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Abstract

In this thesis, we studied a time-space fractional Partial differential equation of order o (0 < o < 1) in time
(Caputo) and order 3 (1 < 8 < 2) in space (Riemann-Liouville), with Neumann and integral boundary conditions.
For the numerical solution, we proposed an implicit finite difference scheme combining the L1 method for the
time derivative, the shifted Grilnwald-Letnikov method for the space derivative, and the trapezoidal rule for the
integral condition.

We analyzed the scheme and proved:

« Consistency: The local truncation error is of order O(h; + h).
+ Stability: Conditional stability under the condition:
1/a
hy <C-hWPle O = (;> , A =max|a(z,t)]
2BAT(2 — )

+ Convergence: The scheme converges with first-order accuracy in time (O(h;)) and first-order accuracy in
space (O(h)).
Numerical experiments using MATLAB confirm the theoretical results.
Keywords: Fractional Partial differential equations, L1 method, shifted Griinwald-Letnikov method, conditional
stability, first-order convergence.

Résumé

Dans ce mémoire, nous avons étudié une Equation aux dérivées partielles fractionnaire spatio-temporelle d'ordre
a (0 < a < 1) en temps (Caputo) et d'ordre 8 (1 < 8 < 2) en espace (Riemann-Liouville), avec des conditions
aux limites de type Neumann et intégrale.

Pour la résolution numérique, nous avons proposé un schéma implicite aux différences finies combinant la
méthode L1 pour la dérivée temporelle, la méthode de Griinwald-Letnikov décalée pour la dérivée spatiale, et la
régle du trapéze pour la condition intégrale.

Nous avons analysé le schéma et prouve :

« Consistance : L'erreur de troncature locale est d'ordre O(h; + h).

 Stabilité : Stabilité conditionnelle sous la condition :
1/a
he <C-hPlx O = 1 A = max|a(z,t)|
= ’ 2BAT(2 — ) ’ ’

 Convergence : Le schéma converge avec une précision d'ordre un en temps (O(h;)) et d'ordre un en espace

(O(h)).

Des expériences numériques avec MATLAB confirment les résultats théoriques.

Mots-clés : Equation aux dérivées partielles fractionnaire, méthode L1, méthode de Griinwald-Letnikov décalée,
stabilité conditionnelle, convergence d'ordre un.
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List of Symbols

N: set of natural numbers

R: set of real numbers

C: set of complex numbers

Lt: Lebesgue space of absolutely integrable functions

L2 Lebesgue space of square-integrable functions

L™ Lebesgue space of essentially bounded functions

INOE Gamma function

o order of the Caputo time derivative (0 < aw < 1)

B8 order of the Riemann-Liouville space derivative (1 < 8 < 2)
‘Dffu : Caputo fractional derivative of u with respect to ¢

RLDBy :  Riemann-Liouville fractional derivative of u with respect to

Df U shifted Griinwald-Letnikov approximation of the space derivative
F: Fourier transform

F~L inverse Fourier transform

a(z,t) :  diffusion coefficient

¢(z,t) :  source term

f(z): initial condition: u(x,0) = f(x)

go(t) : Neumann boundary condition at =0
g1(t) : integral condition: fol u(z, t)dr = g1(t)

vk numerical solution at the grid point (z;,t)
ek error: el = uf —of

|E¥||oo : infinity norm of the error vector

h: space step size

hy : time step size

Pk . system matrix at time level k



Introduction

Fractional differential equations are a powerful and effective mathematical tool for modelling many physical
and technical phenomena characterised by memory and non-locality properties [5]. Unlike traditional integer-
order derivatives, fractional derivatives allow for a more accurate description of processes that depend on
the temporal history of the system or that exhibit anomalous diffusion behaviour [16]. These equations have
proven their effectiveness in various fields such as mechanics, heat transfer in porous media, geophysical
dynamics and signal processing [7].

Among the most commonly used formulations of fractional derivatives are the Caputo derivative and the
Riemann-Liouville derivative [9]. The Caputo derivative is distinguished by its ability to handle traditional
initial conditions with clear physical meaning, making it particularly suitable for time derivatives [5, [I7]. In
contrast, the Riemann-Liouville derivative is more appropriate for describing spatial non-locality, especially
when combined with fractional boundary conditions representing non-local fluxes [I6] [©]. This combination
of the two derivatives forms a comprehensive mathematical framework for studying complex phenomena
such as anomalous diffusion in memory materials [7]. The study of these equations is particularly important
when they are coupled with non-traditional boundary conditions, such as fractional Neumann conditions
and integral conditions [3] Integral conditions represent a generalisation of traditional boundary conditions,
linking the values of the solution across the entire domain rather than just at the boundary points. This type
of condition occurs naturally in conservation laws and in models requiring knowledge of the overall behaviour
of the system [I7, [3].

Due to the complex nature of these problems and the lack of exact analytical solutions in most cases, nu-
merical analysis becomes an essential tool for studying the behaviour of solutions and their approximation
[0, 13]. Numerical methods for fractional derivatives rely on specialised approximation techniques, such as
the L1 method for approximating the Caputo derivative [5] and the Griinwald-Letnikov formula for approxi-
mating the Riemann-Liouville derivative [16, [@]. The finite difference method is among the most widely used
approaches in this field. It is based on discretising the domain into a grid of points and replacing derivatives
with finite difference ratios [13 8]. This method has proven its effectiveness in solving fractional differential
equations thanks to its simplicity and ease of implementation, particularly when dealing with complex bound-
ary conditions [8 [I9]. This work focuses on the study of a fractional heat equation combining a Caputo time
derivative of order 0 < o < 1 and a Riemann-Liouville spatial derivative of order 1 < § < 2, with a variable
diffusion coefficient a(zx,t) and an external source term ¢(x,t). The equation is accompanied by traditional
initial conditions, a fractional Neumann condition at the left boundary, and an integral condition over the
entire spatial domain. This problem represents an important generalisation of the classical heat equation,
allowing the simultaneous description of sub-diffusion phenomena and non-local effects [5l, [16], [17].

The well-posedness of fractional differential equations with integral boundary conditions has been estab-
lished in the literature. For the homogeneous case (g1(t) = 0), [I5] proved existence and uniqueness for
parabolic fractional equations with integral conditions using energy inequality methods. Their work provides
a theoretical foundation for problems with integral constraints. More recently, [2] extended this analysis
to time-fractional advection-diffusion equations with purely integral conditions of the form fol v(z,t)dr and

fol x™v(x,t)dx, establishing well-posedness for the case 1 < a < 2 using a priori estimates. Their work
also offers a numerical treatment of integral boundary conditions via a combination of finite differences and
numerical integration, demonstrating conditional stability and first-order convergence.

Although these studies focus on different ranges of the fractional order «, the methodologies for handling
integral conditions and proving stability are directly applicable to our problem. These theoretical results
provide a solid foundation for the numerical analysis presented in this work.This study differs from previous
studies in several key aspects. First, unlike previous works that focused on the case 1 < o < 2 using the L2
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scheme [2], we consider the case 0 < « < 1, which requires the L1 scheme for the Caputo derivative. Second,
we investigate a fully fractional model coupling the Caputo time derivative with the Riemann-Liouville space
derivative, moving beyond traditional hybrid models that combine fractional time derivatives with integer-
order space derivatives. Third, we successfully combine three different conditions: an initial condition, a
Neumann condition at the left boundary, and a non-local integral condition over the entire spatial domain.
To the best of our knowledge and based on the literature review, this specific mathematical coupling and
boundary configuration have not been studied before in this form. This thesis aims to construct and develop an
efficient numerical scheme for solving this fractional problem using the finite difference method, with a detailed
analysis of stability and convergence. The methodology adopted is based on approximating the time derivative
using the L1 method and approximating the spatial derivative using the shifted Griinwald-Letnikov formula,
with special treatment of boundary conditions and integrals [9, [3l 13]. A matrix system will be constructed
that can be solved numerically at each time step, with proof that the resulting matrix is invertible under
appropriate conditions on the discretisation steps [5],[9]. The consistency of the proposed scheme is proved using
Taylor expansion, its conditional stability is established via norm estimates using properties of Griinwald-
Letnikov coefficients, and its convergence is demonstrated using the Lax equivalence theorem. The scheme
achieves first-order accuracy in both time and space , supported by numerical experiments documenting the
efficiency and accuracy of the method [13] [§].
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Preliminaries

In this chapter, we present the appropriate fundamental concepts that are used in the other chapters. [16]

0.1 The Gamma Function and Its Properties
0.1.1 The Gamma Function

One of the basic functions of fractional calculus is Euler’s Gamma function.
Definition:

For z € C such that Re(z) > 0. The Gamma function is defined by the following integral:

F(z):/ e "t*tdt,
0

Properties

1/ An important property of the function T'(z) is the following recurrence relation for Re(z) > 0:
I(z+4+1) = 2T'(2)
This can be demonstrated through integration by parts :
—+o0
[(z+1) :/ e M2 dt,
0
We take : u=1* and v/ = e~ ? then v/ = 2t*~! and v = —e~? we find:

+oo
N(z+1) = [—e_ttz}goo + z/ et 1dt
0

—+o0
=z / e tF e
0

therefore:

T(z4+1) = 2T'(2)

2/ The factorial is generalized by Euler’s Gamma function because :

P(n+1)=n!

We prove this by induction : Vn € N, for n = 0 we obtain:

r(1) =1
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Suppose that the formula for n: I'(n + 1) = n! holds, and consider n 41 :

I'n+2)=Mn+1I'(n+1)
=(n+ 1)n!
=(n+1)!

therefore :

F'n+2)=(n+1)!

for any n € N, The formula I'(n + 1) = n! is true .

3/ We have the following formula:

+oo
(1/2) = / et 12at,
0

By the substitution ¢ = 7%, we get I'(1/2) = 2 [ e~ dr. The Gaussian integral evaluates to V/7/2, hence
I'(1/2) = /.
4/ We have the formula:

)

By induction, we will demonstrate that it is true Vn € N .

forn =0:

Suppose the formula holds for n then:

(o k) - 2

()= (4310

2n+1 (2n)ly7

and consider n + 1, then:

2 4nn!
. 2n+1 2(n+1)(2n)ly/m
- 2:2(n+1) 4nn)

 (2n+2)2n+1)(2n)!/7
2:2(n+1)-4mn!

(2n +2)I/7

~ 4ntl(p 4 1)!
~2(n+1)lyT

~ 4ntl(p 4 1)!

Therefore: (n + 1/2) is verified for all n € N
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0.2 The LP Spaces

Let X be an arbitrary measure space with a positive measure u.
General Definition : [18]

If 0 < p < 0o and if f is a complex measurable function on X, define

1/p
1l = { /. Iflpdu}

and let LP () consist of all f for which || f||, < oco.

0.2.1 The Space L'(R)

For p =1 and X = R with the Lebesgue measure, L' (R) consists of measurable functions f such that
Il = / |f(z)]dx < oo.
R

0.2.2 The Space L?*(R)

For p =2 and X = R with the Lebesgue measure, L?(R) consists of measurable functions f such that

i1 = ([ |f<x>|2dx)1/2 <

0.2.3 The Infinity Norm on a Bounded Domain

For a continuous function f defined on the bounded interval [0, 1], the infinity norm is defined as

= ma )
1 lloo max, ()]
In the discrete setting (on the grid points {1, 2, ..., 2 }), this becomes

£l = max 1f(@)

This norm satisfies the following properties:

e Non-negativity: ||f|lcc > 0, and || f|lcc = 0 if and only if f = 0 on the domain (or on all grid points).

e Homogeneity: ||af]oo = |a|||f|le for any scalar «.

e Triangle inequality: |[f + gl < [|f]loc + [lglloc-

In the stability analysis, this norm provides a worst-case estimate of the error over the spatial domain.



Preliminaries 14

0.3 Fourier Transform

Fourier transform methods are standard in the theoretical analysis of numerical schemes for fractional differ-
ential equations, particularly for proving consistency and establishing error estimates [11]. In this section, we
recall the definition and main properties of the Fourier transform used in the consistency proof of the shifted
Griinwald-Letnikov approximation, following the exposition in [18].

Definition:

For a function f € L*(R), the Fourier transform F{f} is defined by

fO=FU@NO = [ f@eed,  ¢er
For functions in L?(R), the Fourier transform is defined by extension (Plancherel’s theorem) .

0.3.1 Basic Properties

The following properties are used in our analysis. For a detailed exposition, we refer to [18].

e Linearity: For any f,g € L'(R) and \,u € C,
F{Af + ngy = Af + g,
e Shift property: For any a € R,
F{fx—a)}() = e f ().
e Differentiation: If f and its derivatives decay sufficiently fast at infinity,

F{M (@) }(E) = (i6)" F(£).

0.3.2 Inverse Fourier Transform

Definition:

The inverse Fourier transform is defined by
oo

FUR@ =5 [ FOed

— 00

and satisfies F~H{F{f}} = f for sufficiently regular f .

Plancherel’s Theorem :

For any f € L2(R), the Fourier transform f belongs to L2(R) and the mapping f — f is an isometry
up to a constant factor:

I£llze = vV2r||£| e

Equivalently, the inverse Fourier transform is also an isometry:

1 A
17z = =z

This theorem guarantees that the Fourier transform is a bounded linear operator on L?(R), and consequently,
the inverse Fourier transform is also bounded and linear. For a detailed proof, see [I8].
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0.4 Fractional Integration

Fractional integration generalizes the classical integral operator to arbitrary orders, enabling the calculus
of non-integer dimensions. This mathematical framework is particularly powerful for characterizing com-
plex processes where the system’s behavior is influenced by its past states, effectively capturing long-range
correlations and memory dynamics. [I4]

0.4.1 Fractional Integral on an Interval [a, b]

Definition:

Let f : [a,b] — R be a continuous function on the interval [a, b], we consider the integral:

= /t f(r)dr, Vté€ [a,b]

The second primitive of f is defined as :

12)(0) = /If /(/f pir ) a

Fubini’s Theorem [18]

Let f be a continuous function on [a,b] X [¢, d] with values in C, then:

b df(x,y)dy de = ' bf(xvy)dm dy,
A (/

For: a<7t<u<t.

