Gen Relativ Gravit (2011) 43:1707-1731
DOI 10.1007/s10714-011-1152-3

RESEARCH ARTICLE

Time delay in the Einstein-Straus solution

Kheir-Eddine Boudjemaa - Mourad Guenouche -
Sami R. Zouzou

Received: 1 August 2010 / Accepted: 20 January 2011 / Published online: 8 February 2011
© Springer Science+Business Media, LLC 2011

Abstract We compute the time delay of strong lensing in the framework of the
Einstein-Straus solution in presence of a cosmological constant and restrict ourselves
to the case of a spatially flat universe. The calculations are done to first order in the
ratio of Schwarzschild radius to peri-lens. We apply our results to the lensed quasar
SDSS J1004+4112. Our predictions for the time delay between the images C and D of
the quasar range from 6 to 13 years and are compatible with the experimental lower
bound.
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1 Introduction

Before the work of Rindler and Ishak [1], the general believe was that the deflexion
angle of light passing near an isolated static and spherically symmetric mass is inde-
pendent of the cosmological constant. This believe was based on the argument that the
cosmological constant disappears from the geodesic equation for massless particles.
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1708 K.-E. Boudjemaa et al.

In september 2007, Rindler and Ishak [1] corrected this believe. They pointed out that
it is not sufficient to consider the geodesic equation but also the metric itself must
be considered. In the work of Rindler and Ishak the source emitting the light and the
Earth were supposed to be at rest with respect to the lens. Also all the masses, includ-
ing those of the Earth and of the source, were neglected, except the mass of the lens.
Since then, there is a rich controversy about whether or not a cosmological constant
modifies the bending of light near an isolated spherical mass. Sereno [2,3], Schiicker
[4,5], Miraghaei and Nouri-Zonoz [6], Kantowski, Chen and Dai [7], confirm Rindler
and Ishak’s result, while Khriplovich and Pomeransky [8], Park [9], Gibbons, Warnick
and Werner [10], Simpson, Peacock and Heavens [11] contradict Rindler and Ishak’s
findings.

Recently, Schiicker [12] redid the calculations of the bending of light by a spheri-
cally symmetric mass distribution, which is taken to be a cluster of galaxies by relaxing
all the previous hypotheses except that of sphericity: the observer and the source are
allowed to move with respect to the cluster, the masses of the other clusters are included
in the form of a homogeneous isotropic dust and the observer as well as the source are
taken comoving with respect to the dust. The appropriate framework of this compu-
tation is the Einstein-Straus solution [13,14] that matches the Kottler solution at the
inside of the Schiicking radius with the Friedmann solution at the outside. Einstein
and Straus’ first motivation was to explain why the cosmic expansion does not affect
smaller length scales such as planetary and atomic systems. Schiicker’s calculations
confirm previous calculations by Ishak, Rindler, Dossett, Moldenhauer and Allison
[15]: Taking into account realistic cosmic velocities attenuates the effect of the cosmo-
logical constant on the bending of light without however cancelling it. Although there
has never been a claim that the time delay was independent of a cosmological constant,
it is also interesting to do the computation of the time delay in the framework of the
Einstein-Straus solution. This computation is interesting at least on the experimental
side since our results may then be compared to available experimental lower bounds
on time delay.

The paper is organized as follows: Section 2 is devoted to a brief presentation of
the Einstein-Straus solution with a cosmological constant in the case of a spatially
flat universe. Then, in Sect. 3, the geodesics of light are integrated and a general
expression for the time delay is derived and subsequently applied to the quasar SDSS
J1004+4112. Finally, our findings are summarized in Sect. 4.

We will use the same units as in reference [12]: astrometers (am), astroseconds (as),
astrograms (ag)

am = 1.30 x 10 m = 4221 Mpc, as = 4.34 x 10'7 s = 13.8 Gyr, "
ag = 6.99 x 10°! kg = 3.52 x 10! Mg,
where M denotes one solar mass. In these units
¢ = lam as_l, 817G =1 am3as_2ag_1, Hy=1 as_l,
i =3.86x 107'am? as'ag. )

For spatially flat universes, to which we will restrict ourselves in the following, we
may set the scale factor today ap := a(t = 0) = 1 am.
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Time delay in the Einstein-Straus solution 1709

2 The Einstein-Straus solution with a cosmological constant

We will consider hereafter the Einstein-Straus solution [13,14] generalized to include
the cosmological constant [16] but restrict ourselves to spatially flat universes. We
will need the Jacobian of the transformation passing between the Friedmann and
Schwarzschild coordinates to calculate the geodesics of photons. Let us quote the
results obtained by Schiicker [12]. Let (T, r, 0, ¢) and (¢, x, 6, ¢) stand respectively
for Kottler and Friedmann coordinates. The Kottler metric

ds* = B(r)dT? — B(r)~'dr? — r?dQ?, 3)
with
2GM A
B(ry=1-"2"_ grz, )
r

prevails inside a vacuole of radius rg¢;ii(T), ¥ < rscpii. The Friedmann spatially flat
metric is given by:

ds®> = dt> — a(t)? (dx2 + xzdszz) . )

with the scale factor a(¢) determined by the first order Friedmann equation

%:,/A/u+Aa2/3, (6)

where

3 A
A= aopdust0/3 =1-— (7)

3 9
prevails outside the vacuole x > xscnii- It is worthwhile to notice that due to (6), the
scale factor is strictly monotonic. The two solutions are glued together at the constant
Schiicking radius xscpi

rschii(T) := a(t) xschii- (8)

