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Abstract. In the last decade, several phenomenological yield criteria for anisotropic material has been 
proposed to improve the modeling predictions about sheet metal-forming processes. In regard to this 
engineering application, two proprieties of models have been used. If the yield function and the plastic 
potential are not same (not equal), the normality rule is non associative flow rule (NAFR), otherwise, 
when the stresses yield has been completely coupled to the anisotropic strain rate ratio (plastic 
potential), is called the associated flow rule (AFR). The non-associated flow rule is largely adopted 
to predict a plastic behavior for metal forming, accurately about à strong mechanical anisotropy 
presents in sheet metal forming processes. However, various studies described the limits of the AFR 
concept in dealing with highly anisotropic materials.  In this study, the quadratic Hill1948 yield 
criteria is considered to predict mechanical behavior under AFR and NAFR approach. Experiment 
and modeling predictions behaviour of normalized anisotropic coefficient r (θ) and σ (θ) evolved with 
θ in sheet plane. and the equibiaxial yield stress σb was assumed σb=1 but the rb-values was computed 
from Yld96 [15]. 

Introduction 
The characterization of the drawability of rolled sheets is based on the determination of several 

features, which serve as a tool of mastering and understanding the behavior of those rolled sheets 
destined to drawing operations. For many sheet metals obtained by cold-rolling, a strong gradient of 
crystallographic texture exhibit in in plane and thickness of metal [1]. Especially true for ferritic steels 
(FSS), for two reasons: (i) continuous recrystallization occurs during hot working, which precludes 
randomization of grain orientations, and (ii) no phase transformation occurs upon cooling. 
Furthermore, such textures cannot be entirely eliminated or even modified by subsequent cold rolling 
and/or heat treatments [2]. The rolling sheets are characterized by the presence of three mutually 
orthogonal planes of orthotropic symmetry. It is notable that the rolling process promotes the 
existence of induced anisotropy, which greatly influences the Drawability properties and formability 
of sheet metals to the desired dimensions and shape [3]. For this purpose and in aim to describe the 
anisotropic behavior of materials, both functions (quadratic and non-quadratic) have been proposed. 
Initially, Hill [4], which is a simple modification of the standard von Mises plasticity to give a 
quadratic yield function mainly based on the assumption of an associated flow rule. It is quite 
interesting to see the difference in the yield locus when compared the two mode of plasticity (AFR 
and NAFR for yield function or plastic potential) modelled under Hill1948 criteria along different 
orientations in plane sheet. The mechanical parameters commonly used to characterize the anisotropic 
behavior of deformations and stresses in the plane sheet is the unidirectional yield stresses σ(θ) and 
the strain rate ratio r(θ) (the anisotropy coefficient), or Lankford coefficient, defined in unidirectional 
tensile tests on rectangular sheet specimens [5]. 
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Modern Plasticity (Non-Associated Plasticity) 
In the last work published by Spitzig et al. [6] and Richmond-Spitzig [7] who reported 

experimental data incompatible with the requirement of associated plasticity (AFR) with respect to 
the dependence on hydrostatic pressure (mean stress in the spherical tensor) of flow stress during a 
classical plasticity (associated plasticity). The final volume calculated by the components of the strain 
tensor based on the associated plasticity (AFR) is no significant from that measured, where plastic 
potential is independent from the yield function under Non-Associated Flow Rule (Non-AFR). 
Stoughton [8] proposed a new computational model resulting in the uncoupled predictions of stress 
ratios and r-values. Safaei et al [9], proposed a model based on the non-associated flow rule that 
adopted Barlat's yield function (Barlat et al., 2003). 
Yield Function for Sheet Metals 

Hill48 yield criteria. In the current study, the Hill 1948 yield criterion function, one of the most 
common models of metal deformation or yield plastic potential can be written in a general form as, 
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F, G, H, L, M and N anisotropy coefficients can be derived from texture components (see also [2]) or 
usually determined from mechanical tests (i.e.; usual uniaxial tensile as well as simple shearing), as 
hereafter:  
where 
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Whenever, in plane stress state (i.e.; 0231333 === σσσ , and 0,, 122211 ≠σσσ ), Eq. 1 can be reduced 
to 
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Since formability of any sheet is characterized by )(θσ  mechanical parameter that is primarily 
related to the size and shape of grains, drawability is usually related to the )(θr -value, (Lankford’s 
Parameter) which is defined as the ratio of the true strains in the width and in the thickness directions, 
respectively. Based on the Hill48 quadratic criterion as well as on the associated flow rule according 
to normality principle, relationships determining mechanical and anisotropic parameters are: 
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The most common method to obtain F, G, H and N material parameters of the Hill'48 model, can 
be calculated by two methods: 

1) Associative flow rule (AFR) as the dominant theory in metal plasticity is known to use an 
identical formulation for both the yield and the plastic potential functions 

i) Related to experimental yield stresses and r-values as follows [10]. 
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2) Non-Associative flow rule (NAFR) 
ii) Related to experimental yield stresses as follows [11]. 
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where 90450 ,, σσσ are unidirectional yield stresses of 0°, 45° and 90° according to the rolling direction 

(RD). bσ is the biaxial yield stress determined by a biaxial tensile test experiment. Noting that, all 

these variants imply 0σσ =ref  
iii) Related to experimental r-values; [12]. 

