET)

) (2.14)

This process is then repeated for higher-order approximations. For the second coefficient ¢,(x), we

substitute the second truncated series

1o t2a

IR

up(x,t) = <Po(X)+§01(X)m [(1+2a)

into the second residual function
o 3 us
Resy(x,1) = D{uy (x,t) —I—uz(x,t)a—(x,t).
X

This substitution yields a more involved expression:
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1. METHODOLOGY

Ress (1) =01(1) + 020 1 1 i
t2a ) A ) t2a
+ m%(ﬁf)%(x) + m%(x)‘l’l (x) + (1 +a)
t3a , t2a
T arir2a) 299 riag
t3a t4a

T a1t 20)? ()95 (x) + m%@)@é@)

Applying the fractional derivative operator DY to both sides of Eq. (215) and then setting = 0 (so that

the condition D¥Res;(x,0) = 0 holds) gives an equation for ¢, (x):

P2(x) = = go ()1 (x) — 91 (x) 9 () (2.16)
By compensation we find :

¢2(x) = —2x
Thus, using previously determined coefficients, we find ¢, (x). The second-order approximate solution
then becomes

1o t2a

R EST)

1% 21%¢%
up(x,t) =x <—1 TT+a) (1 —|—20€)>

up(x,1) = @o(x) + @1 (x) (2.17)

Continuing in the same fashion, we can compute higher-order coefficients @3(x), @4(x),... by imposing
successive conditions Dt(k_l) aResk(x, 0) = 0. The resulting expressions become increasingly lengthy but
are straightforward to derive with the aid of symbolic computation. For instance, the third and fourth

coefficients take the form

'(1+2a)
o3(x) =x [—4— 1“(1+oc)2} ;
1@ 212 413 PT(1+2a)
e = [_1 S T(l+a) T(1+2a) T(1+3e) [(+a)T(1+3a)]’
I'(1+20) 2I(1+3a)

(p4(x) = 2x [_4_F(1+a)2 T +o)0(1+2a) ]’
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. 220
u4(x,t)=X[—1—F(1+a) CI(1+2a)
o I'l1+2a) “ r'(l1+2o) 2I(1+3a)
™ (4 rrar) (4 Tiser ~Torartemm)
+ T(1+3a) T(1+4a)

2. Convergence Analysis

In this section, we introduce key foundational results related to the convergence and error bounds of
approximate solutions obtained using the residual power series method (RPSM) for fractional differential
equations. We begin by providing an estimate for the limit of the residual in the context of a fractional
Taylor series. Next, we present a sufficient condition to ensure that the approximate RPSM solutions
converge to the exact solution of the problem.

Theorem 2.2.1:

[9]Let (X, || - ||) be a Banach space. we have a sequence {u,(x,t)},>0 C X satisfying

st || < Klun| VneN, 0<K<I.

for some constant K and for every fixed 0 < ¢ < R < 1 and x in the parameter domain.Then the sequence
{un(x,t) }n>0 converges (geometrically) in X to a limit u(x,7) € X. and the convergence is uniform in the
parameters on any domain where the above inequality holds.

Moreover, for the N-th partial sum Sy = Zy:() u,, the remainder satisfies

i KN+1
U= un| < [[uol|-
=0 1-K
Proof: We prove by induction that
|lun|| < K"||ug|| Vn>0. *)

For n = 0 the statement is trivial. Assuming it holds for some n, we have

et || < Kllunll < K- K" [Juoll = K" uo]|,

which completes the induction.
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Next, we estimate the difference between successive terms using the triangle inequality and the

inductive bound (x):
it =l < it |+ ] < (K™ 4+ K" aol] = K" (14 K)ol (%)

For any integers n > m > 0, write the difference as a telescoping sum:

n

Uy — Uy = Z (uj—uj_y).

Jj=m+1

Applying the triangle inequality and the estimate (xx), we obtain
et =]l <} Nuj—ujall < ¥, KA+ K)uol-
Jj=m+1 Jj=m+1
The right-hand side involves a finite geometric series. Indeed,
n
Y KT'=Kk"4K™ 44K

j=m+1

This is a geometric series with first term K™, common ratio K, and n — m terms. Using the standard

formula for the sum of a finite geometric series,

n . 1—Kvm
Y Kl=Kk"————, (K#1).
j=m+1 1-K
Substituting this into the estimate yields
1 _ anm
it = | < (1K) - K™=~
Since 1 — K"™™ < 1, we obtain the simpler bound
(1+K)K™ s
[ty — || < [[uol|- (%)

1-K

Because 0 < K < 1, we have K™ — 0 as m — oo. Hence ||u, — u,,|| — 0 as n,m — oo. Therefore, {u, } is
a Cauchy sequence.

Since X is a Banach space (i.e., a complete normed vector space), every Cauchy sequence converges in X.
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Consequently, there exists an element u € X such that
u, —u inX.

Now, let Sy = ny:o u, denote the N-th partial sum of the series ) -, u,. Then the remainder is given by
Y
n=N+1

Using the triangle inequality and the inductive bound (),

le=Syll < ¥ llunll < Y K"uoll

n=N+1 n=N+1

The infinite series on the right-hand side is geometric with ratio K. Its sum is

KN-H
Z K'=K"'(1+K+K*+-) = :
n=N+1 1-K
Thus, we obtain the remainder estimate
N+1
e = Snll < T lluoll- ()

In particular, since K¥*! — 0 as N — oo, this confirms the convergence of the series ¥'>°_, u,, to u. Finally,
we address the uniformity of convergence with respect to the parameters x,7. Assume that the constant
K is independent of the parameters and that ||ug(x,?)|| is uniformly bounded; i.e., there exists a constant
M < oo such that

M = sup ||up(x,1)|| < eo.
xt

Then from estimate (), we have

KN-H
—K

sup M.