By taking into account the fact that the central mass must be equal to the dust density
times the volume of the ball with Schiicking radius rgcp;i

L. M 2GM ©
= — = ——.
8T XSehii  XSchii

In the following, it is useful to introduce

A A
B(rscnii) =t Bseni = 1 = —XSeni = 5" XSeni (10)
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and

Csehii = /1 — Bschii- (11)

Schiicker [12] computed the Jacobian of the coordinate transformation (7', r) — (t, x)
at the Schiicking radius and also the inverse of the Jacobian (corresponding to the
Jacobian of the inverse coordinate transformation (¢, x) — (7, r)) with the results

oy ooy Csens Ox| __ Csei Ox| 1

T |scpii O |seni Bschii 0T | sepi a " 0r g aBschii
(12)

and

aT 1 aT Cschii ar ar

— = , — =a o = Cschii, —— =a.

Ot |scnii  Bschii X |scni  BSchii 9t |sepii IX |schii
(13)

In the following we also need to pass between Kottler time 7 and Friedmann time ¢
at the Schiicking radius. To this end we will use the result also obtained by Schiicker
[12]

dt

- = Bschii- (14)
dT {sepii o

3 Integrating the geodesics of light

We have the following situation, Fig. 1: a first photon is emitted by the source, a
quasar, at a time ¢ and follows an upper straight line trajectory until its arrival at a
time 7, .. ¢ on the Schiicking sphere in the half space containing the source. It is then
bent inside the Schiicking radius, until it emerges from the Schiicking sphere in the
half space containing the Earth at time fg_,.. -, then follows a straight line until its
arrival on Earth at time #;, = 0. A second photon is emitted by the quasar at a time

TSchii

’
Uschiis

Tschis

tschiiS

Fig.1 Two light rays emitted by a source S, bent inside the Schiicking sphere and finally received at Earth
E. The travel times of the two photons differ, giving rise to a time delay
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Time delay in the Einstein-Straus solution 1711

ts follows a lower straight line trajectory, arrives on the Schiicking sphere in the half
space containing the source at time fs.pjis, it is then bent inside the Schiicking sphere
and emerges from the Schiicking sphere in the half space containing the Earth at time
tschiiE, follows again a straight line until its receipt on Earth at the same time as the
first photon 7o = #j, = 0. We will here be interested in the computation of the time
delay g — 1.

Let us first integrate the first order Friedmann solution (6) for the scale factor a(¢) in
the spatially flat case with cosmological constant A and dust density pg,s:0 = (3 —A)
(we will take the experimentally favored value A = 0.77 x 3 am™~2 % 20%) with final
condition ag = 1. One may show that (6) is equivalent to the Friedmann second order
equation for a(t)

2d% 1 (da N as)
a di? a? \ dt o

with final conditions
d
“l S =1 (16)
dt =0

The integration of (6) or (15) may be done analytically with the result

AN 13 1/3
1= =
3 /A
a(t) = T3 sinh? 2 ?t + arcsinh a7
3
We will also need to solve the equation

dy 1
—_ =, 18
dt a (18)

for various final conditions, with x having the meaning of a geodesic distance, not
to be confused with a luminosity distance. Since these are the final conditions, at the
arrival on Earth, which are known, we will proceed backwards in time in three steps:
we will determinate 7, .. . and tscpiig, then tg, ;. and tscpiis, and finally 7 and fs.

Step 1: Determination of tg, ... and tschiiE-

Here we will be interested in the photon trajectory between the Earth and the Schiicking
sphere with the Friedmann metric. The non vanishing Christoffel symbols of the
Friedmann metric in the plane 6 = 7 /2 are given by

a a
t t 2 X X ! ® ! %
Iy =aar, Ty, =aarx®, Tge=—x, 17, = PE Iy = PE Yo = ;7

XX o9
(19)
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and the geodesic equation reads

. .2 2.2 . ag .. .2 . ag .. 2..

t+aax”+aarx“9-=0, ¥ +2;tx —x¢° =0, <p+2;t<p+ ;)((p =0,
(20)

with final conditions at p = 0

: /
. sin o
t=0, x=xg, @o=m (=1 x=cosa, ¢= et 21
E

for the upper trajectory photon, where we use the fact that the physical angle o’ coin-
cides with the coordinate angle arctan(|x¢/x|).
For the lower trajectory photon, the final conditions differ

sin o0

t=0, x=xg, ¢=-n, i=1 jf=cosa, ¢=-— . (22)
XE
The solution of the geodesic equation is
.1 X X;
i=—-, F=sinlp-d), ¢=-55, (23)
a X a=x
where x f/n’ the would be peri-lens, is given by
X[,? = XE sino/, (24)
for the upper trajectory photon and
.1 . .
P= -, X—p:—sm((p—i—a), <p=—%, (25)
a X a=x
where x,, the would be peri-lens, is given by
Xp = XESina, (26)

for the lower trajectory photon.
The polar angles ¢, and @scpiie at which the lower and the upper trajectory
photons emerge from the Schiicking sphere are given respectively by