According to Fubini’s theorem :

@z = | t ( / t du) firyar = | (- ) (e

Second method we have:

I2f(t) = /:( au f(T)dT> du

we set:

/ " f(r)dr = glu)

then:
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we integrate by parts

we set : w = g(u) and v’ = 1, then v’ = ¢’(u) and v = u, we find:
t t
[ stwiu = lugu)l, - [ ug ()
a a .
— tg(t) ~ agla) - [ ug(u)du

we have:
g(a):/aaf(r)deo and g(t):/at f(r)dr and g(u):/au F(r)dr
then we find:
/:g(u)du:/attf(T)dT—/:uf(u)du:/attf(T)dT—/atTf(T)dT:/at(t—T)f(T)dT
thus:

by Fubini’s theorem:

For:a<r7<v<u<t.
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by Induction

Base Case: n =0

t

@nt= [ i =g [@-nrswr

Assume the formula holds for some n € N:

IzH) = o [ =gy ar

We prove it for n + 1:
t
(I ) (8) = / (17 ) () du

- /at {(n—ll)' /au(“ —7)" 7 f(7) dr} du
- ﬁ /t_ (/t_(“ - dU) J(r)dr

“wrm L[S o

B 1 it —r)m dr
_(n—l)!/a n f(r)d
1 ¢ "
- L @
1 t

Therefor, the formula holds for n + 1. By induction, it holds for all n € N.

0.4.2 Fractional Integral in the Riemann-Liouville Sense

The Riemann-Liouville integral is a powerful tool for generalizing the concept of integration to non-integer

orders, with many properties and important applications in various mathematical fields.

Definition:

Suppose that a > 0, a < t, with a,a,t € R and f € L'([a,b]). The Riemann-Liouville fractional

integral of the function f(t) for a non-integer order « is defined by:
Left-sided: Vt € [a, b]
1

e [ €=

I3 f (t) =
Right-sided: V¢t € [a, b]

b
10 = 555 | (70" pom
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Properties:
1/
I3 [Ié:-f(t)] = Iﬁfﬁf(t), a,>0

Example:

Riemann-Liouville fractional integral of a constant:

C

15,0 = m(t —a),
By definition we have:
19,0 = ﬁ /at(t —r)eiCdr
= F(Ca) /:(t — 1) dr
- F(Ca> { : _aT)aI
-1 (05
- odfza) (t=a)®
- F(oi G-
hence:
2.0=—5 (t-ar
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0.5 Fractional Derivatives

The fractional derivative is a generalisation of classical differential calculus to non-correct arrangements,
which allows systems with ‘memory effects’ to be modelled. We will discuss three fundamental formulas: the
Grunwald-Litnikov derivative, the Riemann-Liouville derivative, and the Caputo derivative. These defini-
tions offer unique advantages for theoretical analysis and numerical approximation in the study of complex
dynamical systems [16] , [6].

0.5.1 Fractional Derivative in the Riemann-Liouville Sense

Definition:

Let f € L'([a,b]) be an integrable function on [a, b], we have the relation between classical derivative
and integral:

df 2

1
pri @(wa)

A fractional derivative of order o, 0 < o < 1, can be defined by:

ﬁ_i( 1-a )
dte — dt ot

More generally, if & > 0 and n = |a] + 1, we can set:

df & nagy
dte — dgn Vot

We obtain exactly the left-sided Riemann-Liouville derivative of the function f, of order a > 0 denoted
D¢, f is defined by:
Vt € [a, D]

Dgy f(t) = DUIGE (1)

Propositions:
For n—l<a<n m-1<pB<m.
1/ Let « >0, then for f € L([a,b)):

Dgy(Ig f(t) = f(t), t€lab]
Proof:
Dgy (I f () = D™ (I f (1))
= D"(I; T f(1)
=D"I; f(t)
=f(t)
2/ Let «a> >0, then for f € L'([a,b]):

DY (I& f(1) = I22P f(t), t € [a,b]
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Proof:
Dy (Ig £ (1) = DI 7P (15, (1)
= D™ ()
= DI (157 (1)
=137 1 (1)
Example:

fe)y=t, 0<t<l1
We calculate the derivative of f in the R.L sense
we set: a =

Then :

1
2

D (1) = S I, ()
By Definition we have:

1§+f(t)r(11)/0 (t—7)drdr

We integrate by parts:

weset u=7and v' = (t —7)"2 then v/ =1 and v = —2(t — 7)2
we find:
t 11t t
/(t77)727'd7'* [727(1577')5} 7/ —2(t—7)2dr
0 0 0
¢ 1 3 t 4 3
0+2/(t—7)2dr—2{—(t—7)2] i
0 0 93
therefore:
1 4 4 3
IZ f(t) = —= - —t? = —
0+ () ﬁ 3 3\/7_[_
we have:
1 d 4 3 4 d s 4 31
2 3 ) =——_¢3=_"_ (42
o+/ (1) = dt oy f(0) = t(3f2> 3v/rdl 3\/7?(2 2>
then:
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0.5.2 Griinwald-Letnikov fractional derivatives
This definition is based on obtaining derivatives by finite differences.
Let f: R — R, for h > 0 we have:
7(t) = lim T[£(0) ~ (i~ )]
=y
and the second derivative:
") = im = [F/(#) — f'(+ —
7(t) = Jim = [7/(6) = /(¢ = )
= tim | (7(0) — F(t—B) — 3 (F(¢ — b) — f(t — 20)
a0 |k h
1
= lim S [f(6) = 206~ h) + [t — 20)].
More generally, the n-th derivative of f is given by:
1 n
() (4) = el “Dkom £ —
£ () = Jim - ,;f DFCR f(t = kh), (1.1)
where
n n! nn—1)....n— (k—1))
Ck‘ - - .
kl(n —k)! k!
It is possible to extend C}} to k > n, by setting C}' = 0.
Formula (1.1) then becomes
F(t 7hmii VeCm f(t — kh).
h=0 h™ £~ k
Here again, we can generalize the right-hand term using the Gamma function, by setting for « € RT — N,

and k € N,

Ia+1)

Ci T T+ DI(a—k+1)

Note this time that C}} # 0 even if k > n.
Definition

Let o > 0. The left Griinwald-Letnikov fractional derivative of order « of f is defined by:

Vt € R, GEDf(t) Z YO f(t — kh).
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Let us also define its right-sided analogue.
Definition
Let o > 0. The right Griinwald-Letnikov fractional derivative of order a of f is defined by:

1 oo
VtER, GID2f(t) = lim > (—1)*CRf(t + k).
k=0

The Griinwald-Letnikov derivative has an obvious numerical interest. If h is small enough, the discrete
evaluation of 7% Y27 ((—1)*C¢ f(t — kh) allows approximating the (Liouville) fractional derivative on R.

0.5.3 Relationship Between RL and GL Definitions

The Riemann-Liouville (RL) and Griinwald-Letnikov (GL) definitions of the fractional derivative of order p
(m —1 < p < m) are equivalent if the function f(¢) is (m — 1)-times continuously differentiable and
its derivative of order m is integrable on the interval [a, T].

Under these conditions, the fractional derivative can be written in the unified form:

ml) _ p t ) (1) dr
DR Zj RIS Sy g LT

= I(14+j—0p) '(m—p t —T)p—mtl

where I is the Gamma function. This expression combines terms depending on the values of the function and
its derivatives at the point a (from the GL definition) and an integral depending on the subsequent behavior
(from the RL definition). [16]

Special case: 1 <p <2

Required:

We start from the standard Riemann-Liouville definition :

D0 = g (&) [ s 1<p <

and differentiate twice to obtain the analytical equivalent form of the Griinwald-Letnikov formula:

ey J@t—a)7?  fa)(t—a)? 1 ' p g
ath(t)_ F(l—p) + F(Q—p) +F(2_p)/a (t_T)l f (T)dT

Proof:

We define .
1(t) = / (t— )P f(r) dr

First integration by parts:
Weput u=f(r) and dv=(t—7)7Pdr.
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We know that  [(t — ) "Pdr = — (t;T_);_p, thus:
(t—r VL
It = |[—~—~2 - — —p £/
0= 520 g [emnrrear
At T=t, t—7 =0 so the term vanishes. Thus:
= 1O L [ aprpyar
2-p 2-pJa
Second integration by parts:
We apply the same method to f; (t—71)2=Pf'(T)dr:
We set u = f'(7) and dv = (t — 7)*>7Pdr.
f(t — 1) Pdr = 77(15737_);—13’ thus:
t _ \3—p T=t 1 t
A e R R R e Y A
At 7 =t, the term vanishes. Thus:
t / _ 3—p 1 t
/a (t =7y (ryar = T p“> t / (t— 1) P 1" (r)dr
Substitution into I(t)
fla(t—a)3?*? 1 Tf(a)(t—a)" 1 /t 3 p g
I(t) = + + t— 1) Pf(r)dr
= T N 2 2 i)
Thus:
fl)(t—a)*?  fa)(t —a)*? 1 /t 3 p g
I(t) = + t— 1) Pf(r)dr
W=t e e e pe O
Differentiating twice (since m = 2)
We know that oD} f(t) = 0 - $=1(1).
First derivative:
d f(a) d 2— f/(a) d 3— 1 d /t 3—p gl
ZIt) = )Py S — = 43P (1)d
a'V =y W ey Y e ), T

We know that: - £(t —a)> P = (2-p)(t—a)'P- L(t—a)3P=3-p)(t—a)*?

For the last integral, we use Leibniz rule:

% ’ (t—71)> P (1)dr = /a %(t — )3 P (YT + (= t)3 TP () - 1

=0

~(3-p) / (t— )P 1" (r)dr
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Thus: p / . t
G0 = fla)e -+ L2 L [ e
Second derivative:
d? B d . f'(a) d . 1 d [t o
G0 = @) G =0 0 [y

We know that: - £(t —a)!™? = (1—p)(t—a)™? - L(t—a)?> P =(2
For the last integral:

e [ammrrs@ar= [ B s

—p)(t—a)'7?

+(t—t)?Pf(t) 1

=0

~-(2-p) / (t— 1)\ (r)dr

—@p) [ (=) rp e
Thus:
d? —p, [(@)2—p)(t—a)? 1
1) = f@)(1 - p)(t— )P+ 2 -,
Simplification:
2 t
G0 = @ =Pt =07+ @t =)+ [ ¢ =)

Now we multiply by ﬁ:

DR = Fgy |F@)( =P =) + (@)t~ a)'

We know that I'(2 — p) = (1 — p)T'(1 — p), and therefore:

T+ /at(t — 7)) ()dr

o _T@2-p)
U= =51y
Thus:
f@U-pt-a)” _ fl@ T@-p) . p_
I'(2-p) I[(2-p) T(1-p)
Also:
f(a)(t —a)t=P _ f'(a)(t —a)t=P
—p) 2-p)
And:
1 ‘ 1—p ¢/ 1 '
o [ = o [
Substituting:

fl)t—a)™  fa)(t—a)? 1

DEf(t) = T(1—p) + I'(2-p) +F(2—p

7 (¢ = ()

This is exactly the Griinwald-Letnikov formula for the case 1 < p < 2.
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0.5.4 Properties of the Griinwald-Letnikov Coefficients

The Griinwald-Letnikov coefficients are defined for 1 < 8 < 2 as:

wWo = 1; w; = (_1>j (f)a .7 > 1.

We now establish their fundamental properties.

1. Generating function (P1) : Using the generalized binomial theorem, for |z| < 1, we have :

(1-2)° = fj (M)-ar - 2(—1)1‘ @E

Thus, the coefficients satisfy :

ijzj =(1-2)"| (P1)
=0

2. Recurrence relation (P2) : For j > 0, we have :

1
Wjt1 = <1 ;:f) wj |- (P2)

Proof :
We prove this by induction on j.

Base case j =0:
a=-p (1= )e= (-4 m)1=-5.

Thus, (P2) holds for j = 0.

B

Inductive step : Assume (P2) holds for some j > 0. For j + 1, using the definition wj o = (—1)772 (j+2)

_B=G+Y) (B in
and the property (]+2) = in (j+1)’ we obtain :
; -G+ B B—(+1)
Yy :,1J+2.5 (J ( )_ (—1Dwigq.
Since % = % — 1, we get :
wita = (1— 6 1 wj

Jj+2 — j + 2 j+1-
This completes the induction .
3. Explicit formula in terms of the Gamma function (P3) :  We prove by induction that

T

Wi = T (j ) j=0,1,2,... (P3)
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Base case j =0:

ro-5 _ T

L(=A)T(1)  T(-H)-1

Inductive step : Assume the formula holds for some j > 0. Using the recurrence relation (P2)

wig=(1- 17
Jj+1 = j+]- J*

Substituting the induction hypothesis :

FG=B+)=0-8T0G-8), TU+2)=0+DTG+1).

Thus :

s = LG=B+1)
T T(EBTG +2)

This is exactly the formula for j + 1. Hence, by induction, (P3) holds for all j > 0.

4. First coefficients (P4) : From the definition, we directly compute
Wo = 1, w1 = 75. (P4)

5. Zero sum (P5) : Setting z =1 in (P1) gives :
dwi=1-17=0"=0. (P5)
=0

6. Positivity of coefficients for j > 2 (P6) : For all j > 2, we have w; > 0 (P6)
Proof :

We prove this by induction using the recurrence relation (P2). First, wy = @ > 0 because > 1. Assume

w; > 0 for some j > 2. From (P2): w;i1 = (1 — %) wj. For j > 2, the factor ( — %) = TT? >0

because j > 2 > 8 (since § < 2). Thus, w;11 > 0. By induction, w; > 0 for all j > 2.
7. Sign of the partial sum (P7) : For every n > 1, define S,, = Z?:O wj. Then :

S, <0 Vn>1. (P7)

Proof :

1. Forn=1: S =1-— 8 < 0since g > 1.
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2. For any n > 1, S,41

— Sp = wpy1. From Property (P6)

Hence, {S,, },>1 is strictly increasing.

