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✹✳✸ H%♦❣%❛♠♠❛+✐♦♥ ❞❡ ❧❛ ▼9+❤♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✸✳✶ H%♦❣%❛♠♠❛+✐♦♥ ❞❡ ❧❛ 1♦❧✉+✐♦♥ ❡①❛❝+❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✸✳✷ H%♦❣%❛♠♠❛+✐♦♥ ❞❡ ❧❛ 1♦❧✉+✐♦♥ ❛♣♣%♦❝❤9❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✸✳✸ ❈♦♠♣❛%❛✐1♦♥ ❞❡1 ♠9+❤♦❞❡1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷
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◆♦"❛"✐♦♥

O (xn) ❘❡"#❡ ❞❡ ❨♦✉♥❣

fn
❉+,✐✈+❡ ♥✐/♠❡ ❞❡ f

∂f

∂x
▲❛ ❞+,✐✈+❡ ♣❛,#✐❡❧❧❡ ♣,❡♠✐/,❡ ❞❡ ❧❛ ❢♦♥❝#✐♦♥ f ♣❛, ,❛♣♣♦,# 7 x

∂2f

∂x2 ▲❛ ❞+,✐✈+❡ ♣❛,#✐❡❧❧❡ "❡❝♦♥❞ ❞❡ ❧❛ ❢♦♥❝#✐♦♥ f ♣❛, ,❛♣♣♦,# 7 x
(X,M, µ) ❊"♣❛❝❡ ♠❡"✉,+

M ❚,✐❜✉

Lp (X,M, µ) , p ∈ [1,+∞] ❊"♣❛❝❡ ❞❡ ▲❡❜❡"❣✉❡

〈., .〉 ;,♦❞✉✐# "❝❛❧❛✐,❡

‖.‖ ▲❛ ♥♦,♠❡

f̂ (λ) ❚,❛♥"❢♦,♠❛#✐♦♥ ❞❡ ❋♦✉,✐❡,

∂Ω ❋,♦♥#✐/,❡ ❞❡ Ω
~n ◆♦,♠❛❧❡ ❡①#+,✐❡✉,❡

✸
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■♥"#♦❞✉❝"✐♦♥

▲❛ "#$♦❧✉(✐♦♥ ❞❡$ #-✉❛(✐♦♥$ ❞✐✛#"❡♥(✐❡❧❧❡$ ♦✉ ♣❧✉$ ❣#♥#"❛❧❡♠❡♥( ❞❡$ #-✉❛(✐♦♥$ ❛✉① ❞#"✐✲

✈#❡$ ♣❛"(✐❡❧❧❡$ ♦❝❝✉♣❡ ✉♥❡ ♣❧❛❝❡ ✐♠♣♦"(❛♥(❡ ❡♥ ✐♥❣#♥✐❡"✐❡ ❡( ❡♥ ♠❛(❤#♠❛(✐-✉❡$ ❛♣♣❧✐-✉#❡$✳

❈❤❛❝✉♥❡ ❞❡ ❝❡$ ❞✐$❝✐♣❧✐♥❡$ ❛♣♣♦"(❡ ✉♥❡ ❝♦♥("✐❜✉(✐♦♥ ❞✐✛#"❡♥(❡ ♠❛✐$ ❝♦♠♣❧#♠❡♥(❛✐"❡ : ❧❛

❝♦♠♣"#❤❡♥$✐♦♥ ❡( : ❧❛ "#$♦❧✉(✐♦♥ ❞❡ (❡❧$ ♣"♦❜❧;♠❡$✳

■❧ ❡①✐$(❡ ♣❧✉$✐❡✉"$ (❡❝❤♥✐-✉❡$ ♣❡"♠❡((❛♥( ❞❡ "#$♦✉❞"❡ ❧❡$ #-✉❛(✐♦♥$ ❛✉① ❞#"✐✈#❡$ ♣❛"✲

(✐❡❧❧❡$✳ ❖♥ ♣❡♥$❡ ♣❛" ❡①❡♠♣❧❡ ❛✉① ♠#(❤♦❞❡$ ❞❡ ❞✐✛#"❡♥❝❡$ ✜♥✐❡$✱ ❞❡ ✈♦❧✉♠❡$ ✜♥✐$✱ ❛✉①

♠#(❤♦❞❡$ $♣❡❝("❛❧❡$✱ ❡(❝✳

▲❛ ♣"♦❜❧#♠❛(✐-✉❡ ❞❡ ❝❡ ♠#♠♦✐"❡ "#$✐❞❡ ❞❛♥$ ❧❛ ❝♦♠♣"#❤❡♥$✐♦♥ ❡( ❧✬❛♣♣❧✐❝❛(✐♦♥ ❞❡ ❧❛

♠#(❤♦❞❡ ❞❡$ ❞✐✛#"❡♥❝❡$ ✜♥✐❡$✱ ❛✐♥$✐ -✉❡ ❧✬✐♠♣♦"(❛♥❝❡ ❞❡ ❧❛ ❝♦♥✈❡"❣❡♥❝❡ ❞❡ ❝❡$ $❝❤#♠❛$

♥✉♠#"✐-✉❡$✳

▲❛ ▼❉❋ ❡$( (";$ ❣#♥#"❛❧❡ ❡( ♣♦$$;❞❡ ✉♥❡ ❜❛$❡ ♠❛(❤#♠❛(✐-✉❡ "✐❣♦✉"❡✉$❡ -✉✐ ❡$( ❢♦"(

✉(✐❧❡✱ ♠E♠❡ $✉" ❧❡ ♣❧❛♥ (";$ ♣"❛(✐-✉❡✳

❊❧❧❡ ❡$( ❞✉❡ ❛✉① ("❛✈❛✉① ❞❡ ♣❧✉$✐❡✉"$ ♠❛(❤#♠❛(✐❝✐❡♥$ ❞✉ ✶✽#♠❡ $✐;❝❧❡ ✭❊✉❧❡"✱ ❚❛②❧♦"✱

▲❡✐❜♥✐③✳✳✳✮✳

▲✬❛""✐✈#❡ ❞✉ ❝❛❧❝✉❧ ♥✉♠#"✐-✉❡ ❡( ❞❡ ♠#(❤♦❞❡$ ❞❡ "#$♦❧✉(✐♦♥ ♣❡"❢♦"♠❛♥(❡$ ♣❛" ♦"❞✐♥❛✲

(❡✉" ❛ ♣❡"♠✐$ ❞❡ ♣♦♣✉❧❛"✐$❡" ❡( ❞✐✛✉$❡" ❝❡((❡ ♠#(❤♦❞❡✳

▲❡ ❜✉( ❞❡ ♥♦("❡ ("❛✈❛✐❧ ♣♦"(❡ ✉♥❡ #(✉❞❡ ❞❡ ❧❛ ❝♦♥✈❡"❣❡♥❝❡ ❞❡$ $❝❤#♠❛$ ❞❡ ❧❛ ▼❉❋✱

$♦✉♠✐$❡ : ❞❡$ ❝♦♥("❛✐♥(❡$ (❡❧❧❡$ -✉❡ ❧❛ $(❛❜✐❧✐(# ❡( ❧❛ ❝♦♥$✐$(❛♥❝❡✳

❖♥ ❛ ❥✉$(✐✜❡" ♣❛" ❧❡ ❜✐❛✐$ ❞✉ (❤#♦";♠❡ ❞❡ ▲❛①✱ -✉❡ ❝❡((❡ ♠#(❤♦❞❡ ❝♦♥✈❡"❣❡ ❜✐❡♥ ✈❡"$

❧❛ $♦❧✉(✐♦♥ ❛♣♣"♦❝❤#❡ ❞✬✉♥ ♣"♦❜❧;♠❡ ❞✬#✈♦❧✉(✐♦♥ ❊❉O✳

❊♥✜♥✱ ♦♥ ❛ ❡$$❛②❡" ❞❡ ❢❛❝✐❧✐(❡" $❛ ❝♦♥❝❡♣(✐♦♥ ♣❛" ❧✬❛♣♣❧✐❝❛(✐♦♥ ❞✉ $❝❤#♠❛ ♣"♦❣"❛♠♠#

✭▼❆❚▲❆❇✮ ❞✬❊✉❧❡" ❡①♣❧✐❝✐(❡ ♣♦✉" ❧✬#-✉❛(✐♦♥ ❞❡ ❞✐✛✉$✐♦♥ ❞✬♦"❞"❡✶✳

◆♦("❡ ♠#♠♦✐"❡ ❡$( ♦"❣❛♥✐$# ❝♦♠♠❡ $✉✐( ✿

❉❛♥$ ❧❡ ♣"❡♠✐❡" ❝❤❛♣✐("❡✱ ♥♦✉$ ♣"#$❡♥(♦♥$ : (✐("❡ ❞❡ "❛♣♣❡❧✱ -✉❡❧-✉❡$ "#$✉❧(❛($ ♣"#❧✐✲

♠✐♥❛✐"❡$ ♣❛"(✐❝✉❧✐;"❡♠❡♥( ❞✬❛♥❛❧②$❡ ❢♦♥❝(✐♦♥♥❡❧❧❡ ❡( ♥✉♠#"✐-✉❡✱ ♥#❝❡$$❛✐"❡$ ♣♦✉" ❛❜♦"❞❡"

❧❡$ ❝❤❛♣✐("❡$ $✉✐✈❛♥($✳

◆♦✉$ ❡$$❛②♦♥$ ❞❛♥$ ❧❡ $❡❝♦♥❞ ❝❤❛♣✐("❡✱ ❞❡ ♣"#$❡♥(❡" ❧❡ ❝♦♥❝❡♣( ❞❡$ #-✉❛(✐♦♥$ ❛✉① ❞#✲

"✐✈#❡$ ♣❛"(✐❡❧❧❡$ ❡( -✉❡❧-✉❡$ ❝♦♥❞✐(✐♦♥$ ❛✉① ❧✐♠✐(❡$✳

▲❡ ("♦✐$✐;♠❡ ❝❤❛♣✐("❡✱ ❜✉( ❞❡ ♥♦("❡ ♠#♠♦✐"❡✱ ❡$( ❝♦♥$❛❝"# : ❧✬#(✉❞❡ ❞❡ ❧❛ ♠#(❤♦❞❡ ❞❡$

❞✐✛#"❡♥❝❡$ ✜♥✐❡$✱ ❛✐♥$✐ -✉❡ ❧✬✐♠♣♦"(❛♥❝❡ ❞❡ ❧❛ ❝♦♥✈❡"❣❡♥❝❡ ❞❡ ❝❡$ $❝❤#♠❛$ ♥✉♠#"✐-✉❡$✳

✹
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❙✉✐#❡ ❛✉① ❛♣♣❧✐❝❛#✐♦♥, ♥♦♠❜/❡✉,❡, ❡# ✈❛/✐1❡, ,♦❧❧✐❝✐#1❡, ♣❛/ ❞❡, ✐♥❣1♥✐❡✉/, ❞❡ ❞✐✈❡/,❡,

❞✐,❝✐♣❧✐♥❡, ✉#✐❧✐,❛♥# ❝❡##❡ ♠1#❤♦❞❡✱ 6✉❡ ❝❡ ,♦✐# ❡♥ ♠1❝❛♥✐6✉❡ ❞❡, ✢✉✐❞❡, ♦✉ ❞❡, ,♦❧✐❞❡,✱

♠❛✐, ❛✉,,✐ ♣♦✉/ ❧❡, ♣/♦❜❧8♠❡, #❤❡/♠✐6✉❡,✱ 1❧❡❝#/♦♠❛❣♥1#✐6✉❡,✱ ❝❤✐♠✐6✉❡,✱ ❡#❝✳ ❊#✱ ; #✐#/❡

❞✬❛♠1❧✐♦/❛#✐♦♥✱ ♥♦✉, ❡,,❛②♦♥, ❞❛♥, ❝❡ ❞❡/♥✐❡/ ❝❤❛♣✐#/❡✱ ❞❡ ❢❛❝✐❧✐#❡/ ❧❛ ❝♦♠♣/1❤❡♥,✐♦♥ ❞❡

❝❡##❡ ♠1#❤♦❞❡✱ ,❡♠❜❧❛❜❧❡ ; ❝❡❧❧❡ ❞❡, 1❧1♠❡♥#, ✜♥✐, ✭❚/❛♥,❢♦/♠❛♥# ❧❛ /1,♦❧✉#✐♦♥ ❞✬✉♥❡ ❊❉C

,❡❝♦♥❞1❡ ♣❛/ ❞❡, ❝♦♥❞✐#✐♦♥, ❛✉① ❧✐♠✐#❡,✱ ; ❧❛ /1,♦❧✉#✐♦♥ ❞✬✉♥ #❡❧ ,②,#8♠❡ ♠❛#/✐❝✐❡❧ ❬✸❪✱ ❬✻❪✮✱

♣❛/ ❧✬❛♣♣❧✐❝❛#✐♦♥ ❞✬✉♥ ,❝❤1♠❛ ♣/♦❣/❛♠♠1 ✭▼❛#❧❛❜✮ ❞✬❊✉❧❡/ ❡①♣❧✐❝✐#❡ ♣♦✉/ ❧✬16✉❛#✐♦♥ ❞❡

❞✐✛✉,✐♦♥ ❞✬♦/❞/❡ 1✳

➚ #✐#/❡ ❞❡ ❝♦♥❝❧✉,✐♦♥✱ ♦♥ ❞♦♥♥❡ ❝❡/#❛✐♥❡, /❡♠❛/6✉❡, ✐♠♣♦/#❛♥#❡, /❡❧❛#✐✈❡, ; ❝❡##❡ ♠1✲

#❤♦❞❡ ❡# 6✉❡❧6✉❡, ❞1✈❡❧♦♣♣❡♠❡♥#, ♣♦,,✐❜❧❡,✳

❊♥✜♥✱ ✐❧ ❝♦♥✈✐❡♥# ❞❡ ,✐❣♥❛❧❡/ 6✉❡ ♥♦#/❡ #/❛✈❛✐❧ ❡,# ❡,,❡♥#✐❡❧❧❡♠❡♥# ❜❛,1 ,✉/ ✉♥❡ ❝♦♠❜✐✲

♥❛✐,♦♥ ❞❡ /❡❝❡##❡, ❞1❥; ✈✉❡, ✭1#✉❞✐1❡,✮✳

✺



❈❤❛♣✐%&❡ ✶

)&*❧✐♠✐♥❛✐&❡

❉❛♥# ❧❡ ♣'❡♠✐❡' ❝❤❛♣✐,'❡✱ ♥♦✉# ♣'0#❡♥,♦♥# 1 ,✐,'❡ ❞❡ '❛♣♣❡❧✱ 3✉❡❧3✉❡# '0#✉❧,❛,# ♣'0❧✐✲

♠✐♥❛✐'❡# ♣❛',✐❝✉❧✐5'❡♠❡♥, ❞✬❛♥❛❧②#❡ ❢♦♥❝,✐♦♥♥❡❧❧❡ ❡, ♥✉♠0'✐3✉❡✱ ♥0❝❡##❛✐'❡# ♣♦✉' ❛❜♦'❞❡#

❧❡# ❝❤❛♣✐,'❡# #✉✐✈❛♥,#✳

✻



✶✳✶✳ ❉➱❱❊▲❖((❊▼❊◆❚❙ ▲■▼■❚➱❙

✶✳✶ ❉#✈❡❧♦♣♣❡♠❡♥+, ❧✐♠✐+#,

✶✳✶✳✶ ❉#✈❡❧♦♣♣❡♠❡♥+ ❧✐♠✐+# ❞✬♦/❞/❡ n ❛✉ ✈♦✐2✐♥❛❣❡ ❞❡ 0

❉!✜♥✐%✐♦♥ ✶✳✶✳ ❙♦✐# f ✉♥❡ ❢♦♥❝#✐♦♥ ❞*✜♥✐❡ ,✉- ✉♥ ✈♦✐,✐♥❛❣❡ ❞❡ 0✳ ❖♥ ❞✐# 3✉❡ f ❛❞♠❡#

✉♥ ❞*✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#* ❞✬♦-❞-❡ n ❛✉ ✈♦✐,✐♥❛❣❡ ❞❡ 0✱ ,✬✐❧ ❡①✐,#❡ ✉♥ ✐♥#❡-✈❛❧❧❡ ♦✉✈❡-# I ❞❡

❝❡♥#-❡ 0 ❡# ❞❡, ❝♦♥,#❛♥#❡, a0, a1, ..., an #❡❧, 3✉❡ ♣♦✉- #♦✉# x 6= 0 ❛♣♣❛-#❡♥❛♥# : I

f (x) = a0 + a1x+ ...+ anx
n + xnǫ (x) ,

♦; ❡,# ✉♥❡ ❢♦♥❝#✐♦♥ ❞*✜♥✐❡ ❞❛♥, I✱ #❡❧❧❡ 3✉❡

lim
x−→0

ǫ (x) = 0.

❖♥ *❝-✐# ❛✉,,✐

f (x) = a0 + a1x+ ...+ anx
n +O (xn) .

▲❡ ♣♦❧②♥>♠❡ Pn (x) = a0 + a1x+ ...+ anx
n + xn

❡,# ❞✐# ♣❛-#✐❡ -*❣✉❧✐?-❡ ❞✉ ❞*✈❡❧♦♣♣❡♠❡♥#

❡# xnǫ (x) -❡,#❡ ♦✉ #❡-♠❡ ❝♦♠♣❧*♠❡♥#❛✐-❡✳

❯♥✐❝✐%!

❚❤!♦-.♠❡ ✶✳✶✳ ❙✐ f ❛❞♠❡# ✉♥ ❞*✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#* ❞✬♦-❞-❡ n ❛✉ ✈♦✐,✐♥❛❣❡ ❞❡ 0✱ ❝❡
❞*✈❡❧♦♣♣❡♠❡♥# ❡,# ✉♥✐3✉❡✳

❈♦-♦❧❧❛✐-❡ ✶✳✶✳ ❙✐ ✉♥❡ ❢♦♥❝#✐♦♥ ♣❛✐-❡ ✭-❡,♣ ✐♠♣❛✐-❡✮ ❛❞♠❡# ✉♥ ❞*✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#* ❛✉

✈♦✐,✐♥❛❣❡ ❞❡ ✵✱ ,❛ ♣❛-#✐❡ -*❣✉❧✐?-❡ ❡,# ✉♥ ♣♦❧②♥>♠❡ ♣❛✐- ✭-❡,♣ ✐♠♣❛✐-✮✳

❚❤!♦-.♠❡ ✶✳✷✳ ❙✐ fn (0) ❡①✐,#❡✱ ❛❧♦-, f ❛❞♠❡# ❧❡ ❞*✈❡❧♦♣♣❡♠❡♥# ❧✐♠✐#* ✭✉♥✐3✉❡✮

f (x) = f (0) +
f

′

(0)

1!
x+

f
′′

(0)

2!
x2 + ...+

fn (0)

n!
xn + xnǫ (x) ,

❛✈❡❝

lim
x−→0

ǫ (x) = 0.

✶✳✶✳✷ ❋♦/♠✉❧❡ ❞❡ ❚❛②❧♦/

❉!✜♥✐%✐♦♥ ✶✳✷✳ ❙✐ ✉♥❡ ❢♦♥❝#✐♦♥ f ❡,# ❞*✜♥✐❡ ❡# ❝♦♥#✐♥✉❡ ,✉- [a, b]✱ ❛✐♥,✐ 3✉❡ ,❡, n ♣-❡✲

♠✐?-❡, ❞*-✐✈*❡✱ ❡# ,✐ ❡❧❧❡ ❛❞♠❡# ❞❛♥, ❧✬✐♥#❡-✈❛❧❧❡ ]a, b[✉♥❡ ❞*-✐✈*❡ ❞✬♦-❞-❡ n + 1✱ ❛❧♦-, ✐❧
❡①✐,#❡ ✉♥❡ ✈❛❧❡✉- c ∈]a, b[ ♣♦✉- ❧❛3✉❡❧❧❡

f (b) = f (a) + (b− a) f
′

(a) +
(b− a)2

2!
f

′′

(a) + ...+
(b− a)n

n!
fn (a) +

(b− a)n+1

(n+ 1)!
f (n+1) (c)

❈❡##❡ *❣❛❧✐#* ♣❡✉# ❡♥❝♦-❡ ,✬*❝-✐#❡ ❛✈❡❝ h = b− a

f (a+ h) = f (a) + hf
′

(a) +
h2

2!
f

′′

(a) + ...+
hn

n!
fn (a) +

hn+1

(n+ 1)!
f (n+1) (a+ θh) ,

❛✈❡❝ 0 < θ < 1.

✼
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✶✳✶✳✸ ❋♦%♠✉❧❡ ❞❡ ▼❛❝❧❛✉%✐♥

❉!✜♥✐%✐♦♥ ✶✳✸✳ ❉❛♥# ❧❡ ❝❛# ♣❛()✐❝✉❧✐❡( ♦- 0 ∈ [a, b] ♦♥ ❛ ♣♦✉( )♦✉) x ∈]a, b[

f (x) = f (0) + xf
′

(0) +
x2

2!
f

′′

(0) + ...+
xn

n!
fn (0) +

xn+1

(n+ 1)!
f (n+1) (θx) .