!
. X
Pseniip = ™ —arcsin| —2— )+ o, 27)
XSchii
@SchiiE = —T + arcsin ( Xp ) —a, (28)
XSchii
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where xscnii, the Schiicking radius, is given by

M 1/3
XSchii = (m) , 29)

where we make use of (7) and (9). It is easy to see using elementary Euclidean geom-
etry that the geodesic distance x§,,.»  between the upper trajectory photon when it
emerges from the Schiicking sphere and the Earth is given by

XSchilE,E =\/X% + XSenii + 2 XE XSchii €S Qg i (30)

where xg is the Earth-lens geodesic distance.

In the same way the geodesic distance xscpiie, £, between the lower trajectory pho-
ton when it emerges from the Schiicking sphere and the Earth is given by an analogous
expression

XSchiiE,E Z\/Xf; + X3onii + 2 XE XSchii COS @SchiiE (31)

The Earth-Lens geodesic distance xr may be deduced from the knowledge of the
redshift zg according to the scheme

1 - - -
g —> agp = —— —> (g :=1(ag) — x{E) = XE. (32)
14+z£

where 7(a) denotes the inverse of the scale factor a(¢) and where  is the solution of
the first order differential Eq. (18), subject to the initial condition x (0) = 0, meaning
that the photon reaches the Earth today at fo = 0. Moreover, since the scale factor a is
strictly positif, x is a strictly decreasing function and thus injective. Therefore, x (¢)
can be inverted to give ¢ in term of .

The knowledge of zg allows to determine ag, then one deduces the corresponding
time 7z. Injecting in x (¢), one finally deduces x . This is the same procedure that will
be used to deduce xg

1 ~ - -
s —> as = —— — tg:=t(as) = x(ts) =: xs. (33)
I4+zs

On the other hand, the geodesic distance between the Earth and the upper trajectory
photon in the time interval from its crossing of the Schiicking sphere in the half space

containing the Earth 7, .. until its arrival at Earth #) = 0 is governed by Eq. (18)
with the final condition

x(0) =0, (34)
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meaning that at t(’) = 0 the photon reaches the Earth. From (18) and (34), one deduces
that

XSchiike,E tSehiiks )
dy = — —dt 35
X 20) (35)
0 0
ie.,
t_/?thﬁE 1 0 1
A =— —dt = / —dt. 36
XSchiiE,E a() ) (36)
0 tSchiiE
Then, comparing with Eq. (30), one gets
; 1
\/X}zg + X?Chi,t' + 2 XE XSchii €08 (ﬂlschub‘ = / %dﬁ 37
1SchiiE

Equation (37) may then be used to deduce 7g,,.. ..

The geodesic distance between the Earth and the lower trajectory photon in the
time interval from its crossing of the Schiicking sphere in the half space containing
Earth, ts.pi; g, until its arrival at Earth (fg = t(/) = 0), is also governed by (18) with the
final condition (34). In an analogous way, one gets

—c
Q
3| -
N—

U

-~

XSchilE,E = (38)
ISchiiE
Then, comparison with Eq. (31) gives
0 1
X2+ X+ 2 X8 Xschia €05 @scni = / pratll (39)
ISchiiE

which may serve to deduce tscpii -
However, we find it more reliable to proceed in a different way: we compute ¢scpii g
by difference with té cniip- Combining (37) and (39), one gets

0 | 0 ! 1SehiiE |
XSchiiE,E — XéchiiE,E = / %dt - / mdl = / Ed[ (40)
tSchiiE (S eni ISchiiE
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Time delay in the Einstein-Straus solution 1715

Since a(t) does vary significantly only on cosmological time scales and since |£§,.,:.  —
tschiie | 18 very much smaller than cosmological time scales then

t_/S'L'h'u'E ,
-~ tSchiiE — ISchilE

a®)  altgup)
ISchilE

(41)

On the other hand, combining (30) and (31)

/ 2 2
XSchiiE,E — XSchiE.E = \/XE + XSeni T 2XE XSchii €OS QSchiiE

_\/Xlzg + X.%chi,i + 2XE XSchii €O8 (p./SchiiE' (42)

But,

, . xgsina’ ,
CoS Ygopiip = —cos [ —arcsin | =— ) +«

XSchii
XEe o U ((xE — xsehii |-
~ —cos (— —i—o/) ~ —1—|——(—“‘) a?, (43)
XSchii 2 XSchii
and similarly
1 (xE — xsenii | ’
cos pschie = —1+ - | ——) o, (44)
2 XSchii

and then one gets up to second order in the physical angles o and o’