X,t

Zunxt

The right-hand side tends to zero as N — o and does not depend on x,7. Hence, the convergence is

uniform in the parameters.
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Numerical Implemrntation

This chapter focuses on the practical implementation of the Residual Power Series Method (RPSM)
for solving nonlinear partial differential equations involving fractional derivatives in time. To illustrate
its capabilities, the chapter applies the method to several test cases derived from the fractional-time
nonlinear Kuramoto—Sivashinsky(KS)Equation.It first details how the RPSM is adapted to the general
form of this equation, then moves on to explore specific instances. The accuracy of the obtained solutions
is evaluated by comparing them with both exact analytical results and those produced by alternative
numerical approaches. Tables and various graphical illustrations, including two- and three-dimensional

plots, are included to clarify the findings and support the discussion.

1. General Application

This section outlines the general steps for using the Residual Power Series Method (RPSM) to solve the
nonlinear fractional-time Kuramoto Sivashinski (KS) equation. It begins with the general formula of the
equation and then reviews the key components of the process: how to formulate the problem and how to
construct the power series solution. The discussion focuses on the initial value problem formulated using
Caputo’s derivative.

The equation is defined as follows:

( du 0%u u *u
a — — — p—
D¥u(x,t) +u(x,t) I (x,1) tas (x,1) +b8x3 (x,1) +egg (x,¢) =0,
xeR, t€[0,T],0<a<l, (3.1)

u(x,0) = @(x).
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1. GENERAL APPLICATION

where a, b, and ¢ are constants,
Given the nonlinear fractional-time Kuramoto-Sivashinski (KS) equation in problem (3.1), and considering
the initial condition, according to the Residual Power Series Method (RPSM), the solution is written as a

fractional power series.

ad tnO(
ux,t) =y Qu(x)=——— (3.2)
n;) T +na)
Using the initial condition
oo(x) = @(x). (3.3)
The k-th truncated series approximation is given by :
k P
t) = PR 34
t(x,1) <p(x>+n;<pn(x)r(l+m) (3.4)

To obtain the value of coefficients @,(x),n =1,2,... k in series expanded of Eq.(3.4), Residual function

Res is given by

2 3 84

Res(x,t) = D% u(x,t) +u(x,1) gZ(x,t) +a§x§‘(x,t) +b‘;x§‘(x,t) —I—Ca—;:(x,t). (3.5)

and the k-th Residual functions of equation (3.1) is defined by:

0 9?2 a3 o4
Resy(x,1) = D uy(x, 1) + uy (x,1) %(x,t) +a Wuzk(x,t) +b ngk(x,t) +c szk(x,t). (3.6)

to find the needed coefficients ¢, (x) forn=1,2,... k in Eq.(3.4).

To obtain ¢@; (x), we consider k = 1 in Eq. (3.6),

%o (x) 1% (x)

I(l+a) pH0)+ I(l+a)

+b 0% (x)+ +c

Where, the first truncated solution is :

tOC

ui (x,1) = @(x) + @y (x)m-

28



1. GENERAL APPLICATION

Where, we know that Res; (x,7) =0 at 7 = 0 and thus,

P1(x) = —@(x)¢'(x) —a@"(x) —bo®) (x) —c 0™ (x)

and
@(x) [C(1+ o) =19/ (x)] 1% [a " (x) + b9 (x) + c o ()]
I'l+a)

uy(x,1) =

Likewise, to obtain the form of the second unknown coefficient ¢, (x), we write k = 2 in Eq.(3.6),

IOC

I'l+a)

Resy(x,t) =—b @’ (x) — (x)¢'(x) —a ¢" (x) — c ™ (x) +

+ |o(x)+

~ 99" (x) a9 () o (v))

tOC

Jr1"(1+oc)

(=3¢/()9"(x) ~ b(9")"(x) ~ 9(x) 9V () — a9 (x) — c0© (x))]

where

3.7
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1. GENERAL APPLICATION

we know that Df*Res(x,t)|,_, = 0 and thus,

P2(x) =b @ (x) @' (x) + @* (x) 9" (x) +4a ¢’ (x)¢" (x) +3b (9" (x))* +ab (¢”)"(x)
+4b¢' (x)91) (x) +10c " (x) 0 (x) + b*(9) P (x) + a* ! (x)
+6¢ ¢’ (X)W (x) + be (9) W (x) +ab e (x) + @ (x) [2(<P (6))> +b(¢) (x)

+2a (p(3) (x)+b (p(4) (x)+2¢ (p(s) (x)| +2ac (p((’) (x) +bc (p(7) (x) + czq)(g) (x).
and

1
INl+a)l'(14+2a)

o (x,1) = U1+ 0) 92(x)9" (x) + @(x) (— 1T (1 +2a)¢/(x)

+207T(1+ ) (9 ()2 + T(1 + @) (D1 +20) + b2 (97 (x) +2a1*% 93 (x)
b2 (x) + 2¢12%9) (1)) ) 41— b (x) (T(1+200) ~1°T(1 + )9’ (x))
+3b1°T(1 4+ a) (9" (x)) +abt*T(1 + ) (¢®)" (x) +4b1*T (1 + &) @' (x) o (x)
+¢"(x)(—al(1+20a) +4ar*T(1+ @)@’ (x) + 10ct°T(1 + o) o (x) ) |
+ 21T (14 ) (¢°) P (x) + a* T (1 4 &) o) (x) — (1 +200) 9™ (x)