❈❡))❡ ❢♦(♠✉❧❡ ❡#) ✉♥ ❝❛# ♣❛()✐❝✉❧✐❡( ❞❡ ❧❛ ❢♦(♠✉❧❡ ❞❡ ❚❛②❧♦( ❞❛♥# ❧❛4✉❡❧❧❡ ♦♥ ♣(❡♥❞ a = 0
❡) b = x✳

✶✳✶✳✹ 1%♦♣%✐3435

❚❤!♦,-♠❡ ✶✳✸✳ ❙♦✐) f, g ❞❡✉① ❢♦♥❝)✐♦♥# ❛❞♠❡))❛♥) ❞❡# ❞8✈❡❧♦♣♣❡♠❡♥)# ❧✐♠✐)8# ❛✉ ♠:♠❡
♦(❞(❡ n ❛✉ ✈♦✐#✐♥❛❣❡ ❞❡ ❧✬♦(✐❣✐♥❡✳ ❆❧♦(# ❧❡# ❢♦♥❝)✐♦♥# f + g ❡) fg ❛❞♠❡))❡♥) ❞❡# ❞8✈❡❧♦♣✲
♣❡♠❡♥)# ❧✐♠✐)8# ❞✬♦(❞(❡ n ❡♥ 0✱ ❡) ✐❧ ❡#) ❞❡ ♠:♠❡ ❞❡ f

g
#✐ g (0) 6= 0✳❉❡ ♣❧✉#

✭✐✮ ▲❛ ♣❛()✐❡ (8❣✉❧✐C(❡ ❞✉ ❞8✈❡❧♦♣♣❡♠❡♥) ❧✐♠✐)8 ❞❡ f + g ❡#) ❧❛ #♦♠♠❡ ❞❡# ♣❛()✐❡#
(8❣✉❧✐C(❡# ❞❡# ❞8✈❡❧♦♣♣❡♠❡♥)# ❧✐♠✐)8# ❞❡ f ❡) g✳

✭✐✐✮ ▲❛ ♣❛()✐❡ (8❣✉❧✐C(❡ ❞✉ ❞8✈❡❧♦♣♣❡♠❡♥) ❧✐♠✐)8 ❞✉ ♣(♦❞✉✐) ❢❣ #✬♦❜)✐❡♥) ❡♥ ♥❡ ❣❛(❞❛♥)

❞❛♥# ❧❡ ♣(♦❞✉✐) ❞❡# ♣❛()✐❡# (8❣✉❧✐C(❡# 4✉❡ ❧❡# )❡(♠❡# ❞❡ ❞❡❣(8 ✐♥❢8(✐❡✉(❡ ♦✉ 8❣❛❧ E n✳
✭✐✐✐✮ ▲❛ ♣❛()✐❡ (8❣✉❧✐C(❡ ❞✉ ❞8✈❡❧♦♣♣❡♠❡♥) ❧✐♠✐)8 ❞✉ 4✉♦)✐❡♥)

f

g
❡#) ❧❡ 4✉♦)✐❡♥) E ❧✬♦(❞(❡

n ❞❛♥# ❧❛ ❞✐✈✐#✐♦♥ #✉✐✈❛♥) ❧❡# ♣✉✐##❛♥❝❡# ❝(♦✐##❛♥)❡# ❞❡ ❧❛ ♣❛()✐❡ (8❣✉❧✐C(❡ ❞❡ f ♣❛(
❧❛ ♣❛()✐❡ (8❣✉❧✐C(❡ ❞❡ g✳

✶✳✷ ❉$%✐✈$❡) ♣❛%,✐❡❧❧❡)

❉!✜♥✐%✐♦♥ ✶✳✹✳ ❙♦✐) f ✉♥❡ ❢♦♥❝)✐♦♥ ❞❡# ❞❡✉① ✈❛(✐❛❜❧❡# x✱ y ❡) (x0, y0) ∈ Df ✳

❙✉♣♣♦#♦♥# ❧✬❛♣♣❧✐❝❛)✐♦♥ ♣❛()✐❡❧❧❡ fx : x → f (x, y0) ❞8✜♥✐❡ #✉( ✉♥ ✈♦✐#✐♥❛❣❡ ❞❡ x0 )❡❧ 4✉❡

(x0, y0) ∈ Df ✳ ❙✐ fx ❛❞♠❡) ✉♥❡ ❞8(✐✈8❡ ❛✉ ♣♦✐♥) x0✱ ♦♥ ❞✐) 4✉❡ ❝❡))❡ ❞8(✐✈8❡ ❡#) ❧❛ ❞!"✐✈!❡

♣❛"(✐❡❧❧❡ ❞❡ f ♣❛( (❛♣♣♦() E x ❛✉ ♣♦✐♥) (x0, y0)✳
❖♥ ♥♦)❡ f

′

x ♦✉
∂f

∂x
❝❡))❡ ❞8(✐✈8❡ ❡) ❧✬♦♥

f
′

x(x0,y0)
=

∂f

∂x
(x0, y0) = lim

x→x0

f (x, y0)− f (x0, y0)

x− x0

❉❡ ♠:♠❡✱ ❧❛ ❞8(✐✈8❡ ❞❡ ❧❛ ❢♦♥❝)✐♦♥ fy ❡#) ❧❛ ❞8(✐✈8❡ ♣❛()✐❡❧❧❡ ❞❡ f ♣❛( (❛♣♣♦() E y ❛✉ ♣♦✐♥)
(x0, y0)✳ ❖♥ ❧❛ ♥♦)❡

f
′

y(x0,y0)
=

∂f

∂y
(x0, y0) = lim

y→y0

f (x0, y)− f (x0, y0)

y − y0

❙✐ f
′

x ❡) f
′

y ❡①✐#)❡♥)✱ ♦♥ ❞✐) 4✉❡ f ❡#) ❞!"✐✈❛❜❧❡✳

❊①❡♠♣❧❡ ✶✳✶✳ ❙♦✐) f (x, y) = x2y5✳ ❆❧♦(#✱ ♦♥ ❛

∂f

∂x
(x, y) = 2xy5,

∂f

∂y
(x, y) = 5x2y4,

∂f

∂x
(1, 2) = 64,

∂f

∂y
(1, 2) = 80.

✽
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❚❤"♦$%♠❡ ✶✳✹✳ ❙✐ ❧❡$ ❞&'✐✈&❡$ ♣❛'+✐❡❧❧❡$ $❡❝♦♥❞❡$

∂2f

∂x∂y
❡+

∂2f

∂y∂x
$♦♥+ ❝♦♥+✐♥✉❡$ ❛✉ ✈♦✐$✐♥❛❣❡

❞❡ (x0, y0)✱ ♦♥ ❛

∂2f

∂x∂y
(x0, y0) =

∂2f

∂y∂x
(x0, y0)

✶✳✸ ▼❛✐❧❧❛❣❡

❉"✜♥✐/✐♦♥ ✶✳✺✳ 2♦✉' ❧❛ ♠&+❤♦❞❡ ❞❡ ❞✐✛&'❡♥❝❡ ✜♥✐❡✱ ✉♥ ♠❛✐❧❧❛❣❡ ❡$+ ✉♥ ❡♥$❡♠❜❧❡ ❞❡$

♣♦✐♥+$ ✐$♦❧&$ ✭❛♣♣❡❧❧❡ ♥♦❡✉❞✮✱ $✐+✉&$ ❞❛♥$ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❞&✜♥✐+✐♦♥ ❞❡$ ❢♦♥❝+✐♦♥$ ❛$$✉❥❡+✲

+✐❡$ ❛✉① &>✉❛+✐♦♥$ ❛✉① ❞&'✐✈&❡$ ♣❛'+✐❡❧❧❡✱ ✉♥ ❣'✐❧❧❡ $✉' ❧❡$ $❡✉❧$ ♥♦❡✉❞$ ❞❡ ❧❛>✉❡❧❧❡ $♦♥+

❞&✜♥✐❡$ ❧❡$ ✐♥❝♦♥♥✉❡$✱ ❝♦''❡$♣♦♥❞❛♥+ ❛✉① ✈❛❧❡✉'$ ❛♣♣'♦①✐♠❛+✐♦♥✳

✶✳✹ ❈♦♥✈❡.❣❡♥❝❡

❉"✜♥✐/✐♦♥ ✶✳✻✳ ▲❛ ❝♦♥✈❡'❣❡♥❝❡ ❞✬✉♥ $❝❤&♠❛ ♥✉♠&'✐>✉❡ ❡$+ ✉♥❡ ♣'♦♣'✐&+& +❤&♦'✐>✉❡ ❣❧♦✲

❜❛❧❡ ❛$$✉'❛♥+ >✉❡ ❧✬&❝❛'+ ✭❛✉ $❡♥$ ❞✬✉♥❡ ♥♦'♠❡✮ ❡♥+'❡ ❧❛ $♦❧✉+✐♦♥ ❛♣♣'♦❝❤&❡ ❡+ ❧❛ $♦❧✉+✐♦♥

❡①❛❝+❡ +❡♥❞ ✈❡'$ 0 ❧♦'$>✉❡ ❧❡ ♣❛$ ❞❡ ❞✐$❝'&+✐$❛+✐♦♥ +❡♥❞ ✈❡'$ 0 ✭♦✉ ❧♦'$>✉❡ ❝❤❛❝✉♥ ❞❡$ ♣❛$

❣❧♦❜❛✉① ❛✉① ❞✐✛&'❡♥+❡$ ❞✐'❡❝+✐♦♥ +❡♥❞ ✈❡'$ 0✮✳

❉"✜♥✐/✐♦♥ ✶✳✼✳ ❯♥ $❝❤&♠❛ $+❛❜❧❡✱ ❝♦♥$✐$+❛♥❝❡ ❡$+ ❝♦♥✈❡'❣❡♥+❡

❝✲C✲❞ ✿

❙+❛❜✐❧✐+& + ❈♦♥$✐$+❛♥❝❡ = ❈♦♥✈❡'❣❡♥❝❡

✶✳✺ ❊2♣❛❝❡ ❞❡ ▲❡❜❡2❣✉❡ Lp

❖♥ ❝♦♥$✐❞'(❡ ✉♥ ❡$♣❛❝❡ ♠❡$✉(. (X,M, µ)✱ ❡0 ♦♥ ♥♦0❡(❛ K = R ♦✉ C✳

❉"✜♥✐/✐♦♥ ✶✳✽✳ ❙♦✐+ p ∈ [1,+∞[✳ ❖♥ ❞&✜♥✐+ ✿

Lp (X,M, µ) =

{
f : X → K ♠❡$✉'❛❜❧❡,

∫

X

|f |p dµ < ∞
}

2♦✉' f ∈ Lp (X,M, µ)✱ ♦♥ ♥♦+❡ ♣❛'

‖f‖p =
(∫

X

|f |p dµ
) 1

p

,

❧❛ ♥♦'♠❡ ❞❡ Lp
✳

▲❡$ ❝❛$ ❧❡$ ♣❧✉$ ✐♠♣♦'+❛♥+❡$ $♦♥+ p = 1 ✭✐✳❡ ✿ ❧✬❡♥$❡♠❜❧❡ Lp (X,M, µ) ❞❡$ ❢♦♥❝+✐♦♥$

✐♥+&❣'❛❜❧❡$✮✱ ❡+ p = 2 ✭✐✳❡ ✿ ❧✬❡♥$❡♠❜❧❡ ❞❡$ ❢♦♥❝+✐♦♥$ ❞❡ ❝❛''& ✐♥+&❣'❛❜❧❡✮✳

✾
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❉!✜♥✐%✐♦♥ ✶✳✾✳ ❈♦♥#✐❞&'♦♥# ❛❧♦'# R ❧❛ '❡❧❛+✐♦♥ ❞✬&-✉✐✈❛❧❡♥❝❡ #✉' Lp (X,M, µ) ❞&✜♥✐❡
♣❛' ✿

fRg ##✐ f (x) = g (x) ♣♦✉' µ✲♣'❡#-✉❡ +♦✉+ x ∈ X✱ ✐✳❡ ✿ ‖f − g‖p = 0
❊+❛♥+ ❞♦♥♥&❡ ✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ f ∈ Lp (X,M, µ)✱ ♦♥ ♥♦+❡ [f ] ❧❛ ❝❧❛##❡ ❞&-✉✐✈❛❧❡♥❝❡ ❞❡ f
♣♦✉' ❧❛ '❡❧❛+✐♦♥ R✱ ❝✬❡#+ 8 ❞✐'❡ -✉❡

[f ] = {g ∈ Lp (X,M, µ) +❡❧❧❡ -✉❡ g (x) = f (x)µ− ♣'❡#-✉❡ ♣❛'+♦✉+}

❉!✜♥✐%✐♦♥ ✶✳✶✵✳ ❙♦✐+ p ∈ [1,+∞]✳ ❖♥ ♥♦+❡ Lp (X,M, µ) ▲❡ -✉♦+✐❡♥+ ❞❡ Lp (X,M, µ)
♣❛' ❧❛ '❡❧❛+✐♦♥ ❞✬&-✉✐✈❛❧❡♥❝❡ R✱ ✐✳❡ ✿

Lp (X,M, µ) = {[f ] +❡❧❧❡ -✉❡f ∈ Lp (X,M, µ)}
❚❤!♦-.♠❡ ✶✳✺✳ ▲✬❡#♣❛❝❡ ❞❡ ▲❡❜❡#❣✉❡ ❡#+ ✉♥ ❡#♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ✭✐✳❡ ✿ ✉♥ ❡#♣❛❝❡ ✈❡❝+♦'✐❡❧

♥♦'♠& ❝♦♠♣❧❡+✮ ♣♦✉' +♦✉+ p ∈ [1,+∞]✳

❈♦-♦❧❧❛✐-❡ ✶✳✷✳ C♦✉' p = 2✱ ❧✬❡#♣❛❝❡ L2 (X,M, µ) ❡#+ ✉♥ ❡#♣❛❝❡ ❞❡ ❍✐❧❜❡'+✱ ♠✉♥✐ ❞✉
♣'♦❞✉✐+ #❝❛❧❛✐'❡ ✿

〈f, g〉 =
∫

f (x) g (x)dµ f, g ∈ L2 (X,M, µ)

✶✳✺✳✶ ❊$♣❛❝❡ L∞

❉!✜♥✐%✐♦♥ ✶✳✶✶✳ ❖♥ ♣♦#❡

L∞ (Ω) = {f : Ω → R; f♠❡#✉'❛❜❧❡ ❡+ ∃ C +❡❧❧❡ -✉❡ |f (x)| ≤ C ♣✳♣ #✉' Ω}

❖♥ ♥♦+❡

‖f‖L∞ = inf {C; +❡❧❧❡ -✉❡ |f(x)| ≤ C ♣✳♣ #✉' Ω}
❖♥ ✈&'✐✜❡'❛ ✉❧+&'✐❡✉'❡♠❡♥+ -✉❡ ‖ ‖L∞ ❡#+ ✉♥❡ ♥♦'♠❡✳

❘❡♠❛-7✉❡ ✶✳✶✳ ❙✐ f ∈ L∞
♦♥ ❛

|f (x)| ≤ ‖f‖L∞ ♣✳♣ #✉' Ω.

✶✳✻ ❚$❛♥'❢♦$♠❛+✐♦♥ ❞❡ ❋♦✉$✐❡$

❉!✜♥✐%✐♦♥ ✶✳✶✷✳ ❙♦✐+ ✉♥❡ ❢♦♥❝+✐♦♥ ❞❡ L1 (R)✳ ♦♥ ❛♣♣❡❧❧❡ +'❛♥#❢♦'♠&❡ ❞❡ ❋♦✉'✐❡' ❞❡ ❧❛

❢♦♥❝+✐♦♥ ❞❡ ❧❛ ✈❛'✐❛❜❧❡ λ ∈ R ♥♦+&❡ f̂ ♦✉ F (f) +❡❧❧❡ -✉❡

f̂ (λ) =

∫

R

f (x) e−iλxdµ(x)

❉!✜♥✐%✐♦♥ ✶✳✶✸✳ ▲❛ +'❛♥#❢♦'♠&❡ ❞❡ ❋♦✉'✐❡' ❡#+ ✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❧✐♥&❛✐'❡ ❞❡ L1 (R) ❞❛♥#
❧✬❡#♣❛❝❡ ❞❡# ❢♦♥❝+✐♦♥#

∀f1, f2 ∈ L1 (R) , ∀α, β ∈ K : F (αf1 + βf2) = αF (f1) + βF (f2)

✶✵
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✶✳✻✳✶ ❚$❛♥'❢♦$♠+❡ ❞❡ ❋♦✉$✐❡$ ❞❡ ❧❛ ❞+$✐✈+❡

❚❤"♦$%♠❡ ✶✳✻✳ ❙♦✐# f #❡❧❧❡ &✉❡ (❡( m− 1 ❞*+✐✈*❡( ❡①✐(#❡♥# ❡# (♦✐❡♥# (♦♠♠❛❜❧❡(✱ ♣❛+#♦✉#

❝♦♥#✐♥✉❡(✱ ❡# #❡❧❧❡ &✉❡ ❧❛ ❞*+✐✈*❡ ❞✬♦+❞+❡ m ❞❡ f ❡①✐(#❡ ♣+❡(&✉❡ ♣❛+#♦✉# ❡# (♦✐# (♦♠♠❛❜❧❡✳

❆❧♦+( ✿

F
[
f (m)

]
(λ) = (iλ)k F [f ] (λ)

❚❤"♦$%♠❡ ✶✳✼✳ ❙♦✐# f (♦♠♠❛❜❧❡✱ ❡# a ∈ R
∗
✱ ❛❧♦+( ♦♥ ❛

✐✳ F [f (ax)] (λ) = 1
|a|
F (f)

(
λ
a

)
, a 6= 0

✐✐✳ F [f (x− a)] (λ) = e−iλaF (f) (λ)
✐✐✐✳ F [f (x+ a)] (λ) = eiλaF (f) (λ)

✶✳✻✳✷ ■♥✈❡$'✐♦♥ ❞❡ ❋♦✉$✐❡$

❚❤"♦$%♠❡ ✶✳✽ ✭❚❤#♦%&♠❡ ❞✬✐♥✈❡%.✐♦♥✮✳ ❙♦✐# f ∈ L1 (R)✱ ❡# (♦✐# F (❛ #+❛♥(❢♦+♠*❡ ❞❡

❋♦✉+✐❡+✳ ❙✐ F ❡(# (♦♠♠❛❜❧❡ ❛❧♦+( ♦♥ ❛ ✿

f (x) =
1√
2π

∫

R

f̂ (λ) eiλxdµ (λ)

✶✳✻✳✸ ❚$❛♥'❢♦$♠+❡ ❞❡ ❋♦✉$✐❡$ ❞✬✉♥❡ ❢♦♥❝8✐♦♥ ❞❡ ♣❧✉'✐❡✉$' ✈❛$✐❛❜❧❡'

❙♦✐❡♥# ❧❡( ✈❡❝#❡✉+( ❞❡ R
n
✿ x = (x1, x2, ..., xn) ❡# λ = (λ1, λ2, ..., λn)✳

❖♥ ❞*✜♥✐# ✉♥ ♣+♦❞✉✐# (❝❛❧❛✐+❡ ❡# ✉♥❡ ♥♦+♠❡ ♣❛+ ✿

〈x, λ〉 =
n∑

i=1

xiλi, ‖x‖ =

√√√√
n∑

i=1

x2
i

❉"✜♥✐1✐♦♥ ✶✳✶✹✳ ❖♥ ❝♦♥(✐❞=+❡ f ✉♥❡ ❢♦♥❝#✐♦♥ (♦♠♠❛❜❧❡ ❞❡ R
n
❞❛♥( C✳ ❖♥ ❞*✜♥✐# ❧❛

#+❛♥(❢♦+♠*❡ ❞❡ ❋♦✉+✐❡+ ❞❡ f ♣❛+ ✿

f̂ (λ) =

∫

Rn

f (x) e−iλxdµ (x)

❛✈❡❝ ✿ dµ (x) = dµ (x1) ...dµ (xn)

❚❤"♦$%♠❡ ✶✳✾ ✭0❧❛♥❝❤❡%❡❧✮✳ (♦✐# f ∈ L1 ∩ L2
✱ ❛❧♦+( f̂ ∈ L2

❡# ❞❡ ♣❧✉(

∥∥∥f̂
∥∥∥
2

L(L2)
= 2π ‖f‖2L(L2)

✶✶



❈❤❛♣✐%&❡ ✷

➱*✉❛%✐♦♥. ❛✉① ❉1&✐✈1❡. 3❛&%✐❡❧❧❡.

❉❛♥# ❝❡ #❡❝♦♥❞ ❝❤❛♣✐+,❡✱ ♥♦✉# ♣,/#❡♥+♦♥# ❧❡ ❝♦♥❝❡♣+ ❞❡# /1✉❛+✐♦♥# ❛✉① ❞/,✐✈/❡# ♣❛,✲

+✐❡❧❧❡# ❡+ 1✉❡❧1✉❡# ❝♦♥❞✐+✐♦♥# ❛✉① ❧✐♠✐+❡#✳

✶✷
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✷✳✶ ➱$✉❛'✐♦♥+ ❛✉① ❞./✐✈.❡+ ♣❛/'✐❡❧❧❡+

❉!✜♥✐%✐♦♥ ✷✳✶✳ ❯♥❡  !✉❛$✐♦♥ ❛✉① ❞ *✐✈ ❡- ♣❛*$✐❡❧❧❡- ❡#$ ✉♥❡ &'✉❛$✐♦♥ ♠❛$❤&♠❛✲

$✐'✉❡ ❝♦♥$❡♥❛♥$ ❡♥ ♣❧✉# ❞❡ ❧❛ ✈❛3✐❛❜❧❡ ❞&♣❡♥❞❛♥$❡ ✭u ❝✐✲❞❡##♦✉#✮ ❡$ ❧❡# ✈❛3✐❛❜❧❡# ✐♥❞&♣❡♥✲
❞❛♥$❡# ✭x✱y✱✳✳✳❝✐✲❞❡##♦✉#✮ ✉♥❡ ♦✉ ♣❧✉#✐❡✉3# ❞&3✐✈&❡# ♣❛3$✐❡❧❧❡#✳ ❈❡$$❡ &'✉❛$✐♦♥ ❡#$ ❛✐♥#✐ ❞❡
❧❛ ❢♦3♠❡ ✿

F

(
x, y, ..., u,

∂u

∂x
,
∂u

∂y
, ...,

∂2u

∂x2
,
∂2u

∂x∂y
,
∂2u

∂y2
, ...