(a2 _ a/z) . (45)

li
XSchiiE.E — Xschik.E =~ (XE — XSchii)
2 X Schii

Combining (41) and (45), one gets an approximate expression for ¢ .. — tschiE

/
o — tsenie = Gt — xson) " SHEIE (o2 _2) e
XSchii
which may be used to deduce ts.piig if tgc i p has been determined from (37). Since
a > o, the lower trajectory photon emerges from the Schiicking sphere before the
upper trajectory photon.
The upper trajectory photon emerges from the Schiicking sphere with 4-velocity

/ ! !/

il _ 1 ./ __cos T ) ./ _ Xp
Schile = XSchiE = 2 o PseniE = 3 2
SchiiE ASchiiE ASchii EXSchii

(47)
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1716 K.-E. Boudjemaa et al.

where
/ L ’
agepiie = allgepiip) (48)

and the lower trajectory photon emerges from the Schiicking sphere with 4-velocity

. 1 . cos (@schie +a) —Xp
ISchilE = 0 XSchiE = ———— 5 s PSchiE = 5 2
aschik ASchiilE Aschiie X Schii
(49)
where
aschie = a(tschik)- (50)

Let yj, yr be the smaller physical angles between the un-oriented direction of
the upper trajectory photon and the direction towards the lens, and between the
un-oriented direction of the lower trajectory photon and the direction towards the
lens. We have

y ’
PSchii . X

v = anctan (s Z9E ) = (g o) =anesin( 22 ). 51
XSchiilE XSchii

and

pSchii E .

YF = arCtan( XSChu(/.) = ) =7 + (@schie + @) = arCSIH( Xp ) . (52
XSchiiE XSchii

Step 2: Determination Oftgchijs and tschiis.

We have first to translate the 4-velocities of the upper and lower trajectories photons
into the coordinates (7, r, ¢). They will serve as final conditions for the geodesic
equation inside the Schiicking sphere where prevails Kottler metric. Using the inverse
Jacobian (13), one gets

/ / /
. — COS L —
./ _ ~SchiE ((pSchuE )
Fschie = 7 (53)
ASchiiE
and
) Cschiie — €08 (@schiie + o)
I'SchiiE = , (54)
AaschiiE
with
Cseniie = Csehii tsepiip) (55)
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and

Csehiie = Cschii(tschiE)s (56)

where Cgcpii (1) is given by

— _ A 2 A 2 2
Csenii(t) =+/1 — Bgepii () = MXSC;“; + ?a (I)XSchi,i

[ A A
— . 42
= XSchii at) + 3 a=(t). (57)

Let y; and yg denote respectively the smaller coordinate angles between the
un-oriented direction of the upper trajectory photon and the direction towards
the lens and between the un-oriented direction of the lower trajectory photon
and the direction towards the lens. We have

o/ : /
) . Sin

Yk =: arctan ( FSchiiE ,/SCh”E ) — arctan (/—VF/) , (58)
Fops C g +cosy
Schil E Schil E F

and

pSchiiE sin yp

yx =: arctan ( rgch,;E? o ) = arctan (—V) . 59)
FSchiiE Cschiig + coS yr

Moreover, we have at our disposal an initial condition, [12], which we may use to set

Seniie = tseniip- We have thus specified the final conditions of the geodesic equation
inside the Schiicking sphere.

Making use of the Christoffel symbols of the Kottler metric in the equatorial plane

0=mn/2

B’ BB’ B’ 1
T __ _ _ _ ¢ __
Mrn=gp Trr=—3 Th=—gp Te="rB D=0 (0

the geodesic equations then read

B'(r) ..
Tr =0, (61)
B(r)
. l / 'Z_EB/(r)-Z_ 22 _
P+ 2B(r)B T 2_B(r) 7 rB(r) ¢~ =0, (62)
2
¢+ ;fqb =0, (63)
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1718 K.-E. Boudjemaa et al.

from which we deduce three first integrals

T =1/B(r), (64)

or’ =1J, (65)
A

- —E. (66)

errz_%:

Equation (65) comes from invariance of the metric under rotations and J has the
meaning of an angular momentum per unit mass, (66) comes from invariance of
the metric under time translations and E has the meaning of energy per unit mass. For
the photon E = 0.

Eliminating the affine parameter between (65) and (66), one gets in the case of a
photon

dr_ |7 g (67)

— ==4r,|— — B.

do J?
At the peri-lens r 1/7 for the upper trajectory photon 5—; . =0, from which one deduces

Tp
the expression of J in terms of r;,
r/
J=_—r (68)

/Bri)

Similarly at the peri-lens r, for the lower trajectory photon j—;

= 0 and one deduces
,
P

the expression for J in terms of 7,

J=—1r (69)

JB@rp)

Replacing J by the appropriate expression (68) or (69), one gets

d 1 —1/2
_9”:1—(1_5_1, r,) , (70)
dr ’ /rz/ré,z _1 rooryr +rp

valid for the upper trajectory photon and

do 1 s s r —1/2
—_—=t 1 - - - — . (71)
dr r /rz/r]%—l roorpr+rp

valid for the lower trajectory photon, where s denotes the Schwarzschild radius s =
2GM.
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Time delay in the Einstein-Straus solution 1719

It is worthwhile to notice that the cosmological constant has disappeared from (70)
and also from (71).

