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Abstract

In this dissertation, we consider the Proinov fixed point of Darbo type to prove the existence of
solutions of integral equations. Roughly speaking, we use measure of noncompactness argument
in the framework of bounded and continuous functions on R+ to obtain sufficient assumptions in
order to prove the existence of solutions for some nonlinear integral equations.





Introduction

This dissertation is devoted to establish the existence of solutions for some nonlinear volterra in-
tegral equations. Through the measure of noncompactness, we define a new notion denoted :
Proinov fixed point of Darbo-type which led us to improve and generalize some results existing in
the literature.

The manuscript is organized as follows.
The first chapter is devoted to collect some many necessary notions and tools concerning the
measure of noncompactness and fixed point theory.

Chapter 2 is devoted to state and prove some results about measure of noncompactness using
the notion of Proinov fixed point of Darbo-type.

In chapter 3, we utilize the results obtained in the previous chapter to establish sufficient con-
ditions to solve some integral equations. An example is given at end of this chapter to illustrate the
validity of our results.
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Preliminaries

Abstract

In this chapter, we recall the main properties regarding the measure of noncompactness needed
for establishing many fixed point results in the next chapters.



4 Chapter 1. Preliminaries

1.1 Metric space

We first recall the definition of a metric space, as follows.

Definition 1.1.1. Let X be a nonempty set. A mapping d : X × X → [0,∞) is said to be a metric if,
for all x, y, z ∈ X , the following conditions hold:
(b1) d

(
x, y

)= 0 if and only if x = y ;
(b2) d

(
x, y

)= d
(
y, x

)
;

(b3) d (x, z) ≤ [
d

(
x, y

)+d
(
y, z

)]
.

The pair (X ,d) is called a metric space.

1.2 Background on measure of noncompactness

Henceforth, X is a Banach space and M is a nonempty subset of X . We denote by Y and co (M) the
closure of Y and the convex hull of M , respectively. In addition, we denote by B (X ) and RC (X ) the
family of all nonempty bounded subsets of X and all relatively compact subsets of X , respectively.

Definition 1.2.1. ( See [4]) A mapping µ : B (X ) −→ [0,∞) is said to be a measure of noncompact-
ness in X if it satisfies the following conditions:

1) The family kerµ= {A ∈ B (X ) :µ(A) = 0} is nonempty and kerµ⊆ RC (X ).

2) Z ⊆ Y =⇒µ(Z ) Éµ(Y ).

3) µ(Z ) =µ(Z ).

4) µ(co (A)) =µ(A).

5) µ(λZ + (1−λ)Y ) Éλµ(Z )+ (1−λ)µ(Y ) for λ ∈ [0,1].

6) If {Mn} is a sequence of closed sets from B (X ) such that Mn+1 ⊆ Mn for all n ∈N and lim
n−→∞µ(Mn) =

0, then M∞ :=
∞⋂

n=1
Xn is nonempty.

Remark 1.2.1. Let us observe that M∞ :=
∞⋂

n=1
Xn belongs to kerµ as such µ (M∞) ≤ µ (Mn) for all

n ∈N and we thus obtain µ (M∞) = 0. Therefore, it follows that M∞ ∈ kerµ.

Theorem of Schauder is a fundamental result needed for proving many results in fixed point
theory. The aforementioned theorem is given below.

Theorem 1.2.1 (Schauder). Let M be a nonempty bounded closed and convex subset of a Banach
space X . If T : M → M is a self-map on M. Then T has a fixed point in M.
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1.3 Some fixed point results via measure of noncompactness

1.3.1 Darbo fixed point

Definition 1.3.1. Let M be a nonempty, bounded, closed, and convex subset of a Banach space X .
A self-mapping T : M → M is said to be a µ-contraction if there exists some constant k ∈ (0,1) such
that

µ(T X ) ≤ kµ(X ), (1.1)

Darbo’s theorem is stated as follows (see [4]).

Theorem 1.3.1. Let M be a nonempty, bounded, closed, and convex subset of a Banach space X and
let T : M → M be a continuous operator. If T is a µ-contraction, then T has at least one fixed point in
M.

1.3.2 F -contractions

In 2012, Wardowski [11] defined the so-called F -contraction as follows:

Definition 1.3.2. Let (X ,d) be a metric space. A mapping T : X → X is called an F -contraction if
there exist F ∈F and τ> 0 such that for all x, y ∈ X ,

d
(
T x,T y

)> 0 ⇒ τ+F
(
d

(
T x,T y

))≤ F
(
d

(
x, y

))
, (1.2)

where F is the family of all functions F : (0,∞) →R satisfying the following conditions:
(F1) F is strictly increasing;
(F2) For each sequence {αn} of positive numbers, the following holds:

lim
n→∞αn = 0 iff lim

n→∞F (αn) =−∞;

(F3) There exists k ∈ (0,1) such that lim
α→0+

αk F (α) = 0.

Example 1.3.1. (See [11]) Let α ∈ (0,∞). The following functions F1 (α) = lnα, F2 (α) = lnα+α,

F3 (α) = −1p
α

and F4 (α) = ln
(
α2 +α)

belong to the family F .

Remark 1.3.1. Taking F (α) = lnα in (1.2), one can get a Banach contraction (see [11, example
2.1]).