)
= 0 ✭✷✳✶✮

♦< F ❡#$ ✉♥❡ ❢♦♥❝$✐♦♥ ❞❡ ♣❧✉#✐❡✉3# ✈❛3✐❛❜❧❡#✳ ❙✐ n ❡#$ ❧❡ ♥♦♠❜3❡ ❞❡ ✈❛3✐❛❜❧❡# ✐♥❞&♣❡♥❞❛♥$❡#✱
❛❧♦3# ♥♦✉# ❝♦♥#✐❞&3♦♥# ❧❡ n✲$✉♣❧❡$ ❞❡ ✈❛3✐❛❜❧❡# ✐♥❞&♣❡♥❞❛♥$❡# (x, y, ...) ❝♦♠♠❡ ❛♣♣❛3$❡♥❛♥$
> ✉♥ ❞♦♠❛✐♥❡ D ❝♦♥✈❡♥❛❜❧❡ ❞❡ R

n
✳ ◆♦✉# ✉$✐❧✐#❡3♦♥# ❊❉2 ❝♦♠♠❡ ❛❜3&✈✐❛$✐♦♥ ❞✬&'✉❛$✐♦♥

❛✉① ❞&3✐✈&❡# ♣❛3$✐❡❧❧❡#✳

❉!✜♥✐%✐♦♥ ✷✳✷✳ ❯♥❡ -♦❧✉$✐♦♥ ❞❡ ❧✬&'✉❛$✐♦♥ (2.1) ❡#$ ✉♥❡ ❢♦♥❝$✐♦♥ u = u (x, y, ...) ❞❡#
✈❛3✐❛❜❧❡# ✐♥❞&♣❡♥❞❛♥$❡# x, y, ... ❞♦♥$ ❧❡# ❞&3✐✈&❡# ♣❛3$✐❡❧❧❡# ❛♣♣❛3❛✐##❛♥$ ❞❛♥# ❧✬&'✉❛$✐♦♥
❡①✐#$❡♥$ ❛✉① ♣♦✐♥$# ❞❡ D ❡$ $❡❧❧❡ '✉✬❛♣3B# ❛✈♦✐3 #✉❜#$✐$✉& ❝❡$$❡ ❢♦♥❝$✐♦♥ ❡$ #❡# ❞&3✐✈&❡#

♣❛3$✐❡❧❧❡# ❞❛♥# ❧✬&'✉❛$✐♦♥ (2.1)✱ ❝❡❧❧❡✲❝✐ ❡#$ #❛$✐#❢❛✐$❡

❊①❡♠♣❧❡ ✷✳✶✳

x

(
∂2u

∂x2

)
+

(
∂u

∂y

)2

−
(
∂u

∂x

)(
∂u

∂y

)
− sin

(
x2 + y2

)
= 0

❡#$ ✉♥ ❡①❡♠♣❧❡ ❞✬❊❉E ♣♦✉3 ❧❡ ❞♦♠❛✐♥❡ D = R
2.

❊①❡♠♣❧❡ ✷✳✷✳

∂2u

∂x2
− ∂2u

∂y2
= 0

❡#$ ✉♥ ❡①❡♠♣❧❡ ❞✬❊❉E ♣♦✉3 ❧❡ ❞♦♠❛✐♥❡ D = R
2
✳ ❡$ u (x, y) = (x+ y)3 , u (x, y) =

sin (x− y) #♦♥$ ❞❡✉① #♦❧✉$✐♦♥# ❞❡ ❝❡$$❡ ❞❡3♥✐B3❡ &'✉❛$✐♦♥✳ ❊♥ ❡✛❡$✱ #✐ u (x, y) = (x+ y)3✱
❛❧♦3#

∂u

∂x
= 3 (x+ y)2 ,

∂u

∂y
= 3 (x+ y)2 ,

∂2u

∂x2
= 6 (x+ y) ,

∂2u

∂y2
= 6 (x+ y)

❡$ ♥♦✉# ♦❜$❡♥♦♥# '✉❡

∂2u

∂x2
− ∂2u

∂y2
= 6 (x+ y)− 6 (x+ y) = 0.

❙✐ u (x, y) = sin (x− y)✳ ♥♦✉# ❛✈♦♥#

∂u

∂x
= cos (x− y),

∂u

∂y
= − cos (x− y),

∂2u

∂x2
= − sin (x− y),

∂2u

∂y2
= − sin (x− y)

❡$ ♥♦✉# ♦❜$❡♥♦♥# '✉❡

∂2u

∂x2
− ∂2u

∂y2
= − sin (x− y)− (sin (x− y)) = 0.

✶✸
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❖♥ ✈♦✐% ♣❛( ❝❡% ❡①❡♠♣❧❡ .✉❡ ❧❡0 0♦❧✉%✐♦♥0 ❞✬✉♥❡ ❊❉5 ♣❡✉✈❡♥% 6%(❡ %(70 ❞✐✛9(❡♥%❡0✳ ■❧ ② ❛ ❡♥

❣9♥9(❛❧ ✉♥❡ ✐♥✜♥✐%9 ❞❡ 0♦❧✉%✐♦♥0 ♣♦✉( ✉♥❡ ❊❉5 ❞♦♥♥9❡✳ ◆♦✉0 ✈❡((♦♥0 ♣❧✉0 %❛(❞ .✉✬❡♥ ♣❧✉0

❞❡ ❧✬❊❉5✱ ✐❧ ② ❛ ❞❡0 ❝♦♥❞✐%✐♦♥0 ✐♥✐%✐❛❧❡0 ❡%✴♦✉ ❛✉① ❢(♦♥%✐7(❡0 ❞❛♥0 ✉♥ ♣(♦❜❧7♠❡ %②♣✐.✉❡ ❡%

.✉❡ ❝❡0 ❞❡(♥✐7(❡0 ♦♥% ❝♦♠♠❡ ❝♦♥09.✉❡♥❝❡ ❞❡ (9❞✉✐(❡ ❧❡ ♥♦♠❜(❡ ❞❡ 0♦❧✉%✐♦♥0 ❥✉0.✉✬E ✉♥❡

0❡✉❧❡ ❞❛♥0 ✉♥❡ 0✐%✉❛%✐♦♥ ✐❞9❛❧❡✳

❉!✜♥✐%✐♦♥ ✷✳✸✳ ▲✬♦(❞(❡ ❞✬✉♥❡ ❊❉5 ❡0% ❧✬♦!❞!❡ ❞❡ ❧❛ ❞9(✐✈9❡ ♣❛(%✐❡❧❧❡ ❞✬♦(❞(❡ ❧❡ ♣❧✉0

9❧❡✈9✳

❊①❡♠♣❧❡ ✷✳✸✳

∂3u

∂x2∂y
+ x

(
∂2u

∂x2

)2

= ex

❡0% ✉♥❡ ❊❉5 ❞✬♦(❞(❡ ✸✳

✷✳✷ ➱#✉❛&✐♦♥* ❛✉① ❞-.✐✈-❡* ♣❛.&✐❡❧❧❡* ❧✐♥-❛✐.❡

❉!✜♥✐%✐♦♥ ✷✳✹✳ ❯♥ ♦♣%!❛'❡✉! L ❞90✐❣♥❡(❛ ✉♥❡ %(❛♥0❢♦(♠❛%✐♦♥ .✉✐ ❛00♦❝✐❡ E %♦✉%❡ ❢♦♥❝✲
%✐♦♥ u = (x, y, ...) ❞❡ ♣❧✉0✐❡✉(0 ✈❛(✐❛❜❧❡0 x, y, ...0✉( ✉♥ ❞♦♠❛✐♥❡ D ✿ ✉♥❡ ❢♦♥❝%✐♦♥ Lu =
Lu (x, y, ...) 0✉( ❝❡ ♠6♠❡ ❞♦♠❛✐♥❡✳ 5❛(❢♦✐0 ✐❧ ❢❛✉❞(❛ ❡①✐❣❡( .✉❡ ❧❡0 ❞9(✐✈9❡0 ♣❛(%✐❡❧❧❡0 ❞❡
u ❡①✐0%❡♥% ❥✉0.✉✬E ✉♥ ❝❡(%❛✐♥ ♦(❞(❡✳ ❙✐ u = u (x, y)✱ ❛❧♦(0

Lu =
∂u

∂x

❡0% ✉♥ ❡①❡♠♣❧❡ ❞✬♦♣9(❛%❡✉(✳ ❈❡♣❡♥❞❛♥% ♣♦✉( .✉❡ Lu 0♦✐% ❜✐❡♥ ❞9✜♥✐❡✱ ✐❧ ❡0% ♥9❝❡00❛✐(❡ .✉❡
❧❛ ❞9(✐✈9❡ ♣❛(%✐❡❧❧❡ ❞❡ u ♣❛( (❛♣♣♦(% E x ❡①✐0%❡ 0✉( ❧❡ ❞♦♠❛✐♥❡ D✳ ▲✬9.✉❛%✐♦♥ (2.1) ♣❡✉%
❞♦♥❝ 0✬9❝(✐(❡ 0♦✉0 ❧❛ ❢♦(♠❡ Lu = f (x, y , ...) ♦M f (x, y, ...) ❡0% ✉♥❡ ❢♦♥❝%✐♦♥ ❞❡0 ✈❛(✐❛❜❧❡0
✐♥❞9♣❡♥❞❛♥%❡0✱ L ❡0% ✉♥ ♦♣9(❛%❡✉( ❡% u ❡0% ✉♥❡ ❢♦♥❝%✐♦♥ E ❞9%❡(♠✐♥❡(✳

❉!✜♥✐%✐♦♥ ✷✳✺✳ ❯♥ ♦♣"#❛%❡✉# L ❡#$ ❧✐♥"❛✐#❡ #✐ ❡$ #❡✉❧❡♠❡♥$ #✐ L (au+ bv) = aLu+bLv
)✉❡❧# )✉❡ #♦✐❡♥$ ❧❡# ♥♦♠❜,❡# ,-❡❧# a, b ❡$ ❧❡# ❢♦♥❝$✐♦♥# u, v.

❉!✜♥✐%✐♦♥ ✷✳✻✳ ❯♥❡ ❊❉- ❡#$ ❞✐$❡ ❧✐♥"❛✐#❡ #✐ ❡❧❧❡ ❡#$ ❞❡ ❧❛ ❢♦,♠❡ Lu = f (x, y, ...) ♦2
L ❡#$ ✉♥ ♦♣-,❛$❡✉, ❧✐♥-❛✐,❡✱ f (x, y, ...) ❡#$ ✉♥❡ ❢♦♥❝$✐♦♥ ❞❡# n ✈❛,✐❛❜❧❡# ✐♥❞-♣❡♥❞❛♥$❡#✱
(x, y, ...) ❛♣♣❛,$✐❡♥$ 6 ✉♥ ❞♦♠❛✐♥❡ D ❝♦♥✈❡♥❛❜❧❡ ❞❡ R

n
❡$ u ❡#$ ❧❛ ❢♦♥❝$✐♦♥ ,❡❝❤❡,❝❤-❡✳ ❙✐

❡♥ ♣❧✉# f (x, y, ...) ≡ 0. ♦♥ ❞✐$ ❛❧♦,# )✉❡ ❧✬-)✉❛$✐♦♥ ❡#$ ❧✐♥-❛✐,❡ ❤♦♠♦❣1♥❡✳ ❙✐ ♥♦♥ ❡❧❧❡ ❡#$

♥♦♥✲❤♦♠♦❣1♥❡✳

❊①❡♠♣❧❡ ✷✳✹✳

u+ y
∂2u

∂x2
+ 2xy

∂2u

∂y2
= 1

❡#$ ✉♥❡ ❊❉= ❧✐♥-❛✐,❡ ♥♦♥✲❤♦♠♦❣@♥❡ ♣♦✉, D = R
2
✱ ♦2 u = (x, y) . ❉❛♥# ❝❡$ ❡①❡♠♣❧❡✱

Lu = u+ y
∂2u

∂x2
+ 2xy

∂2u

∂y2

✶✹
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❡!" ✉♥ ♦♣'(❛"❡✉( ❧✐♥'❛✐(❡ ❡" f (x, y) ≡ 1. ❊♥ ❡✛❡" L ❡!" ❧✐♥'❛✐(❡✱ ❝❛( !✐ a ❡" b !♦♥" ❞❡✉①

♥♦♠❜(❡! ('❡❧! 4✉❡❧❝♦♥4✉❡! ❡" u ❡" v ❞❡✉① ❢♦♥❝"✐♦♥! ✱ ❛❧♦(!

L (au+ bv) = (au+ bv) + y
∂2 (au+ bv)

∂x2
+ 2xy

∂2 (au+ bv)

∂y2

= a

(
u+ y

∂2u

∂x2
+ 2xy

∂2u

∂y2

)
+ b

(
v + y

∂2v

∂x2
+ 2xy

∂2v

∂y2

)

= aLu+ bLv.

❊①❡♠♣❧❡ ✷✳✺✳ (
∂u

∂x

)(
∂2u

∂x2

)
+ xu

(
∂u

∂y

)
= sin y

❡!" ✉♥❡ ❊❉7 ♥✬❡!" ♣❛! ❧✐♥'❛✐(❡ ♣♦✉( D = R
2
✱ ♦9 u = (x, y) . ❉❛♥! ❝❡" ❡①❡♠♣❧❡✱

Lu =

(
∂u

∂x

)(
∂2u

∂x2

)
+ xu

(
∂u

∂y

)

♥✬❡!" ♣❛! ✉♥ ♦♣'(❛"❡✉( ❧✐♥'❛✐(❡ ❡" f (x, y) = sin y. 7♦✉( ✈'(✐✜❡( 4✉❡ Lu ♥✬❡!" ♣❛! ♦♣'(❛"❡✉(

❧✐♥'❛✐(❡✱ ✐❧ !✉✣" ❞❡ ❝♦♥!✐❞'(❡( ♣❛( ❡①❡♠♣❧❡ ❧❡! ❞❡✉① ♥♦♠❜(❡! ('❡❧! a = b = 1 ❡" ❧❡!

❞❡✉① ❢♦♥❝"✐♦♥! u (x, y) = v (x, y) = x2. ❆✈❡❝ ❝❡! ❝❤♦✐①✱ ♥♦✉! ♦❜"❡♥♦♥! 4✉❡ L (u+ v) =
16x, Lu+ Lv = 8x ❡" ❝❧❛✐(❡♠❡♥" L (u+ v) 6= Lu+ Lv.

✷✳✸ ❈❧❛&&✐✜❝❛*✐♦♥ ❞❡& ❊❉1 ❞✉ &❡❝♦♥❞ ♦3❞3❡

❉*✜♥✐.✐♦♥ ✷✳✼✳ ❈♦♥!✐❞'(♦♥! "♦✉" ❞✬❛❜♦(❞ ❧✬'4✉❛"✐♦♥ ❞✉ ✷A♠❡ ♦(❞(❡ ❧✐♥'❛✐(❡✱ 4✉✐ ❞'❝(✐" ❧❡

❝♦♠♣♦("❡♠❡♥" ❞❡ ❧❛ ❣(❛♥❞❡✉( ✐♥❝♦♥♥✉❡ u ♣❛( (❛♣♣♦(" ❛✉① ✈❛(✐❛❜❧❡! x ❡" y ✿

a
∂2u

∂x2
+ 2b

∂2u

∂x∂y
+ c

∂2u

∂y2
+ d

∂u

∂x
+ e

∂u

∂y
+ fu = g

❙✐ a, b, c, d, e, f ❡" g !♦♥" ❝♦♥!"❛♥"!✱ ❧✬❊❉7 ❡!" ❧✐♥#❛✐%❡ ' ❝♦❡✣❝✐❡♥+, ❝♦♥,+❛♥+,✳ ❙✬✐❧!

❞'♣❡♥❞❡♥" ❞❡ x ❡" y✱ ❡❧❧❡ ❡!"✱ ❧✐♥#❛✐%❡✳ ❙✬✐❧! ❞'♣❡♥❞❡♥" ❡♥ ♣❧✉! ❞❡ ❧✬✐♥❝♦♥♥✉ u✱ ❡❧❧❡ ❡!"

-✉❛,✐✲❧✐♥#❛✐%❡✳ ▲❡ ❝❛(❛❝"A(❡ ❞❡ !❡! !♦❧✉"✐♦♥! ❞'♣❡♥❞ ♣♦✉( ✉♥❡ ❧❛(❣❡ ♣❛(" ❞✉ !✐❣♥❡ ❞❡

b2 − 4ac✳ ❙❡❧♦♥ 4✉❡ ❧❡! (❛❝✐♥❡! !♦♥" ('❡❧❧❡!✱ ❝♦♠♣❧❡①❡! ♦✉ ❞♦✉❜❧❡!✳

✯ ❙✐ b2 − 4ac > 0✱ ❛❧♦(! ❧✬❊❉7 ❡!" ❞✐"❡ ❤②♣❡%❜♦❧✐-✉❡ ❡" ❝❡ "②♣❡ ❞✬'4✉❛"✐♦♥! 4✉✐ ♠♦✲

❞'❧✐!❡♥" ❞❡! ♣❤'♥♦♠A♥❡! ❞'♣❡♥❞❛♥" ❞✉ "❡♠♣! ♣❛( ❡①❡♠♣❧❡ ❧✬'4✉❛"✐♦♥ ❞❡! ❖♥❞❡! ✿

∂2u

∂y2
− c2

∂2u

∂x2
= 0 ❛✈❡❝ c > 0

✯ ❙✐ b2−4ac = 0✱ ❛❧♦(! ❧✬❊❉7 ❡!" ❞✐"❡ ♣❛%❛❜♦❧✐-✉❡ ❡" ❝❡ "②♣❡ ❞✬'4✉❛"✐♦♥ 4✉✐ ♠♦❞'❧✐!❡♥"

!♦✉✈❡♥" ❧✬'✈♦❧✉"✐♦♥ "(❛♥!✐"♦✐(❡ ❞❡ ♣❤'♥♦♠A♥❡! ✐(('✈❡(!✐❜❧❡!✱ ❛!!♦❝✐'❡! K ❞❡! ♣(♦❝❡!!✉!

❞❡ ❞✐✛✉!✐♦♥ ♣❛( ❡①❡♠♣❧❡ ❧✬'4✉❛"✐♦♥ ❞❡ ❉✐✛✉!✐♦♥ ✿

∂u

∂t
− d

∂2u

∂x2
= 0 ❛✈❡❝ d > 0

✶✺
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✯ ❙✐ b2−4ac < 0✱ ❛❧♦'( ❧✬❊❉, ❡(. ❞✐.❡ ❡❧❧✐♣$✐%✉❡ ❡. ❝❡ .②♣❡ ❞✬34✉❛.✐♦♥ 4✉✐ ✐♥.❡'✈✐❡♥♥❡♥.

.'8( (♦✉✈❡♥. ❞❛♥( ❧❛ ♠♦❞3❧✐(❛.✐♦♥ ❞❡( ♣❤3♥♦♠8♥❡( (.❛.✐♦♥♥❛✐'❡( ✭ ❝✲=✲❞ ♥✬3✈♦❧✉❛♥.

♣❛( ❞✉ ❝♦✉'( ❞✉ .❡♠♣(✮ ♣❛' ❡①❡♠♣❧❡ ❧✬34✉❛.✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ✿

∂2u

∂x2
+

∂2u

∂y2
= 0

✷✳✹ ❈♦♥❞✐(✐♦♥) ❛✉① ❧✐♠✐(❡) ❝❧❛))✐1✉❡)

◆♦✉# ♥♦✉# ♣❧❛(♦♥# ❞❛♥# ❧❡ ❝❛# ♦, ✉♥❡ ❊❉/ ❡#0 ❞1✜♥✐❡ #✉4 ✉♥ ❞♦♠❛✐♥❡ Ω ∈ R
n
❞❡

❢4♦♥0✐74❡✱ ∂Ω #✉✣#❛♠♠❡♥0 41❣✉❧✐74❡✳ ❖♥ ♥♦0❡4❛ ♣❛4 −→n #❛ ♥♦4♠❛❧❡ ❡①014✐❡✉4❡✳

✷✳✹✳✶ ❈♦♥❞✐)✐♦♥ ❛✉① ❜♦.❞/ ❞❡ ❉✐.✐❝❤❧❡)

❉!✜♥✐%✐♦♥ ✷✳✽✳ ▲❛ ❝♦♥❞✐.✐♦♥ ❞❡ ❉✐'✐❝❤❧❡. ❛✉① ❜♦'❞( ♣❡✉. (❡ ❞3✜♥✐' ❝♦♠♠❡ ❧❛ ❞♦♥♥3❡

❞✬✉♥❡ ❢♦♥❝.✐♦♥ u : Rn → R (✉' ❧❛ ❢'♦♥.✐8'❡ ❞❡ Ω✱ ❝❡ 4✉✐ ♣❡✉. (❡ ♥♦.❡' ✿

u (t, x) = f (x) , ∀x ∈ ∂Ω

▲❛ ❢♦♥❝.✐♦♥ f ❡(. ✉♥❡ ❞♦♥♥3❡ ❞✉ ♣'♦❜❧8♠❡✳

❊♥ ♣❛'.✐❝✉❧✐❡'✱ ❡♥ ♠3❝❛♥✐4✉❡ ❞❡( ♠✐❧✐❡✉① ❝♦♥.✐♥✉(✱ ❝❡( ❝♦♥❞✐.✐♦♥( ❞❡ ❉✐'✐❝❤❧❡. '❡✲

✈✐❡♥♥❡♥. = ✐♠♣♦(❡' ✉♥❡ ✈✐.❡((❡ ♦✉ ✉♥ ❞3♣❧❛❝❡♠❡♥. (✉' ❧❡ ❜♦'❞ ❞✉ ♠✐❧✐❡✉✳

✷✳✹✳✷ ❈♦♥❞✐)✐♦♥ ❛✉① ❜♦.❞/ ❞❡ ◆❡✉♠❛♥♥

❉!✜♥✐%✐♦♥ ✷✳✾✳ ▲❛ ❝♦♥❞✐.✐♦♥ ❞❡ ◆❡✉♠❛♥♥ ❛✉① ❜♦'❞( ♣❡✉. (❡ ❞3✜♥✐' ❝♦♠♠❡ ❧❛ ❞♦♥♥3❡ ❞❡

❧❛ ❞3'✐✈3❡ ❞❡ ❧❛ ❢♦♥❝.✐♦♥ u : Rn → R ♣❛' '❛♣♣♦'. =

−→n (✉' ❧❛ ❢'♦♥.✐8'❡ ❞❡ Ω ✱ ❝❡ 4✉✐ ♣❡✉.

(❡ ♥♦.❡'

∂u (t, x)

∂−→n = g (x) , ∀x ∈ ∂Ω

▲❛ ❢♦♥❝.✐♦♥ g ❡(. ✉♥❡ ❞♦♥♥3❡ ❞✉ ♣'♦❜❧8♠❡✳

✷✳✹✳✸ ❈♦♥❞✐)✐♦♥ ♠✐①)❡ ❞❡ ❘♦❜✐♥

❉!✜♥✐%✐♦♥ ✷✳✶✵✳ ■❧ ② ❛ ♣❧✉(✐❡✉'( ❢❛H♦♥( ❞✬♦❜.❡♥✐' ❞❡( ❝♦♥❞✐.✐♦♥( ♠✐①.❡( ❞❡ ◆❡✉♠❛♥♥✲

❉✐'✐❝❤❧❡.✳ ▲❡ ♣'❡♠✐8'❡ ❡(. ❞✬✐♠♣♦(❡' ❞❡( ❝♦♥❞✐.✐♦♥( ❞❡ ❉✐'✐❝❤❧❡. ❞❛♥( ❝❡'.❛✐♥❡( ❞✐'❡❝.✐♦♥(

❡. ❞❡ ❝♦♥❞✐.✐♦♥( ❞❡ ◆❡✉♠❛♥♥ ❞✬❡♥ ❛✉.'❡( ❛✉ ♠I♠❡ ♣♦✐♥. ❞✉ ❜♦'❞✳ ▲❛ (❡❝♦♥❞❡ ❢❛H♦♥ ❡(.