Since s/ r;, < land s/r, < 1, we will hereafter only retain terms up to linear
order in s/ r;, orin s/rp. In this approximation

r[/, ~ a(téchiiE)XSChﬁ sin VI/< —GM (72)
and
rp = a(tschiiE) Xschii Sinyg — GM. (73)

Eliminating now the affine parameter between (64) and (66) and taking into account
(68), one gets

=4 (74)

for the upper trajectory photon and

dT 1
ar T 2
" ry B(r)

, (75)

for the lower trajectory photon.

Let us denote 7 ,..c and Tg ;.. the Kottler times at which the upper trajectory
photon penetrates inside and emerges from the vacuole respectively and 7g, . and
ts.nip the corresponding Friedmann times. From now on, we will denote the expres-
sion of dg/dr and dT /dr valid for the upper trajectory photon by d¢’/dr and dT' /dr
respectively and will continue to denote the expressions valid for the lower trajectory
by de/dr and dT /dr. We have

rtsepir) , r(tsepiis) ,
, , T T
Tscniie = Tscniis = I dr + I dr, (76)
rp r]’,

with r(t) = a(t) xschi and where dT’ /dr is given by (74). To obtain (76), we have
used the fact that 7" increases when r decreases from r (5. ¢) to r;, as well as when
r increases from r;, to 7 (L5 pip)-
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1720 K.-E. Boudjemaa et al.

Using the relation (14) relating the Kottler time 7 and the Friedmann time ¢, one
gets

1SehiiE d
t
Tseniis = Tsenie — Y (77
Byenii (1)

’
Ischiis

Moreover, we have at our disposal a free initial condition [12] which we may use to
set tg g = Tsenip fOr instance. Combining (76) and (77), one gets

r(tsepir) I r(tsepiis) I tSehiike J
t
dr + / dr — / EELL— (78)
dr dr Bscnii (1)
p rp Tschiis

from which one can deduce tchh ;is- If one is interested in Téch iis one can use (77) to
obtain it.

Let us denote Tscpiis and Tscpiip the Kottler times at which the lower trajectory
photon penetrates into and leaves the Schiicking sphere respectively and by s.p;is and
tschii e the corresponding Friedmann times.

To compute 7s5.piis, one can proceed in a similar manner as for tgc niis- We have the
analogous of (76), (77) and (78)

r(tschiiE) r(tschiis)
dT d
Tschiie — Tschiis = —|dr + — | dr, (79)
dr r
rp rp
ISchiiE
Te o = Ter / di (80)
SchiiS = LSchiE BSchij (l)
tSchiis
and
r(tschiik) r(tschiis) ISchiiE
dT dT dt
—\|dr + —\dr — — =0, (81)
dr dr BSchii(t)
rp rp ISchiis

from which one can deduce zg.pi;s.
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But as in the case of ts¢pii g, we prefer to proceed in a different manner: We deter-
mine tg¢piis by difference with téchij 5- Combining (76) and (79), one obtains

(T$eniie — Tseniis) — (Tschiie — Tschiis)

r(tsepip) , r(t5epiis) ,
dT aT
= / dr + / dr
dr dr
r1’7 rl’)
r(tschiik) r(tschiis)
dT dT
— — | dr — — | dr. (82)
dr dr
Tp Tp
On the other hand, using (14), we have
lgchiiE

dt lsepip — ISchik

Bschii(t) — Bschi(tspig)
ISchiiE

(83)

!/
Tschie — Tschik =

and

Ueniis ,
dt - Tseniis — ISchiis

Bscnii(t) — Bschii (tgopis)
ISchiis

(84)

/
Tscpiis — Tschiis =

where we have used the fact that Bg,p;; does not vary appreciably on the time intervals
[tschiiE, té‘chiiE] and [téchiiS’ tschiis] since these are smaller than cosmological scales.
Substituting (83) and (84) into (82) one gets

, , r(tsepip) r(tsepis)
Tschiie — ISchiiE  Tgepis — ISchiis ‘dT/ dr + ‘dT/ dr
BSchﬁ(tgchﬁE) BSchtk'(tgch,;S) dr dr
r r;,
r(tschiie) r(tschiis)
dT d / dT d
- —\dr — —\|dr
dr dr
Tp Tp
SchiiE) dT/ ./SchuE dT
dr — —\|dr
dr dr
r;, p
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’
(Useniis)

a- [

P "p

r(tschiis)
dr —/
r

’
Eseniis)

dr

dr

dT
dr

r.