3. From (P5),

hm Sn

Zw]—O

y W1 > 0forn+12>2 ie., forn>1.

4. Since S; < 0 and the sequence increases to 0, we conclude that S,, < 0 for all n > 1.

remark : The previous properties will be used throughout the consistency and stability analysis.

0.5.5 Fractional Derivative in the Sense of Caputo

The fractional derivative in the sense of Caputo is an extension of the classical derivative to non-integer
orders, introduced by the mathematician Michele Caputo. This derivative allows generalizing the concept of
differentiation to arbitrary orders. Unlike Riemann-Liouville’s derivative, the derivative of Caputo is defined
in a more direct and intuitive way, offering a different approach for modeling complex phenomena.

The introduction of the Caputo fractional derivative has sparked growing interest in various scientific fields,
particularly in the mechanics of viscoelastic materials, physical modeling, and engineering. This derivative
allows capturing memory and non-locality phenomena more precisely, thus offering new perspectives for the
analysis and modeling of complex dynamic systems.[9]

Definition:

The derivative of order « in the sense of Caputo of the function f € C"*1([a,b]) is defined by:

Proposition:

1/Ifa=0:

2/Ifa=n,neN:

d’ﬂ
CDEf(1) = Ii5 (1)
1 ¢
zir(n_a)/(t—r)”*o‘fldT—nf(T)dT
_ 1 i n—a—1 g(n)
= T [ = O
CDR() = I ) = I
d”ll dn
CDRI() = 1) = 19, 0
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The Finite Difference method

For solving partial differential equations (PDEs) there are several methods, and in this thesis we choose the
Finite Difference method.

The finite difference method (FDM) is one of the most important numerical methods, and it is used for
approximating derivatives and converting differential equations, both ordinary and fractional, into algebraic
equations, which can be solved using computers. The fundamental idea of the FDM is based on the ap-
proximation of derivatives using the Taylor series expansions, and it is widely used for solving complicated
problems arising in physics and engineering.[19] [12]

1.1 Finite Difference Method in the Ordinary Case

The method is mainly based on the principle of the Taylor expansion, where the derivatives of functions are
replaced by discrete formulas.

Definition :

Let u € C?([a, b)), let z; € (a,b) and let h > 0 be sufficiently small such that z; + h € [a, b].

Forward Taylor Expansion:

w(x; + h) = u(z;) + ' (z)h + @fﬂ (1)
where &y € (z;,x; + h).
Backward Taylor Expansion:

u(es — ) = u(e) ol (@) + o2 2)

where {_ € (x; — h, z;).

From (1):
N PN (SO T
u(z; + h) =u(z;) +u'(x;)h + Th where &y € (xi,x; + h).
we find : "
w =u; + O(h) where = (2£+) h=0(h)
hence:

w = ST L O(h)

We obtain the forward finite difference formula.
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From (2):
1
w(z; — h) = u(x;) — o' (z;)h + #hz where &_ € (z; — h,x;)
we find :
Uiy — Ui o, u'(§-)
— U + O(h) where 5 h=0(h)
hence:

This is the backward finite difference formula.

For (1)-(2), we find:

2 3
u(z; +h) —u(x; — h) = 2ha/ (2;) + %u;”(g) where € € (w;,Tiy1)

Dividing by 2h:
o "
Y1 — Wit ui, +O(h?)  where L(@hZ = 0(h?)
2h 6
hence:
’ Uj41 — Uj—1 2
u; 57 + O(h%)
This is the centered finite difference formula.
On the other hand:
for (1)+(2), we find:

RN (I
u(z; + h) +u(z; — h) = 2u(z;) + hu(z;)” + B h where & € (4, Ti41)
hence:
R i 1
wf = M TUIL L om2) where 12(5) h2 = O(h?)

We obtain the second-order finite difference formula.

1.1.1 Numerical Convergence

A fundamental concept in numerical analysis is the numerical convergence of the approximate solution towards
the exact solution. This convergence is based on the development of the numerical solution obtained by
discretization techniques.

Numerical convergence is often studied in two parts: Consistency and Stability.
Definition:

A scheme is said to be convergent if it is consistent and stable.
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Numerical Consistency Consistency evaluates how accurately the numerical scheme approximates the
original equation (PDE) of the problem. It is verified by evaluating the truncation error, which is the
difference between the differential operator of the PDE and its discrete approximation. A scheme is said to
be consistent if this error tends towards zero as the discretisation steps (At, Az) tend towards zero.

Definition:

Consider the initial value problem consisting of the differential equation:

F(z,y,y') =0 (1)

subject to appropriate initial conditions. This problem is said to be well-posed if the existence and
uniqueness of the solution are ensured.

Let € [a,b] = I, y € C*, the exact solution of (1) at the point x,, is y(x,) and the approximate solution of
(1) at the point z,, is y,. We write equation (1) at the point x,,, we find:

F(z,y,y') =0— F(x,y(z);y'(z)) =0

on the other hand we have:

F(l",yn;y;) =0+epn

with: €, the consistency error.

Then, we say that a numerical scheme is consistent with equation (1); if ¢, - 0 as h — 0

Numerical Stability : The stability of a numerical scheme means that errors (rounding, discretisation)
do not amplify over time. It ensures that the numerical solution remains bounded and does not diverge in
an uncontrolled manner.

Definition:

A numerical method is said to be stable if there exists a constant C' > 0, independent of the step
size h and the number of iterations n, such that for any perturbation in the initial data, the difference
between the numerical solution and the perturbed solution remains controlled .

We set :

— Y, : exact numerical solution

— Y, : perturbed numerical solution (resulting from a small perturbation in the initial condition)

We have :
Y, — ?n =€,
We say that the method is stable if :
1Yo = Yall = llenll < ClIYo - Y|

where Yy — Yj represents the initial perturbation .
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1.2 Finite Difference Method in the Fractional Case
1.2.1 The L1 Scheme

We have the Caputo derivative:

C na ) = 1 arx_ n—a—1 g(n)

ifn=1, 0<a<l:

[e% _ 1 * —« p!
ngf(x)—m/o (x —t)"“f'(t)dt

We set:

r—t=2z, then:t=x—2 anddt=—dz

By the change of variable, we find:

0
F(l%a/ 2 f!(x — 2)(—dz)

i / fl(x—2)

6 Dg f(x) =

then, we find:

S0 = Frea / flz—2)

For a discretization of the interval [0, z]

zj=jh; j=0,1,...,N

We find:

j+1)h h
)dz
h

n—1
S0 = Fra ;/

We have the backward finite difference formula:

for a discretization:

therefore:

_fimfia  fe—gh) - fle-G+Dh) _ fi=fin
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We find:
-1
1 n (G+1h fi—f
CDa _ / J Jj+1
_ 1 nz_:l fi—fin /QH)h dz
I'(l—a) = h ih 2z
B 1 n—1 fj _ fJJrl l-a (G+Dh
I(l—a) = h L—aly,
n—1
1 Ji— fi+1 ¢, l—apl— 1oyl
— 1 apl-a _ apl-a
(1—-a)l(1—a) ;0 h [G+1) J ]
1 n—1
- - R . 117ah7a__‘17ah7a
F(2 _ Oé) j:O(fj f]+1) [(.7 + ) J ]
hia n—1
R C_fo
F(2 _a) jzo(fj f]+1) ]
Such that:
dj — (] + 1)1—@ _]l—oc
hence:
h,a n—1
gD?f(m) = m (fj = [i+1)d;

Example: We have the function f defined by :

1/ Calculate the Caputo derivative:

§D210) = oy | -0 0

forn =1:

Il -« 11—«
1 ml—a
TT(l-a) 1-a
xlfa
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For o = %, we find:

§D2 /() = F(ﬂ)/ox@t)édt - L[] = a2

2/ Calculate the derivative by the Fractional F.D. method:
We have the L1 scheme:

n—1

6 DS f(x) = % Z(fj —fi) [G+ DY =51

=0

<.

for:

We find:

10 & 20 1 2
= e o (U ) = g 1007 =
and we have:
§D2Iw) = i
taking a = 0.99, x = 1:
cpopay= L7 L1 057065285004
@ T(2-099) T(L01)

on the other hand:

§DSf(1) = m §9: ((1 — 130.0> - <1 - j;(;;)) ((j + 1)1099 _ ;1-0.99)

Jj=0

(0.01)~%° B : 0.01 _ :0.01
= Taon > 100 (( +1)°01 — j901) ~ 1.0057065285003
. =
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Numerical analysis of an EDPF
problem with integral boundary
conditions

The fractional finite difference method is an extension of the classical finite difference method, extending it to
include fractional differential equations. This method allows for the numerical approximation of derivatives
and integrals of fractional order that appear in these equations. The main steps of this method are:

e Dividing space and time into discrete points, as in the classical finite difference method.

e Approximating fractional derivatives and integrals using finite difference formulas of non-integer order,
such as the Caputo or Riemann-Liouville formulas.

e Converting fractional differential equations into a system of algebraic equations that can be solved
numerically.

This method enables the numerical solution of a wide range of fractional differential equations, opening the
door to extensive applications in fields such as physics, fluid mechanics, biology and electrochemistry, where
the phenomena under study often exhibit memory-like behaviour.

2.1 Position of the problem

In the rectangular domain

Q={(z,t) eER*:0<x<1,0<t<T} where T >0,

we consider the fractional differential equation:

S Deu(t) = a(z, ) DPu 4 ¢(x,t), where 0 <a < 1,1 < 3 <2 (1)

to the equation , we associate the initial and Newman conditions:

u(z,0) = f(z), 0<z<l, (2)
0u(0,1)
= go(t 0<t<T, 3
O 90( )a < ( )
and the purely integral condition

1
/ u(z,t)de =g1(t), 0<t<T, (4)

0

where ¢, a, f, go, g1 are known continuous functions, and a is positive function.
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2.2 Discretization and Approximate Formulation

We consider a uniform subdivision of the intervals [0, 1] and [0, 7] as follows

xz;=th;1=0,1,..., N andty = khy; k=0,1,..., M.

u(ih, khy) = uf = Uk
such that wu; ;, represent the value of the solution u in point (z;, ¢x).

af = a(xite), oF =d(xite), fF=flxite), o1(tr) =97, go(te) = gb

The Caputo derivative fractional of operator 0§ at point (x;,tx+1) said Ly with 0 < o < 1 is defined by (See

[14].)

k
(D ulws, i)z, = (§ Dpw)itt o 37 (=31 — by, (5)
7=0
where
e T
do=1;k=1,..,M ’ r2-—a)

Grunwald approximation of the Riemann-Liouville fractional derivative of order 1 < g < 2 at the point
(T, tes1):

i+1
(FEDJw)E = B2 " wjul@io g, tr) (6)
i=0

Derivation of the shifted Griinwald:

The Riemann-Liouville fractional derivative is defined by the relation:

(REDBu)(x,t) = F(216)6‘ax2 /T(Jc — s) Pu(s, t) ds

Grunwald introduced an approximate formula for this derivative based on extending the concept of finite
differences. As proved in Chapter 1, the Griinwald-Letnikov fractional derivative is equivalent to the Riemann-
Liouville derivative for 1 < 8 < 2 under suitable smoothness conditions. Therefore, At the point (z;,tx+1),
we write:

Lzi/h)
(REDBu)F = lim h=F Z wj u(z; — jh, tgi1)

h—0t
where w; are the Grunwald coefficients.

For numerical application, we replace the limit with a small value h representing the spatial step size, thus
obtaining:
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7
(FEDJw) T = Py " wju@i — jihy trga)
=0

However, for 1 < 8 < 2, the standard formula is numerically unstable. Therefore, we apply a one-index
shift, replacing z; — jh by x; — (j — 1)h and extending the sum to j =7 + 1:

i+1

(FEDSu)E = 8N wju(ws — (5 — Dby trga)
j=0

We note that x; — (j — 1)h = Zi—j+1, Thus, we have obtained the required formula:

i+1
(FEDJw)E = APy " wjul@io g, i)
3=0

where:

e h: spatial step size

e [3: order of the derivative (1 < 5 < 2)
ei=12..N-1

e k=1,2,.... M

e w;: The Grunwald coefficients are given by the relation: (see
LG -5
w;j==——— """ wy=1
TOTEATG+)
equation at point (i, k + 1) gives
k ' it1
0 (ub I =) g = el TR Y el e (7)
j=0 j=0

where k=0,.... M —-1,:=1,..., N -1
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2.3 Numerical Scheme
2.3.1 Case k =0 (First Time Step)

We start from equation @ for the case k = 0:
i+1

pluj —u)) = ath™" ijuzl—j-',-l + ¢;
5=0

Multiply by hP:
i1
ph’ (uj — ) = aj ijuzl—j-i-l +hPe)
j=0

Define \ = uh”:

Separate the sum:

i
1 0 1 1 1 1
Au; — Au; = a; E Wity +wit1ug | + hP ¢!
=0

Thus :

1
1_ 1 1 1 1_y, 0 18,1
Au; — a; E Witk 1 — G;Wip1up = Ay +h7g;

Jj=0

Define A} = \ — alw;, and separate the term j = 1 from the sum:

i
1 11 1 1 1 0 1
(A —ajwi)u; —a; E Wjti—j 41 — @ Wit1Ug = AU + W o;

Jj=0
j#1
we get :
i
1,1 1 1 1 1_ 4,0 1
Aju; —a; E Wil g — QWit1Ug = AU + h o} (8)
j=0
Jj#1
where:

1_ 1
o A, =X—a;w

hy “hB

o R
*A=H =TTy

Applying the Neumann condition: u$ = u} — hgd:
i
Afuj = a} Y wjui i~ ajwip(uf — hgg) = M + h76;
5=0
J#1
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Expand:
(2
1,1 1 1 1 1 1 1 0 1
Aju; — a; E Witi_jp1 — awiprug + ajwipihgy = Auf + hPe;
j=0
J#1
we get :
T
1,1 1 1 1 1_ 4,0 1 1 1
Aju; —q; E Wjli_jpq — QWit1U] = AU, + hPo; — ajwisihgg (9)
j=0
J#1
For:=N —1:
N-1
1 1 1 1 1 1_ 4,0 B .1 1 1
AN_qun_1 —an_q E Wiln_; — an_1WNUp = Ay _y +h N —ay_qwnhgg
Jj=0
A1
We have :
N-1 N-1
1 1y 1
wJuN_j f(JJOUN wjuN_j
§=0 j=2
J#1
Thus:
N—1
1 1 1 1 1 1 1_ 1,0 B .1 1 1
AN_qun_1 —ay_q | woun + E wiun_; | —an_jwNuy = Auy_y +h N —ay_qwnhgg
i=2
we get :
N-1
1 1 1 1 1 1 1 1_ 4,0 B .1 1 1
AN_qUN_1 — aN_Woly — GN_1 E WjUN_j; — GN_jWNU] = Auy_q +h PNy — ay_jwNnhygy (10)
Jj=2
From the integral condition:
1
/ u(z,t') dr = g
0
and applying the trapezoidal rule:
N-1
hl 4 9 1 1| _ o1
5 [%o + U +un| =91
i=1

Substitute u$ = ui — hgg:

Multiply by 2/h:
N-1

2
u}—hgé—&—?Zu}—ku}V:Eg%
i=1

N-1 N-1
S oneparate the sum: E ul = ul + E ul:
i=1 i=2
N-1
2

u%—hgé+2u%+22u}+u}\,:ﬁg%
i=2
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N-1
2
3uy +2 Zu}+u}v= Eg%+hgé
i=2

Then :

N-1

2
uk:-&4—2z)¢+ﬁﬁ+h% (11)
=2

Substitute into the equation :

N-1 N-1
2
AN_1UN_1—ay_1%0 <_3u% —2 E Ui + Eg% + hgé) —an_ E wiuy_j—ay_1wNu = Ay +hP o) —ay_jwnhgg

i=2 =2

. 1 1 1 1, .1 N-1_ 1__1 2 1 1 1 N-1 =1
Expand the first term: A} _ uk _;+al_ wo-3ui+ak_jwo-2Y,0, ul—ak_ wo (291 + hgd)—akh_, D jmn WilN_j—
1 1_ 4,0 Bl 1 1
an_1wNup = Auy_y +hPoyn_y —ay_ywnhgg

We get :
N-2
an_1(3wo — wn)ui +ay_, Z (2wo — wn—i)u; + (An_1 + 2ay_jw0)uy_
i=2 (12)
2
— Ny 410k — auowhl + ke (St + ha))
Matrix System for k =0 (First Time Step)
Taking into account @, and defining:
T
Uk = (u’ﬂu’;, e ,u’fv_l)
U0 = (uf,uf,...,ul_y)"
T
(I)k = ( ]1€7¢é:a""¢§\[71)
T
Wl = (—a%wzhgé, —a%wghgé, ceey —a}v_2wN_1hg$, —a]l\,_lehg(l) + a]l\,_lwo (%g% + hgé))
we obtain the following system:
PUT = \U° + nPO! + W (13)
where P' = (p; ;) (N—1)x(v—1) Is a matrix defined by:
Al — ajws ifi=1,7=1
—al ifi=1,j=2
Al f2<i<N-2j=i
—a} if2<i<N-2j=i+1
—a%w-l if2<i<N-2j7=1
Pij = e . . o (14)
—G;Wi—j41 f2<i<N-22<j<i—-1

ap_1(3wo — wn) ifi=N-1,7=1
a}V71(2w0_WN—j) ifi=N-12<j<N-=2
Ay_1+2ay_qwo Hi=N-1j=N-1

0 otherwise
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2.3.2 General Case (k> 1)
For k>1
Multiply equation by h? and define \ = ph®:
k ] i+1
)\Z k—j+1 _ k—j ak+1 ij ul g+1 + hPgh
7=0
Separate the term j = 0 from the time sum (noting that dy = 1):
i1
k— Wi
O ) A3 < = St
§=0
we get :
k ‘ ‘ it1
At A (T =)y — Y wiuity = w4+ g (15)

Suppose that:

Expand the sum:

j=1

Setm=j—1,ie,j=m+ 1

¢ When j=1: m=0

¢ When j =k m=%k—1

k—1
Z k—j+1 5 Z k—m
u; dj = u; dm+1
j=1 m=0
The second sum remains as is with an index change:
k k
E urd; = g ufmd,,
j=1 m=1
Thus:
k—1 k
k—m k—m
S = u; g1 — g u; dm,
m=0 m=1
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Separate the sums:

k—1 k—1
k k— k— 0
S=ujdy + E ;" dpy1 — E w;” " dy — udg
m=1 m=1

Then

k—1
S =dyuf — dguf + Y uf " (A1 — di)
m=1

Define 0,,, = dpp41 — dp:

k—1
S = dyuf — dpu? + Z amuf_m
m=1
where g — d1 — d() = dl — 1.
Substitute (S) into equation ((15]):
k—1 i+1
k+1 k 0 k—j k+1 k+1 oy, k k+1
Au; T 4+ N | dyuy — dgug + Zajui T —a; ijui_j+1 = b + nP gl
j=1 §=0
Thus :
k—1 ‘ it+1
M+ Ndyuf — Adgud + X oul ™ — Auf — gft? S wiultl = nPeit
j=1 §=0
Note that Adjuf — Auf = A\(d; — 1)u¥, and define o = d; — 1:
k—1 i+1
o
Mt 4 Aoguf = Ay + A ojul T = af T Cwultl =Rt
Jj=1 Jj=0
We get :
i+1 k—1
: : k—j ;
it — a1y wpul = A ogul ™ 4 Mgl + h70fH (16)
=0 =0

The Neumann condition gives us: U§+1 = u’f“ - hg(])”'1
we have From the equation(15) :

i+1 i

k1 _ k+1 k+1
dowii =Y wiu +wiug
§=0 §=0

Substitute uf ! from the Neumann condition:

i1 i

k1l k1 _ k1l g ktl
E :Wj“i—j+1 = E :wjui—j-i-l + wit1(uy hgy ™)
i=0

=0
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Substitute into equation :

i k—1
k1 k41 s _ k41 k+1y | k=g 04 718 k+1
Au; T —a; E wiu; "y Fwipr(ug ' —hge ) | ==A E oju; ? + Mdiu; + hP¢;

Expand the bracket:

i k—1
k41l _ k1 k+1 k+1 k41 | k+1 k1 _ k—j 0 kt1
Au; T —a; E wiug g — e T wiuy ey wiphgy T = —A E oju; 7+ Adyug + h6¢>i
J=0 J=0
Thus :
i k—1
k+1 __k+l k+1 k+1 k+1 _ k—j 0 k+1 _ k+l k+1
AT —ay g Wity =AWy = —A E ojuy )+ Mgl + Bt —af T w gk
J=0 Jj=0
We get :
i k—1
k1l k+l k1 k1| _ k—j 0 k1l kt1 k41
Aul T —ag E Wiy Wiy =-A E ojuf ™+ Adpud + hPRET — af T, hgh (17)
=0 =0

k+1,

In the sum Z;':o wjufj}H, separate the term j = 1 which gives wyu; ™ :

i i
S N | k41
E :wjui—j—f-l =wily + E :wjui—j-i-l

j=0 j=0
J#1
Substitute into equation (17)):
i k—1
k41 k1 k41 k+1 k41 k—j 0 k+1 _  ktl k+1
AT —af T wpul T+ ijuijjﬂ +wipuf T | = —)\Zajui T Adpud + hP T — al e, hgh T
=0 §=0
J#1
k41

Group the terms with u , then we get :

i

i k—1
k1, k+1 _ k+1 k+1 k+1 | _ k—j 0 k+l _ _k+l k+1
AT —a g Wity + wip1Uy =-A E ojuy ™+ Adgud + R — af e,  hgl
=0 =0

J#1

(18)
Where Af“ =\— af“wl

This equation is valid for i =1,2,..., N — 2.
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Fori=N —1:
N-1 k—1
k+1 , k+1 k+1 k+1 E+1 | _ k—j 0 B ik+1 k+1 k+1
AN U, —ayy E wjun"; +wNuy =-A g Ojun_ + Mduy_ +hP N, — ay_wnhg
=0 =0
#1
We have :

N-1 N-1
Lk+l k+1 k1

E WitN_; = Wolly + E Wit _;

j=0 Jj=2

J#1

knowing that wg = 1 , by Substitute we get :

N-1 k-1
Alzcvtllulf\ill - a?vtll “’0“?\7+1 + Z Wjulzcvtlj + wN“]fH ==A Z Ujuljfvijl + )‘dku(])\ffl + hﬁ(lyf\iﬁ - a]zc\ltll‘*’Nhgngrl
Jj=2 Jj=0
(19)
more clearly :
N-1 k—1
Alzcv+—11UIJ€\7ﬂl - a?\?_—ll‘”O“?\fH - a?\j——ll Wj“];;r—lj - alfv+—11WNulf+1 =-A Z Uj“?\il + Mdguly_; + hﬁﬁbljf\/ﬂ1 - CLIICV+—11WNh9§+1
j=2 3=0

From the integral condition and the trapezoidal rule:

1
/ u(zx, t)dx = h
0 2

Substitute the Neumann condition uf ™ = u¥*! — hgh™!:

N—1
k+1 k+1 k+1| _  k+1
Ug +2§ u; "+ uy 1—91
i=1

N—-1

h . ,

3 l(uf“ ~hgp T+ 2y w4 “ﬁfv“] =g
i=1

|

N-1
[U’fﬂ _ hgé:—i—l + 2U1f+1 +9 Z ui_H—l T uécv+1‘| —_ glf+1
=2

N>

N-1
l3u1f+1 +2 3wt - hgl()c-&-l] — g
=2

Thus :
N-1

2
3uftt +2 Z uf Tl — hghtt = Eglfﬂ
i=2
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k+1.
Isolate uy' :
N-1
k41 _ k+1 ke+1 k+1 k+1
uktt = -3 2y ul + 301"+ hag (20)
i=2
Substitute into equation (19) :
k+1  k+1 k+1 b Bl 4 2 okt k+1 k+1 ~N-1 k+1 k+1 k+1 _
ANlNl_aN 1”0( _2212“ + 591 + hygg )_ N_12uj=2 WilNy_; —aN_jWNU ~ =
k+1 k+1 k+1 .
—)\Zj 0 O'JUN I Mgy + RPN — alT wnhggt then
N—1 9
k1 k1 k+1 k+1 k+1 k+1 k+1 KL | gkt
ANT unTy + 3ayT wouy "'2‘1N71WOZ“1‘ —an_1Wo <h91 + hgo )
k—1
k+1 k+1 k+1 k+1 k+1 k+1 k+1
—an_; Z WiUNT; — AN WNUy = —)\ZO'J’U,N 1 + My —i—thS —an_wnhgy
7=0
Therefore
N—2
k+1 k+1 k L L | (gk+1 k+1 k+1
aN+1(3wowa) + +ay +1 (2wo — wn—i)u; 1A +_1+2aN+ 1w0)uN+1
1=2
1 ) (21)
k+1 k+1 k+1 k+1 k+1 k+1
=AY ojuny + Ay + PO — aiTonhgt T+ o wo <h91 +hgy" >
7=0

Matrix System for k£ > 1 (General Case)

For each interior point ¢ =1,...,

k—1
k+1

1 J+1

k+1
—a;

k+1

Ak+1 k+1 uk

Wi+1

k+1
ij

J#l

=0

— 1, we have equation .

Define the vectors:

For point : = N

k41 _ ¢ k41 k41
UPT™ = (uyus ..
0 0,0 0
U :(u17u2a"'auN—
k41 _ ( gk+1 k41
N - ((bl » V2 yrrt
Define the boundary conditions vector Wk+1:
k41 _ k+1 k41 k41 ket k41 k
Wht = (—al wahgy™ T, —as " wshgg —an_swn—1hg

N — 2, we have equation :

k+1
N—-1

)T

k+1
N-1

+1

—an_1

)T

)T

k41

wnhg,

k+1

k+1

an—_1%0

—)\Zajuf_j + Al + R g, hgh

T
(}21 k+1+hgk+1))
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Define the matrix P**! with elements:

AR gh iy, ifi=1,7=1
—aht! ifi=1,j=2
AL if2<i<N-2j=i
—akt! if2<i<N—-2j=i+1
w1 ) —ai T wi f2<i<N-2j=1
Pig = —af e i f2<i<N-22<j<i-—1
ahtl (Bwo —wy)  ifi=N-1,j7=1
ahi (2wo —wn_j) ifi=N—-1,2<j<N-2
Ak 2aktt e ifi=N-1,j=N-1
0 otherwise
The final matrix system:
k—1
PRI = XN "0, U 4 MU + hP M 4 (22)
=0

2.4 Solution of a Matrix System

Let p be an eigenvalue of P* and V = (21,...,onx_1)7
Choose an index 7 such that |z;| = maxi<j<n_1 |2j].
From the i-th equation of P*V = pV, we have (p — pi;)z; = Zﬁéi pijx;. Taking absolute values and using
|z;| < |z;|, we obtain

a corresponding eigenvector.

lp — pii| < Z pij| = Ri. (23)
i
This is precisely the statement of the Gershgorin circle theorem. We now apply it to our matrix P¥.