✐♠♣♦(❡' ✉♥❡ ♠♦②❡♥♥❡ ♣♦♥❞3'3❡ ❞❡( ❞❡✉① .②♣❡( ❞❡ ❝♦♥❞✐.✐♦♥( (✉' ✉♥ ♣❛'.✐❡ ❞✉ ❜♦'❞ ❞❡ Ω :

α (x) u (t, x) + β (x)
∂u (t, x)

∂−→n = f (x) , ∀x ∈ ∂Ω

❖♥ ♣❛'❧❡ ❛❧♦'( ❞❡ ❧❛ ❝♦♥❞✐.✐♦♥ ♠✐①.❡ ❞❡ ❘♦❜✐♥ ❛✉① ❜♦'❞(✳

✶✻
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✷✳✹✳✹ ❈♦♥❞✐(✐♦♥ ✐♥✐(✐❛❧❡ ♦✉ ❝♦♥❞✐(✐♦♥ ❞❡ ❈❛✉❝❤②

❉!✜♥✐%✐♦♥ ✷✳✶✶✳ ▲❛ ❝♦♥❞✐'✐♦♥ ❞❡ ❈❛✉❝❤② ♣♦✉. ❧❡0 ❊❉3 ❡0' 0✐♠♣❧❡♠❡♥' ❧❛ ❞♦♥♥5❡ ❞❡ ❧❛

✈❛❧❡✉. ❞❡ u (t) ❡♥ t0✱ 0♦✐'
u (t0) = u0, u0 ∈ Rn

✷✳✺ #$♦❜❧(♠❡ ❛✉① ❧✐♠✐/❡0

❉!✜♥✐%✐♦♥ ✷✳✶✷✳ ❖♥ ❛♣♣❡❧❧❡ ♣!♦❜❧%♠❡ ❛✉① ❧✐♠✐,❡-✱ ✉♥❡ 59✉❛'✐♦♥ ❛✉① ❞5.✐✈5❡0 ♣❛.'✐❡❧❧❡0

♠✉♥✐❡ ❞❡ ❝♦♥❞✐'✐♦♥0 ❛✉① ❧✐♠✐'❡0 0✉. ❧❛ '♦'❛❧✐'5 ❞❡ ❧❛ ❢.♦♥'✐<.❡ ♦✉ ❜♦.❞ ❞✉ ❞♦♠❛✐♥❡ 0✉. ❧❡9✉❡❧

❡❧❧❡ ❡0' ♣♦05❡✳

❉!✜♥✐%✐♦♥ ✷✳✶✸✳ ❖♥ ❞✐' 9✉✬✉♥ ♣.♦❜❧<♠❡ ❡0' ❜✐❡♥ ♣♦-/ 0✐ ✿

✐✳ ✐❧ ❡①✐0'❡ ✉♥❡ 0♦❧✉'✐♦♥ ❞❡ ❧✬❊❉3 0❛'✐0❢❛✐0❛♥' ❧❡0 ❝♦♥❞✐'✐♦♥0 ❢.♦♥'✐<.❡0 ✭❡①✐0'❡♥❝❡✮✳

✐✐✳ ❧❛ 0♦❧✉'✐♦♥ ❞♦✐' C'.❡ ✉♥✐9✉❡ ✭✉♥✐❝✐'5✮✳

✐✐✐✳ ❧❛ 0♦❧✉'✐♦♥ ❞♦✐' C'.❡ 0'❛❜❧❡ ♣❛. .❛♣♣♦.' ❛✉① ❝♦♥❞✐'✐♦♥0 ❛✉① ❢.♦♥'✐<.❡0 ✐♠♣♦05❡0 ✭0'❛✲

❜✐❧✐'5✮✳

❘❡♠❛/0✉❡ ✷✳✶✳ ▲❡0 ❊❉3 ❡0' ✉♥ 0✉❥❡' ❞❡ .❡❝❤❡.❝❤❡ '.<0 ❛❝'✐❢ ❡♥ ♠❛'❤5♠❛'✐9✉❡0 ❡' ❡❧❧❡0

0♦♥' F ❧✬♦.✐❣✐♥❡ ❞❡ ❧❛ ❝.5❛'✐♦♥ ❞❡ ❜❡❛✉❝♦✉♣ ❞❡ ❝♦♥❝❡♣'0 ♠❛'❤5♠❛'✐9✉❡0 ❝♦♠♠❡✱ ♣❛. ❡①❡♠♣❧❡✱

❧❛ '.❛♥0❢♦.♠5❡ ❞❡ ❋♦✉.✐❡. ❡' ❧❛ '❤5♦.✐❡ ❞❡0 ❞✐0'.✐❜✉'✐♦♥0✳

✶✼
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❉✐✛1&❡♥❝❡2 ❋✐♥✐❡2
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7✉❡ ❧✬✐♠♣♦#"❛♥❝❡ ❞❡ ❧❛ ❝♦♥✈❡#❣❡♥❝❡ ❞❡ ❝❡& &❝❤/♠❛& ♥✉♠/#✐7✉❡&✳
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❉❛♥# ❧❛ ♣❧✉♣❛'( ❞❡# ❝❛#✱ ✐❧ ❡#( ('.# ❞✐✣❝✐❧❡✱ ✈♦✐' ✐♠♣♦##✐❜❧❡ ❞✬❡①❤✐❜❡' ❧❡# #♦❧✉(✐♦♥# ❞✬✉♥❡

78✉❛(✐♦♥ ❛✉① ❞7'✐✈7❡# ♣❛'(✐❡❧❧❡#✳ ❉❛♥# ❝❡'(❛✐♥# ❝❛# ♦♥ ❛''✐✈❡ : ♠♦♥('❡' 8✉❡ ❧❡ ♣'♦❜❧.♠❡

❡#( ❜✐❡♥ ♣♦#7 ♦; ♥♦✉# ❞❡✈'♦♥# '❡❝♦✉'✐' : ❧✬✉(✐❧✐#❛(✐♦♥ ❞❡ ▼✳❉✳❋ ♣♦✉' ❝❛❧❝✉❧❡' ✉♥❡ #♦❧✉(✐♦♥

❛♣♣'♦❝❤7❡ ❡( ❞✬❛##✉'❡' #❛ ❝♦♥✈❡'❣❡♥❝❡✳

✸✳✶ #$✐♥❝✐♣❡ ❞❡ ❧❛ ♠./❤♦❞❡ ❞❡2 ❞✐✛.$❡♥❝❡2 ✜♥✐❡2

▲❛ ♠7(❤♦❞❡ ❞❡# ❞✐✛7'❡♥❝❡# ✜♥✐❡# ❡#( ✉♥❡ ♠7(❤♦❞❡ ❝♦✉'❛♠♠❡♥( ✉(✐❧✐#7❡ ❞❛♥# ❧❛ '7#♦✲

❧✉(✐♦♥ ❞❡# ♣'♦❜❧.♠❡# ❛✉① ❧✐♠✐(❡# ♣♦#❡# ❞❛♥# ❞❡# ❞♦♠❛✐♥❡# ❜♦'♥7#✳ ▲❡ ♣'✐♥❝✐♣❡ ❞❡ ❝❡((❡

♠7(❤♦❞❡ ❡#( ❧❡ #✉✐✈❛♥( ✿

❧❡ ❞♦♠❛✐♥❡ ❞❡ ✈❛'✐❛(✐♦♥ ❝♦♥(✐♥✉❡ ❞❡# ❛'❣✉♠❡♥(# ✭♣❛' ❡①❡♠♣❧❡ ✉♥ ✐♥(❡'✈❛❧❧❡ ❢❡'♠7✮ ❡#(

'❡♠♣❧❛❝7 ♣❛' ✉♥ ❡♥#❡♠❜❧❡ ✜♥✐# ❞❡ ♣♦✐♥(# ✭❧❡# ♥♦❡✉❞#✮ ❛♣♣❡❧7 '7#❡❛✉✱ ❛✉ ❧✐❡✉ ❞❡# ❢♦♥❝(✐♦♥#

: ❛'❣✉♠❡♥( ❞✐#❝'❡( ❞7✜♥✐# ❛✉① ♥♦❡✉❞# ❞✉ '7#❡❛✉ 8✉❡ ♥♦✉# ❛♣♣❡❧❧❡'♦♥# ❢♦♥❝(✐♦♥# ❞✐#❝'.(❡#✳

▲❡# ❞7'✐✈7❡# ✜❣✉'❛♥(# ❞❛♥# ❧✬78✉❛(✐♦♥ ❞✐✛7'❡♥(✐❡❧❧❡ ❡( ❧❡# ❝♦♥❞✐(✐♦♥# ❛✉① ❧✐♠✐(❡#✱ #♦♥( '❡♠✲

♣❧❛❝7❡# ♣❛' ❞❡# ❢♦'♠✉❧❡# ❞✐#❝'.(❡#✳ ❉♦♥❝ ❧❛ '7#♦❧✉(✐♦♥ ♥✉♠7'✐8✉❡ ❞✉ ♣'♦❜❧.♠❡ ❛✉① ❧✐♠✐(❡#

♣❛' ❧❛ ♠7(❤♦❞❡ ❞❡# ❞✐✛7'❡♥❝❡# ✜♥✐❡# #❡ ❞7❝♦♠♣♦#❡ ❡♥ ❞❡✉① 7(❛♣❡# ✿

✭✐✮ ❊❝'✐(✉'❡ ❞✉ #②#(.♠❡ ❞✬78✉❛(✐♦♥ ❞✐#❝'.(❡# ✭#❝❤7♠❛# ❞✐#❝'.(#✮ ❛♣♣'♦❝❤❛♥( ❧❡ ♣'♦❜❧.♠❡

♣♦#7 ♣♦✉' ❧✬78✉❛(✐♦♥ ❞✐✛7'❡♥(✐❡❧❧❡✳

✭✐✐✮ ❘7#♦❧✉(✐♦♥ ❞❡ ❝❡ #②#(.♠❡ ❞✬78✉❛(✐♦♥#✳

✸✳✶✳✶ #$✐♥❝✐♣❡ ❣+♥+$❛❧❡ ❞❡ ❧❛ ♠+0❤♦❞❡ ❡0 ♦$❞$❡ ❞❡ ♣$+❝✐3✐♦♥

❈❡((❡ ♠7(❤♦❞❡ ❝♦♥#✐#(❡ : ❛♣♣'♦①✐♠❡' ❧❡# ❞7'✐✈7❡# ❞❡# 78✉❛(✐♦♥# ❛✉ ♠♦②❡♥ ❞❡# ❞7✈❡✲

❧♦♣♣❡♠❡♥(# ❞❡ ❚❛②❧♦'✳ ❊❧❧❡ ❡#( ❞✉❡ ❛✉① ('❛✈❛✉① ❞❡ ♣❧✉#✐❡✉'# ♠❛(❤7♠❛(✐❝✐❡♥# ❞✉ 18✲.♠❡
#✐.❝❧❡ ✭❊✉❧❡'✱ ❚❛②❧♦'✱ ▲❡✐❜♥✐③✱✳✳✮✳

▲❡ ♣'✐♥❝✐♣❡ ❣7♥7'❛❧ ❞❡ ❧❛ ♠7(❤♦❞❡ ❡#( ❜❛#7 #✉' ❧❛ ❢♦'♠✉❧❡ ❞❡ ❚❛②❧♦'✳ ▲❛ ❞7✜♥✐(✐♦♥ ❞❡

❧❛ ❞7'✐✈7❡ ❞♦♥♥❡

lim
x 7−→x0

u(x)− u(x0)

x− x0

=
∂u

∂x
(x0)

❖♥ ♣♦#❡ x− x0 = h✱ ❞♦♥❝ ♦♥ ❛

u(x0 + h)− u(x0)

h
≈ ∂u

∂x
(x0)

❊♥ ❛♣♣❧✐8✉❛♥( ❧❛ ❢♦'♠✉❧❡ ❞❡ ❚❛②❧♦' ❛✉ ✈♦✐#✐♥❛❣❡ ❞❡ x0✱ ♦♥ ♦❜(✐❡♥(

u(x0 + h) = u(x0) + h

(
∂u

∂x0

)
+

h2

2!

(
∂2u

∂x2
0

)
+

h3

3!

(
∂3u

∂x3
0

)
+ ...

❊♥ ('❛8✉❡♥( ❧❛ #7'✐❡ ❛✉ ♣'❡♠✐❡' ♦'❞'❡ ❡♥ h✱ ♦♥ ♦❜(✐❡♥(

u(x0 + h)− u(x0)

h
=

∂u

∂x0

+O(h),
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 ✉✐ ❡$% ✉♥❡ ❛♣♣)♦①✐♠❛%✐♦♥ ❞❡ ❧❛ ❞/)✐✈/❡

∂u
∂x0

❞♦)❞)❡ 1✳

▲❛ ♣✉✐$$❛♥❝❡ ❞❡ h ❛✈❡❝ ❧❛ ✉❡❧❧❡ ❧✬❡))❡✉) ❞❡ %)♦♥❝❛%✉)❡ %❡♥❞ ✈❡)$ ③/)♦$ ❡$% ❛♣♣❡❧/❡ ❧✬♦)❞)❡

❞❡ $❝❤/♠❛✳

◆♦"❛"✐♦♥ ✐♥❞✐❝✐❡❧❧❡

❈♦♥$✐❞/)♦♥$ ✉♥ ❝❛$ ♠♦♥♦❞✐♠❡♥$✐♦♥♥❡❧ ♦8 ❧✬♦♥ $♦✉❤❛✐%❡ ❞/%❡)♠✐♥❡) ✉♥❡ ❣)❛♥❞❡✉) u(x)
$✉) ❧✬✐♥%❡)✈❛❧❧❡ [0, 1]✳ ▲❛ )❡❝❤❡)❝❤❡ ❞✬✉♥❡ $♦❧✉%✐♦♥ ❞✐$❝):%❡ ❞❡ ❧❛ ❣)❛♥❞❡✉) u ❛♠:♥❡ ; ❝♦♥$%✐✲

%✉❡) ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ ❧✬✐♥%❡)✈❛❧❧❡ ❞❡ ❞/✜♥✐%✐♦♥✳ ❖♥ ❝♦♥$✐❞:)❡ ✉♥ ♠❛✐❧❧❛❣❡ ❝♦♠♣♦$/ ❞❡ N +1
♣♦✐♥%$ xi ♣♦✉) i = 0, ..., N )/❣✉❧✐:)❡♠❡♥% ❡$♣❛❝/$ ❛✈❡❝ ✉♥ ♣❛$ h✳ ▲❡$ ♣♦✐♥%$ xi = ih $♦♥%

❛♣♣❡❧/$ ❧❡$ ♥♦❡✉❞$ ❞✉ ♠❛✐❧❧❛❣❡✳

▲❡ ♣)♦❜❧:♠❡ ❝♦♥%✐♥✉ ❞❡ ❞/♣❛)% ❞❡ ❞/%❡)♠✐♥❛%✐♦♥ ❞✬✉♥❡ ❣)❛♥❞❡✉) $✉) ✉♥ ❡♥$❡♠❜❧❡ ❞❡ ❞✐✲

♠❡♥$✐♦♥ ✐♥✜♥✐❡ $❡ )❛♠:♥❡ ❛✐♥$✐ ; ❧❛ )❡❝❤❡)❝❤❡ ❞❡ N ✈❛❧❡✉)$ ❞✐$❝):%❡$ ❞❡ ❝❡%%❡ ❣)❛♥❞❡✉)

❛✉① ❞✐✛/)❡♥%$ ♥♦❡✉❞$ ❞✉ ♠❛✐❧❧❛❣❡✳

◆♦%❛%✐♦♥✳ ❖♥ ♣♦$❡

u (x) = ui, u (x+ h) = ui+1, u (x− h) = ui−1,

(
∂u

∂x

)

x=xi

=

(
∂u

∂x

)

i

❙✐ u : R → R ❡$% ✉♥❡ ❢♦♥❝%✐♦♥ ❛♣♣❛)%❡♥❛♥% ; C ∞
✱ ♦♥ ❛

ui+1 = ui + h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

+
h3

3!

(
∂3u

∂x3

)

i

+
h4

4!

(
∂4u

∂x4

)

i

+ ... ✭✸✳✶✮

ui−1 = ui − h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

− h3

3!

(
∂3u

∂x3

)

i

+
h4

4!

(
∂4u

∂x4

)

i

+ ... ✭✸✳✷✮

✸✳✶✳✷ ❙❝❤'♠❛* ❞❡* ❞✐✛'/❡♥❝❡* ✜♥✐❡* ❛♣♣/♦①✐♠❛♥5 ❧❛ ♣/❡♠✐7/❡ ❞'✲

/✐✈'❡

❙❝❤,♠❛ ❞✬♦/❞/❡ ✉♥

❉✬❛♣):$ (3.1) ❡% (3.2) ❛❧♦)$ ❧❡$ ❞/✈❡❧♦♣♣❡♠❡♥%$ ❧✐♠✐%/ ❞✬♦)❞)❡ 2 $♦♥% ✿

ui+1 = ui + h

(
∂u

∂x

)

i

+O
(
h2

)
, ✭✸✳✸✮

ui−1 = ui − h

(
∂u

∂x

)

i

+O
(
h2

)
. ✭✸✳✹✮

❊♥ %❡♥❛♥% ❝♦♠♣%❡ ❞❡ ❧❛ ❢♦)♠✉❧❡ (3.3)✱ ♦♥ ❛

(
∂u

∂x

)

i

=
ui+1 − ui

h
+O (h) . ✭✸✳✺✮

✷✵
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❈❡""❡ ❢♦%♠✉❧❡ ❡)" ❛♣♣❡❧,❡ )❝❤,♠❛ ❛✈❛♥# ♦✉ ❞%❝❡♥#(% ❛✈❛♥# ❛✉① ❞✐✛,%❡♥❝❡) ✜♥✐❡)

❞✬♦%❞%❡ 1 ❞❡
(
∂u
∂x

)
i
.

❉❡ ♠7♠❡ ❡♥ ✉"✐❧✐)❛♥" ❧❛ ❢♦%♠✉❧❡ (3.4)✱ ♦♥ ❛ ✿

(
∂u

∂x

)

i

=
ui − ui−1

h
+O (h) . ✭✸✳✻✮

❈❡""❡ ❢♦%♠✉❧❡ ❡)" ❛♣♣❡❧,❡ )❝❤,♠❛ ❛((✐*(❡ ♦✉ ❞%❝❡♥#(% ❛((✐*(❡ ❛✈❛♥" ❛✉① ❞✐✛,%❡♥❝❡)

✜♥✐❡) ❞✬♦%❞%❡ 1 ❞❡
(
∂u
∂x

)
i
.

❉❡) ❞❡✉① ❢♦%♠✉❧❡) (3.3) ❡" (3.4)✱ ♦♥ ♦❜"✐❡♥"

ui+1 − ui−1 = 2h

(
∂u

∂x

)

i

+O
(
h2

)

❉✬♦A

(
∂u

∂x

)

i

=
ui+1 − ui−1

2h
+O (h) .

✭✸✳✼✮

❈❡""❡ ❢♦%♠✉❧❡ ❡)" ❛♣♣❡❧,❡ )❝❤,♠❛ ❝❡♥#(%❡ ❞✬♦%❞%❡ 1 ❞❡
(
∂u
∂x

)
i

❙❝❤%♠❛ ❞✬♦(❞(❡ 0✉♣%(✐❡✉(

▲❡) )❝❤,♠❛) ❛✉① ❞✐✛,%❡♥❝❡) ✜♥✐❡) ❞✬♦%❞%❡ )✉♣,%✐❡✉% ♣❡✉✈❡♥" 7"%❡ ❝♦♥)"%✉✐") ❡♥ ♠❛♥✐✲

♣✉❧❛♥" ❞❡) ❞,✈❡❧♦♣♣❡♠❡♥") ❞❡ ❚❛②❧♦% ❛✉ ✈♦✐)✐♥❛❣❡ ❞❡ xi ❡" ♦♥ ,❝%✐" ✿

ui+1 = ui + h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

+O
(
h3

)
, ✭✸✳✽✮

ui−1 = ui − h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

+O
(
h3

)
. ✭✸✳✾✮

▲❛ )♦✉)"%❛❝"✐♦♥ ❞❡) ❞❡%♥✐J%❡) ,K✉❛"✐♦♥) ❞♦♥♥❡

ui+1 − ui−1 = 2h

(
∂u

∂x

)

i

+O
(
h3

)
,

❈❡ K✉✐ ♣❡%♠❡" ❞✬♦❜"❡♥✐% ❧❡ )❝❤,♠❛ ❞✬♦%❞%❡ ❞❡✉① ❞✐" ❝❡♥#(%✱

(
∂u

∂x

)

i

=
ui+1 − ui−1

2h
+O

(
h2

)
. ✭✸✳✶✵✮

✷✶
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 ♦✉# ♦❜%❡♥✐# ❞❡* ♦#❞#❡* *✉♣,#✐❡✉#*✱ ✐❧ *✉✣% ❞✬✉%✐❧✐*❡# ♣❧✉*✐❡✉#* ♥♦❡✉❞* ✈♦✐*✐♥* 2 xi✱ ♣❛#

❡①❡♠♣❧❡ ♣♦✉# ❧✬♦❜%❡♥%✐♦♥ ❞✬✉♥ *❝❤,♠❛ ❛✉① ❞✐✛,#❡♥❝❡* ✜♥✐❡* ❞✬♦#❞#❡ %#♦✐* ♣♦✉# ❧❛ ❞,#✐✈,❡

♣#❡♠✐:#❡✱ ♦♥ ♣♦*❡

h

(
∂u

∂x

)

i

= aui−1 + bui + cui+1 + dui+2, ✭✸✳✶✶✮

ui+1 = ui + h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

+
h3

3!

(
∂3u

∂x3

)

i

+O
(
h4

)
, ✭✸✳✶✷✮

ui−1 = ui − h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

− h3

3!

(
∂3u

∂x3

)

i

+O
(
h4

)
. ✭✸✳✶✸✮

ui+2 = ui + 2h

(
∂u

∂x

)

i

+
(2h)2

2!

(
∂2u

∂x2

)

i

+
(2h)3

3!