+601°T(1 4 @)¢' ()9 () + ber™T(1 + @) () () + abr*T(1 + o) (x)

+2act*T(1+ a) @' (x) + bet*T(1 + )07 (x) + T (1 + o) ®) (x))]

Similarly to obtain @3(x), we consider k = 3 in Eq. (3.6),

2a X o3 X %oy My 2
Resa(ur) == bVl + L P — ol (o] + 8 VO] 2o M)
b o[x]((9°)) ] " Yol (@")x] | 4ar®(¢")[x](9")[x]
B v T S U Ry o S ¥ (W)
3b1(@")Ix]? | abt®((97)")lx] | 2ar*¢lx](9")l] | 4bi%(9)x](9°)
rl+o) I'l+a) I'l+a) 'l+aoa)
10ct*(@") (@) 1] | B°1%((@°)° 9y Lo
(1+oc) 'l+a I'l+a)
br*@x](9W)[] | 6ct*(@") ()] | ber((9*) )] | abr®(9"))[x]
I'l+a) I'l+a) I'l+a) r'l+o)
2ct% @[ (@) x] | 2act®(@)[x] | ber* (@) | *1%(9™)[x]
I'l+a) I'l+a) I'l+a) I'(l+o)

pagy 1o (=07 — ol ()] (") ] — c(9®) ]
I'l1+3a) I'(l+o)

+ |px] +

t206 ) 5 I
e GO GRS

30



1. GENERAL APPLICATION

where
ttx t2a t3oc

m+¢2(x)m+(p3(x)m. (3.8)

u3(x,1) = @(x) + @1 (x)
When D?>*Res;(x,0) =0 and thus,

) = - 16a(0/ 0] - T O s () gl
 abT[1+20)((¢) )"

I+ al?
— 6020 1)((0°) 1)~ 91’07 ] ~ 245(9 )07 d] ~ 457 (9 ) oV

@’T'[1+20)(¢"[) e ]
I+ a]?

—330(¢' [x]) (9" [x])* — 30¢(¢"[x])° — 4ab(¢'[x]) ((¢°)"[x])

— 14a” (9" [x]) 9] —

/x ”'x C ()x

+ miaza] [6(9™) ]9 [x] + P29 [x] + 4a' (]9 [x] + 3b(9[x])*
+ab(9)"[x] +4b¢/ (V] + 100" (o1 [x] + b2(9*) V]

+a> W] + 6 [l [x] + be(¢7) Y x] + abe ¥ ]

+ @R (2(9'[x])* +b(¢°) 1] + 209 [x] + b [x] + 29 [x])
+2acg ] + bep ) x] + 2™ ]

t3a

- 1"[1 + OC]ZF[l +3OC] [16611—‘{1 + a]z((p/[x})z(l)”[x] +...

Repeating the above operation for, we find the unknown coefficients ¢ (x). The solution of equation (3.1)
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2. EXAMPLES AND CASE STUDIES

2. Examples And Case Studies

This section presents several test cases and numerical examples to demonstrate the efficiency and accuracy
of the Residual Power Series Method (RPSM) in solving the time-fractional Kuramoto—Sivashinsky (KS)

equation under different initial conditions and parameter values.

2.1 Application 1

By substituting a = —1,b = 0,c = 1. into the equation (3.1), we find :

du
D%u(x,t)+ u(x,t)a(x,t) e ——
xeR,r€0,T],0< <1, (3.9)

15tanh’® (p(x—7)) ~45tanh (p(x—))
+ 1919 )

u(x,0) =

where U, p and 7 are real constants.

By taking @ = 1, we obtain the exact solution as [2]

15 tanh®(p (x — ur —n)) — 45 tanh(p (x — ur — 1))
19V19

u(x,t) = u+

For: u = %, p= ﬁ, N = —25 Applying the RPSM method to solve equation (3.9),Suppose the solution

is written as the following power series.

lna

Z P ) (3.10)

We consider that uy(x,t) is k. truncated series of u(x,1)

tnO(

k=123 ... 3.11
+Z<pn F(i tna)’ (3.11)

where  up(x,7) = u(x,0) = @p(x) = @(x)
To obtain the value of coefficients @,(x),n = 1,2,...,k in series expanded of Eq.(3.9), Residual function
Res is given by

2 4
Res(x,t):Df‘u(x,t)+u(x,t)gh;(x,t)(;x;t(xt) ‘;Z‘( 1). (3.12)
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2. EXAMPLES AND CASE STUDIES

and the k-th Residual functions of equation (3.9) is defined by:

d

o Ug 82uk
Resy(x,7) = DY uy(x,1) 4 ug(x,1) g(x,t)

e

4
(x,1) + aa;k(x,t). (3.13)

to find the needed coefficients @,(x) forn =1,2,...,k in Eq.(3.11). To obtain ¢;(x), we consider k = 1
in Eq. (3.13),
Where, we know that Res; (x,¢) = 0 at 7 = 0 and thus,

) 35 (g (254
x = —
i 2888 219

Likewise, to obtain the form of the second unknown coefficient ¢,(x), we write k = 2 in Eq.(3.13), we

know that D¥Res>(x,t)|,_, = 0 and thus,

5( 254 - 16/( 25+
810 csch <2\/%) sinh (2\/%)