Wardowski established the following result.

Theorem 1.3.2. ([11, Theorem 2.1]) Let (X ,d) be a complete metric space and let T : X → X be an F -
contraction. Then T has a unique fixed point x∗ and for every x0 ∈ X the sequence

{
T n x0

}
converges

to x∗.

In 2018, Wardowski [12] fine-tuned the class of contractions F by introducing the concept of(
χ,F

)
-contraction on a metric space. The author substitute a function χ for the positive constant

τ and relaxed some assumptions on the mapping F .
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Definition 1.3.3. (See [12]) Let (X ,d) be a metric space. A mapping T : X → X is said to be a(
χ,F

)
-contraction if there exist two functions F : (0,∞) → R and χ : (0,∞) → (0,∞) satisfying the

following conditions:

1. F satisfies (F1);

2. (F ′
2): lim

t→0+
F (t ) =−∞;

3. (H0): lim inf
t→ε+

χ (t ) > 0 for all ε≥ 0;

4. χ
(
d

(
x, y

))+F
(
d

(
T x,T y

))≤ F
(
d

(
x, y

))
for all x, y ∈ X with T x 6= T y .

Additionally, Wardowski [12] proved the following theorem.

Theorem 1.3.3. ([12, Theorem 2.1]) On a complete metric space (X ,d), every
(
χ,F

)
-contraction

mapping has a unique fixed point.

Henceforth, we denote by L the family of all functions χ : (0,∞) → (0,∞) which satisfy the
following condition:

liminf
t→η+

χ (t ) > 0 for all η> 0. (H)

Example 1.3.2. (See [6, Example 3.3] and [9, Example 2.2])
(a) Let χ> 0 be a fixed real number and χ1 (t ) =χ for all t ∈ (0,∞). Then χ1 ∈L .
(b) Let χ2 (t ) = δt for all t ∈ (0,∞), where δ> 0. Then χ2 ∈L .
(c) Let χ3 (t ) = e t for all t ∈ (0,∞). Then χ3 ∈L .

Remark 1.3.2. It is easy to see that condition (H) is slightly weaker than condition (H0) given
in Definition 1.3.3. For instance, we can observe that χ2 does not satisfy condition (H0) since
liminf

t→0+
χ2 (t ) = 0.

Definition 1.3.4. (See [10]) Let M be a nonempty, bounded, closed, and convex subset of a Banach
space X . A continuous self-operator T on M is called an F -contraction of Darbo-type if there exists
F and τ that satisfies (F2) and (H0), respectively and such that the following holds

τ(µ(X ))+F(µ(T X )) É F(µ(X )) for any X ⊂ M with µ(X ),µ(T X ) > 0. (1.3)

Consistent with [10, Remark 7.3], we have the following theorem:

Theorem 1.3.4. (See [10]) Let M be a nonempty, bounded, closed, and convex subset of a Banach
space X . If T is an F -contraction of Darbo-type, then T has a fixed point in M.

Remark 1.3.3. By inspecting the proof of the above theorem, we have observed that hypothesis
(H0) cannot be assumed because the sequence

{
µ (Mn)

}
is only decreasing and therefore we do

not necessarily have
lim

n→∞µ (Mn) = r+.

Actually, the suitable hypothesis (stronger than (H0)) to make Theorem 1.3.4 valid is given by

liminf
t→r

τ (t ) > 0 for every r > 0. (H1)
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1.3.3 θ-contractions

LetΘ be the family of all functions θ : (0,∞) → (1,∞) satisfying the the following condition:
(θ2): For each sequence {tn} ⊂ (0,∞) ,

lim
n→∞θ (tn) = 1 ⇔ lim

n→∞ tn = 0.

The authors in [8] obtained the result below.

Theorem 1.3.5. Let M be a nonempty, bounded, closed and convex subset of a Banach space X and
let T : M → M be a continuous operator such that for every subset Z of M

θ
(
µ (T Z )

)≤ [
θ

(
µ (Z )

)]k , with µ (T Z ) ,µ (T Z ) > 0,

where θ ∈Θ and k ∈ (0,1). Then T has at least one fixed point.

The following lemmas are needed in the sequel (see [7])

Lemme 1.3.1. Let ψ : (0,∞) →R. Then the following conditions are equivalent:

1) inf
t>r

ψ(t ) >−∞ for any r > 0;

2) lim
n→∞ψ(tn) =−∞ implies lim

n→∞ tn = 0

Lemme 1.3.2. Let ϕ : (0,∞) → (0,∞) . Then the following two conditions are equivalent:

1) If lim
n→∞ϕ (tn) = 0 for a bounded sequence {tn} , then lim tn = 0.

2) liminf
t→r

ϕ (t ) > 0 for every r > 0.
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Proinov contraction of Darbo-type

Abstract

In this chapter, we generalize Darbo fixed point using the Proinov contraction and the measure of
noncompactness. Our results improve some results existing in the literature.
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2.1 Introduction and settings

In this chapter, we introduce the notion of Proinov contraction of Darbo-type through the measure
of noncompactness µ and we prove the existence of the fixed point in some bounded, closed and
convex subset of a Banach space X .