(
∂3u

∂x3

)

i

+O
(
h4

)
. ✭✸✳✶✹✮

❊♥ *✉❜*%✐%✉❛♥% (3.12)✱ (3.13) ❡% (3.14) ❞❛♥* ❧❛ ❢♦#♠✉❧❡ (3.11) ♦♥ ♦❜%✐❡♥%

h

(
∂u

∂x

)

i

= a

[
ui − h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

− h3

3!

(
∂3u

∂x3

)

i

]
+ bui

+ c

[
ui + h

(
∂u

∂x

)

i

+
h2

2!

(
∂2u

∂x2

)

i

+
h3

3!

(
∂3u

∂x3

)

i

]

+ d

[
ui + 2h

(
∂u

∂x

)

i

+
(2h)2

2!

(
∂2u

∂x2

)

i

+
(2h)3

3!

(
∂3u

∂x3

)

i

]
+O

(
h4

)
.

❉✬♦E

h

(
∂u

∂x

)

i

= (a+ b+ c+ d) ui

+ h (−a+ c+ 2d)

(
∂u

∂x

)

i

+ h2
(a
2
+

c

2
+ 2d

)(
∂2u

∂x2

)

i

+ h3

(
−a

6
+

c

6
+

4d

3

)(
∂3u

∂x3

)

i

✭✸✳✶✺✮

❊♥ ✐❞❡♥%✐✜❛♥% ❧❡* ❞❡✉① ♠❡♠❜#❡* ❞❡ (3.11) ❡% (3.15)✱ ♦♥ %#♦✉✈❡

✷✷
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



a+ b+ c+ d = 0
−a+ c+ 2d = 0
a+ c+ 4d = 0
−a+ c+ 8d = 0

❊♥ "#$♦❧✈❛♥) ❧❡ $②$),♠❡✱ ♦♥ ♦❜)✐❡♥)

a = −1

3
, b = −1

2
, c = 1, d = −1

6
,

(
∂u

∂x

)

i

=
−2ui−1 − 3ui + 6ui+1 − ui+2

6h
+O

(
h3

)

❈❡ $❝❤#♠❛ ❡$) ❞✬♦"❞"❡ 3✳

✸✳✶✳✸ ❉$%✐✈$❡ ❞✬♦%❞%❡ ,✉♣$%✐❡✉%

7♦✉" ❝♦♥$)"✉✐"❡ ✉♥ $❝❤#♠❛ ❞✬❛♣♣"♦①✐♠❛)✐♦♥ ❞❡ ❧❛ ❞#"✐✈#❡ $❡❝♦♥❞ ❞❡ ui✱ ❧❡ ♣"✐♥❝✐♣❡ ❡$)

❧❡ ♠;♠❡ ❡) "❡♣♦$❡ $✉" ❧❡$ ❞#✈❡❧♦♣♣❡♠❡♥)$ ❞❡ ❚❛②❧♦" ❛✉ ✈♦✐$✐♥❛❣❡ ❞❡ xi✳ ▲✬❛❞❞✐)✐♦♥ ❞❡ ❞❡✉①

#?✉❛)✐♦♥$ (3.12) ❡) (3.13) ❞♦♥♥❡ ✿

ui+1 + ui−1 = 2ui + h2

(
∂2u

∂x2

)

i

+O
(
h4

)
.

❖♥ ♦❜)✐❡♥) ✉♥ $❝❤#♠❛ ❛♣♣"♦①✐♠❛♥) ❧❛ ❞#"✐✈#❡ $❡❝♦♥❞❡ ❞✐)❡ ❝❡♥#$%❡ ❞✬♦"❞"❡

❞❡✉①

(
∂2u

∂x2

)

i

=
ui+1 − 2ui + ui−1

h2
+O

(
h2

)
.

■❧ ❡①✐$)❡ ❛✉$$✐ ✉♥❡ ❢♦"♠✉❧❛)✐♦♥ ❛✈❛♥) ❡) ❛""✐,"❡✱ )♦✉)❡$ ❧❡$ ❞❡✉① ❞✬♦"❞"❡ 1✳

❙❝❤#♠❛ ❛✈❛♥# ❀

(
∂2u

∂x2

)

i

=
ui+2 − 2ui+1 + ui

h2
+O (h) .

❙❝❤#♠❛ ❛$$✐)$❡ ❀

(
∂2u

∂x2

)

i

=
ui − 2ui−1 + ui−2

h2
+O (h) .

■❧ ❡$) #❣❛❧❡♠❡♥) ♣♦$$✐❜❧❡ ❞❡ ❝♦♥$)"✉✐"❡✱ ♣❛" ❧❡ ♠;♠❡ ♣"♦❝#❞#✱ ❞❡$ $❝❤#♠❛$ ❛✉① ❞✐✛#"❡♥❝❡$

✜♥✐❡$ ❞✬♦"❞"❡ $✉♣#"✐❡✉" ♣♦✉" ❧❡$ ❞#"✐✈#❡$✱ )"♦✐$✐,♠❡✱ ?✉❛)"✐,♠❡✱✳✳✳

✸✳✷ ●$♥$&❛❧✐*❛+✐♦♥ ❞❡ ❧❛ ♥♦+❛+✐♦♥ ✐♥❞✐❝✐❡❧❧❡

❉❛♥$ ❧❡ ❝❛$ 1D ✐♥$)❛)✐♦♥♥❛✐"❡✱ ❝♦♥$✐❞#"♦♥$ ❧✬#✈♦❧✉)✐♦♥ ❞✬✉♥❡ ❣"❛♥❞❡✉" u(x, t) ❡♥ ❢♦♥❝✲
)✐♦♥ ❞❡ ❧✬❡$♣❛❝❡ ❡) ❞✉ )❡♠♣$✳ ▲❡ ❞♦♠❛✐♥❡ ❞❡ ❞#✜♥✐)✐♦♥ ❞❡ u ❡$) ❞#❝♦♠♣♦$# ❡♥ N ♥♦❡✉❞$

✷✸
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xi  !♣❛ $✐&  !❣✉❧✐* ❡♠❡♥$ ❛✈❡❝ ✉♥ ♣❛& ❞✬❡&♣❛❝❡ h✳ ❉❡ ♠4♠❡✱ ❧❡ $❡♠♣& ❡&$ ❞!❝♦♠♣♦&! ❡♥

✐♥$❡ ✈❛❧❧❡ !❧!♠❡♥$❛✐ ❡ ❞❡ ♣❛& ❝♦♥&$❛♥$ τ ✳ ❖♥ ♥♦$❡ ❛ uj
i ❧❛ ✈❛❧❡✉ ❞✐&❝ *$❡ ❞❡ ❧❛ ❣ ❛♥❞❡✉ 

u(x, t) ❛✉ ♥♦❡✉❞ xi ❡$ ❛✉ $❡♠♣& jτ

(
xi, t

j
)
= (ih, jτ) ♣♦✉ i ∈ Z, j ∈ N.

✸✳✸ ❉✐$❝&'(✐$❛(✐♦♥ ❞❡$ ❞'&✐✈'❡$ ❡♥ (❡♠♣$

✸✳✸✳✶ ❆♣♣%♦①✐♠❛+✐♦♥ ❞❡ ❧❛ ❞0%✐✈0❡ ♣%❡♠✐2%❡

∂u

∂t

▲✬✐❞!❡ ❜❛&! &✉ ❧❛ ❢♦ ♠✉❧❡ ❞❡ ❚❛②❧♦ ♣❡✉$ 4$ ❡ ❞!❝ ✐$❡ ❡♥ ♣❛ $❛♥$ ❞❡ ❧❛ ❞!✜♥✐$✐♦♥ ❞❡ ❧❛

❞! ✐✈!❡ ♣ ❡♠✐* ❡

∂u
∂t

❛✉ ♣♦✐♥$ x = xi ❡$ > ❧✬✐♥&$❛♥$ t = tj

lim
τ 7−→0

u(xi, t
j + τ)− u(xi, t

j)

τ
=

∂u

∂t
✭✸✳✶✻✮

❙✐ ❧❛ ❢♦♥❝$✐♦♥ u(x, t) ❡&$  !❣✉❧✐* ❡✱ ♦♥ ♣❡✉$ ❝♦♥&$ ✉✐ ❡✱ > ♣❛ $✐ ❞❡ ❝❡$$❡  ❡❧❛$✐♦♥ (3.16)✱
✉♥❡ ❛♣♣ ♦①✐♠❛$✐♦♥  ❛✐&♦♥♥❛❜❧❡ ❞❡

∂u
∂t

&✐ τ ❡&$ &✉✣&❛♠♠❡♥$ ♣❡$✐$

u(xi, t
j + τ)− u(xi, t

j)

τ
≈ ∂u

∂t
✭✸✳✶✼✮

H♦✉ ♣ !❝✐&❡ ❝❡$$❡ ❛♣♣ ♦①✐♠❛$✐♦♥✱ ♥♦✉& ✉$✐❧✐&❡ ♦♥& ❧❡ ❞!✈❡❧♦♣♣❡♠❡♥$ ❡♥ &! ✐❡ ❞❡ ❚❛②❧♦ 

❞❡ u(xi, t
j + τ) ❛✉$♦✉ ❞✉ ♣♦✐♥$ u(xi, t

j) > ❧✬♦ ❞ ❡ m

u(xi, t
j + τ) = u(xi, t

j) + τ

(
∂u

∂t

)

(xi,tj)

+
τ 2

2!

(
∂2u

∂t2

)

(xi,tj)

+
τ 3

3!

(
∂3u

∂t3

)

(xi,tj)

+ ...+
τm

m!

(
∂mu

∂tm

)

(xi,tj)

+
τm+1

m+ 1!

(
∂m+1u

∂tm+1

)

ζ

✭✸✳✶✽✮

♦J ζ ❡&$ ✉♥ ♣♦✐♥$ ❞❛♥& ❧✬✐♥$❡ ✈❛❧❧❡ [tj, tj + τ ]✳ ▲❡ ❞❡ ♥✐❡ $❡ ♠❡ ❞❡ ❝❡ ❞!✈❡❧♦♣♣❡♠❡♥$ ♣❡✉$

4$ ❡ ✐❞❡♥$✐✜! > ✉♥  ❡&$❡ ❞✬♦ ❞ ❡ O(τm+1)✳ ❊♥ ✉$✐❧✐&❛♥$ ❝❡ ❞!✈❡❧♦♣♣❡♠❡♥$ > ❧✬♦ ❞ ❡ m = 1✱
♥♦✉& ♣♦✉✈♦♥& ❡♥ ❞!❞✉✐ ❡ ❧✬❛♣♣ ♦①✐♠❛$✐♦♥ ♣❛ ❞✐✛! ❡♥❝❡& ✜♥✐❡& ❞❡ ❧❛ ❞! ✐✈!❡ ♣ ❡♠✐* ❡ ✿

(
∂u

∂t

)

(xi,tj)

=
u(xi, t

j + τ)− u(xi, t
j)

τ
+O(τ)

◆♦"❛"✐♦♥✳ ❖♥ ♣♦&❡

u
(
xi, t

j
)
= uj

i , u
(
xi, t

j + τ
)
= uj+1

i , u
(
xi, t

j − τ
)
= uj−1

i ,

(
∂u

∂t

)

(x=xi,t=tj)

=

(
∂u

∂t

)j

i

❊$ ❞♦♥❝ ♥♦✉& ♦❜$❡♥♦♥& (
∂u

∂t

)j

i

=
uj+1
i − uj

i

τ
+O(τ)

✷✹
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❈❡""❡ ❢♦%♠✉❧❡ ❡)" ❛♣♣❡❧,❡ )❝❤,♠❛ ❛✈❛♥# ♦✉ ❞%❝❡♥#(% ❛✈❛♥# ❛✉① ❞✐✛,%❡♥❝❡) ✜♥✐❡) ❞✬♦%❞%❡

1 ❞❡
(
∂u
∂t

)j
i
.

■❧ ❡)" ,❣❛❧❡♠❡♥" ♣♦))✐❜❧❡ ❞❡ ❝♦♥)"%✉✐%❡✱ ♣❛% ❧❡ ♠:♠❡ ♣%♦❝,❞,✱ ❞❡) )❝❤,♠❛) ❛✉① ❞✐✛,%❡♥❝❡)

✜♥✐❡) ❞✬♦%❞%❡ 1 ✭)❝❤,♠❛ ❛%%✐<%❡ ❡" )❝❤,♠❛ ❝❡♥"%,❡✮ ❡" ❞❡) )❝❤,♠❛) ❛✉① ❞✐✛,%❡♥❝❡) ✜♥✐❡)
❞✬♦%❞%❡ )✉♣,%✐❡✉% ♣♦✉% ❧❡) ❞,%✐✈,❡)✱ )❡❝♦♥❞❡✱ "%♦✐)✐<♠❡ ✳✳✳

✸✳✹ ❆♣♣%♦①✐♠❛+✐♦♥ ❞❡ ❈♦♥❞✐+✐♦♥ ✐♥✐+✐❛❧❡ ❡+ ❈♦♥❞✐+✐♦♥1

❛✉① ❧✐♠✐+❡1

❉❛♥) "♦✉) )❝❤,♠❛ ✐❧ ② ❛ ❜✐❡♥ )B% ✉♥❡ ❞♦♥♥,❡ ✐♥✐"✐❛❧❡ ♣♦✉% ❞,♠❛%%❡% ❧❡) ✐",%❛"✐♦♥ ❡♥

j ✿ ❧❡) ✈❛❧❡✉%) ✐♥✐"✐❛❧❡) (u0
i )i∈Z )♦♥" ❞,✜♥✐❡) ♣❛% ❡①❡♠♣❧❡ ♣❛% u

0
i = g(xi) ♦D g ❡)" ❧❛ ❞♦♥♥,❡

✐♥✐"✐❛❧❡ ❞❡ ❧,E✉❛"✐♦♥✳

❙✬✐❧ ② ❛ ✉♥ )❡❝♦♥❞ ♠❡♠❜%❡ f(x, t) ❞❛♥) ❧✬,E✉❛"✐♦♥ ❛✉① ❞,%✐✈,❡) ♣❛%"✐❡❧❧❡)✱ ❛❧♦%) ❧❡) )❝❤,♠❛)
)❡ ♠♦❞✐✜❡♥" ❡♥ %❡♠♣❧❛G❛♥" ③,%♦ ❛✉ )❡❝♦♥❞ ♠❡♠❜%❡ ♣❛% ✉♥❡ ❛♣♣%♦①✐♠❛"✐♦♥ ❝♦♥)✐)"❛♥"❡ ❞❡

f(x, t) ❛✉ ♣♦✐♥" (xi, t
j)✳

❙✐ ❧✬,E✉❛"✐♦♥ ❡)" ❞,✜♥✐❡ )✉% ✉♥ ❞♦♠❛✐♥❡ ❜♦%♥,✱ ♣❛% ❡①❡♠♣❧❡ x ∈ [a, b] ✱ ❧❡ ♠❛✐❧❧❛❣❡
)♣❛"✐❛❧❡ )❡%❛ %❡)"%❡✐♥" I ❝❡" ✐♥"❡%✈❛❧❧❡ ❝✬❡)"✲I✲❞✐%❡ i ∈ {0, 1, ..., N} ❛✈❡❝ x0 = a ❡" xN = b ❡"
h = b−a

N+1
✳ ■❧ ❢❛✉" ❞❡ ♣❧✉) ❛❥♦✉"❡% ❞❡) ❝♦♥❞✐"✐♦♥) ❛✉① ❧✐♠✐"❡) E✉✐ ♣❡✉✈❡♥" :"%❡ ❞❡ ♣❧✉)✐❡✉%)

"②♣❡)✳

L❛% ❡①❡♠♣❧❡✱ )✐ ♦♥ ❛ ❞❡) ❝♦♥❞✐"✐♦♥) ❛✉① ❧✐♠✐"❡) ❞❡ ❉✐%✐❝❤❧❡"

u(a, t) = L, u(b, t) = M, ♣♦✉% t ∈ R
+
∗ ,

❡❧❧❡) )❡ "%❛❞✉✐)❡♥" ❛✉ ♥✐✈❡❛✉ ❞✐)❝%❡" ❡♥

uj
0 = L, uj

N+1 = M, ♣♦✉% j ∈ N.

❙✐ ♦♥ ❛ ❞❡) ❝♦♥❞✐"✐♦♥) ❞❡ ◆❡✉♠❛♥♥

∂xu (a, t) = L, ∂xu (b, t) = M ♣♦✉% t ∈ R
+
∗ ,

❡❧❧❡) )❡ "%❛❞✉✐)❡♥" ❛✉ ♥✐✈❡❛✉ ❞✐)❝%❡" ❡♥

uj
1 − uj

0

h
= L,

uj
N − uj

N−1

h
= M, ♣♦✉% j ∈ N.

✸✳✺ ❈♦♥✈❡%❣❡♥❝❡

❉%✜♥✐#✐♦♥ ✸✳✶✳ ❯♥ "❝❤%♠❛ ❝♦♥"✐"*❛♥*✱ "*❛❜❧❡ ❡"* ❝♦♥✈❡0❣❡♥*✳

✷✺
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✸✳✻ ❈♦♥&✐&(❛♥❝❡ ❡( ♦,❞,❡ ❞❡ ♣,/❝✐&✐♦♥

❉!✜♥✐%✐♦♥ ✸✳✷✳ ◆♦✉# ♥♦✉# ❧✐♠✐(♦♥# ♣♦✉* ❧❡ ♠♦♠❡♥( , ❧❛ ❞✐♠❡♥#✐♦♥ 1 ❞✬❡#♣❛❝❡ ❡( ❝♦♥#✐✲
❞2*♦♥# ✉♥❡ 23✉❛(✐♦♥ ❛✉① ❞2*✐✈2❡# ♣❛*(✐❡❧❧❡# (2.1) ❞2✜♥✐❡ ♣♦✉* (x, t) ∈ R × R

+
❛✈❡❝ ✉♥❡

❝♦♥❞✐(✐♦♥ ✐♥✐(✐❛❧❡ u(x, 0) = g(x) ♣♦✉* x ∈ R ✿

✭ *❡♠❛*3✉♦♥# 3✉❡ F (u) ❡#( ✉♥❡ ♥♦(❛(✐♦♥ ♣♦✉* ✉♥❡ ❢♦♥❝(✐♦♥ ❞❡ u ❡( ❞❡ #❡# ❞2*✐✈2❡# ♣❛*✲
(✐❡❧❧❡# ❡♥ (♦✉( ♣♦✐♥(✮✳ ❖♥ ♥♦(❡ uj

i ❧❛ ✈❛❧❡✉* ❞✬✉♥❡ #♦❧✉(✐♦♥ ❞✐#❝*=(❡ ❛♣♣*♦❝❤2❡ ❛✉ ♣♦✐♥(

(xi, t
j) ❡( u(x, t) ❧❛ #♦❧✉(✐♦♥ ❡①❛❝(❡ ✭✐♥❝♦♥♥✉❡✮✳❯♥ #❝❤2♠❛ ❛✉① ❞✐✛2*❡♥❝❡# ✜♥✐❡# ❡#( ❞2✜♥✐

♣❛* ❧❛ ❢♦*♠✉❧❡✱ ♣♦✉* (♦✉# i ∈ N ❡( j ∈ N✱ Fh,τ

(
{uj

i}
)

✸✳✻✳✶ ❊%%❡✉% ❞❡ )%♦♥❝❛)✉%❡

❉!✜♥✐%✐♦♥ ✸✳✸✳ ❈♦♥#✐❞2*♦♥# ❧❡ #❝❤2♠❛ ❛✉① ❞✐✛2*❡♥❝❡ ✜♥✐❡# Fh,τ ({uj
i}) ♣♦✉* ❧✬❛♣♣*♦①✐✲

♠❛(✐♦♥ ❞❡ ❧✬23✉❛(✐♦♥ ❛✉① ❞2*✐✈2❡# ♣❛*(✐❡❧❧❡# (2.1)✳ ❙♦✐( u(x, t) ✉♥❡ #♦❧✉(✐♦♥ #✉✣#❛♠♠❡♥(
*2❣✉❧✐=*❡ ❞❡ ❝❡((❡ 23✉❛(✐♦♥✳ ❖♥ ❛♣♣❡❧❧❡ ❡**❡✉* ❞❡ (*♦♥❝❛(✉*❡ ❞✉ #❝❤2♠❛ ❧❛ 3✉❛♥(✐(2

ǫji ≡ Fh,τ

(
{u(xi, t

j)
)
.