P2(x) = 36119

Similarly to obtain @3(x), we consider k = 3 in Eq. (3.13),

When D?*Res3(x,0) =0 and thus,

1215 sech? (25+X>
219 [ 25+x
— 240/ 19T(1 +2 h
%) =1267762688T(1 + )2 VIOT(1 +2a) sin (2@)
25+x 5(25+x)>
+T(1+a)?| — 1805 cosh +361 cosh| =~~~
( >< (5%) S~
. 254+x
— 480+/19 sinh
(NE))]

and

135:% sech® (25+X> 81072 csch5<25+x) sinh6<25+x)

uz(x,t) =—+ 2V19 2v19 V19
YT 888 (1 + ) 361/191(1 +201)
25+x 2( 254x 3 9( 25+x
. 15tanh(2m> (—3+tanh (NE)) 121583 sech (2m>
1919 1267762688 (1 + ot)2 (1 + 30x)
25+x 25+4x
x |240V/19T(1 + 2 sinh( >+r 1+a)? —1805005h< )
[ (1 2a)sinn 725 ) 1+ 219
5(25+x)> . <25—|—x>
—|—361cosh< — 480v/19 sinh )
2v/19 2v/19
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2. EXAMPLES AND CASE STUDIES

;01 X996 o, 01 X€ETS o 01 XTT6 , 01l XOLLc 0l X98T o 0IX0LT¢ Ol X69Cq 0lX9LT I

e 01 X90'T ;0T XTLS ¢ OTXT0T ;0T XEF'8 ¢ 01 X 40T 01 X981 ¢ O XS6°T 0 X €080

;0T X9T'T ;01 X929 ¢ 0T XTI'T ;01 X¥T'6 ¢ 0l X¥TT o 01 XH0'T ¢ 01 X ETE ¢ 01 XTEEY0S0

TOTXLTT gy 01 XS89 ¢ 01X 1TT ¢ 0L X 0] ¢ 0 X S7T 9_01 X £2T ¢_01 X $S°€ 9_01 X €9°€ 0

TOTX6ET o101 X0S'L ¢ O XEE'T 90T X T1'T ¢_0T X 69T 9_0T X S+'T ¢_0T X 88°C 9_01 X $6°€ T0

, 0IXTI9 g, OIXEIT o OIXST'6 , 01 X9I'Lc 0l X98T o OIXENT ¢ Ol XILTq Ol XSLT 1

o OT X €L 01 X E€T ¢ 01X 00T ;0T X 8L ¢ 0T X 70T 9_01 X 61 ¢_01 X 96T 9_01 X 0 8°0

e 0T XTEL ;0T XSST ¢ 0T X860T ;0T X09'8 ¢ 0 XE€TT 90T X961 ¢ 0T XSTE ¢ 0 XIEEY0H0

e 01 X808 ;01 X6LT ¢ 01 X0TT ;01 XTH'6 ¢ 0l X¥h'To 01 XH1'T ¢ 0l X9S€ o 0T X TYEH0

o 0T X 6L°8 o101 XSOE ¢ Ol XTET ¢ 0T XE0'T ¢ 0T X 89T 9_01 X SET ¢_01 X 06°C 9_01 X L6'E TO

e OTXEVE 1, 01X899 o 01 X¥06 , 01 X6£9 ¢ 0l X8 T O XIS T ¢ Ol X1LTq 0l X99T 1

e OT X LLE 1101 XTEL ¢ 01 X066 ;0T X00'L ¢ 01 XTOT o 0T XSHT ¢ 0l XL6Tq 0IXT6TYO

e 01 X0I'% 1101 X008 ¢ 0T X80T ;0T XLYLc 0l XITTe 0IXI8T ¢ 0IX9TEq 0IX0TEYPOED

© 0T X 1SH 1101 XOL'S ¢ 01 X6I'T ;0T X 07’8 ¢_0T X TH'T 9_0T X 86'T ¢_0T X LE'€ 9_0T X 0S°€ 0

e 01X 16 1101 X856 ¢ 0T X0ET ;0T X0T6 ¢ 01X99T o 0IXLI'Tc OIXI6€q 0IXEETO

e 0T X0ST 11 OIXIET o 01 X888 , 01 X6CTS ¢ 0l XT8T g OIXIET¢ Ol XILTq Ol XSYT 1

e 0T XSO T 10T Xt¥'T o 0T XEL6 ;0T X6L'S c 01 X661 o 0T X EP'T ¢ O X L6'T 90T X 89T 80

e 0T X6LT 1101 XLST ¢ OTXLOT ;0T XSE9 ¢ 01 X8I'To 0T XLST ¢ 0l XSTE ¢ 0l X+6TI0TO

e 01 X00T 1101 XTLT ¢ OTXLI'T ;01 XS6'9¢ 0 X6€To 0IXTLT ¢ 0IX9SE€q 0IXTTEYO

o 0T X LOTT 101 XSS'T ¢_ 0T X 8TT ;_OT X 19°L ¢_0T X 79T 9_0T X 88'T ¢_0T X I6°€ ¢_01 X £5°€ T0

6 0L XOLE€ ¢; OLXPI'8 o 01 X¥9'8 ;, O X¥9€ ¢ 0L X8LT, 01 XLL6¢ Ol XOLTqg Ol X10T 1

© 01 XOTH ¢ 01 X 168 o_01 X L1'6 ;01 X66°€ ¢ 0l X561 5 0l X L0 ¢ 0 X $6°C ¢_01 X 0T 80

601 X 0Tt ¢, 01 XSL'6 ¢ 0T X8E0T ;0T X LEY ¢ OI X E1°T g 0T X LI'T ¢ 0T X €TE ¢ 01 X I¥'TYO 10

6 01 X61°S 1 01 XL0T ¢ OIXPT'T ;0T X6L Y ¢ Ol X¥ET o 01 XSTT ¢ 0l X¥S'€ ¢ 01 X ¥9TH0

01X YT o 0L XLIT ¢ 01 XSTT ;01 X¥T'S ¢ 01 X9ST o 01 X 11T ¢_ 0T X 88°€ o 01 X 06T 0
WAIN INSJIY WAIN WSdM  INAIN  INSdd  WAIN  NSdd ¥ J