Elements of the matrix P*

For the first row (i = 1):

prii =AY —dfwy, pro=—df, pi;=0(>3)

For interior rows (2 <i < N —2):

k
Dii = A;
k
Piji+1 = —a;
_ k
Di1 = —Q; Wi41
k . .
Dii—j41 = —a;w; for j=2,3,...,i—1

For the last row (i = N —1):

pn-11 = ak_1(3wo — wn)
PN—-1,j = a1 (2wy — wn—j;) forj=23.. ,N-2

k k
pPN-1,N—1 = AN_1 + 2ay_wo
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where:

o AF =\ —akfw; = X\ + alB (since w; = —p)

e A>0,af>0

BB -1)

0
5 >

o wy=1w =—-0F,w =

Case: i=1

pa =AY —afwy = A+ al B — afw,, P12 = —a}, p1,; =0 (j>3).

Ry = |p12| = df.
The condition 0 ¢ D is p11 > Ry, ie.,

AMafp—abwy >af = A>df(1+w - ). (24)

Since 1 < 8 < 2 and we > 0, we have 1 + ws — 8 < 0. The right-hand side is therefore negative, so the
inequality holds automatically for any A > 0. Hence 0 ¢ Dj.

Case: 2<i<N-2
pii = Af = A +ajB.
The off-diagonal entries are:
Piit1 = —af, pi1=—dfwi1, piioj=—afw; (j=2,...,0-1).
Thus,
i—1 i
Ri:af 1+wi+1+2wj :af 1+ij
j=2

=2

The condition 0 ¢ D, is p; ; > R;, i.e.,

k k
A+aifp > a; 1—|—ij ,
j=2

Recall that Zjiz wj = B — 1. Since Zé‘:g wj < —1 (all w; are positive), we have

14> wj—B<1+(B-1)-B=0. (25)

Jj=2

The right-hand side is non-positive, so the inequality holds automatically for any A > 0. Hence 0 ¢ D, for
all interior rows.
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Case: i=N—1
PN—1,N—1 = A+ ak_1(B+2).

N-2
Ry-1 = a?\r—l(?’ —wn) + a?\f—1 Z (2- UJN—j)-
j=2

The condition 0 ¢ Dy_1 is pnv—1,v—1 > Rn_1, L.,

N—-2
)\+a/N 1(5"_2 >aN1 3 (JJN +Z 2—UJNJ s
Jj=2

N-2
A>af_ [ B-wn)+ D> 2-wnv;)—(B+2) ] (26)
j=2

We estimate the term in parentheses:

N-2
(3 wN —|—Z2 WN— ])—3 OJN+2 ZWN je
Jj=2
N—2
=2N-3-wn— ) Wnm.
m=2
Since w,, > 0, we have Z wm > 0, hence
N—2
B-wn)+ D> (2—wyj) 2N —3—wy <2N —3.
j=2
Thus,
N-2
B-wn)+ Y 2-wn ;) —(B+2) <2N-5-4. (27)
j=2
Consequently, a sufficient condition for to hold is
A > ama - (2N =5 B) | (28)
where amax = max; j a’”‘l
Recall that .
A= uy ThT n .
2 -a)

The condition A > amax(2N — 5 — ) can be satisfied by choosing h; sufficiently small (since A o h; @ with
a > 0). Such a choice is always possible and does not harm the study.

Conclusion

Under the condition that At is sufficiently small, all Gershgorin discs of the matrix P¥ do not contain the
origin 0. Therefore, 0 is not an eigenvalue of P* and the matrix is invertible.

P* is invertible for At sufficiently small.
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2.5 Consistency Analysis
Let u(x,t) be the exact solution of the original fractional differential equation:

a .’L‘ x, E ,3 l‘, $7 5 :L'7 5 5
Whereo<a<1and1<ﬁ<2.

We define the local truncation error at the point (z;,tx+1) as the difference between the numerical
scheme and the exact solution substituted into this scheme :

k i+1
=Y (@i tej1) — u(wi tej)) dy — af T hTP Y " wiulwi i, ter) — o (29)
j=0 7=0

where: u(z;,t) represents the exact solution at the point (x;,ty)

Error Estimate of the L1 Method : Let 2 57+ be the Caputo derivative of order o (0 < a < 1).
Then the L1 approximation gives the following relation :

0%u

k
S (@i thear) = ) (ulwis thjin) = u(wi, thy))dj + & (30)
7=0

where €; represents the approximation error and is estimated by:

|€t| < Cihy

with C; a constant independent of h;.
proof

The truncation error €; is defined as the difference between the exact derivative and its approximation:

9°u ul
k J+1 *j .
€= o (@i, thy1) N;:O )d;j.

We now express the exact derivative in a form similar to the approximation :

0%u t”l(’?umz
x4, t Tty — 1)~
G i) = Fr e Z/t P 1y — )

Applying the mean value theorem for integrals to each subinterval, there exists &; € (¢;,¢;+1) such that:

tjt+1 ) L tjt+1
/ ou(x;, 7) (b — 1) dr — Ou(w;, &) / (thot —7)"dr.
¢ or or ¢

J i
This is valid because the function (tx41 — 7)~% does not change sign on the interval (it is positive).

Subtracting the approximation from the exact derivative gives :

k

B 1 Z ou(x;, &) B u{“ — uf
CT(1—-a) = or hy

Et

tj+1
/ (tgy1 — 1)~ dr.
t

J
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To estimate the difference between the derivatives, we use Taylor expansions.
First, expanding u; 1 around t;:

8u($i, tj) hé 82“(37% nj)
ot 2 o2 7’

- 4
wlm™ =ul +
where n; € (¢j,t;j41). From this, we obtain:

ug+1 - ug Ou(w;,tj) E82U(931777j)

hy ot 2 ot?

du(z 1,53)

Similarly, expanding around t; yields:

u(w;, &)  Ou(wi,t)) ¢
5 7. — 5 L2+ (&5 —t5)

82u(xi, CJ)
otz

with {; € (¢;,¢;). Taking the absolute difference and using the triangle inequality, we get:

82
ot

ou(z;, &) T — ol

ot ht

hy
< .
- (|§J ]l * 2 ) [t?’lt?ﬂ

% (z4,7) ‘ Then:

Since fj S (tj,tj+1), we have |§] — tj| < hy. Let My = MaX0<r<tjq

ou(z;, &) u{“ — !
ot hy

3h
—tMg

The integral in each subinterval can be bounded as:

e’

KA hy 1 1
[ = e = P [ L=y = ()],
t «

J

Substituting these estimates into the expression for e; gives:

k h hl a
o S g 3 g g L (9.

Simplifying the constants:

3M. ,ak Nl—« -«
e < S ma e ;O[wl—y) — (k=)'

The sum is telescoping:

k
Stk+1=) = (k=5 =E+1) 0" = (k+1)'~
7=0

since 1 — a > 0 implies 0!~ = 0.
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Therefore:

o] < 3Mo
21 —a)(1 — @)

hy “(k+ 1)1

Using the relation ¢4 = (k + 1)hy, we have (k+ 1)17@ = t,lcjr?hf‘fl. Substituting:

3M,

o] < 3M,
I'(1 — a)(1 — «)

2I(1 — a)(1 — «)

h?*& . tlfah;xfl _

11—«
k+1 tk+1 h.

Finally, if T is the final time, then ¢;4; <7T and we obtain the desired estimate:
led| < Cihy,
where

3MyT e

Ce = M1-—a)l-—a)

This completes the proof that the truncation error of the L1 approximation is of first order in time.
Error Estimate of the Shifted Griinwald-Letnikov Approximation

Let % be the Riemann-Liouville derivative of order 8 (1 < f < 2). The shifted Griinwald-Letnikov

approximation is defined as
Dyu(z) =h™" Y wPu(z - (j - 1)h), (31)
§=0

where the Griinwald-Letnikov coefficients are given by (see

WP (1) B _ L' —58) C_
; (-1) (j) TBITG 1) j=0,1,2,... (32)

These coeflicients satisfy the generating function (see
M wPd = (128 Jof<L. (33)

Jj=0

Theorem. For a sufficiently smooth function u that decays at infinity (or is extended by zero outside [0, 1]),
the shifted Griinwald-Letnikov approximation satisfies

Dju(z) = reDiul@) + e, (34)
with the truncation error estimate

lex| < Cyh, (35)

where C}, is a constant independent of h.

Proof (following [11]).
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Fourier transform. We extend u by zero outside the interval [0,1] so that its Fourier transform is well-

defined on R. Let @(¢) = [*_u(z)e™**dx be the Fourier transform of w.
Using the shift property F{u(x —a)}(&) = e~%4(¢), we obtain

Flu(z — (j — D) }HE) = e U Dhy(g).

Taking the Fourier transform of and using the linearity of the Fourier transform, we get

Dyu(€) = 7> wie €0 Dhi(g),
j=0

Since 4(€) does not depend on the summation index j, it can be factored out:

D}?u({) — B ije—if(j—l)h a(e).
§=0
We separate the factor e from the sum:

oo o0

3 wjemi€G-Dk — cith o—ikih
w]e =€ wje .

=0 =0

Now, using the generating function (33| with z = e~¢” we obtain

o0
ijefigjh =(1- e*igh)ﬁ.
j=0

Therefore, the Fourier transform of the shifted GL approximation is

Diu(€) = h=Peh (1 — c=i€h)34¢).

(36)

Fourier transform of the exact derivative. The Fourier transform of the Riemann-Liouville derivative

is (see [16])

o —

reDZu(€) = (i) a(€).

Expansion of 1 — e %" for small h. We expand the exponential function e~%"
h=0:

) h)? h)3
Thus,

(n? (eh)’

1—e M =i¢h
e 1€h + 5 5

+ O(hY).

(37)

in Taylor series around
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Factor i&h:

1—e” th[lzthrO( )]

Raising to the power .

B
(1 —e M8 = (ich)? {1 - 5— + O(hQ)} .

Using the generalized binomial expansion (1 + X)B =14+ 8X + WXQ + -+, valid for small X, with
X = —% + O(h?), we get

8 ,
{1—25h+0( )} =1—@+0(h2)-
2 2
Therefore,
(1 — e %M)F = (igh)? (1 - @ + O(hQ)) : (38)

Substituting into the Fourier transform. Substitute into :

D) = 2 ign? (1~ 25+ 00 ) ate).
Simplify h=8(ith)? = (i€)P:
Dhu(©) = (i (1- 25+ 00)) e (39)

Expanding e*¢". Expand e*" in Taylor series:
th =1 4+ich 4+ O(h?).
Substitute this into :
5 , . Bi&h .
Dh(©) = (19 1+ igh + 002) (1= 5%+ 002) ) ate).
Multiply the two parentheses, keeping terms up to O(h):

+O(h*) =1 +ith (1 - g) + O(h?).

(1 +i¢h) (1— ﬁig’) :1+¢gh—@

Thus,

D) = ie)* (1+ien (1- ) + o) ace) (40)
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Computing the difference between the symbols. The Fourier transform of the exact Riemann-Liouville
derivative is given by . Subtracting from , we obtain

D)~ reDEu(©) = (i° igh (1- 5 ) () + O02).
Hence,
D) - ruDiue) =n (1= 5 ) G a(e) + 012, (a1)

Returning to the spatial domain. Apply the inverse Fourier transform to (41]). Since the inverse Fourier
transform is a linear and continuous operator on L?(R), we obtain

D,fu(a:) — reDPu(z) = h (1 - g) R D u(z) + O(h?). (42)

Estimate of the truncation error ¢,. From , taking absolute values and using the boundedness of
the operator rr, D*lu, we get

Plo(e) ~nuD2ue <1 5. D2l +
For sufficiently small h (e.g., 0 < h < 1), we have h? < h. Therefore,

les| < h ‘1 — ’g‘ N R D oo + Coh2 < h <‘1 - g‘ N e D o + CQ> )

Define the constant

B
N rL DS )| oo + Ca,

x — 1——
-4

which is independent of h. Consequently,

lex] < Cph.

This completes the proof.
Summary :

The shifted Griinwald—Letnikov approximation achieves first-order accuracy O(h) for the Riemann-Liouville
fractional derivative of order 8 € (1,2). This result justifies the statement that e, is estimated by |e,| < Cyh.

We now substitute the exact solution u into the numerical scheme. Using (30) and , we express the
numerical approximations in terms of the exact derivatives:

0%u dPu
TfH = (%(xiatk-&-l) - €t> - af“ (w(l“i’tkﬂ) - Ex) - ﬂ’f“-
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Rearranging the terms gives:

0%u APu
T = (ata(xiatk+l) - a?“@(zi, tht1) — 1/’5“) —e+af e,

The exact solution u satisfies the original differential equation, therefore the expression in parentheses van-
ishes:

0%u 9By
a?(xzytml) - afﬂa?(ﬂﬂi,tkﬂ) — wfﬂ =0.

Thus we are left with:

= ¢, 4 aftle, (43)

From the estimates in and we have:

let] < Cihy, le| < Cyh.

Since the function a(x,t) is continuous on the closed domain [0, L] x [0, T}, it is bounded. Let

A= max la(a,t)].
(z,t)€[0,L]x[0,T7]

Applying the triangle inequality to yields:

|Tik+1| é ‘€t| + A|€z| S Ctht + ACzh

Setting C' = max(Cy, AC;), we obtain the final estimate:

|TF ) < O (hy + h) (44)
where the constant C' is independent of h;, h, and the indices i, k. From we conclude that

lim 77t =0,
ht,h—0

which means that the numerical scheme is consistent with the original fractional differential equation.

Moreover, the truncation error is of first order in both time and space:

F = O(hy) + O(h).

2.6 Stability Analysis

Let v¥ be the numerical solution obtained from the scheme with exact initial data.

Let 9% be the numerical solution obtained from the same scheme but with a perturbed initial condition:

<0 _ .0, 0
vy =v; + &,

0

where ¢; is a small perturbation.
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We define the perturbation error at point (x;,tx) as:

The infinity norm of the perturbation error is defined as:

I1E*||loo = | max le¥|, where EF = (eF,eh, ... ek )T,

For the first time step k = 0, the scheme applied to the unperturbed solution v gives:

i
1,1 1 1 1 1_y,0
Ajv; —a; § Wil 41 — G;Wip1V) = AUg,
Jj=0
J#1

where A} = X\ — alw;.
The same scheme applied to the perturbed solution v gives:

i
1~1_ 1 ~1 1 ~1 _ y+0
A0 —a; E Wi 11 — G;Wit10] = AD; .