✸✳✻✳✷ ❈♦♥0✐0)❛♥❝❡

❉!✜♥✐%✐♦♥ ✸✳✹✳ ▲❡ #❝❤2♠❛ ❛✉① ❞✐✛2*❡♥❝❡ ✜♥✐❡# Fh,τ ({uj
i}) ❡#( ❞✐( ❝♦♥#✐#(❛♥( ❛✈❡❝ ❧✬23✉❛✲

(✐♦♥ ❛✉① ❞2*✐✈2❡# ♣❛*(✐❡❧❧❡# (2.1) #✐ ❧✬❡**❡✉* ❞❡ (*♦♥❝❛(✉*❡ ❞✉ #❝❤2♠❛ (❡♥❞ ✈❡*# ③2*♦✱ ✉♥✐✲
❢♦*♠2♠❡♥( ♣❛* *❛♣♣♦*( , (x, t)✱ ❧♦*#3✉❡ h ❡( τ (❡♥❞❡♥( ✈❡*# ③2*♦ ✐♥❞2♣❡♥❞❛♠♠❡♥(✳

✸✳✻✳✸ ❖%❞%❡ ❞❡ ❝♦♥0✐0)❛♥❝❡

❉!✜♥✐%✐♦♥ ✸✳✺✳ ▲❡ #❝❤2♠❛ ❛✉① ❞✐✛2*❡♥❝❡ ✜♥✐❡# Fh,τ ({uj
i}) ❡#( ♣*2❝✐# , ❧✬♦*❞*❡ p ❡♥ ❡#♣❛❝❡

❡( , ❧✬♦*❞*❡ q ❡♥ (❡♠♣# ❛✈❡❝ ❧✬23✉❛(✐♦♥ ❛✉① ❞2*✐✈2❡# ♣❛*(✐❡❧❧❡# (2.1) #✐ ❧✬❡**❡✉* ❞❡ (*♦♥❝❛(✉*❡
❞✉ #❝❤2♠❛ (❡♥❞ ✈❡*# ③2*♦ ❝♦♠♠❡ O(hp + τ q) ❧♦*#3✉❡ h ❡( τ (❡♥❞❡♥( ✈❡*# ③2*♦✳

✸✳✼ ❙(❛❜✐❧✐(/ ✿ ♣,✐♥❝✐♣❡& ❣/♥/,❛✉①

❆✈❛♥$ ❞✬❛❜♦)❞❡) ❧❛ ♥♦$✐♦♥ ❞❡ -$❛❜✐❧✐$. ❞✉ -❝❤.♠❛ ♥✉♠.)✐3✉❡✱ ✉♥❡ ♥♦$✐♦♥ ✐♥$✉✐$✐✈❡♠❡♥$

-✐♠♣❧❡ ♠❛✐- ❞.❧✐❝❛$❡ 6 ❞.✜♥✐) ♠❛$❤.♠❛$✐3✉❡♠❡♥$✱ ✐❧ ❡-$ ✉$✐❧❡ ❞❡ ♣).❝✐-❡) ❝❡ 3✉❡ ♥♦✉- ❡♥✲

$❡♥❞)♦♥- ♣❛) ❝♦♥✈❡)❣❡♥❝❡ ❞✉ -❝❤.♠❛✳ ■♥$✉✐$✐✈❡♠❡♥$✱ ❧❛ ❝♦♥✈❡)❣❡♥❝❡ -✐❣♥✐✜❡ 3✉❡✱ ❞❛♥- ✉♥❡

❝❡)$❛✐♥❡ ♥♦)♠❡✱ ❧✬❡))❡✉) ❡♥$)❡ ❧❛ -♦❧✉$✐♦♥ ❡①❛❝$❡ ❡$ ❧❛ -♦❧✉$✐♦♥ ❛♣♣)♦❝❤.❡ $❡♥❞ ✈❡)- 0 3✉❛♥❞
τ ❡$ h $❡♥❞❡♥$ ✈❡)- 0✳ ❈✬❡-$ ❧❡ -❡♥- ♣❧✉- ♣).❝✐- ❞✉ ✓ $❡♥❞ ✈❡)- 0 ✔ 3✉✐❧ ♥♦✉- ❢❛✉$ ❞.✜♥✐)✳
❖♥ -✉♣♣♦-❡)❛ ❞❛♥- $♦✉$❡ ❧❛ -✉✐$❡ 3✉❡ ♥♦✉- ♥♦✉- ✐♥$.)❡--♦♥- 6 ❧✬❛♣♣)♦①✐♠❛$✐♦♥ ❞❡ ❧❛ -♦❧✉✲

$✐♦♥ ❞❛♥- ✉♥ ✐♥$❡)✈❛❧❧❡ ❞❡ $❡♠♣- ✜①❡ [0, T ]✱ T > 0✳ ◆♦✉- ♥♦✉- ❧✐♠✐$❡)♦♥- 6 ❧❛ ❝♦♥✈❡)❣❡♥❝❡
L∞

❡♥ $❡♠♣- 6 ✈❛❧❡✉) Lp
❡♥ ❡-♣❛❝❡✳

✷✻
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❉!✜♥✐%✐♦♥ ✸✳✻✳  ♦✉# $♦✉$ j ∈ N ✱ ♦♥ ❞(✜♥✐$ ✱ + ♣❛#$✐# ❞❡ (uj
i )i∈N ❧❛ ❢♦♥❝$✐♦♥ uj

h ✈✐❛ ✉♥❡

✐♥$❡#♣♦❧❛$✐♦♥ ❧✐♥(❛✐#❡

uj
h ∈ V

h
=

{
uh ∈ L2 / ∀ i ∈ Z, uh

∣∣
[xi,xi+1]

∈ P1 }

♦3 P1 ❞(4✐❣♥❡ ❝✐✲❛♣#74 ❧✬❡4♣❛❝❡ ❞❡4 ♣♦❧②♥:♠❡4 ❞✬✉♥❡ ✈❛#✐❛❜❧❡ ❞❡ ❞❡❣#( ✐♥❢(#✐❡✉# ♦✉ (❣❛❧ +

1✱ $❡❧❧❡ =✉❡ uh ❡4$ ❞(✜♥✐❡ ♣❛#

∀ i ∈ Z uh(xi) = ui

❉!✜♥✐%✐♦♥ ✸✳✼✳ ❖♥ ❞✐$ =✉✬✉♥ 4❝❤(♠❛ ♥✉♠(#✐=✉❡ ♣#♦❞✉✐4❛♥$ ✉♥❡ 4✉✐$❡ uj
h ∈ Lp

❝♦♥✈❡#❣❡

❞❛♥4 L∞(0, T ;Lp) 44✐✱ ♣♦✉# $♦✉$❡ ❞♦♥♥(❡ ✐♥✐$✐❛❧❡ u0
❞❛♥4 Lp

✱

lim
h,τ→0

(
sup
tj≤T

∥∥u((., tj)− uj
h)
∥∥
Lp

)
= 0. ✭✸✳✶✾✮

❙❡❧♦♥ ❧❡ ♣,✐♥❝✐♣❡ /✉✬✉♥❡ ❝♦♥❞✐3✐♦♥ ♥4❝❡55❛✐,❡ ♣♦✉, /✉✬✉♥❡ 5✉✐3❡ ❝♦♥✈❡,❣❡ ❡53 /✉✬❡❧❧❡

5♦✐3 ❜♦,♥4❡✱ ♥♦✉5 ✐♥3,♦❞✉✐5♦♥5 ❧❡ ♣,✐♥❝✐♣❡ ❞❡ 53❛❜✐❧✐34 Lp
✳

❉!✜♥✐%✐♦♥ ✸✳✽✳ ❖♥ ❞✐$ =✉✬✉♥ 4❝❤(♠❛ ♥✉♠(#✐=✉❡ ❡4$ Lp
✲4$❛❜❧❡ 44✐✱ ♣♦✉# $♦✉$ $❡♠♣4 T > 0✱

✐❧ ❡①✐4$❡ ✉♥❡ ❝♦♥4$❛♥$❡ C(T ) ✐♥❞(♣❡♥❞❛♥$❡ ❞❡ h ❡$ τ ✱ $❡❧❧❡ =✉❡ ♣♦✉# $♦✉$❡ ❞♦♥♥(❡ ✐♥✐$✐❛❧❡
u0
❞❛♥4 Lp

✱

∀ tj ≤ T,
∥∥uj

h

∥∥
Lp ≤ C(T )

∥∥u0
∥∥
Lp ✭✸✳✷✵✮

❘❡♠❛01✉❡ ✸✳✶✳ ❉❛♥4 ❝❡ =✉✐ 4✉✐$✱ ♥♦✉4 ❛❧❧♦♥4 ♥♦✉4 ✐♥$(#❡44❡# ❛✉① 4❝❤(♠❛4 ♥✉♠(#✐=✉❡4

+ ✉♥ ♣❛4 ♣#♦❞✉✐4❛♥$ ✉♥❡ 4✉✐$❡ uj
h 4❛$✐4❢❛✐4❛♥$ ✉♥❡ #❡❧❛$✐♦♥ ❞❡ #(❝✉##❡♥❝❡ ❞✉ $②♣❡

uj+1
h = Sh(τ)u

j
h, Sh(τ) ∈ L(Lp) ✭✸✳✷✶✮

❘❡♠❛01✉❡ ✸✳✷✳ ❉(♠♦♥$#❡# ✉♥ #(4✉❧$❛$ ❞❡ 4$❛❜✐❧✐$( Lp
♣♦✉# ✉♥ 4❝❤(♠❛ + ✉♥ ♣❛4 ❞✉ $②♣❡

(3.21) ❝♦##❡4♣♦♥❞ + ❧✬♦❜$❡♥$✐♦♥ ❞✬✉♥❡ ❡4$✐♠❛$✐♦♥ ✉♥✐❢♦#♠❡ ❡♥ (h, τ) ❞❡

∥∥Sh(τ)
j
∥∥
L(Lp)

= sup
v∈Lp

‖Sh(τ)
jv‖Lp

‖v‖Lp

.

❊♥ ❡✛❡$✱ ❧❛ ❞(✜♥✐$✐♦♥ (=✉✐✈❛✉$ +

∀tj ≤ T,
∥∥Sh(τ)

j
∥∥
L(Lp)

≤ C(T ) ✭✸✳✷✷✮

❯♥❡ ❝♦♥❞✐3✐♦♥ 5✉✣5❛♥3❡ ❞❡ 53❛❜✐❧✐34✱ 3,?5 ✉3✐❧❡ ❞❛♥5 ❧❛ ♣,❛3✐/✉❡✱ ❡53 ❞♦♥♥4❡ ♣❛, ❧❡

3❤4♦,?♠❡ 5✉✐✈❛♥3 ✿

❚❤!♦07♠❡ ✸✳✶✳ ❯♥❡ ❝♦♥❞✐$✐♦♥ 4✉✣4❛♥$❡ ❞❡ 4$❛❜✐❧✐$( Lp
❞✉ 4❝❤(♠❛ (3.21) ❡4$ =✉✬✐❧ ❡①✐4$❡

✉♥❡ ❝♦♥4$❛♥$❡ v ≥ 0 $❡❧❧❡ =✉❡

∀(h, τ) ∈ S, ‖Sh(τ)‖L(Lp) ≤ 1 + vτ

♦3 S ❞(✜♥✐$ ❧❡ ❞♦♠❛✐♥❡ ❞❡ 4$❛❜✐❧✐$( ❞❡ ❧❛ ♠($❤♦❞❡

❆✉=✉❡❧ ❝❛4 ♦♥ ❛ ∥∥Sh(τ)
j
∥∥
L(Lp)

≤ evt
j

,

❝❡ =✉✐ ❡♥$#❛✐♥❡ ❡♥ ♣❛#$✐❝✉❧✐❡# (3.20) ❛✈❡❝ C(T ) = evT ✳

✷✼
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❉!♠♦♥%&'❛&✐♦♥✳  ❛" ❞$✜♥✐(✐♦♥ ❞❡ ‖Sh(τ)‖L(Lp)✱✐❧ ❡-( ❝❧❛✐" /✉❡

∥∥Sh(τ)
j
∥∥
L(Lp)

≤ (1 + vτ)j

 ♦✉" ❝♦♥❝❧✉"❡✱ ✐❧ -✉✣( ❞✬✉(✐❧✐-❡" ❧❡ "$-✉❧(❛( -✉✐✈❛♥( ✿ ♣♦✉" (♦✉( x > 0 ❡( (♦✉( ❡♥(✐❡" j

(1 +
x

j
) ≤ ex

❊♥ ❡✛❡(✱ ♣♦✉" j = 1✱ ❧✬✐♥$❣❛❧✐($ 1 + x ≤ ex ("❛❞✉✐( -✐♠♣❧❡♠❡♥( ❧❡ ❢❛✐( /✉❡ ❧❡ ❣"❛♣❤❡ ❞❡ ❧❛
❢♦♥❝(✐♦♥ x → ex ❡-( ❛✉ ❞❡--✉- ❞❡ -❛ (❛♥❣❡♥(❡ ❛✉ ♣♦✐♥( ❞✬❛❜-❝✐--❡ x = 0✳  ❧✉- ❣$♥$"❛❧❡♠❡♥(✱
❧❛ ❢♦♥❝(✐♦♥ x → xj

$(❛♥( ❝"♦✐--❛♥(❡✱ ✐❧ ✈✐❡♥(

(1 +
x

j
) ≤ e

x
j ⇒ (1 +

x

j
)j ≤ ex.

❘❡♠❛$%✉❡ ✸✳✸✳ ❙✐ ❧❛ ❝♦♥❞✐&✐♦♥ (3.20) ❡%& '!❛❧✐%!❡ ❛✈❡❝ v = 0✱ ❝✬❡%& 3 ❞✐'❡ %✐

∀ (h, τ) ∈ S, ‖Sh(τ)‖L(Lp) ≤ 1,

❛❧♦'% ♦♥ ❛ ∥∥uj
h

∥∥
L(Lp)

≤
∥∥u0

h

∥∥
L(Lp)

❖♥ ♣❛'❧❡'❛ ❞❡  !❛❜✐❧✐!& ✉♥✐❢♦+♠❡✳

❚❤+♦$-♠❡ ✸✳✷✳ 6♦✉' 8✉✬✉♥ %❝❤!♠❛ ♥✉♠!'✐8✉❡ ❞✉ &②♣❡ (3.20) %♦✐& Lp
%&❛❜❧❡✱ ✐❧ ❢❛✉& 8✉✬✐❧

❡①✐%&❡ ✉♥❡ ❝♦♥%&❛♥&❡ v ≥ 0 &❡❧❧❡ 8✉❡

∀ (h, τ) ∈ S, ‖Sh(τ)‖L(Lp) ≤ 1 + vτ

✸✳✼✳✶ ❙%❛❜✐❧✐%* L2
✿ ❧❛ ♠*%❤♦❞❡ ❞❡ ❋♦✉3✐❡3✲❱♦♥ ◆❡✉♠❛♥♥

 ♦✉" $(✉❞✐❡" ❧❛ -(❛❜✐❧✐($ L2
❞✬✉♥ -❝❤$♠❛✱ ♦♥ ✉(✐❧✐-❡"❛ ❡♥-✉✐(❡ ❧❛ ("❛♥-❢♦"♠$❡ ❞❡ ❋♦✉"✐❡"

✭❝✬❡-( ❧❛ ♠$(❤♦❞❡ ❞❡ ❋♦✉"✐❡"✲❱♦♥ ◆❡✉♠❛♥♥✮

❉+✜♥✐3✐♦♥ ✸✳✾✳ ❖♥ %✉♣♣♦%❡ 8✉✬✐❧ ❡①✐%&❡ ✉♥❡ ❢♦♥❝&✐♦♥ λ ∈ R → Sh(λ, τ) ∈ C

&❡❧❧❡ 8✉❡

∀u ∈ L2, F(Sh(τ)u)(λ) = Ŝh(λ, τ)Fu(λ)

♦♥ ❞✐& ❛✉%%✐ 8✉❡ Ŝh(λ, τ) ❡%& ❧❡  ②♠❜♦❧❡ ❞❡ Sh(τ)

❚❤+♦$-♠❡ ✸✳✸✳

∀ τ, ‖Sh(τ)‖L(L2) = sup
λ ∈ R

∣∣∣Ŝh(λ, τ)
∣∣∣

✷✽
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❉!♠♦♥%&'❛&✐♦♥✳ ❖♥ ❛♣♣❧✐&✉❡ ❧❡ )❤+♦-.♠❡ ❞❡ 1❧❛♥❝❤❡-❡❧ ✶✳✾

‖Sh (τ) u‖2L(Lp) =
1

2π
‖F (Sh (τ) u) (λ)‖2

=
1

2π

∫ ∣∣∣Ŝh (λ, τ)
∣∣∣
2

|û (λ)|2 dλ

≤ 1

2π
sup
λ∈R

|(Sh (τ) u)|2
∫

|û (λ)|2 dλ

=
1

2π
sup
λ∈R

|(Sh (τ) u)|2 ‖û (λ)‖2L2

= sup
λ∈R

|(Sh (τ) u)|2 ‖u‖2L2

❝❡ ♠♦♥)-❡ &✉❡

∀τ, ‖Sh(τ)‖L(L2) ≤ sup
λ ∈ R

∣∣∣Ŝh(λ, τ)
∣∣∣

❈♦"♦❧❧❛✐"❡ ✸✳✶✳ ❖♥ ❞✐& -✉✬✉♥ %❝❤!♠❛ ❡%& L2
%&❛❜❧❡ %%✐

sup
λ∈R

∣∣∣Ŝh (λ, τ)
∣∣∣ ≤ 1 + vτ

✸✳✼✳✷ ❙%❛❜✐❧✐%* L∞
✭,-✐♥❝✐♣❡ ❞❡ ♠❛①✐♠✉♠ ❞✐6❝-❡%✮

❉+✜♥✐.✐♦♥ ✸✳✶✵✳ ♦♥ ❞✐& -✉✬✉♥ %❝❤!♠❛ ❛✉① ❞✐✛!'❡♥❝❡% ✜♥✐❡% L∞
%&❛❜❧❡ %%✐ ✈!'✐✜❡ ❧❡ ♣'✐♥✲

❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞✐%❝'❡& %✐ ♣♦✉' &♦✉& j ≥ 0 ❡& &♦✉& 1 ≤ i ≤ N − 1✱ ♦♥ ❛

min
0≤i≤N

(
u0
i

)
≤ uj

i ≤ max
0≤i≤N

(
u0
i

)

-✉❡❧❧❡ -✉❡ %♦✐& ❧❛ ❞♦♥♥! ✐♥✐&✐❛❧❡ u0✳

✸✳✼✳✸ ❚❤*♦-;♠❡ ❞❡ ▲❛①

❚❤+♦"2♠❡ ✸✳✹✳ ❙♦✐& u(x, t) ❧❛ %♦❧✉&✐♦♥ %✉✣%❛♠♠❡♥& '!❣✉❧✐?'❡ ❞❡ ❧✬!-✉❛&✐♦♥ ❛✉① ❞!'✐✈!❡
♣❛'&✐❡❧❧❡% (2.1) ❛✈❡❝ ❞❡% ❝♦♥❞✐&✐♦♥% ❛✉① ❧✐♠✐&❡% ❛♣♣'♦♣'✐!❡%✳ ❙♦✐& uj

i ❧❛ %♦❧✉&✐♦♥ ♥✉♠!'✐-✉❡

❞✐%❝'?&❡ ♦❜&❡♥✉❡ ♣❛' ✉♥ %❝❤!♠❛ ❛✉① ❞✐✛!'❡♥❝❡% ✜♥✐❡% ❛✈❡❝ ❧❛ ❞♦♥♥!❡ ✐♥✐&✐❛❧❡ u0
i = g(xi)✳

❙✐ ❧❡ %❝❤!♠❛ ❡%& ❧✐♥!❛✐'❡✱ ❝♦♥%✐%&❛♥& ❡& %&❛❜❧❡ ♣♦✉' ✉♥❡ ♥♦'♠❡ ‖.‖.✱ ❛❧♦'% ❧❡ %❝❤!♠❛ ❡%&
❝♦♥✈❡'❣❡♥& ❛✉ %❡♥% ♦@

∀T > 0, lim
h,τ→0

(
sup
tj≤T

∥∥ejh
∥∥
Lp

)
= 0.

❛✈❡❝ ejh = uj
h − u(., tj) ❧✬❡''❡✉' ❝♦♠♠✐%❡ %✉' ❧❛ %♦❧✉&✐♦♥✳

❉❡ ♣❧✉%✱ ❧✬♦'❞'❡ ❞❡ ❝♦♥✈❡'❣❡♥❝❡ ❡%& ❞♦♥♥! ♣❛' ❧✬❡''❡✉' ❞❡ &'♦♥❝❛&✉'❡ ✿ ❝✬❡%& B ❞✐'❡ -✉❡ %✐

❧❡ %❝❤!♠❛ ❡%& ❞✬♦'❞'❡ ♣ ❡♥ &❡♠♣% ❡& ❞✬♦'❞'❡ - ❡♥ ❡%♣❛❝❡ ❛❧♦'%

∀ j ejh = O((h)p + (τ)q)

✷✾



❈❤❛♣✐%&❡ ✹

❆♣♣❧✐❝❛%✐♦♥.

❉❛♥# ❝❡ ❞❡'♥✐❡' ❝❤❛♣✐+'❡✱ ♥♦✉# ❡##❛②♦♥# ❞❡ ❢❛❝✐❧✐+❡' ❧❛ ❝♦♠♣'3❤❡♥#✐♦♥ ❞❡ ❝❡++❡ ♠3✲

+❤♦❞❡ ♣❛' ❧✬❛♣♣❧✐❝❛+✐♦♥ ❞✉ #❝❤3♠❛ ♣'♦❣'❛♠♠3✭▼❛+❧❛❜✮ ❞✬❊✉❧❡' ❡①♣❧✐❝✐+❡ ♣♦✉' ❧✬3=✉❛+✐♦♥

❞❡ ❞✐✛✉#✐♦♥ ❞✬♦'❞'❡ 1✳

✸✵
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✹✳✶ ❆♣♣%♦①✐♠❛+✐♦♥ ♣❛% ❞✐✛/%❡♥❝❡ ✜♥✐❡3 ❞❡ ❧✬/6✉❛+✐♦♥

❞❡ ❞✐✛✉3✐♦♥ 8 ✉♥❡ ❞✐♠❡♥+✐♦♥

❖♥ ❛♣♣❡❧❧❡  !✉❛$✐♦♥ ❞❡ ❞✐✛✉+✐♦♥ ❧✬'(✉❛*✐♦♥ ❛✉① ❞'/✐✈'❡ ♣❛/*✐❡❧❧❡1

∂u

∂t
− v

∂2u

∂x2
= 0

❛✈❡❝ v > 0✱ ♦4 ❧❛ ❢♦♥❝*✐♦♥ ✐♥❝♦♥♥✉❡ u = u(x, t) ❡1* ✉♥❡ ❢♦♥❝*✐♦♥ 6 ✈❛❧❡✉/1 /'❡❧❧❡1 ❞❡1
❞❡✉① ✈❛/✐❛❜❧❡1 /'❡❧❧❡1 ✿

x ∈ R ✿ ❧❛ ✈❛/✐❛❜❧❡ ❞✬❡1♣❛❝❡ ❡* t > 0 ✿ ❧❡ *❡♠♣1✳❖♥ ❛♣♣❡❧❧❡ ♣/♦❜❧;♠❡ ❞❡ ❈❛✉❝❤② ❛✈❡❝
❝♦♥❞✐*✐♦♥ ❞❡ ❞✐/✐❝❤❧❡* ❛11♦❝✐' 6 ❧✬'(✉❛*✐♦♥ ❞❡ ❞✐✛✉1✐♦♥✱ ❧❡ ♣/♦❜❧;♠❡





❚/♦✉✈❡/ u (x, t) : [0, 2]× R
+ → R

∂u
∂t

− v ∂2u
∂x2 = 0, x ∈ [0, 2] , t > 0

u (x, 0) = u0 (x) , x ∈ [0, 2]
♦4 ✉0 (x) ❡1* ❧❛ ❞♦♥♥'❡ ✐♥✐*✐❛❧❡✳

u (0, t) = u (2, t) = 0, t > 0

✭✹✳✶✮

✹✳✶✳✶ ❙❝❤&♠❛ ❞❡ ❞✬❊❧✉❧❡/ ❡①♣❧✐❝✐3❡

✶

♣♦✉# ❧✬&'✉❛)✐♦♥ ❞❡ ❞✐✛✉/✐♦♥

◆♦✉# ❛❧❧♦♥# '❝)✐)❡ ♣♦✉) -♦✉- ✐♥#-❛♥- tj✱ j > 0 ❡- -♦✉- ♣♦✐♥- xi ✱ ✉♥❡ ♣)❡♠✐0)❡ '1✉❛-✐♦♥

❞✐#❝)0-❡ 1✉✐ ✈❛ )❡♠♣❧❛❝❡) ✭❡- ❛♣♣)♦❝❤❡)✮ ❧✬'1✉❛-✐♦♥ (4.1) ❡♥ (xi, t
j)✳ ❖♥ ✉-✐❧✐#❡

✭✐✮ ✉♥❡ ❛♣♣)♦①✐♠❛-✐♦♥ ❞'❝❡♥-)'❡ ❛✈❛♥- ❞✬♦)❞)❡ 1✱ ♣♦✉) ∂u
∂t

∂u

∂t

(
xi, t

j
)
≈ uj+1

i − uj
i

τ
,

✭✐✐✮ ✉♥❡ ❛♣♣)♦①✐♠❛-✐♦♥ ❝❡♥-)'❡ ❞✬♦)❞)❡ 2✱ ♣♦✉) ∂2u
∂x2

∂2u

∂x2
≈ uj

i+1 − 2uj
i − uj

i−1

h2
.