[=0 §0=" 9°0=" 7’0 =10

‘T uoneorddy 10y ([ =0 pue 8'0 =0
‘9°0 =0 ‘4’() = 0)0 JO SIOPIO [EUONIORIJ JUAISHIP 1e [7] INALN PUt NS JO Onel JO1I9 oY) U9dmlaeq uosLredwod [esrowny :1°€ 9[qel,

34



2. EXAMPLES AND CASE STUDIES

Table 3.1 shows that the RPSM achieves extremely small numerical errors (down to 10~ 13) for all
fractional orders o, with a clear superiority over NTDM [2], as the error of RPSM is several orders of
magnitude smaller, reflecting its high efficiency. The parameter & represents the order of the fractional
derivative and expresses the level of memory or cumulative effect of the system. When o < 1, the system
at a given time ¢ does not depend only on its instantaneous state, but also on its past evolution over time,
meaning that the solution exhibits a time-dependent memory effect. The results also indicate that the
accuracy of the method improves as & approaches the classical case (& = 1), where the memory effect
gradually disappears and the system becomes local in time, depending only on the current state. Therefore,
these findings confirm that o not only affects the form of the solution but also determines the temporal
nature of the system, and that RPSM provides an accurate and stable numerical approximation over time

for different values of o.

365 T T T T T

3.8
3.60F

3.55F

345

3.50

345
3.2

s S S S S S S I I I I I I I

0.0 0.2 0.4 0.6 0.8 1.0 -15 -10 -5 0 5 10 15
- - - Exact Solution a=1 — a=0.8 a=0.6 _——a=04
(a) Fixedx=1with0 <¢ <1. (b) Fixed t = 1 with —15 <x < 15.

Figure 3.1: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders o (o = 1,0 = 0.8, 00 = 0.6, o0 = 0.4) for Application 1.

Figure 3.1 presents a 2D comparison between the exact solution and the RPSM approximation for
the fractional orders & (& = 1, = 0.8,¢ = 0.6 and @ = 0.4). Panel (a) illustrates the time evolution
at the fixed spatial point x = 1 for 0 < < 1, while panel (b) depicts the spatial distribution at the fixed
time ¢t = 1 for —15 < x < 15. Both plots clearly show that the agreement between the approximate and
exact solutions improves steadily as o approaches unity. A perfect match is observed at o = 1, which
is expected because the fractional derivative reduces to the classical integer-order derivative, allowing
the RPSM representation to recover the exact solution fully. For smaller values, such as & = 0.4, a slight
discrepancy emerges due to the stronger memory effects inherent in fractional operators. Despite this,
the RPSM approximation consistently exhibits excellent accuracy across the entire temporal and spatial

domains, demonstrating the method’s reliability for analyzing fractional differential models.
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2. EXAMPLES AND CASE STUDIES

(a) Exact Solution b)a=1 (c)a=0.8

da=0.6 e)a=04

Figure 3.2: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders (= 1,00 = 0.8, ¢ = 0.6, = 0.4) for Application 1.

Figure 3.2 displays 3D surface plots comparing the exact solution and the RPSM approximation
for fractional orders at(a = 1, = 0.8, ¢ = 0.6, @ = 0.4). The horizontal axes correspond to the spatial
variable x € [—20,20] and the temporal variable 7 € [0, 1.5], while the vertical axis represents the solution
u(x,t). The surfaces clearly demonstrate that the approximate solution visually coincides with the exact
solution across the entire domain when o = 1, and the agreement remains excellent for values close
to unity such as o = 0.8. As « decreases towards 0.6 and 0.4, slight deviations become noticeable in
certain regions, reflecting the stronger memory effects inherent in fractional operators. Nonetheless, the
RPSM method consistently captures the overall structure of the solution with high fidelity, confirming its

reliability for simulating fractional differential equations over the considered ranges.

36



2. EXAMPLES AND CASE STUDIES

2.2 Application 2
By substituting a = 1,b = 0,c = 1. into the equation (3.1), we find :

u 21/{ 4M
DUl 1) () 2oy + 2 M)+ 3 M () =0,

xeR,1€[0,T],0<a <1, (3.14)

ku(x,O) ,LL—i—lg\/»( 9tanh(p(x—n))+11tanh3(p(x—n)))

where [, p and 1 are real constants.