(tsenig)
(85)

But since we deal with smaller length and time scales than cosmological ones:

r(tschiie)

dT

_|ar
dr

r_ —_—
dr

i
[a(tschiie) — a(tsepiip)] xschiis
r(to i g)
r(tsenir) SchitE
r(tschiis)

ar

dr

dT
dr~|—

dr

[a(tschiis) — a(tsepiis)] xschii-

’
. (Iseniis)
rUsepiis)

Using Eq. (6), one deduces

, A
a(tschie) — altsepip) =

204 . /
(! ) + 34 (Useniip) (ISchiiE = Lsenir) »
SchiiE

; / ~ A Ao . /
a(tschiis) — altgepiis) = ; + 34 (tsenivs) (Eschiis = Tseniis) -
a(tgcpiis)

with
1 1

3
A= gpdustO ay = 3 Pdust0-

3 (86)

On the other hand, using the results of reference [12]

!
rsepii)

, r(tepip)
dT dT
dr — / —\dr
dr dr
r;, p
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3 r; M A,
1 1 ﬁ arctanh gr(tSChﬁE)
r

PV 3
r/
—21n(—”)] :
T'p
It suffices to make the following replacements
r rp M A
x = —, €& = ——, 5§ — , A= rpy| = &7

rp r(tgnie) 8mr, 3

in Eq. (23) of reference [21].
In the same manner

r(tg'(.hﬁs) , r([_/S'zrhﬁS)
ar art
dr — —|dr
/ dr / dr
rl 'p

p

2 2
ML oy 8
- /
87 | 2 rlz, Mr(tg.pis)
2
3(r M [A
——[ = —1)——— arctanh —7r(te. s
2(,.;72 )87_["2 A arctan ( 31‘( SchuS)
p
r/
—2In{ £)].
T'p

3
Collecting together the previous results, one gets an analytical approximation for

1SchiiS = Lschiis

s ML) 8 Loy
SchiiS = tschiiS = 137 12 rIZ) M xschii a(t_’gcm) a(t./SchijS)
2
3(r2 M [2
——\ 5 —1)————=—\ arctanh{ ,/ —r(tg,;:
2(1";,2 )SJTI'[% A/3( ( 3r(50h"E)
A, T
+ arctanh ?r(tSchiiS) —41In E
s A A [T
XSchii a(tg‘chﬁE) 3 A" \schiik

d}
1
BSchu" (l Schil E )

!
r(Useniie)
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/ XE ( 2 /2)
Xa(tg.p: — i) — (o7 —
( SchuE) (XE — XSchii) 2Xsenii }

1
. (—
Bschii (tSchiiS)

dT

—1
., (88)
dr r(t./S‘thﬁS))

where we have also used the expression (46) for (tgc niig —tschiie)- Then the knowledge
of téchﬁ 5 allows one to deduce Zgscpiis.

Let us now determine in turn the polar angles (p/s cniis and @scpiis at which the upper
and lower trajectories photons penetrate inside the Schiicking sphere. Since the angle
¢’ increases all the way from 7§, to r}, and from r}, to g ;... o, one gets

+ 4 + A 2(tsepis)
XSchii, | ——— + —a ;
MY a3 Sehits

(tsepiis) , r(tsepiir)
do
/ /
PSchiiS =YSchilE — / o |47~ /

’ /
rp rp

d¢’

dr

dr. (89)

To the linear order in the ratio s/r/, Schwarzschild radius s = 2GM divided by
peri-lens r/,, one gets [12]

/ / nf nf 7
Oseniis == Pschiie — T +arcsinf — + arcsin| —
TSchiiE T'Schiis

2 2
1 os YSehic 4 1 S "Schiis _ 4
/ ”n / n”
27 5eniie Tp 275 cniis Tp

/ / / li

bs JTsehize —Tp 1S [Tsehizs —Tp 90)
/ / / / / ’
2rp)\ rsenie +rp 21\ Toepis T

Let us now compute the polar angle ¢g.piis at which the lower trajectory photon pen-
etrates inside the Schiicking sphere. Since ¢ decreases when r varies from rggpjis to
rp and also when r varies from r, to rscpii, then

r(tschiis) d r(tschii) d
% %
@SchiiS = PSchiiE + / —|dr+ / — | dr. 1)
dr dr
p rp
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To the linear order in the ratio s/7 ), one gets for @scpis [12]

. rp . rp
©SchiiS = QSchiiE + T — arcsin — arcsin
I'SchiiE I'SchiiS

2
rSchuE rSchuS —1
2 VSchuE 2 rSchuS 7'2
rSchuE rSchuS (92)
2rp rSchuE"l‘rp 2rp rSchuS+rp

Step 3: Determination of tg and tg.