Definition 2.1.1. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
A continuous self- operator T : M → M is said to be a Proinov contraction of Darbo-type if there
exist two mappings ϕ,ψ : (0,∞) → R such that for every nonempty subset Z of M , the following
holds

ψ
(
µ (T Z )

)≤ϕ(
µ (Z )

)
with µ (Z ) ,µ (T Z ) > 0. (2.1)

2.2 Main results

Theorem 2.2.1. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Assume that T : M → M be a continuous Proinov contraction of Darbo-type and at least one of the
three following conditions holds:

(i )
limsup

t→r
ϕ (t ) < liminf

t→r
ψ (t ) for every r > 0;

(i i ) ϕ (t ) <ψ (t ) for any t > 0, ψ nondecreasing and

limsup
t→r+

ϕ (t ) <ψ(
r+)

for every r > 0;

(i i i ) ϕ (t ) <ψ (t ) for any t > 0 and the following conditions are satisfied:

(a)
inf
t>r

ψ (t ) >−∞ for every r > 0,

(b) If
{
ψ (tn)

}
and

{
ϕ (tn)

}
are two convergent sequences with the same limit for a bounded

sequence {tn}, then tn → 0 as n →∞.

Then T has at least one fixed point in M .

Proof. Let us construct a sequence {Mn} such that M0 = M and

Mn = co (T Mn−1), for n ≥ 1.

We are going to prove that

Mn+1 ⊆ Mn and T Mn ⊆ Mn for any n ∈N.

For the first inclusion, we use the mathematical induction. From the fact that M0 = M and M is
convex and closed with T : M → M , we obtain

M1 = co (T M0) = co (T M) ⊆ M = M0.
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Now suppose that Mn ⊆ Mn−1 for n ≥ 1. It follows that

Mn+1 = co (T Mn) ⊆ co (T Mn−1) = Mn

and we are done.
From the first inclusion Mn+1 ⊆ Mn , we immediately get

T Mn ⊆ co (T Mn) = Mn+1 ⊆ Mn .

Hence the second inclusion is proved.
Next, we distinguish two cases:
Case 1. If there exists n0 ∈ N such that µ

(
Mn0

) = 0. Thus, Mn0 is a compact set in X . Since
T Mn0 ⊆ Mn0 , the theorem of Schauder yields that T has a fixed point in Mn0 ⊆ M .

Case 2. If µ (Mn) > 0 for any n ∈N. Through the contractive inequality (2.1) and the properties
of the measure of noncompactness, we obtain

ψ
(
µ (Mn+1)

) = ψ
(
µ

(
co (T Mn)

))
= ψ

(
µ (T Mn)

)≤ϕ(
µ (Mn)

)
, for any n ∈N. (2.2)

On the other hand, we have 0 ≤ µ (Mn+1) ≤ µ (Mn) , which implies that the sequence
{
µ (Mn)

}
is a

decreasing sequence and bounded below. Hence, there exists r ≥ 0 such that

lim
n→∞µ (Mn) = r. (2.3)

Now let us prove that r = 0. Assume on the contrary, i.e., r > 0.
Suppose that condition (i ) holds. From (2.2) and (2.3), we get

liminf
t→r

ψ (t ) ≤ liminf
n→∞ ψ

(
µ (Mn)

)
≤ limsup

n→∞
ϕ

(
µ (Mn)

)
≤ limsup

t→r
ϕ (t ) ,

a contradiction. Hence r = 0 and lim
n→∞µ (Mn) = 0.

If condition (i i ) holds. In view of the fact that ϕ (t ) < ψ (t ) for any t > 0, the monotonicity of
ψ and (2.2), we obtain that

{
µ (Mn)

}
is a strictly decreasing sequence and boubded below. Hence,

there exists r ≥ 0 such that
lim

n→∞µ (Mn) = r+.

Again from (2.3), we have
ψ

(
r+) = lim

n→∞ψ
(
µ (Mn)

)
≤ limsup

n→∞
ϕ

(
µ (Mn)

)
≤ limsup

t→r+
ϕ (t ) ,

which is a contradiction. Therefore lim
n→∞µ (Mn) = 0.
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Now assume that condition (i i i ) holds. In this case, we consider the following subcases.
Subcase 1. If

{
ψ (αn)

}
is not bounded below, where αn :=µ (Mn). It follows that

lim
n→∞ψ (αn) =−∞.

Due to Lemma 1.3.1, we obtain lim
n→∞αn = lim

n→∞µ (Mn) = 0.

Subscase 2. If
{
ψ (αn)

}
is bounded below. Utilizing the fact that ϕ (t ) <ψ (t ) for any t > 0, we

get
ψ (αn+1) ≤ϕ (αn) <ψ (αn) .

This implies that
{
ψ (αn)

}
is strictly decreasing. Then,

{
ψ (αn)

}
is a convergent sequence and there-

fore
{
ϕ (αn)

}
is also a convergent sequence with the same limit. Consequently, we obtain

lim
n→∞αn = lim

n→∞µ (Mn) = 0.

In conclusion, in each case, we have obtained that lim
n→∞µ (Mn) = 0. It follows from property (6) in

Definition 1.2.1, that

M∞ =
∞⋂

n=1
Mn

is nonempty and compact subset. Furthermore, we have

T M∞ = T

( ∞⋂
n=1

Mn

)
⊆

∞⋂
n=1

T Mn

⊆
∞⋂

n=1
Mn = M∞.