)1( 090

0

rr
r

F
+

=′            
)1(

1

0r
G

+
=′           

)1( 0

0

r
r

H
+

=′           
)1(2

))(21(

090

90045

rr
rrr

N
+
++

=′        (7) 

The Lankford parameters 90450 ,, rrr are the anisotropic ratios of the plastic strain rate across the 
width of a uniaxial tension test at 0, 45, and 90 degrees to the rolling direction of the plane sheet.  
Uniaxial Tensile Test 

Uniaxial tensile tests were conducted to determine two essential parameters, the yield stress σ (θ) 
and the r (θ) of the overall sheet. The sheet samples prepared along three orientations 0°=RD, 45°=DD 
and 90°=TD from the rolling direction (RD) were investigated. The anisotropic coefficients of this 
rolled sheet were also calculated for the 18% pre-strain level and the results were tabulated in Table1. 

Table 1 Material Mechanical Property for FS Steel in three directions 

Direction ν σe (0.2% offset) 
[MPa] 

r  

0°  278 0.7 
  

0.3 
  

45° 283 1..41 
    

90°  271 0.82 

Fig. 1 shows the uniaxial hardening curves for specimens extracted at three different orientations 
(RD, DD and TD). The yield curves in TD and RD are even crossing each other. The experimental 
data were taken from Chahaoui et al. (2013) [13,14]. 
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Fig. 1 Hardening curves for FS Steel 

The normalized flow stresses (yield stress) and r-value for different directions are presented in 
Table 2. Yield stresses for each direction were then normalized by the mono-directional yield stress 
along the rolling direction. 

Table 2 The normalized tensile yield stress by the rolling direction uniaxial yield stress 

 
Yield stress uσσ 0  uσσ 45  uσσ 90  ub σσ  

1 1.021 0.97 1 
 

r-value 00 rr  045 rr  090 rr  br  
1 2.01 1.17 0.8612 

Note that in this work, the equibiaxial yield stress σb was assumed 1=bσ  and the rb-value was 
computed from Yld96. 
Parametric Study 

In the first step, it’s interesting to begin very simply by evaluate one variable parametrically and 
analyze the results of each parameter variation.  To quantify the direct influence of the r-value on the 
contour dependency of the yield stress of Hill48 yield criteria. The uniaxial yield values (0° and 90°) 
for each Lankford coefficients (ro and r90) are carried out (fig. 2), with keeping the value of r45 
constant and equal to the unity. 

Impact of r0                                                        Impact of r90 

Fig. 2 Impact of r0 and r90 on the load surface of Hill48, 0σσ =ref is fixed and normalized to 1 MPa 
in the RD (0°) 
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Note that, it is well established that variation in ro and r90 affects the way large the normalized 
transverse flow stress 22 0/σ σ  (Lankford coefficient is directly proportional to stress) for Hill48.             
A small variation in ro and r90 values gives a strongly influences the behavior of the material 

Determination of Anisotropy Coefficients for Different Yield Functions 
The resulting anisotropic coefficients of Hill’s 1948 (F, G, H and N) for as-received material. 

1- Calculated anisotropy parameters identified for AFR 

Associted 
(σ-r-values) 

F G H N 

0,5791 0,5250 0,4749 1,5039 

 

  

Fig. 3 The normalized strain rate ratio ( )r θ and yield stress )(θσ in the sheet plane showing the 
angular dependence for AFR 

2- Calculated anisotropy parameters identified for NAFR 

3- Calculated anisotropy parameters identified for yield function 

Non-Associted 
(σ-Function) 

F G H N 

0,5270 0,4729 0,5270 1,4336 

 

  

Fig. 4 The normalized strain rate ratio ( )R θ and yield stress )(θσ in the sheet plane showing 
the angular dependence for NAFR (σ-Function) 
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4- Calculated anisotropy parameters identified for plastic potential 

Non-Associted 
(r-values) 

F G H N 

0,5021 0,5882 0,4117 2,0826 

 

  

Fig. 5 The normalized strain rate ratio ( )r θ and yield stress )(θσ in the sheet plane showing the 
angular dependence for NAFR (r-values) 

As a partial result of this comparison, the non-associated flow rule presented a better adjustment 
of the results with the experimental (see Figure 6 below). 

  

Fig. 6 The normalized strain rate ratio ( )r θ and yield stress )(θσ in the sheet plane showing the 
angular dependence for AFR and NAFR 

Conclusions 
In this paper, the assessment of the two applications of plasticity (associated and non-associated 

flow rules) for Hill48 yield criteria has been presented. 
Initially, the analysis of the classical case of a homogeneous sheet has shown that the results can 

be significantly different depending on whether the test frame of plasticity applied to this type of 
sheets, associated plasticity (commonly accepted hypothesis = no influence of hydrostatic pressure) 
or not associated (change of volume during deformation). 

For this characterized sheet metal, the evolution of the anisotropy parameters of the two tensors 
(stress-strain) in the plane of the sheet metal, shows the importance of identifying these quantities    
(F, G, H and N) in associated and non-associated plasticity. 
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• For the associated plasticity, the variations of the curves diverge from the experimental one. 
• For non-associated plasticity, consistent variations and better agreement with experimental 

results, the decoupling of the flow stress tensor from the strain tensor gives a good prediction. 
For instance, the NAFR r(θ)-based Hill48 model can result in an accurate prediction of 
Lankford coefficients at 0°, 45° and 90° and the NAFR σ(θ)-based Hill48 model results in an 
exact fit to the initial yield. 

Parameters of Hill’48 yield criteria, were calibrated based on tensile flow stresses and r-values in 
tensile tests in three directions (0°,45° and 90°) and the equibiaxial yield stress σb was assumed 1=bσ  
but the rb-value was computed from Yld96 [15]  . 
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