One can now compute ¢

. Schii .
@5 = Oseniis — Vs + aresin ();LL SM sin V;S) , (93)

where ¢, ¢ is given by (90) and where y.¢ the smaller physical angle between the
un-oriented direction of the photon and the direction towards the lens as the photon
penetrates inside the Schiicking sphere from the external side:

Vs = arctan ( XSchi —(DSC’”‘S ) = arctan ( XSchii —?SC"“S) : (94)
XSchiis XSehiis
where ¢ ;.. and ¥ ¢ are given respectively by
r! r
. P P
Pschiis = = 95)

r./S‘zchuS\/ B(r},) az(t./s‘chﬁS)chhih/ B(r},)

and
\/1 _ . 272 . BSchu(t;gEhus) ,
Iy _ a2 (tepis) Xsen B Csehii(tgepiis) 1
Schiis = — - )
o atsepiis) Bschii(tsepiis) a(tsepis)  Bsehii (tgepiis)
(96)
with
A A
/ _ 2 2
Csehii (tsepiis) —\/mX5chu+§“2(t§chﬁs)X5chu o7)
cnu
and
B (1! _ 1 2 _é 20,7 2 98
Schii (Tscpiis) = G )XSchij 34 (Tschiis) X Schii- (98)
SchiiS
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To obtain (96) we have used the Jacobian of the coordinate transformation (7, r) —
(t, x), (13), together with the expressions of Tslchiis and ’;./SchiiS

. 1

Te o = ———m—,

SIS Btg ) ©9)
2

Moo= _ "p B(t./gchijS)_

Bas B0

XxL.s is the geodesic distance between the source and the lens, which can be accurately
approximated by

XL.S = XS — XL- (100)

In the same manner, once @scpiis determined, one can compute the polar angle ¢g
corresponding to the source by a relation analogous to (93)

XSchii

XL.S

@S = Qschiis + YFs — arcsin ( sin VFS) , (101)

where @gcpiis 1s given by (92) and where yrg is the smaller physical angle between
the un-oriented direction of the lower trajectory photon and the direction towards the
lens as the photon penetrates inside the Schiicking sphere from the external side:

) = arctan (chh,; (/,)SCWS) . (102)

XSchiiS

@Schiis
XSchii =
XSchiiS

yFs = arctan (

Using

\/1_ V,% Bschii (tschiis)

. rbz’chiis B(rp) Cschii (tschiis)
XSchiis = — — ,  (103)
a(tschiis) Bschii (tschiis) a(tschiis) Bschii (tschiis)

obtained by using the Jacobian of the coordinate transformation (7', r) — (¢, x) and

. p
PSchiis = — , (104)
o a®(tschiis) X 2o/ BUp)

then

[Cschnii(tschiis)
p Bschii (tschiis)

rschiis</ B(r
yFs = arctan [( SchiiS ( p)

—1
2
"o Bschii(tschiis)

+ [1-
"Sehiis B(rp)

(105)
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For a given M, one obtains in turn t./SchijE’ té‘chiiS’ (p./S‘chh'S’ gﬁfg, ISchiiE s ISchiiSs PSchiiS
and ¢g.

In general g5 # @s. To achieve ¢ = ¢g, which corresponds to the fact that the
upper and the lower trajectories photons are emitted by the same source, we have to
adjust M, i.e., we have to vary M until the equality ¢ = g is satisfied. We end up
with values of M, t_/SchiiE’ téchijS’ (pgchus» ISchiiEs tSchiiS» PSchiis and @_/g = ¢s-

We are now in a position to determine zg — 7.

Using once again some elementary Euclidean geometry, similar to that used to
obtain xg,: g g (30), one obtains for t.he geodes.ic distance XéchijS, s .between t}.le
source S and the photon of the upper trajectory as it crosses the Schiicking sphere in
the half space containing the source:

X§,5chus =\/Xz,s + Xfchi,- —2XL,S XSchii COS (‘/’/schus—‘PS)‘ (106)

Proceeding in the same manner, we get for the geodesic distance xscniis.s between
the source S and the photon of the lower trajectory as it crosses the Schiicking sphere
in the half space containing the source

XSchiiS,s =\/Xf,s + X Zeni — 2XL.S X Schii €08 (@schiis — Ps)- (107)
Making use of the approximations
cosx ~1—x2/2 and 1+ x ~1+x/2, (108)

valid for |x| <« 1, one gets

2
Peniis — S
Xéchiis,s = (XL,S - Xsmu) - % (109)
2 (x5 = 15iha)

— XSchii

(@Schiis — 95)*

Xschiis,s = (Xr,5 — Xschii) — - -\ (110)
2 (XL,S - XsChu)
Then
(@schiis —95)* = (Psoni —<Ps)2
XSchis. s~ XSchiiS.s = TR (111
2 (XL,S_XSchij)
On the other hand, Eq. (18) with the final condition yx (téchﬁ 5) = 0 gives
tschiis
0 / = di (112)
XSchiis,s = at)’
15
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In a similar manner, from (18) with the final condition y (¢scpiis) = 0, one gets

ISchiis d
t
0 — XSchiis,s = — —. (113)
’ a(r)

ts

From (112) and (113), one deduces an expression for xscpiis.s — X:S'chi,iS,S

LSchiis tscniis
, t t
XSchiiS,S — XSchiiS,s = a(_t) - %
ts 15
tg 1Schiis tSeniis
/ dt / dt / dt
= — 4+ _ -
a(t) a(t) a(t)
ts 1§ 15
g 4 ISchiis J
t t
= / — 4 / —_ (114)
a(t) a(t)
s tschiis