Y T
j=0
J#1

Subtracting the first equation from the second, we obtain the error equation for the first time step:

i
Alel—al Y wpel - alunel = Al (45)
j=0
J#1
. . 1 _ 1 . . .
Substituting A; = A — a;w; into equation .

%

1 1 1 1 1 1_ 1.0
(A —a;wr)e; — a; E Wjei_jp1 — QWit1e] = Ae;
=0
J#1
i
1 1 1 1 1 0
Ae; —a; | wie; + g Wi€i_jy1 T wit1ey | = Ae;
Jj=0
J#1
i
1 1 1 1] _ 0
Ae; —a; g wj€;_ji1 twit1e] | = Ae; (46)
j=0

Equation is the fundamental error equation for the stability analysis. It describes how the initial
perturbation e? propagates to the first time step.

Taking the absolute value of both sides:

7
11 1 1 0
Aej — a; E wje;_j1 T witrer | | = Ale;]
J=0
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Using the reverse triangle inequality:

i
Meil —aj | Y lwjllejpal + lwizalle] | < Alef] (47)
§=0

We choose i such that |e}| = [|[E'[|o. Since |e} ;.| < [[E'||c and |ef| < [[E'||w, we obtain from :

ME oo = af [ D lwslIE oo + lwiral 1B loo | < ME® oo
§=0

A=af | D lwil + izl | | I1E oo < ME | (48)
j=0

From the properties of Griinwald coefficients, we have: (see

7
ij 4+ wit1 <0 for all ¢
§=0
For 1 < 8 < 2, the Griinwald coefficients satisfy |w;| > |wj41| for j > 1, and the series > 72 |w;| converges .

Hence :

i
> lwil + |wiral < €
3=0
where C' is a constant. However, for stability, we need the coefficient A fa%(Z;ZO lw;|+|wit1]) to be positive.

We assume that A is sufficiently large such that :

A>al Z lwj| + |wit1] for all ¢ (49)
j=0

Recall that from the numerical scheme, A is defined as :

1

A = uh?, =
H = T2 —a) (h)e

Substituting this into condition gives :

h? :
- > a% Wil + |w; for all 7.
T@—a) ()" Z:j\ |+ il

i

Using the estimate Z lwj| + |wi+1| < 28 and taking the maximum over ¢ of |a}|, we obtain :
7=0

hB

> . = :!",
I A28, A mlax|al|
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Solving for h; :

hy)® i
(he)* < 28AT(2 - a)
Hence, we must have :
(h < Comr 177°] Cyp= (o v
t = stab ) stab — 2,8AF(2 — Oé) .
From and under condition 7 we have :
A=af | Y lwil +lwiral | | IE oo < AIE® |l
§=0

Since the coefficient is positive, we can divide by it :

A
A —ab (oo lwil + wira])

1B |0 < (P2

If X is sufficiently large, the denominator approaches A, thus :

1B oo < KElo

where K is a constant close to 1. In the limiting case where A is sufficiently large, we obtain:

1B oo < 1Bl (50)
From we conclude that:
le'] < |e°]
where |e¥| = || E¥||«. This means that the error does not grow when moving from time step t = 0 to t*.

Therefore, the method is conditionally stable provided that condition holds .

Lemma 1

For k£ > 1 the scheme is stable and we have

leFt < Cle®|, € >0, forall k > 1

Proof. We use mathematical induction.

Assume that |e/] < ¢;]€°| for j = 1,2, ...,k where ¢; > 0.
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From the equation for the error, we have:

i k—1
k1 k+1 _ kt1 kt1 k1 | k—j 0
AT el —a; E wje; iy +wit1e] =-A E oje; ) + Mdye; (51)
Jj=0 Jj=0

J#1
k1 _ k+1 _
where A7 =X —a; " wy and 05 = dj41 — dj.
Let i be such that [ef 1] = [+ = max;<men_1 €5

From equation , we take absolute values and use the triangle inequality:

; k-1
AP —af T | Y wiel i wine ™ || = [SAY ] 0gel T 4 Adie]
§=0 3=0
J#1
Using the reverse triangle inequality on the left side:
i k—1
k k k k k k=
AF =l | Y wgllel il + lwiellef ] | <A folle ™| 4+ Adiel
=0 =0
i#1
Since |efT1 | < [eF 1], [efT!| < |eFF1|, and |ef 7| < |e" 7], we obtain:
; k-1
AP = af LS ol 4wt | 15 < 0D o147+ Adife”
=0 g=0
j#1
; k—1
AF =S g el | | 1€ < A fogl1e4 ] 4 Adile”| (52)
=0 J=0

#1

From the induction hypothesis, [e*~7| < ¢j_;|e°| for j = 0,1, ...,k — 1. Substituting into :

i k—1
AP =TS gl w1 SA D Joglen—g +di | 1€°]
=0 =0
i#1
Let Mk = mMaxXo<j<k—1Ck—j- Then:
1 k—1
AR —af T | fwia| | TSN MY Joyl +di | [€°] (53)
=0 =0
i#1

Recall the signs of Griinwald coefficients for 1 < 8 < 2: (see and

e wy=1>0
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e w =—0<0

e w; >0forallj>2

Therefore:

i 7 %
Z |w;| + [wit1] = wo + ij +wip1 =1+ ij + Wit1
j=0 j=2 j=2
7#1

From the properties of Griinwald coefficients, we have E;’; wj = B — 1. Hence:

ij Fwir1 < -1

=2

Thus: _
S lwsl+lwi| <14+ (B-1) =5
=0
1

Consequently:

i

AFHY — gt Z jwil + lwira| | 2 A+ ait B — a5 = A

j=0
i#1
Therefore, from :
i k—1
AP < [AF —af T | 4 Jwiga | | | 1M <A [ MY oyl + di | 1€
=0 =0
i#1
Dividing both sides by A > 0:
k—1
e < | MY logl + di | [€°] (54)
§=0

Recall that 05 = djy1 — dj and dj = (] + 1)17& —jlia with do =1.
Since d; is positive and decreasing, we have d; 1 —d; <0, so |oj| = d; — dj;1.

Thus:

S
Ju

k—1
loj| = Z(dj —djq1) =do—dp =1—dy
=0

<.
I
o

Also, di, < dy=1,s01—d > 0.
Substituting into :

"t < (M (1 — di) + di) [€°] = (My, + di (1 — My)) |€°)
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Since 0 < dj, < 1, we have:

\ek+1| < max(Mpg, 1)|eo\

Let C' = maxi<;<k Cj- Then Mk = Maxo<j<k—1Ck—j < C.

Therefore:

FH1 < (O 1)) or simply |eF1] < G

where C is a constant independent of k.

By mathematical induction, we have shown that for all £ > 1:

e < Cle), >0

This proves that the method is stable. Since the constant C' may depend on the choice of At and Az, the
method is conditionally stable.

2.7 convergence Analysis

Lemma 2 : The Caputo fractional derivative of order o (0 < v < 1) using the L1 method satisfies:

0%u 0%u
ma‘(aw)h+0m”

ru_ (0
ot~ \ate ),

Lemma 3 : The Riemann-Liouville fractional derivative of order § (1 < 8 < 2) using the Griinwald-Letnikov
method satisfies:

< Cihy

a[gu i+1

928 WPy wiuil, 4+ 0(h)
j=0

86u s i+1 .

w —h ijui*j+1 S th
=0

Proposition 2

The numerical scheme @ is convergent and satisfies

IE* oo < C|E||oe + O(hy + h)

The Proof

Let uf“ be the exact solution of problem at point (z;,tg+1). Let vf“ be the numerical solution obtained
from scheme .
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We define the error:

el = bl
We define the error vector:
FRHL (e’f“,egﬂ,. l]cV+11)
We define the infinity norm:
T

The numerical solution vf“ satisfies equation :

k i+1
k—j+1 _ k—j k1 — k k
“Z(”i oy )dy = ai T ﬂzwj“ijjl+1+¢i+l (55)
j=0 j

Since vf“ = uf“ - ef“, we substitute into :

k i+1
k—j+1 _ k—j+1 k—j _ k—j okl k+1 St k+1
MZ [(uz e ) (T e J)} dj = a; P ij(ui—j+1 eitjy1) T &

Jj=0

We separate the terms containing « from the terms containing e:

k k i1 i1
k—j+1_ k—jy 7 k—j+1  k—jy\ g _  k+ly—B k+1 k415 —8 k41 k1
NZ Uy )dy*ﬂZ(ei —e; ')dj=a;""h ZWJ u; " —a; h wjie; i +d; T (56)

=0 j =0 j

From Lemma 2, we have:

k
—; 0%u
uf I i )dy = t < Cih
M; u; )d; G o (@ister1) — e, fed] < Cihy

From Lemma 3, we have:
it+1

_ dPu
a§+1h ﬁzwjufjjl—i-l af—Ha 5(x77tk+1) €z |€T| < Czh

And the exact solution wu satisfies the original equation:

3au k+13

k
%(Zﬁutkﬂ) =a; o B($zatk+1)+¢i+l

We substitute these relations into :

0%u " il kg 107 kt+1;—8 & k41 k+1
—J —J _ —
<8t°‘ a Et) N —e ) = (ai oxh Ew) —afThTP Y Jwieit]y + o

8 o
We use the original equation %ti‘ = af“% + Qﬁf“ to simplify:

i+1

k
k—j+1 _ k—jy g _ k+1p - k+1
—Et T H § (€3 —¢ 7)dj=—ex—a; " h WiCi—j+1
: =
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k i+1
k—j+l _ k—jy g _ k41— k+1
1 E (e; — e Ndj = a1 P g wie; ity T Ex — &
=0 i=0

where |e;| < Cihy and |e,| < Cph.
We multiply both sides by h” and define \ = uh®:

k i1

=i+l k—jyg _ k+l k1 8
A E (e; —e; ')dj =a; E :Wjei—j+1 + h7(ex — &)
=0 =

Separating the term j = 0 from the time sum
i+1
k— ki
A+ )+ Az P = oY ek 4 e
From the identity established previously, we have:

k k—1
k—j+1 _ k—j\g. _ gk 0 k—j
E (e; —e; ')d; =dief —die; + § 05€;
=1 =1

where 05 = dj+1 — dj.

Substituting:
k—1 ‘ i+1
Pt Ndyelf — Adge? + ) Z ojel ™ — Neb — gf 1 ijefjjIH = hP(er — &)
j=1 j=0
k—1 _ i1
AT 4 \(dy — 1)el — Adped + A Zajeffj —altt ij i”]l_H = hP (e, —&4)
j=1 =
We define 0g = dq — 1:
i+1 k—1
i
Aeftl — ghtt ij eti = ojer | F Mdped + 1P (e, — &) (57)
7=0
From the Neumann condition, we have elgﬂ = e]fﬂ (since the boundary condition is exactly satisfied, and

the error in the boundary condition is neglected here). We substitute into the spatial sum:

i+1 i
k41 k41 k41
ZWJ Cijt+1 = ijei—jﬂ T witi€y
— =
Substituting into ((57)):
i k-1
k+1 _  k+l k+1 k+1 | _ k—j 0
Ae; T —a; g wje; iy T wit1e] =-A\ E oje; 7+ Adied + hP(er — &)

j=0 =0
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We note that Z;.:O wjeffjlﬂ = wlefﬂ + > 5=0 wjeffjlﬂ. Substituting:
J#1

i k—1
k+1 k41, k1 k1 k+1 k+1 | _ k—j 04 18
e, —a; T wie] T —a; E wje; i1 twit1e] =-A E oje; )+ Adre; + hP (e — &)
j#1
e define A7 =X\ —a; " w:
We define AF =\ — !
i k—1
k1 k41 k+1 k+1 k+1 | _ k—j 0
APTel T — al E wje; iy +wit1e] =\ E oje; 7 + Mdpej + hﬁ(sx — &) (58)

J#1

From Lemma 1 (the stability result proved earlier), the homogeneous part of equation (without the
term hP (e, — &;)) satisfies:

IE* oo < ClIE|oc-

Applying the same analysis to equation with the additional term h®(e, —&;) and using the superposition
principle, we obtain:

IE** oo < CIE® oo + C'h (o] + leal). (59)

is proportional to A. When isolating&EH”oo using the reverse triangle inequality, we divide by Af“.

In the derivation of the stability estimate, the coefficient
Therefore, the term h?(|e;| + |e.|) in (59) is effectively divided by A:

Wo(ledd + leal) _ AP (ledl + leal) _ leal + leal

A hB 1
Thus, becomes:
IE* oo < ClIE®|loo + C" (lee] + leal)- (60)
From Lemmas 2 and 3, we have:
let| < Cihy, lex] < Cyh.

Substituting into :

|E*H | oo < C||E°||o0 + C"(Cihy + CLh).

Let C' = max(C,C"Cy,C"C,). Then:
IE* oo < C (IE°lloo + hu + D) -

If the initial condition is exact (E° = 0), we obtain:
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| E** Yoo < C(hy + h).

Therefore, the numerical scheme is convergent with first-order accuracy in both time and space :

| EF Yoo = O(he) + O(h)|.
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Applications

3.1 Example 1

We take the problem (1)-(4) with
7
f@)=@+1)%, gt =2(*+1), a) = 3 (2 +1),

2 (z +1)% o2
I'3—a)

I(3-p)zft+!

—z (222 —22(B-2)+ B -38+2), a(zt)= =

¢(z) =

The exact solution in this case is u(z,t) = (z + 1)° (2 +1)
We denote by v(z,t) of approximate solution and by A.E to the absolute error.
For a=0.78=1.7,h; =0;1

For a = 0.7, the blue graph represents the exact solution and the green graph represents the numerical
solution.