Finally, by virtue of Schauder’s fixed point theorem, we conclude that the operator T : M∞ → M∞
has a fixed point in M∞ ⊂ M . This completes the proof of the theorem.

Remark 2.2.1. Taking ψ= I d and ϕ (t ) = kt , with 0 ≤ k < 1, we recover Theorem 1.3.1.

Setting ψ (t ) = t in Theorem 2.2.1, we obtain the following result (Boyd-Wong’s type):

Corollary 2.2.1. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Assume that T : M → M be a continuous operator satisfying

µ (T Z ) ≤ϕ(
µ (Z )

)
with µ (Z ) ,µ (T Z ) > 0.

Moreover, we assume that the following assumption holds:

(i ) ϕ (t ) < t for any t > 0 and

limsup
t→r+

ϕ (t ) < r for every r > 0.

Then T has at least one fixed point in M .
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Corollary 2.2.2. Let M be a nonempty, bounded, closed and convex subset of a Banach space X . As-
sume that T : M → M be an operator andϕ : (0,∞) →R a nondecreasing and upper semicontinuous
from the right with ϕ (t ) < t for any t > 0 such that∥∥T x −T y

∥∥≤ϕ(∥∥x − y
∥∥)

for T x 6= T y and x, y ∈ X .

Then T has at least one fixed point in M .

Proof. Let µ : B (X ) → [0,∞) be a set quantity given by

µ (Z ) = di amZ = sup
{∥∥x − y

∥∥ , x, y ∈ Z
}

.

It easy to see that di amZ (the diameter of X ) is a measure on noncompactness in the space X
following the sense of Definition . Taking into account the assumptions of the Corollary, we get

sup
x,y∈Z

∥∥T x −T y
∥∥≤ sup

x,y∈Z
ϕ

(∥∥x − y
∥∥)≤ϕ(

sup
x,y∈Z

∥∥x − y
∥∥)

,

which implies that
µ (T Z ) ≤ϕ(

µ (Z )
)

, with µ (T Z ) > 0.

In addition, ϕ is right continuous since ϕ is nondecreasing and upper semicontinuous from the
right. Hence, we obtain

limsup
t→r+

ϕ (t ) =ϕ (r ) < r ; for every r > 0.

Therefore, all the hypotheses of Corollary 2.2.1 are satisfied and then T has at least one fixed point
in M .

Let ∆ be the set of all functions β : (0,∞) → (0,1) satisfying the following condition:

limsup
t→r+

β (t ) < 1 for any r > 0,

Let β ∈∆. Taking ϕ (t ) =β (t )ψ (t ) in Theorem 2.2.1, we get the result below (Geraghty’s-type).

Corollary 2.2.3. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Assume that T : M → M be a continuous operator such that

ψ
(
µ (T Z )

)≤β(
µ (Z )

)
ψ

(
µ (Z )

)
with µ (Z ) ,µ (T Z ) > 0.

Then T has at least one fixed point in M .

Let α : (0,∞) → (0,1) and γ : (0,∞) → (0,∞). Setting ϕ (t ) = α (t )γ (t ) in Theorem 2.2.1, we
obtain the following result.

Corollary 2.2.4. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Suppose that T : M → M be a continuous operator such that

ψ
(
µ (T Z )

)≤α(
µ (Z )

)
γ

(
µ (Z )

)
with µ (Z ) ,µ (T Z ) > 0,

where ψ is nondecreasing, γ is a right continuous function with γ (t ) <ψ (t ) , for all t > 0 and

limsup
t→r+

α (t ) < ψ
(
r+)

γ (r+)
for any r > 0. (2.4)

Then T has at least one fixed point in M .
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Remark 2.2.2. Corollary 2.2.3 is an improvement of [2, Corollary 3.10]. Indeed, the condition

β ∈ ∆ is replaced by the weaker condition (2.4) since
ψ

(
r+)

γ (r+)
> 1. Moreover, the continuity of γ is

weaken to the continuity from the right.

Corollary 2.2.5. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Assume that T : M → M be a continuous Proinov contraction of Darbo-type such that ϕ (t ) <ψ (t )
for any t > 0. Furthermore, if at least one of the following conditions holds:

(i ) ψ is lower semicontinuous and ϕ is upper semicontinuous;

(i i ) ψ nondecreasing and ϕ is upper semicontinuous from the right.

Then T has at least one fixed point in M .

Proof. Assume first that (i ) holds. Then, we get

limsup
t→r

ϕ (t ) ≤ϕ (r ) <ψ (r ) ≤ liminf
t→r

ψ (t ) for every r > 0.

If (i i ) holds. In this case, we have

limsup
t→r+

ϕ (t ) ≤ϕ (r ) <ψ (r ) ≤ψ(
r+)

for every r > 0;

Setting ϕ=ψ−τ, where τ : (0,∞) → (0,∞) in Theorem 2.2.1, we obtain the following result

Corollary 2.2.6. Let M be a nonempty, bounded, closed and convex subset of a Banach space X .
Assume that T : M → M be a continuous mapping satisfying

ψ
(
µ (T Z )

)≤ψ(
µ (Z )

)−τ(
µ (Z )

)
with µ (Z ) ,µ (T Z ) > 0.

