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Exam in Analysis 2

Exercice 1 (10 points)

Calculate the following integrals

4

/ cos?(x) da / sinz + cos o / 1
1 —sin(z) ’ sin?

sinxz — cosx

/ﬁ dz, /rlm dz
g

[

fg Calculate the area of A defined as follow:

5 dx
T cos?

1
1+ 222

S

dx
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1
A:{(m,y)€R2:0§J;§2W, égygcos?’x}

Exercice 2 (10 points)
I

Solve the the following Cauchy problems

{ y'() + (3% — Dy(x) = 2%
y(0) = -1

y"(x) + 9y(z) = 108z cos(3x) + we® + z2

y(0) = —g
y'(0) = —55
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@ We calculate the following integrals
L
V3 dz _ _
_11+2x2_\f 11+t2 P2

« We alculate the area of A defined as follow:
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Az{(m,y)eR2:0§m§27r, g =



cos¥(z) = 1 = (3)3 & 2 € {, 5} then
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e
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-\@'-Exercice 2
We solve the following Cauchy problems

v (z) + (322 — 1)y(z) = 2%e°
y(0) =1

5 This ¢/ (x)+ (322 —1)y(x) = z%e” is a non-homogeneous linear first-order ODE, its solution
is therefore of the type

Yg(x) = yn(x, C) + yp(x)
fg We seek all the solutions of the homogeneous ODE. We have

y’—l—(3:c2—1)y:0:>%:—(31’2—1)dx:/%:—/(BmQ—l)dm

1n|:L‘|:—x3+a:+c:>:>y:Ce_x3+x, CeR

So, ,
yn(z,C) = Ce 1% CeR*




g We are looking for a particular solution. For y,(z) = C (z)e~™" 17 we have
! —x3 4 _9,.2 —x3—gx 2 —z34+z _ 2
C'(x)e + C(z)(—3z°+1)e + (32 +1)C(x)e =z‘e
C/(x)e—x3+x — x2€x

C'(z) = z2e™

Then,
1 1
C(z) = /$26x3dl‘ = 7/3x2emsd$ = ¢
3 3
So,
1 1
) = geiseﬂuz = gex.

fg The general solutions of the EDO are therefore the functions

g 1
yﬂw:%@£WHM@:CJﬁH+§g
By imposing the y(0) = —1 we obtain C' = =% hence the unique solution to the Cauchy
problem
) = —4 -3+ 1 iz
y(x) = 3 e + 36

We solve the following Cauchy problem

y"(z) + 9y(x) = 108 cos(3z) + ze® + x?
y(0) = —g
y'(0) =—5

fg Since the ODE y" + 9y = 108z cos(3z) + ze” + 22 is not homogeneous, we seek its
solutions in the form

yg(ﬂf7 Cla CQ) = y(xa 017 02) T yp(x)

* We seek all the solutions of the homogeneous ODE 3" + 9y = 0. The character-
istic polynomial associated with the ODE is A*> + 9 = 0 which has discriminant
A = (3i)? < 0. So, we have two complex conjugate solutions

Ao = %3
As =0 and g = 3, all solutions are then functions
y(z,Cq,C) = e**(Cy cos(f) + Casin(5)) = Cicos3z + Cosin3x  Cp,C2 € R

* We are looking for particulars solutions. As the source term is g1 (x) = 108x cos(3z
we have
n=1 p=0, =3

As A <0, 0=p=3and 4 =a=0som=1. The particular solution will be
of the form

Yp, (z) = z((az+b) cos 3z + (cx+d) sin 3z) = (ax®+bx) cos 3z + (cx? +dx) sin 3z




which givesa =0, b=3, c=9, d=0.
As the source term is go(z) = ze®, we have
n=1 pu=1, §=0=m=0.
The particular solution will be of the form
Upa(2) = ¢ (az + D)

So,
Yp, (2) = €¥(az +b+a), yp,(z) = e"(az + b+ 2a)

which gives a = 1—10, b= —%. We conclude that

1 1
ypz(x) = €x(ﬁl‘ - %)

2 we have

As the source term is g3(z) = =
n=2 u=0 6=0=m=0.

The particular solution will be of the form

Yps (2) = az® + bz + ¢

So,
Yps (2) =20z + b,y (x) =2a
which gives a = %, b=0, c= —%. We conclude that

1 2
Yps(T) = §332 31

In conclusion, all solutions are the functions

1
yg(x,C1,C2) = Crcos 3z + Casindz + e*(—x — —) +

1
fg Since y(0) = —& then C; = 50 Since /(0) = — g5 then Cy = —55. We conclude that the
solution to the Cauchy problem is
1 1 1 1 1 2
y(l’) = %COSB.’E — % sin 3x + €x(TO$ — %) + §SU2 — 871
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