By taking o = 1, we obtain the exact solution as [2]

u(x,t) :“+19\/E(_9 tanh(p(x—put—1)) +11 tanhS(p(x—ut—n)))

For: u = %,p = %, N = —25 Applying the RPSM method to solve equation (3.14),Suppose the solution

is written as the following power series.

tna
3.15
Z Pu(x i ) (3.15)
We consider that u(x,?) is k. truncated series of u(x,1)
tn(X
k=1,2,3,... 3.16
x) + Z Pu(x i Tna) 2, (3.16)

where  up(x,1) = u(x,0) = @o(x) = @(x)
To obtain the value of coefficients @,(x),n = 1,2,...,k in series expanded of Eq.(3.14), Residual function
Res is given by

2%u 24

)
Res(x,t) = D u(x,t) +u(x,t) a—i(x,t) + ﬁ(x,t) + szl(x’t)' (3.17)

and the k-th Residual functions of equation (3.14) is defined by:

2 *uy

0 0
Resy(x,1) :Df‘uk(x,t)—i-uk(x,t)%(x,t)+ W( xX,t)+ Er (x,1). (3.18)

to find the needed coefficients @, (x) forn = 1,2,...,k in Eq.(3.16). To obtain ¢; (x), we consider k = 1
in Eq. (3.18),
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2. EXAMPLES AND CASE STUDIES

Where, we know that Res; (x,7) =0 at 7 = 0 and thus,

11 1 /11
—T7+4cosh| \/—(25+ h* A/ =25+
7+4cos ( 19( 5 x)) sec (2 19( 5 x))

Likewise, to obtain the form of the second unknown coefficient ¢, (x), we write k = 2 in Eq.(3.18), we

1485

@1 (x) = 77888

know that D¥Res;(x,t)|,_, = 0 and thus,

4455 [11 111
P2(%) =~ 5776\ 19 %¢C (2\/ Tl 5”))

1 /11
—10sinh | =4/ —(2
0Osin (21/19( 5+x)>

3 /11
inh| =1/ —(2
+sin (2 19( 5+x)>

Similarly to obtain ¢3(x), we consider k = 3 in Eq. (3.18),

When D?*Res;(x,0) =0 and thus,

147015 1 /1
= - W | -4/ —=(25
%) = 3535505376 T (1 7 )2 ¢ <2\/ ol +x)>

1 /11 3 /11
X [—480\/209F(1+2a) [92sinh (2,/19(25 +x)> —27sinh<2 7525 +x)>

5 /11 1 /11

3 /11 5 /11
—3249cosh | 24/ (2 —7581cosh| 24/ — (2
3249 cos (2 19( 5—|—x)> 7581 cos (2 19( 5—|—x)>
7 /11 . 1 /11

3 /11 5 /11
— 25920209 sinh (2\ / 5(25 +x)> +1920v/209 sinh (2\ / E(ZS —|—x)> ]
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2. EXAMPLES AND CASE STUDIES

and
;14851 [—7+4cosh(\/%(25 +x))] sech4(%\/%(25 +x))
us(x,t) =7 = 2888T(1+ o)

4455 \ [ 1§ 2 sech® (1 /1425 + %))

3610(1+2a)
3 /11
inh| =4/ —(2
+sin <2\/ 19( 5—|—x)>
. 1 /11 . 3 /11
x —480\/209F(1+2a)[9251nh 1) (25+4x) | —27sinh | 24/ —(25+x)
2V 19 2V 19
(5 [m s 1 11
3 /11 5 /11
— 324 hl =4/ —(2 — lcosh| =1/ —(2
3249 cos <2\/19( 5—|—x)> 7581 cos (2\/19( 5+x))
7 /11 ) 1 /11

1 /11
—10sinh| =4/ —(2
Osin <2\/19( 5+x)>

147015%% sech® (11/15(25+))
2535525376 (1 + 00)°[(1 + 3ax)

3 /11 5 /11
15 /11 1 /11 (1 /11
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2. EXAMPLES AND CASE STUDIES
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2. EXAMPLES AND CASE STUDIES

Table 3.2 shows that the RPSM achieves extremely small numerical errors (down to 10~ for all
fractional orders ¢, with a consistent and clear superiority over NTDM [2] across all spatial and temporal
grid points (x,#). The results indicate that the difference between the two methods spans several orders of
magnitude, confirming the high accuracy and efficiency of the proposed method. On the other hand, it is
observed that the accuracy of RPSM improves as « increases. In particular, the results at & = 0.8 are
very close to those obtained at the classical case oo = 1, with only a negligible difference between them.
This behavior indicates the rapid stabilization of the method and its fast convergence toward the classical
solution over time. A similar general trend is also observed in Table 3.1, where RPSM consistently
outperforms NTDM and the accuracy improves as o approaches 1. However, Table 3.2 exhibits smaller
errors and stronger numerical stability, especially for larger values of o, which further confirms the

robustness of the method across different applications.

-0.85

095 : )
Olo o 0‘2 o 0‘4 o O‘G o 0‘8 o 1l0 -15 -10 -5 0 5 10 15
- - - Exact Solution o=1 — a=0.8 a=06 __a=04
(a) Fixedx=10with0 <¢ < 1. (b) Fixed t = 0.5 with —15 <x < 15.

Figure 3.3: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders o (o = 1,00 = 0.8, 00 = 0.6, o0 = 0.4) for Application 2.

Figure 3.3 presents a 2D comparison between the exact solution and the RPSM approximation for
the fractional orders o = 1,0.8,0.6, and 0.4. Panel (a) shows the time evolution at the fixed spatial point
x =10 over the interval 0 <¢ < 1, while panel (b) illustrates the spatial distribution at the fixed time r = 0.5
over —15 < x < 15. The results clearly indicate that the agreement between the exact and approximate
solutions improves as o approaches 1, with a perfect match observed at @ = 1. This is expected since
the fractional derivative reduces to the classical integer-order derivative in this case, allowing the RPSM
to recover the exact solution exactly. For smaller values such as & = 0.4, slight deviations appear due
to the stronger memory effects inherent in fractional operators. Nevertheless, the RPSM approximation
maintains high accuracy across both the temporal and spatial domains, confirming its efficiency and

reliability in solving fractional differential models.
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2. EXAMPLES AND CASE STUDIES
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Figure 3.4: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders (= 1,00 = 0.8, ¢ = 0.6, & = 0.4) for Application 2.