Moreover, we assume that at least one of the three following conditions holds:

(i )
liminf

t→r
τ (t ) > limsup

t→r
ψ (t )− liminf

t→r
ψ (t ) for every r > 0;

(i i ) ψ nondecreasing and τ ∈L ;

(i i i ) The following conditions are satisfied:

(a)
inf
t>r

ψ (t ) >−∞ for every r > 0,

(b) If lim
n→∞τ (tn) = 0 for a bounded sequence {tn} , then lim tn = 0.

Then T has at least one fixed point in M .

Remark 2.2.3. Combining Corollary 2.2.6 with Lemmas 1.3.1 and 1.3.2, assumption (i i i ) is re-
placed by the two following conditions:
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(a′) lim
n→∞ψ(tn) =−∞ implies lim

n→∞ tn = 0.

(b′) τ satisfies (H1).

Remark 2.2.4. It follows from the above remark that Corollary 2.2.6 is a generalization and an
improvement of Theorem 1.3.4.

Corollary 2.2.7. Let M be a nonempty, bounded, closed and convex subset of a Banach space X and
let T : M → M be a continuous operator such that there exist θ : (0,∞) → (1,∞) and for every subset
Z of M

θ
(
µ (T Z )

)≤ [
θ

(
µ (Z )

)]χ(µ(Z )) with µ (Z ) ,µ (T Z ) > 0,

Moreover, we assume that the following conditions hold:

(a)
inf
t>r

θ (t ) > 1 for every r > 0,

(b) If lim
n→∞χ (tn) = 1 for a bounded sequence {tn} , then lim tn = 0.

Then T has at least one fixed point in M .

Proof. The desired result follows straightforward from Corollary 2.2.6 with ψ (t ) = lnlnθ (t ) and
τ (t ) =− lnχ (t ) .

Remark 2.2.5. Combining Remark 2.2.3 with Corollary 2.2.7, assumptions (a) and (b) are replaced
by the two following conditions:

(a′) lim
n→∞θ(tn) = 1 implies lim

n→∞ tn = 0.

(b′) χ ∈∆.

Remark 2.2.6. It follows from the above remark that Corollary 2.2.7 is a generalization and an
improvement of Theorem 1.3.5.
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Abstract

In this chapter, we prove the existence of various integral equations using the results obtained in
the previous chapter.
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3.1 Measure of noncompactness in BC (R+)

In this section, we focus on the existence of solution for the the integral equation of Volterra type:

u(t ) = f (t ,u(t ))+ g (t ,u(t ))
∫ t

0
K (t , s,u(s))d s, t ∈R+ = [0,∞) , (3.1)

where K :R+×R+×R→R and f , g :R+×R→R are suitable functions.
Roughly speaking, we use the notion of the measure of noncompactness to prove at least one

solution of (3.1) in the space BC (R+) consisting of all bounded and continuous real functions de-
fined on R+. The space BC (R+) is equipped with the standard supremum norm given as follows:

∥ u ∥= sup
{| u(t ) |: t ∈R+}

.

Now, let us define the measure of noncompactness in the space BC (R+) (see [5]). Let us consider
Z be a nonempty, bounded subset of BC (R+) and a positive number L > 0. For u ∈ Z and ε> 0, let
us denote ωL(u,ε) the modulus of continuity of the functional u on the interval [0,L], that is

ωL(u,ε) = sup{| u(t )−u(s) |: t , s ∈ [0,L], | t − s |≤ ε} .

Moreover, we put
ωL(Z ,ε) = sup

{
ωL(u,ε) : u ∈ Z

}
,

ωL
0 (Z ) = lim

ε→0
ωL(Z ,ε),

ω0(Z ) = lim
L→∞

ωL
0 (Z ).

In addition, for a fixed number t ∈R+, we denote

Z (t ) = {u(t ) : u ∈ Z } .

Henceforth, we can define the measure of noncompactness µ on B(BC (R+)), as follows:

µ(Z ) =ω0(Z )+ limsup
t→+∞

di amZ (t ), (3.2)

where di amZ (t ) is the diameter of Z (t ).

3.2 Existence of solutions for integral equations via Proinov con-
tractions

In this section we use Corollary 2.2.5 to establish the existence of the integral equation (3.1).
Let Φ be the set of all nondecreasing functions ϕ : (0,∞) → (0,∞) satisfying the following con-

ditions:

(a)
ϕ (t ) < t for any t > 0;
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(b) ϕ is superadditive, i.e.,

ϕ (t )+ϕ (s) ≤ϕ (t + s) for t , s ∈R+.