1/ Fora=0.7 and h;=0.1:(Figl)

x i V1 Ul exact AE

Comparison of exact and numerical solutions att = tt
T T T T T T T

4 ,
ul(x.) (exact) 0.10 | 1.23069943 | 1.22210000 | 8.60e-03

vl(x,t) (numerical)

0.20 | 1.46478793 | 1.45440000 | 1.04e-02

7 71030 | 1.71867779 | 1.70690000 | 1.18e-02
ngs— 41 0.40 | 1.99182929 | 1.97960000 | 1.22e-02

0.50 | 2.28319976 | 2.27250000 | 1.07e-02

0.60 | 2.59162399 | 2.58560000 | 6.02e-03

15

N=10,h=010.h =1e-01, @ =07, =17 0.70 | 2.91605536 | 2.91890000 | 2.84e-03

1 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

h 0.80 | 3.25566144 | 3.27240000 | 1.67e-02

0.90 | 3.60983628 | 3.64610000 | 3.63e-02
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2/ Foraa=0.7 and h,=0.001:(Fig 2)

x i V1 Ul exact AE

Comparison of exact and numerical solutions at t = t*
T T T T T T T

[ —— 0.10 | 1.21008428 | 1.21000121 | 8.31e-05
o et | 020 | 1.44010809 | 144000144 | 1.07e-04
y

Al / 11 0.30 | 1.69012063 | 1.69000169 | 1.19e-04

; ol || 0.40 | 1.96012905 | 1.96000196 | 1.27e-04

£ / 0.50 | 2.25013581 | 2.25000225 | 1.34e-04
2t rd 1

0.60 | 2.56013703 | 2.56000256 | 1.34e-04

“ i, nedi bt x b7, pebr 11 0.70 | 2.89006809 | 2.89000289 | 6.52¢-05

1 I I I I I I I I I

o o1 02 03 04 05 06 07 08 09 1] (80 | 3.23935289 | 3.24000324 | 6.50e-04

h

0.90 | 3.60426174 | 3.61000361 | 5.74e-03

3/ Fora=0.7 and h,=0.00001 :(Fig 3)

x i V1 Ul exact AE

Comparison of exact and numerical solutions at t = tt
T T T T T T T

[ 0.10 | 1.21000328 | 1.21000000 | 3.28¢-06
o 1] 020 | 144000422 | 144000000 | 4.22¢-06
y

Al / 1| 0.30 | 1.69000470 | 1.69000000 | 4.70¢-06

; 2s) 1] 0.40 | 1.96000502 | 1.96000000 | 5.02e-06

£ / 0.50 | 2.25000528 | 2.25000000 | 5.28¢-06
2r rd b

,/ 0.60 | 2.56000553 | 2.56000000 | 5.53¢-06

B 10,0210, < o5, 07, 5 b7 070 | 2.80000578 | 2.89000000 | 5.78¢-06

1 I I I I I I I I I

o o1 02 03 04 05 06 07 08 09 1] (80 | 3.24000319 | 3.24000000 | 3.19e-06

h

0.90 | 3.60958791 | 3.61000000 | 4.12e-04

The graphs and tables 1, 2, and 3 demonstrate that the numerical solution v(z,t) accurately approximates
the exact solution u(z,t) for all tested time steps. The absolute error A.E, though visually imperceptible due
to the scale, decreases systematically from 1072 to 1076 as h, is refined from 0.1 to 0.00001, confirming the
convergence of the scheme
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3.2 Example 2

We take the problem (1)—(4) with

— B+1
u(w,t) =2 +1), a(z,t) = %

fx)=e  got) = k(> +1), qi(t)= ekk_ 1 (t* +1)

where k is an arbitrary constant (for example k& = 1).

The exact solution in this case (k = 1) is u(x,t) = e*(t*> + 1)

We denote by v of approximate solution and by A.E to the absolute error.
Fora=0.78=1.7,h; =0;1

For @ = 0.7, the blue graph represents the exact solution and the green graph represents the numerical
solution.

1/ Fora=0.7 and h,=0.1:(Fig1l)
Z; V1 Ul exact AE

Comparison of exact and numerical solutions at t = tt
T T T T T T T

4 T
ul(x,t) (exact)
vl(x,t) (numerical)

35F 11 0.20 | 1.23664274 | 1.23361679 | 3.03e-03

0.10 | 1.12083307 | 1.11622263 | 4.61e-03

0.30 | 1.36498844 | 1.36335740 | 1.63e-03

0.40 | 1.50722529 | 1.50674294 | 4.82e-04

25
/ 0.50 | 1.66461408 | 1.66520848 | 5.94e-04
2r 4

" . 0.60 | 1.83846219 | 1.84033999 | 1.88e-03
15[ _— 8

I N TR AR P 0.70 | 2.03021407 | 2.03389023 | 3.68¢-03

1 I I I I I I I I I

0 ot 0z 03 04 05 06 07 08 09 L1 0.80 | 2.24150939 | 2.24779634 | 6.29e-03

h

utx,t) /v

0.90 | 2.47422040 | 2.48419914 | 9.98e-03




Applications

68

2/ Foraa=0.7 and h,=0.001:(Fig 2)

T V1 Ul exact AE
Comparison of exact and numerical solutions at t = t*
4 u‘l(x ) (exa‘ct) ‘ ‘ ‘ ‘ ‘ ‘ 0.10 | 1.10512051 | 1.10517202 | 5.15e-05
vl(x,t) (numerical)
asf 0.20 | 1.22126523 | 1.22140398 | 1.39e-04
sl 0.30 | 1.34963795 | 1.34986016 | 2.22e-04
“f 0.40 | 1.49153006 | 1.49182619 | 2.96e-04
=25
Z e
= 7 0.50 | 1.64836469 | 1.64872292 | 3.58e-04
2F -
//’/ 0.60 | 1.82171105 | 1.82212062 | 4.10e-04
15F _—
I IR 0.70 | 2.01326697 | 2.01375472 | 4.88e-04
1 L L L L L L L L L
° o1 02 03 04 0: 06 o7 08 09 0.80 | 2.22459901 | 2.22554315 | 9.44e-04
0.90 | 2.45553563 | 2.45960557 | 4.07e-03
3/ Fora=0.7 and h,=0.00001 :(Fig 3)
T V1 Ul exact AE
Comparison of exact and numerical solutions at t = tt
4 ‘1( o ‘t) ‘ ‘ ‘ ‘ ‘ ‘ 0.10 | 1.10516885 | 1.10517092 | 2.07e-06
vl(x,t) (numerical)
a5t 0.20 | 1.22139721 | 1.22140276 | 5.55e-06
sl 0.30 | 1.34984993 | 1.34985881 | 8.87e-06
~§25 | 0.40 | 1.49181287 | 1.49182470 | 1.18e-05
< 0.50 | 1.64870696 | 1.64872127 | 1.43¢-05
2F -
//’/ 0.60 | 1.82210255 | 1.82211880 | 1.63e-05
15F _— ”
I RSP 0.70 | 2.01373513 | 2.01375271 | 1.76e-05
1 L L L L L L L L L
° o1 02 03 04 Orf’ 06 07 08 09 0.80 | 2.22552056 | 2.22554093 | 2.04e-05
0.90 | 2.45925978 | 2.45960311 | 3.43e-04

The graphs and tables 1, 2, and 3 demonstrate that the numerical solution v(z,t) accurately approximates
the exact solution u(z,t) for all tested time steps. The absolute error A.E, though visually imperceptible due
to the scale, decreases systematically from 1072 to 1076 as h, is refined from 0.1 to 0.00001, confirming the
convergence of the scheme.
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3.3 Application en 3D
3.3.1 EXAMPLE 1:

In the case @ = 0.7, the graph in blue represents the exact solution and in red represents the numerical
solution.

(a) he = 0.1 et t € [0, 1] (b) hy = 0.001 et ¢ € [0, 1]

(¢) he = 0.00001 et t € [0, 1]

Figure 1: FIGURE 4.1 — Example 1 en 3D

Graphs (a), (b) and (c) demonstrate that the absolute error A.E decreases as the time step h; takes progres-
sively smaller values (h; = 0.1,0.001,0.00001), confirming the convergence of the numerical scheme.
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3.3.2 EXAMPLE 2:

In the case a = 0.7, the graph in blue represents the exact solution and in red represents the numerical
solution.

(a) he = 0.1 et t € [0,1] (b) hy = 0.001 et ¢ € [0, 1]

(c) hy = 0.00001 et ¢ € [0,1]

Figure 2: FIGURE 4.2 — Example 2 en 3D

(a), (b) and (c) demonstrate that the absolute error A.E decreases as the time step h; takes progressively
smaller values (h; = 0.1,0.001,0.00001), confirming the convergence of the numerical scheme.
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3.4 Programme MATLAB

Sources of MATLAB programmes used to illustrate the examples:

For example 1 :

function Ul = exemplel_()
clear; clc; close all;

% Parameters
alpha = 0.7; beta = 1.7; L = 1; N = 10;
h = L/N; ht = 0.00001;

% Exact solution
u_exact = @(x, t) (x+1).°2 .x (t.~2 + 1);

% Initial and boundary conditions
f = @(x) (x+1).°2;

gd = @(t) 2 * (t."2 + 1);

gl = @(t) (7/3) * (t.~2 + 1);

% Equation coefficients
a = 0(x, t) gamma(3-beta) * x. (beta+l) ./ (t.~2 + 1);
phi = @(x, t) 2*(x+1) .72 * t.~(-alpha+2) / gamma(3-alpha)
- x .* (2*x.72 - 2*xx*(beta-2) + beta~2 - 3xbeta + 2);

% Time and space coefficients
mu = ht~(-alpha) / gamma(2-alpha);
lambda = mu * h~beta;

% Compute omega weights
omega = zeros(N+2, 1);
omega (1) = 1;
for j = 1:N+1
omega(j+1) = omega(j) * (1 - (1l+beta)/j);
end

% Spatial discretization
x = linspace(0, L, N+1);
x_int = x(2:end-1);
N_int = N-1;

% Initial condition at interior points
U0 = f(x_int)’;
tl = ht;

% Compute a and phi at first time step
a_vec = zeros(N_int, 1);
Phi = zeros(N_int, 1);
for i = 1:N_int
a_vec(i) = a(x_int (i), t1);
Phi(i) = phi(x_int (i), t1);
end

% Compute W (boundary contribution)
W = zeros(N_int, 1);

g0_val = g0(tl);

gl_val gl(tl);

for i = 1:N_int-1
W(i) = -a_vec(i) * omega(i+2) * h * gO_val;
end
W(N_int) = -a_vec(N_int) * omega(N+1) * h * gO_val
+ a_vec(N_int) * (2/h * gi_val + h * gO_val);

% Build matrix P (linear system)
P = zeros(N_int, N_int);
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A = lambda + a_vec * beta;

if N_int >= 1
P(1,1) = A(1) - a_vec(l) * omega(3);
if N_int >= 2
P(1,2) = -a_vec(1);
end
end

for i = 2:N_int-1
P(i,i) = A(i);

P(i,i+1) = -a_vec(i);
P(i,1) = -a_vec(i) * (omega(i+1) + omega(i+2));
for j = 2:i-1

col =i - j + 1;

if col >= 2

P(i, col) = -a_vec(i) * omega(j+1);

end

end

end

if N_int > 1

i = N_int;
P(i,1) = a_vec(i) * (3 - omega(N+1));
for j = 2:N_int-1
idx = N - j + 1;
P(i, j) = a_vec(i) * (2 - omega(idx));
end
P(i,i) = A(i) + 2 * a_vec(i);

end

% Right-hand side of the linear system
RHS = lambda * U0 + h~beta * Phi + W;

% Solve linear system for Ul
Ul = P \ RHS;

% Compute exact solution and error
Ul_exact = u_exact(x_int, t1)’;

Error = abs(Ul_exact - Ul);

% Print results

fprintf (’\n============================================\n’) ;
fprintf (’Results for N=10\n’);
fprintf ( B ============================================\n 7) 8

fprintf (?i\tx_i\t\tU1\t\tUl_exact\tError\n’);
for i = 1:N_int

fprintf (?%d\t%.2£\t\t%.8£\t%.8f\t%.2e\n’, i, x_int(i), U1(i), Ul_exact (i),
end

fprintf (7 - - oo e - \n’);
fprintf (’max error = 7%.2e\n’, max(Error));
fprintf (’mean error = Y%.2e\n’, mean(Error));

% Plot solutions for comparison (blue exact, green numerical)

figure (’Position’, [100, 100, 900, 600]);

plot(x_int, Ul_exact, ’b-’, ’LineWidth’, 1.5); hold on;

plot(x_int, U1, ’g--’, ’LineWidth’, 1.5);

xlabel(’x’, ’FontSize’, 14, ’FontWeight’, ’bold’);

ylabel (’u~1(x,t) / v~1(x,t)’, ’FontSize’, 14, ’FontWeight’, ’bold’);

title(’Comparison of exact and numerical solutions at t = t~1’, ’FontSize’, 16,
, ’bold?’);
legend ({’u~1(x,t) (exact)’, ’v~1(x,t) (numerical)’}, ’Location’, ’northwest’,

12);

Error(i));

’FontWeight’

>FontSize?,

grid on; set(gca, ’FontSize’, 12, ’GridLineStyle’, ’--’); x1im ([0, 1]1); ylim([1, 41);

text (0.5, 1.2, sprintf(’N = %d, h = %.2f, h_t = %.0e, \\alpha = %.1f, \\beta =
ht, alpha, beta),
’HorizontalAlignment’, ’center’, ’FontSize’, 12, ’FontWeight’, ’bold’);
sgtitle (’Figure 2’, ’FontSize’, 18, ’FontWeight’, ’bold’);

%.1f>, N, h,
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saveas (gcf, ’Figure_2_blue_green.png’);
saveas (gcf, ’Figure_2_blue_green.fig’);

end

For example 2 :

function Ul = exemple2_()
clear; clc; close all;
% Parameters

alpha = 0.7; beta = 1.7; L = 1; N
k = 1;

10; h = L/N; ht = 0.00001;