▲❡ #❝❤'♠❛ ♥✉♠')✐1✉❡ ❞✬❊✉❧❡) ❡①♣❧✐❝✐-❡ ❛✉ ♣♦✐♥- (xi, t
j) #✬'❝)✐- ❝♦♠♠❡





u
j+1

i −u
j
i

τ
+ v

−u
j
i−1

+2uj
i−u

j
i−1

h2 = 0
u0
i = u0 (xi)

uj
0 = uj

N+1 = 0, ∀j ≥ 1

✭✹✳✷✮

❞♦♥❝





uj+1
i = αuj

i−1 + (1− 2α) uj
i + αuj

i+1, ❛✈❡❝ α = vτ
h2

u0
i = u0 (xi)

uj
0 = uj

N+1 = 0, ∀j ≥ 1

✭✹✳✸✮

✶✳ ❡①♣❧✐❝✐(❡ ⇐⇒ ❢♦+♠✉❧❡ ✐♠♠.❞✐❛(❡ ♣♦✉+ (+♦✉✈❡+ uj+1
❡♥ ❢♦♥❝(✐♦♥ ❞❡ uj

✸✶
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◗✉❛♥❞ ♦♥ ✜①❡ j ❡) i = 1, N ✱ ♦♥ ♦❜)✐❡♥) ❧❡ .②.)0♠❡ ❧✐♥2❛✐3❡ ❞❡ N − 1 24✉❛)✐♦♥. 5 N − 1
✐♥❝♦♥♥❡. .✉✐✈❛♥) ✿ 




uj+1
1 = α uj

0 + (1− 2α) uj
1 + α uj

2

uj+1
2 = α uj

1 + (1− 2α) uj
2 + α uj

3

✳

✳

✳

uj+1
N = α uj

N−1 + (1− 2α) uj
N + α uj

N+1

❞♦♥❝ ❧❛ ❢♦3♠❡ ♠❛)3✐❝✐❡❧❧❡ ❡.) U j+1 = M U j +N )❡❧❧❡ 4✉❡

M =




1− 2α α . . . 0
α 1− 2α . . . 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 1− 2α α
0 0 . . . 1− 2α




❡) N =




αuj
0

0
✳

✳

✳

0

αuj
N+1




❛✈❡❝ α = vτ
h2

✹✳✶✳✷ ❈♦♥'✐')❛♥❝❡ ❡) ♦-❞-❡ ❞✉ '❝❤1♠❛

◆♦✉. ❝♦♠♠❡♥<♦♥. ♣❛3 ❧✬2)✉❞❡ ❞❡ ❧✬❡33❡✉3 ❞❡ )3♦♥❝❛)✉3❡

♦♥ 3❡♠♣❧❛❝❡ um
k ♣❛3 u (xk, x

m) ♦? u ❡.) ✉♥❡ ❢♦♥❝)✐♦♥ 32❣✉❧✐03❡✱ k = i − 1, i, i + 1 ❡)
m = j, j + 1✳
❖♥ ❞2✜♥✐) ❧✬❡33❡✉3 ❞❡ )3♦♥❝❛)✉3❡ ♣❛3

ǫji =
u (xi, t

j+1)− u (xi, t
j)

τ
+ v

−u (xi−1, t
j) + 2u (xi, t

j)− u (xi+1, t
j)

h2

❚❤"♦$%♠❡ ✹✳✶✳ ▲❡ "❝❤%♠❛ ❞✬❊✉❧❡- ❡①♣❧✐❝✐1❡ (4.2) ❡"1 ❞✬♦-❞-❡ 1 ❡♥ 1❡♠♣" ❡1 ❞✬♦-❞-❡ 2 ❡♥
❡"♣❛❝❡✳

❉%♠♦♥"1-❛1✐♦♥✳ ❖♥ ❢❛✐) ✉♥ ❞2✈❡❧♦♣♣❡♠❡♥) ❞❡ ❚❛②❧♦3 ❡♥ xi ❡) ❡♥ tj✱ ❝♦♠♠❡ u ❡.) .♦❧✉)✐♦♥
❞❡ ❧✬24✉❛)✐♦♥ (4.2)✱ ♦♥ ❛

✉(xi−1, t
j) = u (xi, t

j)− h
(
∂u
∂x

)
+ h2

2

(
∂2u
∂x2

)
− h3

3

(
∂3u
∂x3

)
+O (h4)

✉(xi+1, t
j) = u (xi, t

j) + h
(
∂u
∂x

)
+ h2

2

(
∂2u
∂x2

)
+ h3

3

(
∂3u
∂x3

)
+O (h4)

✸✷
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✉✭①i, t
j+1) = u (xi, t

j) + τ
(
∂u
∂t

)
+O (τ 2) = u (xi, t

j) + vτ
(

∂2u
∂x2

)
+O (τ 2)

♣❛% ❝♦♥)*+✉❡♥- ❧✬❡%%❡✉% ❞❡ -%♦♥❝❛-✉%❡ )✬*❝%✐-

ǫji =
u (xi, t

j+1)− u (xi, t
j)

τ
+ v

−u (xi−1, t
j) + 2u (xi, t

j)− u (xi+1, t
j)

h2

=
vτ

(
∂2u
∂x2

)
+O (τ 2)

τ
+ v

−h2
(

∂2u
∂x2

)
+O (h4)

h2

= O
(
τ + h2

)
.

❛❧♦%) ❧❡ )❝❤*♠❛ ❞✬❊✉❧❡% ❡①♣❧✐❝✐-❡ (4.2) ❡)- ❞✬♦%❞%❡ 1 ❡♥ -❡♠♣) ❡- ❞✬♦%❞%❡ 2 ❡♥

❡)♣❛❝❡✳

✹✳✶✳✸ ❙%❛❜✐❧✐%* ❞✉ -❝❤*♠❛

▲❡ )❝❤*♠❛ ❞✬❊✉❧❡% ❡①♣❧✐❝✐-❡ (4.2) ♣%♦❞✉✐)❛♥- ✉♥❡ )✉✐-❡ uj
h )❛-✐)❢❛✐)❛♥- ✉♥❡ %❡❧❛-✐♦♥ ❞❡

%*❝✉%%❡♥❝❡ ❞❡ -②♣❡

uj+1
h = Sh (τ) u

j
h, Sh (τ) ∈ L (Lp)

❙!❛❜✐❧✐!& ❡♥ ♥♦*♠❡ L2

❚❤&♦*.♠❡ ✹✳✷ ✭❋♦✉%✐❡%✲❱♦♥ ◆❡✉♠❛♥♥✮✳ ▲❡ "❝❤%♠❛ ❞✬❊✉❧❡- ❡①♣❧✐❝✐1❡ (4.2) ❡"1 "1❛❜❧❡ ♣♦✉-
❧❛ ♥♦-♠❡ ""✐ α = vτ

h2 ≤ 1
2
✳

❉%♠♦♥"1-❛1✐♦♥✳ ❖♥ ✉-✐❧✐)❡ ❧❛ -%❛♥)❢♦%♠❛-✐♦♥ ❞❡ ❋♦✉%✐❡%✱ ♦♥ ❛

∀λ ∈ R ûj+1
h (λ) = Ŝh (λ, τ) û

j
h (λ)

❞♦♥❝

ûj+1
h (λ) = αû

(
xi + h, tj

)
+ (1− 2α) ûj

h (λ) + αû
(
xi + h, tj

)

= αeiλhûj
h (λ) + (1− 2α) ûj

h (λ) + αe−iλhûj
h (λ)

=
[
αeiλh + αe−iλh + 1− 2α

]
ûj
h (λ)

= [2α cos (λh) + 1− 2α] ûj
h (λ)

= [−2α (1− cos (λh)) + 1] ûj
h (λ)

=

[
−4α

(
sin2

(
λh

2

))
+ 1

]
ûj
h (λ)

✸✸
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❞♦♥❝

Ŝh (λ, τ) = 1− 4α

(
sin2

(
λh

2

))

$✐ 1− 4α

(
sin2

(
λh

2

))
≥ −1 ⇐⇒ α

(
sin2

(
λh

2

))
≤ 1

2

⇐⇒ α ≤ 1

2

❞♦♥❝ ❞✬❛♣)*$ ❧❡$ -❤/♦)*♠❡$ ✸✳✷ ❡- ✸✳✸✱ ♦♥ ❛

sup
λ∈R

∣∣∣Ŝh (λ, τ)
∣∣∣ = 1

❞♦♥❝ ❧❡ $❝❤/♠❛ ❞✬❊✉❧❡) ❡①♣❧✐❝✐-❡ ❡$- $-❛❜❧❡ ❞❛♥$ L2

Ŝh (λ, τ) = 1− 4α

(
sin2

(
λh

2

))

$✐ 1− 4α

(
sin2

(
λh

2

))
< −1 ⇐⇒ α

(
sin2

(
λh

2

))
>

1

2

⇐⇒ α >
1

2

❞♦♥❝ ❞✬❛♣)*$ ❧❡$ -❤/♦)*♠❡$ ✸✳✷ ❡- ✸✳✸✱ ♦♥ ❛

sup
λ∈R

∣∣∣Ŝh (λ, τ)
∣∣∣ = 4α− 1

❞♦♥❝ ❧❡ $❝❤/♠❛ ❞✬❊✉❧❡) ❡①♣❧✐❝✐-❡ ❡$- ✐♥$-❛❜❧❡ ❞❛♥$ L2

❙!❛❜✐❧✐!& ❡♥ ♥♦*♠❡ L∞

❚❤&♦*.♠❡ ✹✳✸✳ ▲❡ "❝❤%♠❛ ❡①♣❧✐❝✐,❡ ❡", ",❛❜❧❡ ❡♥ ♥♦0♠❡ L∞
""✐

α =
vτ

h2
≤ 1

2

✸✹
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❉!♠♦♥%&'❛&✐♦♥✳ ▲❡ "❝❤%♠❛ ❡①♣❧✐❝✐,❡ ❡", %-✉✐✈❛❧❡♥, 1

uj+1
i = αuj

i−1 + (1− 2α) uj
i + αuj

i+1

✯ "✐ α = vτ
h2 ≤ 1

2

♦♥ ✈❛ ♠♦♥,4❡4 ♣❛4 4%❝✉44❡♥❝❡

♣♦✉4 m ≤ 0 ≤ M ✱ ♦♥ ❛

m ≤ u0
i ≤ M ⇒ m ≤ u1

i ≤ M, 1 ≤ i ≤ N ❡, j ≥ 0 ✭✹✳✹✮

✐✳ ♦♥ ✈❛ ♠♦♥,4❡4 -✉❡ (4.4) ❡", "❛,✐"❢❛✐, ♣♦✉4 j = 0

♦♥ ❛ u1
i = αu0

i−1 + (1− 2α) u0
i + αu0

i+1

❡, ❝♦♠♠❡ m ≤ u0
i ≤ M, ∀ 1 ≤ i ≤ N ❛❧♦4"

m ≤ u0
i+1 ≤ M ⇒ αm ≤ αu0

i+1 ≤ αM

m ≤ u0
i ≤ M ⇒ (1− 2α)m ≤ (1− 2α) u0

i ≤ (1− 2α)M

m ≤ u0
i−1 ≤ M ⇒ αm ≤ αu0

i−1 ≤ αM

❞♦♥❝

m ≤ u1
i ≤ M, ∀ 1 ≤ i ≤ N

✐✐✳ ♦♥ "✉♣♣♦"❡ -✉❡ (4.4) "❛,✐"❢❛✐, ♣♦✉4 j = n ✐✳❡ ✿

[m ≤ u0
i ≤ M, ∀1 ≤ i ≤ N ⇒ m ≤ un

i ≤ M, ∀1 ≤ i ≤ N , ∀n ≥ 0]

✐✐✐✳ ♦♥ "✉♣♣♦"❡ -✉❡ (4.4) "❛,✐"❢❛✐, ♣♦✉4 j = n+ 1
♦♥ ❛ uj+1

i = αuj
i−1 + (1− 2α) uj

i + αuj
i+1

❞✬❛♣4>" (ii)✱ ♦♥ ❛

m ≤ u0
i ≤ M, ∀ 1 ≤ i ≤ N ⇒ m ≤ un

i ≤ M, ∀ 1 ≤ i ≤ N, ∀n ≥ 0

❛❧♦4"

m ≤ u1
i+1 ≤ M ⇒ αm ≤ αun

i+1 ≤ αM

m ≤ u1
i ≤ M ⇒ (1− 2α)m ≤ (1− 2α) un

i ≤ (1− 2α)M

m ≤ u1
i−1 ≤ M ⇒ αm ≤ αun

i−1 ≤ αM

❞♦♥❝

m ≤ un+1
i ≤ M, ∀ 1 ≤ i ≤ N ❡, ∀n ≥ 0

❛❧♦4" ❡♥ ❞%❞✉✐, -✉❡ (4.4) ❡", "❛,✐"❢❛✐, ❞♦♥❝ ❧❡ "❝❤%♠❛ ❡", ",❛❜❧❡ ❡♥ L∞
✳

✸✺
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✯ !✐ α = vτ
h2 > 1

2
⇒ ❧❡ !❝❤'♠❛ ✐♥!+❛❜❧❡ ❡♥ ♥♦.♠❡ L∞

❝❛. ❊①❡♠♣❧❡

u0
i = (−1)n =

{
1 !✐ x ❡!+ ♣❛✐.

−1 !✐ x ❡!+ ✐♠♣❛✐.

♦♥ ✈❛ ♠♦♥+.❡. ♣❛. .'❝✉..❡♥❝❡ 2✉❡

uj
i = (−1)i (1− 4α)j ✭✹✳✺✮

✐✳ ♦♥ ♠♦♥+.❡. 2✉❡ (4.5) ❡!+ !❛+✐!❢❛✐+ ♣♦✉. j = 1
♦♥ ❛

u1
i = αu0

i−1 + (1− 2α) u0
i + αu0

i+1

= α (−1)i−1 + (1− 2α) (−1)i + α (−1)i+1

= −α (−1)i + (1− 2α) (−1)i − α (−1)i

= (1− 4α) (−1)i

✐✐✳ ♦♥ !✉♣♣♦!❡ 2✉❡ (4.5) ❡!+ !❛+✐!❢❛✐+ ♣♦✉. j = n ✐✳❡ ✿

un
i = (−1)i (1− 4α)n

✐✐✐✳ ♦♥ ✈❛ ♠♦♥+.❡. 2✉❡ (4.5) ❡!+ !❛+✐!❢❛✐+ ♣♦✉. j = n+ 1
♦♥ ❛

un+1
i = αun

i−1 + (1− 2α) un
i + αun

i+1

= α (−1)i−1 (1− 4α)n + (1− 2α) (−1)i (1− 4α)n + α (−1)i+1 (1− 4α)n

= −α (−1)i (1− 4α)n + (1− 2α) (−1)i (1− 4α)n − α (−1)i (1− 4α)n

= (1− 4α) (−1)i (1− 4α)n

= (−1)i (1− 4α)n+1

❞♦♥❝ ❡♥ ❞'❞✉✐+ 2✉❡ uj
i = (−1)i (1− 4α)j

♦♥ ❛

2α > 1 ⇒ 1− 4α < −1

⇒ (1− 4α)j < (−1)j

❞♦♥❝

uj
i = (−1)i (1− 4α)j < (−1)i+j

!✐ i+ j ✐♠♣❛✐.❡ ⇒ uj
i < −1 ❞♦♥❝ ❈♦♥+.❛❞✐❝+✐♦♥ ❝❛. u0

i ≥ −1
❞♦♥❝ ❧❡ !❝❤'♠❛ ✐♥!+❛❜❧❡ ❡♥ ♥♦.♠❡ L∞

✳

✸✻
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✹✳✶✳✹ ❈♦♥✈❡(❣❡♥❝❡ ❞✉ -❝❤/♠❛

 ❛""♦♥" ♠❛✐♥'❡♥❛♥' ) ❧❛ ❝♦♥✈❡-❣❡♥❝❡ ❞✉ "❝❤2♠❛ (4.2) ❞❛♥" L∞(0, T ;L2) ❡♥ ♠♦♥'-❛♥'
❞✬❛♣-5" ❧❛ ❞2✜♥✐'✐♦♥ (3.7) 7✉❡ ♣♦✉- '♦✉'❡ ❞♦♥♥2❡ ✐♥✐'✐❛❧❡ ❞❛♥" L2

lim
h,τ→0

(
sup
tj≤T

∥∥u((., tj)− uj
h)
∥∥
Lp

)
= 0.

♦✉ u ❡"' ❧❛ "♦❧✉'✐♦♥ ❝♦♥'✐♥✉❡ ❞❡ (4.1) ❡' uj
h❡"' ❧❛ "✉✐'❡ ♣-♦❞✉✐'❡ ♣❛- ❧❡ "❝❤2♠❛ (4.2)✳

◆♦✉" ✐♥'-♦❞✉✐"♦♥" ❞♦♥❝ ❧✬❡--❡✉- ❝♦♠♠✐"❡ "✉- ❧❛ "♦❧✉'✐♦♥

ejh = u(., tj)− uj
h

❡' ♦❜'❡♥♦♥" ❧❛ ❝♦♥✈❡-❣❡♥❝❡ ❞✉ "❝❤2♠❛ ❝♦♠♠❡ ✉♥❡ ❝♦♥"27✉❡♥❝❡ ❞❡ "❛ ❝♦♥"✐"'❛♥❝❡ ❡'

❞❡ "❛ "'❛❜✐❧✐'2✳

▲❛ ♣-❡♠✐5-❡ 2'❛♣❡ ❝♦♥"✐"'❡ ❞♦♥❝ ) -❡❧✐❡- ❧✬❡--❡✉- ejh ) ❧✬❡--❡✉- ❞❡ '-♦♥❝❛'✉-❡ ǫjh✳
❖♥ ❛

ǫjh =
u (x, tj+1)− u (x, tj)

τ
+ v

−u (x− h, tj) + 2u (x, tj)− u (x+ h, tj)

h2

♥♦✉" ❞2❞✉✐"♦♥" 7✉❡

u(., tj+1) = Sh(τ)u(., t
j) + τǫjh

❡' ❝♦♠♠❡ ♦♥ ❛

u(xh, t
j+1) = Sh(τ)u(xh, t

j)

❛❧♦-" ♣❛- ❞✐✛2-❡♥❝❡

ej+1
h = Sh(τ)e

j
h + τǫjh

❡' ♣❛- "✉✐'❡

ejh = Sh(τ)e
0
h + τ

j∑

k=1

Sh(τ)
j−kǫk−1

h

❊♥ ♣❛""❛♥' ❛✉① ♥♦-♠❡"✱ ♦♥ ♦❜'✐❡♥' ❛❧♦-"

∥∥ejh
∥∥
L2 = ‖Sh(τ)‖L(L2)

∥∥e0h
∥∥
L2 + τ

j∑

k=1

∥∥Sh(τ)
j−k

∥∥
L(L2)

∥∥ǫk−1
h

∥∥
L2

❙✐ ♦♥ "✉♣♣♦"❡ ❧✬❤②♣♦'❤5"❡ ❞❡ "'❛❜✐❧✐'2 "❛'✐"❢❛✐'❡✱ ♦♥ ❛

∥∥Sh(τ)
j−k

∥∥
L(L2)

≤ 1 + vτ

✸✼
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❖! ♦♥ $❛✐' (✉❡

∀tq ≤ T,
∥∥Sh(τ)

j−k
∥∥
L(L2)

≤ evt
q ≤ evT .

◆♦✉$ ❛✈♦♥$ ❞♦♥❝✱

∀tq ≤ T,
∥∥ejh

∥∥
L2 ≤ evT

(
∥∥e0h

∥∥
L2 + tj sup

k−1≤j

∥∥ǫk−1
h

∥∥
L2

)

❝❡ (✉✐ ♠1♥❡ 2 ❧✬❡$'✐♠❛'✐♦♥ ❞✬❡!!❡✉!

sup
tj≤T

∥∥ejh
∥∥
L2 ≤ evT

(
∥∥e0h

∥∥
L2 + T sup

k−1≤j

∥∥ǫk−1
h

∥∥
L2

)
.

❇✐❡♥ ❡♥'❡♥❞✉✱ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ $❝❤7♠❛ ✉♥✐❢♦!♠7♠❡♥' $'❛❜❧❡ (v = 0)✱ ❧✬❡$'✐♠❛'✐♦♥
❞❡✈✐❡♥'

sup
tj≤T

∥∥ejh
∥∥
L2 ≤

(
∥∥e0h

∥∥
L2 + T sup

tj≤T

∥∥ǫjh
∥∥
L2

)
.