In the sequel, we consider equation (3.1) under the following assumptions:

(1) f and g are continuous functions such that both t → f (t ,0) and t → g (t ,0) are elements of
the space BC

(
R+)

;

(2) There exists an upper semicontinuous function ϕ ∈Φ and a constant k ∈
(
0,

1

2

)
such that for

any x, y ∈R and t ∈R+, we have∣∣ f (t , x)− f
(
t , y

)∣∣≤ kϕ
(∣∣x − y

∣∣) ;

(3) There exists a continuous function p :R+ →R+ such that for all x, y ∈R and t ∈R+, we have∣∣g (t , x)− g
(
t , y

)∣∣≤ p (t )ϕ
(∣∣x − y

∣∣) ;

(4) K is a continuous function and there exist continuous functions a,b :R+ →R+ such that

lim
t→∞a (t )

∫ t

0
b (s)d s = 0,

lim
t→∞p (t ) a (t )

∫ t

0
b (s)d s = 0

and

|K (t , s, x)| ≤ a (t )b (s) for all x ∈R and t , s ∈R+;

(5)

p (t ) a (t )
∫ t

0
b (s)d s ≤ k for any t ∈R+;

(6) There exists a positive solution r0 of the inequality

ϕ (r )+ A ≤ r, r > 0,

where

A = sup
t≥0

{∣∣ f (t ,0)
∣∣+ ∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s

}
.

Now, we are ready to state and prove our existence result.

Theorem 3.2.1. Under assumptions (1)− (6) , integral equation (3.1) has at least one solution u =
u (t ) belonging to BC

(
R+)

.
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Proof. Let us consider the operator on the space BC
(
R+)

as follows

(Tu) (t ) = f (t ,u (t ))+ g (t ,u (t ))
∫ t

0
K (t , s,u (s))d s, t ∈R+,u ∈ BC

(
R+)

.

By virtue of the imposed conditions, we easily observe that Tu is continuous on R+ for each func-
tion u ∈ BC

(
R+)

, then T is well- defined.

Further, through our assumptions, we get the following inequality

|(Tu) (t )| ≤ ∣∣ f (t ,u (t ))
∣∣+ ∣∣g (t ,u (t ))

∣∣∫ t

0
|K (t , s,u (s))|d s

≤ ∣∣ f (t ,u (t ))
∣∣+ ∣∣g (t ,u (t ))

∣∣a (t )
∫ t

0
b (s)d s

≤ ∣∣ f (t ,u (t ))− f (t ,0)
∣∣+ ∣∣ f (t ,0)

∣∣
+ ∣∣g (t ,u (t ))− g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s + ∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s

≤ kϕ (|u (t )|)+ ∣∣ f (t ,0)
∣∣+ϕ (|u (t )|) p (t ) a (t )

∫ t

0
b (s)d s + ∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s

≤ 2kϕ (|u (t )|)+ ∣∣ f (t ,0)
∣∣+ ∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s

≤ ϕ (|u (t )|)+ A.

Since ϕ is nondecreasing, we obtain

‖Tu‖ ≤ϕ (‖u‖)+ A. (3.3)

Since A <∞ (by assumptions (1) and (4)), we infer that Tu is bounded on R+. Hence, T maps the
space BC

(
R+)

into itself. In addition, T
(
Br0

)⊆ Br0 where

Br0 =
{
u ∈ BC

(
R+)

,
∥∥x − y

∥∥≤ r0
}

.

Indeed, in view of(3.3) and assumption (6) , we deduce

‖Tu‖ ≤ϕ (r )+ A ≤ r.

Now, we show that T is continuous on Br0 . Let us fix an arbitrary ε> 0. and take u, v ∈ Br0 such that



3.2 Existence of solutions for integral equations via Proinov contractions 21

‖u − v‖ ≤ ε. Therefore, for t ∈R+, we get

|(Tu) (t )− (T v) (t )| ≤ ∣∣ f (t ,u (t ))− f (t , v (t ))
∣∣

+
∣∣∣∣g (t ,u (t ))

∫ t

0
K (t , s,u (s))d s − g (t , v (t ))

∫ t

0
K (t , s,u (s))d s

∣∣∣∣
+

∣∣∣∣g (t , v (t ))
∫ t

0
K (t , s,u (s))d s − g (t , v (t ))

∫ t

0
K (t , s, v (s))d s

∣∣∣∣
≤ kϕ (|u (t )− v (t )|)+ ∣∣g (t ,u (t ))− g (t , v (t ))

∣∣∫ t

0
|K (t , s,u (s))|d s

+ ∣∣g (t , v (t ))
∣∣∫ t

0
|K (t , s,u (s))−K (t , s, v (s))|d s

≤ kϕ (|u (t )− v (t )|)+ϕ (|u (t )− v (t )|) p (t ) a (t )
∫ t

0
b (s)d s

+[∣∣g (t , v (t ))− g (t ,0)
∣∣+ ∣∣g (t ,0)

∣∣]∫ t

0
|K (t , s,u (s))−K (t , s, v (s))|d s

≤ 2kϕ (|u (t )− v (t )|)+ [
p (t )ϕ (|u (t )|)+ ∣∣g (t ,0)

∣∣]∫ t

0
|K (t , s,u (s))−K (t , s, v (s))|d s

≤ ϕ (ε)+2
[
p (t )ϕ (r0)+ ∣∣g (t ,0)

∣∣]a (t )
∫ t

0
b (s)d s. (3.4)

Taking into account assumptions (1) and (4) , we deduce that there exists L > 0 such that for t ≥ L,
the following inequalities hold

2p (t )ϕ (r0) a (t )
∫ t

0
b (s)d s ≤ ε

2

and

2
∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s ≤ B a (t )

∫ t

0
b (s)d s ≤ ε

2
,

where
B := sup

t≥0

{∣∣g (t ,0)
∣∣}<∞.