Figure 3.4 presents 3D surface plots comparing the exact solution with the RPSM approximation
for different fractional orders a (o0 = 1,0.8,0.6,0.4). The horizontal axis represents the spatial variable
x € [—20,20], while the other axis corresponds to the temporal variable ¢ € [0,0.5], and the vertical axis
denotes the solution u(x,#). The results show that the approximate solution nearly coincides with the
exact solution when o = 1, and this agreement remains very strong for values close to unity such as
o = 0.8. As o decreases to 0.6 and 0.4, slight discrepancies begin to appear in certain regions, which is
associated with the increasing memory effect inherent in fractional operators. Nevertheless, the RPSM
method consistently preserves the overall structure of the solution across all considered cases, confirming

its efficiency and reliability in handling fractional differential equations of varying orders.
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2. EXAMPLES AND CASE STUDIES

2.3 Application 3
By substituting a = 1,b = 4,c = 1. into the equation (3.1), we find :

( 92 93 0%

DEu(r.1) + 1) 9 1)+ S (5.0) + 40 1)+ 4 .1) =0

xeR,t€[0,T],0<a<, (3.19)

u(x,0) = 49— 15 (tanh(p(x—n)) + tanh* (p(x — 1)) — tanh’ (p(x—n)))

where (L, p and 1 are real constants.

By taking o = 1, we obtain the exact solution as [22]

u(x,t) = p+9—15(tanh(p(x— ur —n)) + tanhz(p(x—ut —-1n)) - tanh® (p(x—put—m)))

For: u=3,p = %, n = —13 Applying the RPSM method to solve equation (3.19),Suppose the solution is

written as the following power series.

tna
3.20
Z Pu(x i ) (3.20)
We consider that u(x,?) is k. truncated series of u(x,1)
tn(X
k=1,2,3,... 3.21
x) + Z Pu(x i Tna) 2, (3.21)

where  up(x,1) = u(x,0) = @o(x) = @(x)
To obtain the value of coefficients @,(x),n = 1,2,...,k in series expanded of Eq.(3.19), Residual function

Res is given by
2 4
Res(x,t) = D u(x,t) +u(x,t) ou g;;(x,t) + 3);:()@[). (3.22)

)+

and the k-th Residual functions of equation (3.19) is defined by:

2 *uy

Uj
7(x7t)+ﬁ(xat)+W(-x7t)'

Resy(x,7) = D¥ uy(x,1) 4 ug(x,1) aax

(3.23)
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2. EXAMPLES AND CASE STUDIES

to find the needed coefficients @,(x) forn =1,2,...,k in Eq.(3.21). To obtain ¢; (x), we consider k = 1

in Eq. (3.23), Where, we know that Res; (x,7) = 0 at = 0 and thus,

360e'3 (cosh (%) —sinh (3)) ((=1+2¢'3)cosh (%) + (14 2¢'3)sinh (%))
((1+el3)cosh(§) (—1+e€!3) smh(%))

@1 (x) =
Likewise, to obtain the form of the second unknown coefficient ¢,(x), we write k = 2 in Eq.(3.23), we

know that D¥Res>(x,t)|,_, = 0 and thus,

1080e'? (cosh (%) —sinh (3)) (—7e'3 + (14 4€%®) cosh(x) + (—1 +4e%°) sinh(x))
((1+e'3)cosh(3)+(—1+e'3)sinh (3 )5

$(x) =

Similarly to obtain @3(x), we consider k = 3 in Eq. (3.23),

When D?*Res;(x,0) =0 and thus,

on() = 3240e"3 (cosh (£) — sinh (%)) | : [40e13r[1 +24]
I[1+a]? ((1+e'3)cosh (%) + (—1+e'3)sinh (3))

(— 18¢%° + €3 (9 4 8¢%6) cosh(x) — cosh(2x) — 9¢'? sinh(x) + 8¢*? sinh(x) + sinh(2x)>
ST +af? (1402e39 — ¢%(702 + 697¢%) cosh(x) + (95¢'> — 9¢55) cosh(2x)
— cosh(3x) 4 8e’® cosh(3x) + 702¢*® sinh(x) — 6972 sinh(x) — 95¢' sinh(2x)

—9¢% sinh(2x) 4 sinh(3x) + 8¢ sinh(3x))]
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2. EXAMPLES AND CASE STUDIES

and

3
I[[1+ o]?T[1 4+ 2] T[1 + 3] ((1 +e'3) cosh(x/2) 4+ (—1+e!3) sinh(x/2))°

uz(x,t) = —

x | —120e"3%T[1 4 a1 + 2a]I[1 + 3] (cosh(x/2) — sinh(x/2))

x ((1+e"¥)cosh(x/2) + (=1 +e'¥)sinh(x/2))° x ((—1 +2¢') cosh(x/2)

+ (1 +2¢"%) sinh(x/2)) — 43200571 4 2a]?(cosh(x) — sinh(x))

X [— 9e3(—1+2¢'¥) cosh(x/2) + (—1+8¢*) cosh(3x/2) — 9e'? sinh(x/2)
— 18¢% sinh(x/2) + sinh(3x/2) + 8¢*? sinh(3x/2)

+T[1 + o* | —360e'32%T[1 + 3a](cosh(x/2) — sinh(x/2))((1 4 ¢'®) cosh(x/2)

+ (=14 ¢")sinh(x/2))* (- 7e'3 + (1+4¢*®) cosh(x) + (—1 +4e%) sinh(x))
+T7[1 +24] (F[l +3a]((14e")cosh(x/2) + (—1+e'?) sinh(x/2))°