❉❛♥$ ❧❡ ❝❛$ ♣❛!'✐❝✉❧✐❡! e0h = 0✱ ✐❧ ✈✐❡♥'

sup
tj≤T

∥∥ejh
∥∥
L2 ≤ T sup

tj≤T

∥∥ǫjh
∥∥
L2

✡

❊' ❝♦♠♠❡ ❧❡ $❝❤7♠❛ ❞✬❊✉❧❡! ❡①♣❧✐❝✐'❡ ❝♦♥$✐$'❛♥'❡ ❛❧♦!$

∃C ≥ 0, sup
tj≤T

∥∥ǫjh
∥∥
L2 ≤ C

(
h2 + τ

)

❞♦♥❝

sup
tj≤T

∥∥ ejh
∥∥
L2 ≤ CT

(
h2 + τ

)

$✐ h → 0 ❡' τ → 0

❞♦♥❝

lim
h,τ→0

(
sup
tj≤T

∥∥ejh
∥∥
Lp

)
= 0

✸✽
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❉✬❖❘❉❘❊ 1

✹✳✷ ❧❛ %♦❧✉(✐♦♥ ❡①❛❝(❡ ❞❡ ❧✬01✉❛(✐♦♥ ❞❡ ❞✐✛✉%✐♦♥

❞✬♦3❞3❡ 1

 !♦♣♦$✐&✐♦♥ ✹✳✶✳ ▲❛ ❢♦$♠❡ ❣(♥($❛❧❡ ❞❡ ❧❛ ,♦❧✉.✐♦♥ ❡①❛❝.❡ (4.1) ❡,. ❞♦♥♥(❡ ♣❛$ ✿

u (x, t) =
∞∑

n=1

[∫ 2

0

u0 (x) sin
(nπ

2
x
)
dx

]
e−v n2π2

4
t sin

(nπ
2
x
)

❉(♠♦♥,.$❛.✐♦♥✳ ❱♦✐# ❬✷❪✱ ♣❛❣❡ 42✳

❘❡♠❛!/✉❡ ✹✳✶✳ 6♦,♦♥, u0 (x) = 20x (2− x)
♦♥ ❛ ✿

∫ 2

0

u0 (x) sin
(nπ

2
x
)
dx =

∫ 2

0

20x (2− x) sin
(nπ

2
x
)
dx

= 40

∫ 2

0

x sin
(nπ

2
x
)
dx− 20

∫ 2

0

x2 sin
(nπ

2
x
)
dx

= 40

[
4

nπ
(−1)n+1

]
− 20

[
8

nπ
(−1)n+1 +

16

n3π3
((−1)n − 1)

]

=
320

n3π3
[1− (−1)n]

❞♦♥❝

u (x, t) = 320
∞∑

n=1

[
1− (−1)n

n3π3

]
e−v n2π2

4
t sin

(nπ
2
x
)

✸✾
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✹✳✸ #$♦❣$❛♠♠❛)✐♦♥ ❞❡ ❧❛ ▼0)❤♦❞❡

✹✳✸✳✶ $%♦❣%❛♠♠❛*✐♦♥ ❞❡ ❧❛ 0♦❧✉*✐♦♥ ❡①❛❝*❡

 ♦✉# $✈❛❧✉❡# ❧❛ ✈❛❧❡✉# ♥✉♠$#✐,✉❡ ❞❡ u (x, t) ♣♦✉# /♦✉/ ♣♦✐♥/ ❛♣♣❛#/❡♥❛♥/ ❞❛♥0 ❧❛ ❣#✐❧❧❡✱
♥♦✉0 ❞❡✈♦♥0 ❢❛✐#❡ ✉♥❡ ❜♦✉❝❧❡ ,✉✐✱ ♣♦✉# ❝❤❛,✉❡ ♣♦✐♥/ (xi, t

j) ✱ ❝❛❧❝✉❧❡ u(xi, t
j)✳  ♦0♦♥0

N = 100 ❛❝❝❡♣/❛❜❧❡ ❡♥ ❛♥❛❧②0❡ ♥✉♠$#✐,✉❡✱ ♥♦✉0 ❛✈♦♥0 ❞♦♥❝ ❧❡ ♣#♦❣#❛♠♠❡ 0✉✐✈❛♥/ ,✉✐
❝❛❧❝✉❧❡ ❧❡0 $❧$♠❡♥/0 ❞❡ ❧❛ ♠❛/#✐❝❡ v #❡♣#$0❡♥/❛♥/ ❡①❛❝/❡♠❡♥/ ❧❡0 ✈❛❧❡✉#0 ❞❡ u(xi, t

j)✳

✈❂✵✳✶✷❀❤❂✵✳✷✺❀

❞❂✶✴✸❀

❞,❂✭❤✯❤✯❞✮✴✈❀

❚❂✶✵✵✯❞,❀

❝❧❛❂✵❀ ❝❧❜❂✵❀

❛❂✵❀ ❜❂✷❀

◆❂✭❜✲❛✮✴❤❀

▼❂❚✴❞,❀

①❂✵✿❤✿❜❀ ,❂✵✿❞,✿❚❀

✪❧❛ ;♦❧✉,✐♦♥ ❡①❛❝,❡

❙❡❂③❡C♦;✭◆✰✶✱▼✰✶✮❀

♥❂✶❀

✇❤✐❧❡✭♥❁❂✶✵✵✮

❢♦C ✐❂✶✿◆✰✶

❢♦C ❥❂✶✿▼✰✶

✉✭✐✱❥✮❂❙❡✭✐✱❥✮✰✸✷✵✯✭✶✲✭✲✶✮❫♥✮✴✭♥❫✸✯♣✐❫✸✮✯;✐♥✭♥✯♣✐✯①✭✐✮✴✷✮✯

❡①♣✭✲✵✳✶✷✯♥❫✷✯♣✐❫✷✯,✭❥✮✴✹✮❀

❙❡✭✐✱❥✮❂✉✭✐✱❥✮❀

❡♥❞

❡♥❞

♥❂♥✰✶❀

❡♥❞

♠❡;❤✭,✱①✱❙❡✮❀

,✐,❧❡✭✬;♦❧✉,✉✐♦♥ ❡①❛❝,❡✬✮

❱♦✐❝✐ ❧❛ ❝♦✉#❜❡ ,✉❡ ♥♦✉0 ❛✈♦♥0 ♦❜/❡♥✉❡ ♣♦✉# d = 1
3

✹✵
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❋✐❣✉$❡ ✹✳✶ ✕ ❘%♣'%(❡♥+❛+✐♦♥ ❣'❛♣❤✐1✉❡ ❞❡ ❧❛ (♦❧✉+✐♦♥ ❡①❛❝+❡

✹✳✸✳✷ $%♦❣%❛♠♠❛*✐♦♥ ❞❡ ❧❛ 0♦❧✉*✐♦♥ ❛♣♣%♦❝❤5❡

✈❂✵✳✶✷❀❤❂✵✳✷✺❀

❞❂✶✴✸❀

❞,❂✭❤✯❤✯❞✮✴✈❀

❚❂✶✵✵✯❞,❀

❛❂✵❀ ❜❂✷❀

◆❂✭❜✲❛✮✴❤❀

▼❂❚✴❞,❀

①❂✵✿❤✿❜❀ ,❂✵✿❞,✿❚❀

✪❝♦♥❞✐,✐♦♥ ❛✉① ❧✐♠✐,❡

❝❧❛❂✵❀ ❝❧❜❂✵❀

✪❝♦♥❞✐,✐♦♥ ✐♥✐,✐❛❧❡

❢♦B ✐❂✶✿◆✰✶

❈✐✭✐✮❂✷✵✯①✭✐✮✯✭✷✲①✭✐✮✮❀

❡♥❞

✪❧❛ E♦❧✉,✐♦♥ ❛♣♣B♦❝❤G❡

❢♦B ✐❂✶✿◆✲✶

❜✭✐✮❂✵❀

❡♥❞

❜✭✶✮❂❞✯❝❧❛❀

❜✭◆✲✶✮❂❞✯❝❧❜❀

❢♦B ✐❂✶✿◆✲✷

❆✭✐✱✐✮❂✶✲✷✯❞❀

❆✭✐✱✐✰✶✮❂❞❀

❆✭✐✰✶✱✐✮❂❞❀

❡♥❞

✹✶
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❆✭◆✲✶✱◆✲✶✮❂✶✲✷✯❞❀

❢♦. ✐❂✶✿◆✲✶

❳✭✐✮❂❈✐✭✐✰✶✮❀

❡♥❞

❥❂✶❀

❳❂❳✬❀

✇❤✐❧❡✭❥ ❁ ▼ ✰ ✷✮

❢♦. ✐❂✶✿◆✲✶

❙♣✭✐✱❥✮❂❳✭✐✮❀

❡♥❞

❳❂❆✯❳✰❜✬❀

❥❂❥✰✶❀

❡♥❞

❢♦. ✐❂◆✿✲✶✿✷

❢♦. ❥❂▼✰✶✿✲✶✿✶

❙♣✭✐✱❥✮❂❙♣✭✐✲✶✱❥✮❀

❡♥❞

❡♥❞

❢♦. ❥❂✶✿▼✰✶

❙♣✭✶✱❥✮❂✵❀

❙♣✭◆✰✶✱❥✮❂✵❀

❡♥❞

✪❡..❡✉. ❞❡ ❝♦♥✈❡.❣❡♥❝❡

❢♦. ✐❂✶✿◆✰✶

❢♦. ❥❂✶✿▼✰✶

❊❝✭✐✱❥✮❂❛❜H✭❙❡✭✐✱❥✮✲❙♣✭✐✱❥✮✮✱

❡♥❞

❡♥❞

♠❡H❤✭J✱①✱❙❡✮❀

❱♦✐❝✐ ❧❡& ❝♦✉(❜❡& ♦❜*❡♥✉❡& ❛♣(.& ❝♦♠♣✐❧❛*✐♦♥

✷

♣♦✉( ❧❡& ❞❡✉① ❝❛& ✿

✷✳ ◆♦✉% ❛✈♦♥% ❝❤♦✐%✐ ❧✬♦✉.✐❧ ♠❛"❧❛❜ ♣♦✉0 ❧❛ ♣0♦❣0❛♠♠❛.✐♦♥ ❡. ❧❛ ✈✐%✉❛❧✐%❛.✐♦♥ ❞❡% %♦❧✉.✐♦♥%✳

✹✷
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❋✐❣✉$❡ ✹✳✷ ✕ ❈♦✉'❜❡ ❞❡ ❧❛ -♦❧✉.✐♦♥ ♥✉♠2'✐3✉❡✱ ♠2.❤♦❞❡ ❡①♣❧✐❝✐.❡ ♣♦✉' d < 1
2

❋✐❣✉$❡ ✹✳✸ ✕ ❈♦✉'❜❡ ❞❡ ❧❛ -♦❧✉.✐♦♥ ♥✉♠2'✐3✉❡✱ ♠2.❤♦❞❡ ❡①♣❧✐❝✐.❡ ♣♦✉' d > 1
2
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❈♦♥#$❛$❛$✐♦♥#

◆♦✉# ❛✈♦♥# '❡♠❛'*✉+✱ ❞✬❛♣'0# ❧❡# ❞❡✉① ❣'❛♣❤❡# ❝♦''❡#♣♦♥❞❛♥6# 7 d < 1
2
❡6 d > 1

2
✱ *✉❡ ❧❛

♠+6❤♦❞❡ ♣'+#❡♥6❡ ❞❡✉① '+❣✐♦♥# ❞❡ #6❛❜✐❧✐6+✳ ❙✐ d < 1
2
❧❛ ♠+6❤♦❞❡ ❡#6 #6❛❜❧❡ ❡6 ❝♦♥✈❡'❣❡

✈❡'# ❧❛ #♦❧✉6✐♦♥ ❡①❛❝6❡ ✭❛♥❛❧②6✐*✉❡✮✳

▼❛✐# d > 1
2
#✐ ❧❛ ♠+6❤♦❞❡ ♣'+#❡♥6❡ ❞❡# ❢❛✐❧❧❡# ❡6 ❧❛ ❝♦✉'❜❡ ♥❡ ❝♦♥✈❡'❣❡ ♠A♠❡ ♣❛#✳

✹✳✸✳✸ ❈♦♠♣❛(❛✐*♦♥ ❞❡* ♠./❤♦❞❡*

❊♥ ❢♦♥❝6✐♦♥ ❞❡ d✱ ♥♦✉# ✈♦✉❧♦♥# ❝♦♠♣❛'❡' ❣'❛♣❤✐*✉❡♠❡♥6 ❧❛ ♠+6❤♦❞❡ ♥✉♠+'✐*✉❡ ❡①✲
♣❧✐❝✐6❡ ✭❞✐'❡❝6❡✮ ❛✈❡❝ ❧❛ #♦❧✉6✐♦♥ ❛♥❛❧②6✐*✉❡ ♣♦✉' ✈♦✐' ❝♦♠♠❡♥6 ❧❛ #♦❧✉6✐♦♥ ❛♣♣'♦❝❤+❡ #❡

'❛♣♣'♦❝❤❡ 7 ❧❛ #♦❧✉6✐♦♥ ❡①❛❝6❡✳

❈♦♠♣❛)✐#♦♥ ❞❡ Se (x, 30) ❡$ Sp (x, 30)

◆♦✉# ❝♦♠❜✐♥♦♥# ❧❡ ♣'♦❣'❛♠♠❡ ❞❡ ❧❛ #♦❧✉6✐♦♥ ❛♥❛❧②6✐*✉❡ ❛✈❡❝ ❝❡❧✉✐ ❞❡ ❧❛ #♦❧✉6✐♦♥

♥✉♠+'✐*✉❡ ❞✐'❡❝6❡ ♣♦✉' ♣♦✉✈♦✐' ❢❛✐'❡ ❧❛ ❝♦♠♣❛'❛✐#♦♥✱ ♣✉✐# ♦♥ ❛❥♦✉6❡ 7 ❧❛ ✜♥ ❞✉ ♥♦✉✈❡❛✉

♣'♦❣'❛♠♠❡✱ ❧❛ ♣❛'6✐❡ #✉✐✈❛♥6❡ ✿

❘+♠❛'*✉♦♥# *✉❡ tj = 5.208 #✐ j = 30✳

 ❡✶❂❙❡✭✿✱✸✵✮❀

 ♣✶❂❙♣✭✿✱✸✵✮❀

❙❊❝✶❂❊❝✭✿✱✸✵✮❀

♣❧♦1✭①✱ ❡✶✱✬4✬✮

❤♦❧❞ ♦♥

♣❧♦1✭①✱ ♣✶✱✬❜✬✮❀

♣❧♦1✭①✱ ❊❝✶✱✬❣✬✮❀

❣4✐❞❀

❱♦✐❝✐ ❞♦♥❝ ❧❡# ❝♦✉'❜❡# ❝♦♠♣❛'❛6✐✈❡# ❞❡ ❝❡# ❞❡✉① ♠+6❤♦❞❡# ❛✉① ♣♦✐♥6# 5.208 ❡6 ❧❛ ❝♦✉'❜❡
❞❡ ❧✬❡''❡✉' ❞❡ ❝♦♥✈❡'❣❡♥❝❡ ✿
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❋✐❣✉$❡ ✹✳✹ ✕ ❈♦♠♣❛(❛✐*♦♥ ❣(❛♣❤✐.✉❡ ❞❡ Se (x, 30) ❡2 Sp (x, 30)

❱♦✐❝✐ ❞♦♥❝ ❧❛ ❝♦✉(❜❡ ❞❡ ❧✬❡((❡✉( ❞❡ ❝♦♥✈❡(❣❡♥❝❡ ✿

✹✺
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❋✐❣✉$❡ ✹✳✺ ✕ ❊%%❡✉% ❡♥)%❡ *♦❧✉)✐♦♥ ❡①❛❝)❡ ❡) *♦❧✉)✐♦♥ ❛♣♣%♦❝❤3❡

❈♦♠♣❛%✐'♦♥ ❞❡ Se (3, t) ❡+ Sp (3, t)

❘3♠❛%6✉♦♥* 6✉❡ xi = 0.60 *✐ i = 3✳

 ❡✶❂❙❡✭✸✱✿✮❀

 ♣✶❂❙♣✭✸✱✿✮❀

❙❊❝✶❂❊❝✭✸✱✿✮❀

♣❧♦0✭0✱ ❡✶✱✬2✬✮

❤♦❧❞ ♦♥

♣❧♦0✭0✱ ♣✶✱✬❜✬✮❀

♣❧♦0✭0✱ ❊❝✶✱✬❣✬✮❀

❣2✐❞❀

❱♦✐❝✐ ❞♦♥❝ ❧❡* ❝♦✉%❜❡* ❝♦♠♣❛%❛)✐✈❡* ❞❡ ❝❡* ❞❡✉① ♠3)❤♦❞❡* ❛✉① ♣♦✐♥)* 0.75 ❡) ❧❛ ❝♦✉%❜❡

❞❡ ❧✬❡%%❡✉% ❞❡ ❝♦♥✈❡%❣❡♥❝❡ ✿
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❋✐❣✉$❡ ✹✳✻ ✕ ❈♦♠♣❛)❛✐+♦♥ ❣)❛♣❤✐/✉❡ ❞❡ Se (3, t) ❡3 Sp (3, t)

❱♦✐❝✐ ❞♦♥❝ ❧❛ ❝♦✉)❜❡ ❞❡ ❧✬❡))❡✉) ❞❡ ❝♦♥✈❡)❣❡♥❝❡ ✿
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❋✐❣✉$❡ ✹✳✼ ✕ ❊%%❡✉% ❡♥)%❡ *♦❧✉)✐♦♥ ❡①❛❝)❡ ❡) *♦❧✉)✐♦♥ ❛♣♣%♦❝❤3❡

❘❡♠❛$%✉❡ ✹✳✷✳ ❙❡❧♦♥ ❧❡% ✈❛(✐❛*✐♦♥% ✭❝♦✉(❜❡%✮ ❞❡% ❡((❡✉(% ✜①3❡% 4 ❞❡% ✈❛❧❡✉(% ❢❛✐❜❧❡%

3❣❛❧❡% 4 0.09% ♣❛( ♣♦(* 4 ❧✬❡%♣❛❝❡ x ❡* 0.07% ♣❛( ♣♦(* ❞✉ *❡♠♣% t✱ ❛❧♦(% ♥♦*(❡ ▼❉❋

♣(♦✉✈❡ ✉♥❡ ❜♦♥♥❡ ♣(3❝✐%✐♦♥✳

❘❡♠❛$%✉❡ ✹✳✸✳ ❖♥ ❧❛ ♥♦*❡(❛ ❞❛♥% ❧❛ ♣(♦❣(❛♠♠❛*✐♦♥

❞❛♥% ♠3♠♦✐( ❞❛♥% ♣(♦❣(❛♠♠❡ (matlab)

uj
0 cla

uj
N+1 clb

α r
τ dt

✹✽



✹✳✸✳ #❘❖●❘❆▼▼❆❚■❖◆ ❉❊ ▲❆ ▼➱❚❍❖❉❊

❈♦♥❝❧✉&✐♦♥

▲❛ ♣#♦❜❧'♠❛)✐+✉❡ ❞❡ ❝❡ ♠'♠♦✐#❡ #'0✐❞❡ ❞❛♥0 ❧❛ ❝♦♠♣#'❤❡♥0✐♦♥ ❡) ❧✬❛♣♣❧✐❝❛)✐♦♥ ❞❡ ❧❛ ♠'✲

)❤♦❞❡ ❞❡0 ❞✐✛'#❡♥❝❡0 ✜♥✐❡0✱ ❛✐♥0✐ +✉❡ ❧✬✐♠♣♦#)❛♥❝❡ ❞❡ ❧❛ ❝♦♥✈❡#❣❡♥❝❡ ❞❡ ❝❡0 0❝❤'♠❛0 ♥✉✲

♠'#✐+✉❡0✳

◆♦)#❡ )#❛✈❛✐❧ ♣♦#)❡ ✉♥❡ ❛♥❛❧②0❡ ❥✉0)✐✜❛♥) > ❧✬❛✐❞❡ ❞✉ )❤'♦#?♠❡ ❞❡ ▲❛①✱ +✉❡ ❧❛ ▼❉❋

❝♦♥✈❡#❣❡ ❜✐❡♥ ✈❡#0 ❧❛ 0♦❧✉)✐♦♥ ❛♣♣#♦❝❤'❡ ❞✬✉♥ ♣#♦❜❧?♠❡ ❞✬'✈♦❧✉)✐♦♥ ❊❉E✳ ❊♥✜♥✱ ♦♥ ❛ ❡0✲

0❛②❡# ❞❡ ❢❛❝✐❧✐)❡# ❧❛ ❝♦♥❝❡♣)✐♦♥ ❞❡ ❝❡))❡ ♠')❤♦❞❡ ♣❛# ❧✬❛♣♣❧✐❝❛)✐♦♥ ❞✉ 0❝❤'♠❛ ♣#♦❣#❛♠♠'

✭▼❆❚▲❆❇✮ ❞✬❊✉❧❡# ❡①♣❧✐❝✐)❡ ♣♦✉# ❧✬'+✉❛)✐♦♥ ❞❡ ❞✐✛✉0✐♦♥ ❞✬♦#❞#❡ 1✳
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Résumé  

La problématique de ce mémoire réside dans la compréhension et l’application de la méthode 

des différences finies, ainsi que l’importance de la convergence de ces schémas numériques.  

Notre travail porte une analyse justifiant à l’aide du théorème de Lax, que la MDF converge 

bien vers la solution approchée d’un problème d’évolution EDP.  

Enfin, on a essayé de faciliter la conception de cette méthode par l’application du schéma 

programmé (MATLAB) d’Euler explicite pour l’équation de diffusion d’ordre 1.  

À titre de conclusion, on donne certaines remarques importantes relatives à cette méthode et 
certaines recommandations  

Abstract  

The problem of this memory lies in the understanding and application of the method finite 
differences, as well as the importance of the convergence of these digital patterns.  

Our work carries an analysis justifying, using the Lax theorem, that the MDF converges well 
towards the approximate solution of an EDP evolution problem.  

Finally, we tried to facilitate the design of this method by the application of the programmed 
(MATLAB) of Euler explicit scheme for the equation of diffusion of order 1.  

As a conclusion, we give some important notes about this method and some recommendations  

 ملخص 

.تكمن إشكالية هذه المذكرة في فهم وتطبيق طريقة الفروق المحدودة مع أهمية تقارب أنماطها العددية  

يشمل عملنا تحليلا يبرر باستخدام نظرية لاكس، أن هذه الطريقة تتقارب بشكل جيد نحو الحل التقريبي لمسألة تفاضلية 
.م ت ج: زمنية  

1أخيرا، حاولنا تسهيل مفهوم هذه الطريقة بتطبيق نمط أويلر الضاهري المبرمج بماتلاب على معادلة الانتشار من المرتبة     

.ختاما، نتقدم ملاحظات هامة حول هذه الطريقة وبعض التوصيات  

 

 

 

 