Consequently, we obtain

|(Tu) (t )− (T v) (t )| ≤ϕ (ε)+ ε

2
+ ε

2
≤ 2ε for all t ≥ L.

Next, we discuss the case 0 ≤ t ≤ L. In this case, we consider the quantity

ωL (K ,ε) = sup
{∣∣K (t , s, x)−K

(
t , s, y

)∣∣ : t , s ∈ [0,L] , x, y ∈ [−r0,r0] ,
∣∣x − y

∣∣≤ ε} .

From the fact that K (t , s, x) is uniformly continuous on the [0,L]× [0,L]× [−r0,r0] , we deduce that

lim
ε→0

ωL (K ,ε) = 0.

Coming back to (3.4), we obtain for t ∈ [0,L]

|(Tu) (t )− (T v) (t )| ≤ ϕ (ε)+ [
p (t )ϕ (|u (t )|)+ ∣∣g (t ,0)

∣∣]∫ L

0
ωL (K ,ε)d s

≤ ϕ (ε)+ [
ϕ (r0)C1 +C2

]
LωL (K ,ε) ,
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where
C1 := sup

t≤L

{
p (t )

}<∞

and
C2 := sup

t≤L

{∣∣g (t ,0)
∣∣}<∞.

From, we conclude that T is continuous on the closed ball Br0 .
Let us consider now a nonempty set Z ⊂ Br0 . Then, for u, v ∈ Z and for a fixed t ∈ R+ and

following the same steps as those used in (3.4), one gets

|(Tu) (t )− (T v) (t )| ≤ ϕ (|u (t )− v (t )|)+2p (t )ϕ (r0) a (t )
∫ t

0
b (s)d s

+2
∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s.

Hence, the above estimate turns into

di am (T Z ) (t ) ≤ ϕ (di am (Z ) (t ))+2p (t )ϕ (r0) a (t )
∫ t

0
b (s)d s

+2
∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s.

Using assumption (4) and the upper semicontinuity of the function ϕ, we find

limsup
t→∞

di am (T Z ) (t ) ≤ϕ
(
limsup

t→∞
di am (Z ) (t )

)
. (3.5)

On the other hand, let us fix ε> 0 and L > 0 and take arbitrarily t , s ∈ [0,L] such that |t − s| ≤ ε. With-
out loss of generality, we may suppose that s < t . Thus, for u ∈ Z and through our assumptions, we
get

|(Tu) (t )− (Tu) (s)| ≤ ∣∣ f (t ,u (t ))− f (s,u (s))
∣∣

≤
∣∣∣∣g (t ,u (t ))

∫ t

0
K (t ,τ,u (τ))dτ− g (s,u (s))

∫ t

0
K (t ,τ,u (τ))dτ

∣∣∣∣
+

∣∣∣∣g (s,u (s))
∫ t

0
K (t ,τ,u (τ))dτ− g (s,u (s))

∫ s

0
K (s,τ,u (τ))dτ

∣∣∣∣
≤ ∣∣ f (t ,u (t ))− f (t ,u (s))

∣∣+ ∣∣ f (t ,u (s))− f (s,u (s))
∣∣

+ ∣∣g (t ,u (t ))− g (s,u (s))
∣∣∫ t

0
|K (t ,τ,u (τ))|dτ

+ ∣∣g (s,u (s))
∣∣ ∣∣∣∣∫ t

0
K (t ,τ,u (τ))dτ−

∫ s

0
K (s,τ,u (τ))dτ

∣∣∣∣
≤ kϕ (|u (t )−u (s)|)+ωL

r0

(
f ,ε

)
+[∣∣g (t ,u (t ))− g (t ,u (s))

∣∣+ ∣∣g (t ,u (s))− g (s,u (s))
∣∣]a (t )

∫ t

0
b (τ)dτ

+[∣∣g (s,u (s))− g (s,0)
∣∣+ ∣∣g (s,0)

∣∣]
×

[∫ t

s
|K (t ,τ,u (τ))|dτ+

∫ s

0
|K (t ,τ,u (τ))−K (s,τ,u (τ))|dτ

]
,
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where
ωL

r0

(
f ,ε

)= sup
{∣∣ f (t , x)− f (s, x)

∣∣ : t , s ∈ [0,L] , x ∈ [−r0,r0] , |t − s| ≤ ε} .

It follows that

|(Tu) (t )− (Tu) (s)| ≤ kϕ (|u (t )−u (s)|)+ωL
r0

(
f ,ε

)
+[

p (s)ϕ (|u (t )−u (s)|)+ωL
r0

(
g ,ε

)]
a (t )

∫ t

0
b (τ)dτ

+[
p (s)ϕ (|u (s)|)+ ∣∣g (s,0)

∣∣]
×

[∫ t

s
|K (t ,τ,u (τ))|dτ+

∫ s

0
|K (t ,τ,u (τ))−K (s,τ,u (τ))|dτ

]
,

where
ωL

r0

(
g ,ε

)= sup
{∣∣g (t , x)− g (s, x)

∣∣ : t , s ∈ [0,L] , x ∈ [−r0,r0] , |t − s| ≤ ε} .