But since a(¢) varies significantly only on time intervals of cosmological nature,

t/
S ISchiiS

dt to—t dt tSchiis —te

/—: S5 and /—:M (115)
at) al(ty) a(t) a(tg.pis)

s tSeniis

Then

tg—1s  ISchiiS — Lsepiis

XSchiiS.S = XSchiis.s = @) o) (116)
Equating the right hand sides of (111) and (116), one arrives at
ts =15 Ischiis = lsepis _ (PSchiis — 9)? — (Vs piis — (PS)2 (117
a(ty) altsopis) 2 (XL_,ls — Xs_clhu) ‘
Then one deduces an expression for tg — g
, s tsehiis = toupis . (@schiis — 05)* = (Psepis — <PS)2
ts —tg ~ al(tg) (118)

L 1 _ -1
@ (Uschiis) 2 (XL,S - XSChii)

Hereafter are displayed the results for ¢5(= ¢%) the deflexion angle, M the mass
of the cluster of galaxies (the lens) and At = 5 — t/S, the time delay, in the case of the
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Table 1 Upper limit value of A: A = 0.77 x 3 am™~2 + 20%

ap +10% £0 0 0+ + + - - -
o +10% £+ - £+ - £+ -
—¢sl’] 09.03 0813 09.94 1084 09.94 1174 0723 0632  08.13
M[10°Mp] 0180 0198 0162 0198 0218 0178 0162 0178 0146
Atlyears] 09.76  09.18 1025 1235 1181 1277 0738 0674 0791

Bold values correspond to minimal and maximal values

Table 2 Central value of A: A = 0.77 x 3 am™2

ap £10% +0 40 40 + + + - - -
oy £ 10% +0 + - +0 + - +0 + -
—psl”] 09.97 0898 1097 1197 1097 1297 0798 0698  08.98
MI[10B¥Mg]  01.82  02.00 01.64 0200 0221 01.80 01.64 01.80 0148
At[years] 09.72  09.14 1019 1228 1176  12.68 07.35 0673  07.87

Bold values correspond to minimal and maximal values

Table 3 Lower limit value of A: A = 0.77 x 3 am™2 — 20%

ap +10% +0 +0 40 + + + - - -
o, £10% +0 + - 40 + - 40 + -

— sl 1057 09.51  11.63  12.68 11.63 1374 0846  07.40  09.51
MI103Mo]  01.80 0198 0162 01.98 0218 0179 0162 O0L79 0146
At[years] 09.53  08.97 09.98 1203 11.53 1241 721  06.60 07.72

Bold values correspond to minimal and maximal values

Table4 A =0

ap +10% +0 40 +0 + + + - - -
oy £ 10% +0 + - +0 + - +0 + -
—psl”] 11.86  10.67 13.05 1423 13.05 1542 0949 0830 10.67
M[10BMg]  01.68 01.84 01.51 01.84 0203 0166 01.51 0166 01.36
At[years] 0870  08.20 09.10 10.97 1053 1130 06.59 06.04 07.05

Bold values correspond to minimal and maximal values

lensed quasar SDSS J1004+4112 [17-19], where ‘+0’ stands for the central value,
‘4’ and ‘—’ stand respectively for the upper and the lower experimental limits.

o =5"+10%, o =10"+10%,

2L = 0.68, 25 = 1.734, (119)

The cluster mass M comes from a fitting: the angles ¢g and ¢ are calculated as a

function of M which is varied until the equality ¢, = @5 is satisfied. Tables 1,2,3.
For the cosmological A, we take the experimentally favored A =0.77 - 3 am™2 £

20%. We have also considered the case without cosmological constant A =0in Table 4.
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1730 K.-E. Boudjemaa et al.

4 Conclusion

In this paper, we have computed the time delay caused by a spherical mass, a clus-
ter of galaxies, in presence of a cosmological constant A using the Einstein-Straus
solution, which is the appropriate framework for taking into account the precession
of the observer and the effect of the other masses of the universe in the form of a
homogeneous isotropic dust, the observer being taken comoving with the dust. We
have applied our results to the lensed quasar SDSS J1004+4-4112. We have computed
the time delay between the images C and D of the quasar, which are the most aligned
images with the lens, and obtained results compatible with the lower bound given by
Fohlmeister [20]. Our predictions of the time delay range from 6 to 13 years.

It is worthwhile to compare our results with those of previous computations per-
formed by Schiicker and Zaimen [21] and by Kawano and Oguri [22]. Schiicker and
Zaimen computed the time delay in the framework of the Kottler solution and obtained
predictions ranging from 13 to 28 years, using however a different mass of the lens.
On the other hand, Kawano and Oguri obtained a time delay of 10 years.

In addition to the hypothesis of sphericity we have made in our calculations an
additional assumption: we have supposed implicitly that the photons don’t penetrate
the mass distribution region, since we have used only the exterior Kottler solution
inside the vacuole. It is then worthwhile to repeat the calculations taking into account
that the photons can penetrate the interior of the mass distribution, where an interior
Kottler solution must be used [23].

Acknowledgments This work was supported by Le Ministere de I’Enseignement Supérieur et de la
Recherche Scientifique of Algeria under grant D00920090096.
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