X <e13(—37+3e13)cosh(x/2) +(1+e*) cosh(3x/2) + (—1+37e'? 43¢
+e% +2(—1+¢*) cosh(x)) sinh(x/2)> — 1080e'3#3% (cosh(x/2) — sinh(x/2))

X <I4O2e39 — e6(702 + 697¢%%) cosh(x) + (95¢"> — 9¢%%) cosh(2x) — cosh(3x)

+8e”® cosh(3x) + 702¢*® sinh(x) — 6972 sinh(x) — 95¢'? sinh(2x) — 9¢%° sinh(2x)

+ sinh(3x) 4 8¢’ sinh(3x)> ) ) ]
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2. EXAMPLES AND CASE STUDIES

Table 3.3 shows that the RPSM achieves very small numerical errors (ranging between 10~8 and
10~13) for all fractional orders « studied, with a clear superiority over the -HATM [22] method. Unlike
the previous tables, where the accuracy of RPSM improved regularly and significantly as ¢ increased
towards unity, we observe here that the accuracy remains similar for all values of o (0.6,0.75,0.9,1),
with the best accuracy (10~ 1) recorded only at o = 1, and by a slight margin over the other orders. This
behavior reflects the robustness and numerical stability of RPSM, as it remains capable of achieving very
high accuracy even at low fractional orders, without requiring significant improvement as ¢ increases.
These results confirm that RPSM provides an accurate and reliable numerical approximation, and serves

as an effective tool in this field regardless of the value of «.

-3.9819 [
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- 10}
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_ _ - Exact Solution oa=1 —a=09 a=0.75 ——a=0.6
(a) Fixedx=—10with 0 <r <0.1. (b) Fixed t = 0.7 with —15 <x < 15.

Figure 3.5: 2D comparison of the exact solution and the RPSM approximation for various
fractional orders @ (ot = 1, =0.9,0¢ = 0.75, @ = 0.6) for Application 3.

Figure 3.5 presents a 2D comparison between the exact solution and the RPSM approximation for
different fractional orders a (&« = 1,0.9,0.75,0.6). Panel (a) shows the time evolution at the fixed spatial
point x = —10 over the interval 0 <t < 0.1, while panel (b) illustrates the spatial distribution at the fixed
time ¢ = 0.7 over the range —15 < x < 15. The results indicate that the agreement between the exact
and approximate solutions improves as o approaches unity, reaching a perfect match at @ = 1. This
is expected since, in this case, the fractional derivative reduces to the classical integer-order derivative,
allowing the RPSM method to fully recover the exact solution. For smaller values such as o = 0.6, slight
deviations appear in some regions due to the stronger memory effects associated with fractional operators.
Nevertheless, the RPSM approximation maintains high accuracy over both spatial and temporal domains,

confirming its efficiency in analyzing fractional differential models.
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(a) Exact Solution b)a=1 ©)a=09

50 010

d) x=0.75 (e) x=0.6

Figure 3.6: 3D surface plots of the exact solution and the RPSM approximation for various fractional
orders o(ax =1, =0.9,¢ = 0.75, @ = 0.6) for Application 3.

Figure 3.6 presents 3D surface plots comparing the exact solution with the RPSM approximation
for different fractional orders @ (¢ = 1,0.9,0.75,0.6). The horizontal axis represents the spatial domain
x € [—20,20], while the other axis corresponds to time ¢ € [0,0.1], and the vertical axis denotes the
solution u(x,). The results indicate that the approximate solution almost perfectly matches the exact
solution when o = 1, and this strong agreement persists for values close to unity such as & = 0.9. As o
decreases to 0.75 and 0.6, slight discrepancies appear in certain regions due to the increasing memory
effects inherent in fractional equations. Nevertheless, the RPSM method preserves the overall structure of
the solution across all cases, confirming its effectiveness and reliability in solving fractional differential

equations.
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Conclusion

In this memoir, the semi-analytical solution of time-fractional nonlinear partial differential equations was
presented using the residual power series method (RPSM), based on the Caputo time derivative. The
method represents a direct and efficient tool that does not require linearization of the equation, decomposi-
tion of nonlinear terms, or complex transformations, which contributes to accelerating convergence and
reducing computational effort without imposing additional initial conditions. The effectiveness of the
method was verified by applying it to the time-fractional Kuramoto—Sivashinsky equation in three test
cases with different coefficients and initial conditions. The results, represented by graphical plots and error
tables, showed excellent agreement with known exact solutions, confirming the accuracy and reliability of
the method. The comparison tables for absolute and relative errors demonstrated that the RPSM, even with
a few series terms, provides highly accurate results and exhibits good numerical stability across various
values of the fractional order «, reflecting competitive performance compared to other numerical and
analytical methods applied to this type of models. The method is characterized by simplicity, flexibility,
and high accuracy. Unlike some other methods that require recomputing the decomposition of nonlinear
terms or employing integral transforms at each step to extract series coefficients, the RPSM computes
these coefficients efficiently through direct repeated differentiation using Caputo derivative rules, thereby
reducing the overall computational cost and making its implementation straightforward. Based on these
results, the residual power series method (RPSM) can be considered an effective and promising tool for
solving a wide spectrum of nonlinear fractional differential equations arising in physical and engineering
models. In the future, this method can be extended to more complex systems of coupled or delayed frac-
tional equations, applied to broader and more realistic dynamical problems, in addition to the possibility

of combining it with acceleration transforms to enhance convergence efficiency.
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