This yields that

|(Tu) (t )− (Tu) (s)| ≤ 2kϕ (|u (t )−u (s)|)+ωL
r0

(
f ,ε

)+ωL
r0

(
g ,ε

)
a (t )

∫ t

0
b (τ)dτ

+[
p (s)ϕ (r0)+ ∣∣g (s,0)

∣∣]a (t )
∫ t

s
b (τ)dτ

+[
p (s)ϕ (r0)+ ∣∣g (s,0)

∣∣]LωL
r0

(K ,ε) , (3.6)

where
ωL

r0
(K ,ε) = sup

{∣∣K (t ,τ, x)− g (s,τ, x)
∣∣ : t , s,τ ∈ [0,L] , x ∈ [−r0,r0] , |t − s| ≤ ε} .

Hence, we obtain

ωL (T X ,ε) ≤ ϕ
(
ωL (X ,ε)

)++ωL
r0

(
f ,ε

)+LωL
r0

(
g ,ε

)
D1

+ε[
p (s)ϕ (r0)+ ∣∣g (s,0)

∣∣]D1

+LωL
r0

(K ,ε)D2,

where
D1 := sup

0≤τ,t≤L
{a (t )b (τ)} <∞

and
D2 := sup

0≤t≤L

{
p (s)ϕ (r0)+ ∣∣g (s,0)

∣∣}<∞.

Furthermore, from the uniform continuity of f , g on [0,L]× [−r0,r0] as well as the function K on
[0,L]× [0,L]× [−r0,r0] , we infer that

lim
ε→0

ωL
r0

(
f ,ε

)= 0, lim
ε→0

ωL
r0

(
g ,ε

)= 0, and lim
ε→0

ωL
r0

(K ,ε) = 0. (3.7)

In view of (3.6) and (3.7), it follows that

ωL
0 (T Z ) ≤ lim

ε→0
ϕ

(
ωL (Z ,ε)

)
.
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Again, through the upper semicontinuity of ϕ, we get

ωL
0 (T Z ) ≤ϕ(

ωL
0 (Z )

)
,

which yields
ω0 (T Z ) ≤ϕ (ω0 (Z )) . (3.8)

Combining (3.5), (3.8) and the superadditivity of ϕ, we get

ω0 (T Z )+ limsup
t→∞

di am (T Z ) (t ) ≤ϕ
(
ω0 (Z )+ limsup

t→∞
di am (Z ) (t )

)
,

or, equivalently
µ (T Z ) ≤ϕ(

µ (Z )
)

.

Hence, due to Corollary 2.2.5-(i ) with ψ(t ) = t , we conclude that T has at least one fixed point in
Br0 and the proof of the theorem is finished.

Remark 3.2.1. In view of the paper [1], the hypothesis of superadditivity of the function ϕ can be
replaced by the following one:

"ϕ is a concave function."

3.3 Example

Let us consider the following functional integral equation

u (t ) = t

2(1+ t )
ln(1+|u (t )|)+ e−t

1+ t 2
ln(1+|u (t )|)

∫ t

0

se−t sin x (s)

1+|x (s)| d s, t ∈R+. (3.9)

Let us observe that

f (t , x) = t

2(1+ t )
ln(1+|x|) ,

g (t , x) = e−t

1+ t 2
ln(1+|x|)

and

K (t , s, x) = se−t sin x

1+|x| .

It easy to see that integral equation (3.9) is a special case of Integral equation (3.1). Indeed, f , g
and K on their suitable domains. Also, if we take

ϕ (t ) = ln(1+ t ) ,

we have ϕ (t ) < t for all t > 0 and ϕ nondecreasing and concave on R+. In addition, for arbitrary
x, y ∈R such that |x| ≤ ∣∣y

∣∣ (or
∣∣y

∣∣≤ |x|) and we get

∣∣ f (t , x)− f
(
t , y

)∣∣≤ 1

2
ln

(
1+ ∣∣x − y

∣∣)= kϕ
(∣∣x − y

∣∣) ,
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where k = 1

2
.

Further, we have ∣∣g (t , x)− g
(
t , y

)∣∣≤ p (t ) ln
(
1+ ∣∣x − y

∣∣) ,

where p (t ) = e−t

1+ t 2
and

|K (t , s, x)| ≤ e−t s.

Hence, we can take a (t ) = e−t and b (s) = s. So, we obtain

lim
t→∞a (t )

∫ t

0
b (s)d s = lim

t→∞e−t
∫ t

0
sd s = 0,

lim
t→∞p (t ) a (t )

∫ t

0
b (s)d s = lim

t→∞
e−2t

1+ t 2

∫ t

0
sd s = 0

and

p (t ) a (t )
∫ t

0
b (s)d s = e−2t

1+ t 2

t 2

2
≤ 1

2
= k for any t ∈R+.

Moreover, there exists a positive solution r0 of the inequality

ln(1+ r )+ A ≤ r,

since

A = sup
t≥0

{
f (t ,0)+ ∣∣g (t ,0)

∣∣a (t )
∫ t

0
b (s)d s

}
= 0 <∞.





Conclusion

In this dissertation, we use have used the measure of noncompactness in Banach spaces which is a
forceful tool to prove the existence of solutions for nonlinear integral equations. We have obtained
some improvements and generalizations in the theory part regarding the Proinov contraction of
Darbo-type. The application part is a generalization of the examples given in [1].
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