% Exact solution
u_exact = @(x, t) exp(kx*x) .* (t."2 + 1);

% Initial and boundary conditions

a = @(x, t) gamma(3-beta) * x. (beta+l) ./ (t.~2 + 1);

phi = @(x, t) exp(k*x) .* (2xt.~(2-alpha)/gamma(3-alpha))
- a(x,t) .*x (k~2*xexp(k*x)) .x (t.”2 + 1);

f = @(x) exp(k*x);

gdo = @(t) k * (t.~2 + 1);

gl = @e(t) (exp(k)-1)/k * (t.”2 + 1);

% Time and space coefficients
mu = ht~(-alpha) / gamma(2-alpha);
lambda = mu * h~beta;

% Compute omega weights
omega = zeros (N+2, 1);
omega (1) = 1;
for j = 1:N+1
omega(j+1) = omega(j) * (1 - (1+beta)/j);
end

% Spatial discretization
x = linspace(0, L, N+1);
x_int = x(2:end-1);
N_int = N-1;

% Initial condition at interior points
U0 = f(x_int) ’;
tl = ht;

% Compute a and phi at first time step
a_vec = zeros(N_int, 1);
Phi = zeros(N_int, 1);
for i = 1:N_int
a_vec(i) = a(x_int (i), t1);
Phi(i) = phi(x_int(i), t1);
end

% Compute W (boundary contribution)
W = zeros(N_int, 1);

g0_val = g0(t1);

gl_val = gl(t1);

for i = 1:N_int-1
W(i) = -a_vec(i) * omega(i+2) * h * gO_val;
end
W(N_int) = -a_vec(N_int) * omega(N+1) * h * gO_val
+ a_vec(N_int) * (2/h * gl_val + h * gO_val);

% Build matrix P (linear system)
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o
I

zeros(N_int, N_int);
lambda + a_vec * beta;

=
]

if N_int >= 1
P(1,1) = A(1) - a_vec(l) * omega(3);
if N_int >= 2
P(1,2) = -a_vec(1);
end
end

for i = 2:N_int-1
P(i,i) = A(i);

P(i,i+1) = -a_vec(i);
P(i,1) = -a_vec(i) * (omega(i+1l) + omega(i+2));
for j = 2:i-1

col =i - j + 1;

if col >= 2

P(i, col) = -a_vec(i) * omega(j+1);

end

end

end

if N_int > 1

i = N_int;
P(i,1) = a_vec(i) * (3 - omega(N+1));
for j = 2:N_int-1
idx = N - j + 1;
P(i, j) = a_vec(i) * (2 - omega(idx));
end
P(i,i) = A(i) + 2 * a_vec(i);

end

% Right-hand side of the linear system
RHS = lambda * UO + h~beta * Phi + W;

% Solve linear system for Ul
Ul = P \ RHS;

% Compute exact solution and error
Ul_exact = u_exact(x_int, t1)’;
Error = abs(Ul_exact - Ul);

% Print results in organized format
fprintf (’\n============================================\n’);
fprintf (’Results for N=10\n’);
fprintf (°
fprintf (?i\tx_i\t\tU1\t\tUl_exact\tError\n’);
for i = 1:N_int

fprintf (?%d\t%.2f\t\t%.8£f\t%.8f\t%.2e\n’, i, x_int(i), U1(i), Ul_exact (i)
end

fprintf (7 --mmm e e \n’);
fprintf (’max error = %.2e\n’, max(Error));
fprintf (’mean error = %.2e\n’, mean(Error));

% Plot solutions for comparison (blue exact, green numerical)
figure(’Position’, [100, 100, 900, 600]);

plot(x_int, Ul_exact, ’b-’, ’LineWidth’, 1.5); hold on;

plot(x_int, Ul, ’g--’, ’LineWidth’, 1.5);

xlabel(’h’, ’FontSize’, 14, ’FontWeight’, ’bold’);

ylabel (Pu~1(x,t) / v~1(x,t)’, ’FontSize’, 14, ’FontWeight’, ’bold’);

, Error(i));

title(’Comparison of exact and numerical solutions at t = t~1’, ’FontSize’, 16, ’FontWeight’
, ’bold’);
legend ({’u~1(x,t) (exact)’, ’v~1(x,t) (numerical)’}, ’Location’, ’northwest’, ’FontSize’,

12);

grid on; set(gca, ’FontSize’, 12, ’GridLineStyle’, ’--’); x1lim([0, 1]1); ylim([1, 4]1);

text (0.5, 1.2, sprintf(’N = %d, h = %.2f, h_t = %.0e, \\alpha = %.1f, \\beta
N, h, ht, alpha, beta), ’HorizontalAlignment’, ’center’, ’FontSize’, 12,
bold’);

= %.1f7,

’FontWeight’, ?
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sgtitle(’Figure 2’, ’FontSize’, 18, ’FontWeight’, ’bold’);
saveas (gcf, ’Figure_2_blue_green.png’);

saveas (gcf, ’Figure_2_blue_green.fig?’);

end

For example 1 in 3D

clc;
clear;
close all;

% Define main parameters
alpha = 0.7;
beta = 1.7;

L = 1; % spatial domain length
N = 10; % number of divisions
h = L/N; % spatial step size

ht = 0.00001; % time step size

% Time and space coefficients
mu = ht~(-alpha) / gamma(2-alpha);
lambda = mu * h~beta;

% Compute omega weights
omega = zeros (N+2, 1);
omega (1) = 1;
for j = 1:N+1
omega(j+1) = omega(j) * (1 - (1+beta)/j);
end

% Spatial discretization

x = linspace(0, L, N+1);

x_int = x(2:end-1); % internal points only
N_int = N-1;

% Initial condition
U0 = (x_int + 1).727;
tl = ht;

% Compute coefficients a and Phi at first time step
a_vec = zeros(N_int, 1);
Phi = zeros(N_int, 1);
for i = 1:N_int
a_vec(i) = gamma(3-beta) * x_int (i) ~(beta+l) / (t1°2 + 1);
Phi(i) = 2*(x_int(i)+1)"2 * t1-~(2-alpha) / gamma(3-alpha) -
x_int (i) * (2*x_int(i)~2 - 2*x_int(i)*(beta-2) + beta~2
end

% Boundary contributions

W = zeros(N_int, 1);

g0_val = 2 * (t1°2 + 1);
gl_val = (7/3) * (t1°2 + 1);

for i = 1:N_int-1
W(i) = -a_vec(i) * omega(i+2) * h * gO_val;
end
W(N_int) = -a_vec(N_int) * omega(N+1) * h * gO_val +
a_vec(N_int) * (2/h * gl_val + h *x gO_val);

% Build system matrix P
P = zeros(N_int, N_int);
A = lambda + a_vec * beta;

P(1,1) = A(1) - a_vec(1l) * omega(3);
if N_int >= 2

3*xbeta + 2);
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P(1,2) = -a_vec(1);
end
for i = 2:N_int -1
P(i,i) = A(i);
P(i,i+1) = -a_vec(i);
P(i,1) = -a_vec(i) * (omega(i+l) + omega(i+2));
for j = 2:i-1
col =1 - j + 1;
if col >= 2
P(i, col) = -a_vec(i) * omega(j+1);
end
end
end

if N_int > 1

i = N_int;
P(i,1) = a_vec(i) * (3 - omega(N+1));
for j = 2:N_int-1
idx = N - j + 1;
P(i, j) = a_vec(i) * (2 - omega(idx));
end
P(i,i) = A(i) + 2 * a_vec(i);

end

% Right -hand side vector
RHS lambda * UO + h~beta * Phi

+ W;
h
U1

Solve linear system
P \ RHS;

h

Ul_exact

Exact solution
(x_int + 1).-°2

ko (172 + 1)
% Compute error

Error abs (Ul_exact - Ul);

max_error max (Error) ;

% Plotting section
[X_plot, T_plot] = meshgrid(linspace(0, 1, 11), linspace(0, 1, 9));
Ul_matrix = repmat(Ul, 1, 11); % numerical solution repeated

Vi_matrix repmat (Ul_exact, 1, 9); % exact solution repeated
figure;
mesh (X_plot,
red
hold on;
mesh (X_plot,
blue
hold off;
xlabel (’x?);
ylabel (’t?);
zlabel (Pu(x,t)_/v(x,t)’);
title (’FIG1 pour ht=0.0017);

legend (Pu(x,t)’, ’v(x,t)’);

T_plot, Ul_matrix, ’FaceColor’, ’red’,’FaceAlpha’,0.9);

T_plot, Vi_matrix, ’FaceColor’, ’blue’,’FaceAlpha’,O.Q);

)

legend clarifies red vs blue

%

%

numerical solution in

exact solution in
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For example 2 in 3D

function Ul = exemple2_()
clear; clc; close all;

% Define main parameters
alpha = 0.7; beta = 1.7; L = 1; N = 10; h = L/N; ht = 0.1;
k = 1;

% Exact solution function
u_exact = @(x, t) exp(kx*x) .* (t."2 + 1);

% Coefficient functions

a = @(x, t) gamma(3-beta) * x." (beta+l) ./ (t."2 + 1);

phi = @(x, t) exp(k*x) .* (2*t.~(2-alpha)/gamma(3-alpha))
- a(x,t) .* (k~2*xexp(k*x)) .*x (t."2 + 1);

% Initial and boundary functions

f = @(x) exp(kx*x);

gd = @(t) k *x (t."2 + 1);

gl = @(t) (exp(k)-1)/k * (t.~2 + 1);
% Time-space coefficients

mu = ht~(-alpha) / gamma(2-alpha);
lambda = mu * h~beta;

% Compute omega weights
omega = zeros (N+2, 1);
omega (1) = 1;
for j = 1:N+1
omega(j+1) = omega(j) * (1 - (1+beta)/j);
end

% Spatial discretization

b4 = linspace(0, L, N+1);

x_int = x(2:end-1); % internal points
N_int = N-1;

% Initial condition
U0 = f(x_int) ’;
tl = ht;

% Compute a and Phi at first time step

a_vec = zeros(N_int, 1);
Phi = zeros(N_int, 1);
for i = 1:N_int
a_vec(i) = a(x_int (i), t1);
Phi (i) = phi(x_int (i), t1);
end

% Boundary contributions
W = zeros(N_int, 1);
gO0_val = gO(tl);

gl_val = gl(t1);

for i = 1:N_int-1

W(i) = -a_vec(i) * omega(i+2) * h * gO_val;
end
W(N_int)

-a_vec(N_int) * omega(N+1) * h * gO_val
+ a_vec(N_int) * (2/h * gl_val + h * gO_val);

% Build system matrix P
P = zeros(N_int, N_int);
A = lambda + a_vec * beta;

% Fill first row of matrix

if N_int >= 1
P(1,1) = A(1) - a_vec(l) * omega(3);
if N_int >= 2
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P(1,2) = -a_vec(1);
end
end

% Fill middle rows of matrix
for i = 2:N_int-1

P(i,i) = A(i);
P(i,i+1) = -a_vec(i);
P(i,1) = -a_vec(i) * (omega(i+1l) + omega(i+2));
for j = 2:i-1

col =i - j + 1;

if col >= 2

P(i, col) = -a_vec(i) * omega(j+1);

end

end

end

% Fill last row of matrix
if N_int > 1

i = N_int;
P(i,1) = a_vec(i) * (3 - omega(N+1));
for j = 2:N_int-1
idx = N - j + 1;
P(i, j) = a_vec(i) * (2 - omega(idx));
end
P(i,i) = A(i) + 2 * a_vec(i);

end

% Right -hand side vector
RHS = lambda * U0 + h~beta * Phi + W;

% Solve linear system
Ui = P \ RHS;

% Exact solution at ti1
Ul_exact = u_exact(x_int, t1)7’;

% Plotting section

[X_plot, T_plot] = meshgrid(linspace(0, 1, 11), linspace(0, 1, 9));
Ul_matrix = repmat(U1l, 1, 11); % numerical solution repeated
V1i_matrix = repmat(Ul_exact, 1, 9); 7 exact solution repeated

figure;

mesh (X_plot, T_plot, Ul_matrix, ’FaceColor’, ’red’,’FaceAlpha’,0.9);
red

hold on;

mesh (X_plot, T_plot, V1_matrix, ’FaceColor’, ’blue’,’FaceAlpha’,0.9);
blue

hold off;

xlabel (’x7);

ylabel (’t?);

zlabel (Pu(x,t)_/v(x,t)’);

title (’FIG1 pour ht=0.17);

legend (Pu(x,t)?, ’v(x,t)?); % legend clarifies red vs blue

end

h

)

numerical solution in

exact solution in




79

Conclusion

In this thesis, we have studied a time-space fractional differential equation with Neumann and integral
boundary conditions. The time fractional derivative is considered in the Caputo sense of order o (0 < v < 1),
while the space fractional derivative is considered in the Riemann-Liouville sense of order § (1 < 5 < 2).

For the numerical resolution of this problem, we proposed an implicit finite difference scheme combining;:

e The L1 method for the approximation of the Caputo time derivative,

e The shifted Griinwald-Letnikov method for the approximation of the Riemann-Liouville space deriva-
tive,

e The trapezoidal rule for the treatment of the integral boundary condition.
We carried out a complete numerical analysis of the proposed scheme, including;:

e Consistency: We proved that the local truncation error is of order O(h: + h).

e Stability: We established conditional stability under the condition that A is sufficiently large, which
can be achieved by choosing a sufficiently small time step At.

e Convergence: Using the Lax equivalence theorem and a direct analysis, we proved that the scheme
is convergent with first-order accuracy in time and first-order accuracy in space, i.e.:

IE* oo < ClE®||oe + O(hy + h)

Numerical experiments were performed on two test examples with known exact solutions. The results confirm
the theoretical findings: the numerical solution v approximates the exact solution u with high accuracy, and
the convergence rates are in good agreement with the theoretical predictions.

Perspectives: Possible extensions of this work include:

e Extension to two- and three-dimensional problems,
e Development of higher-order schemes in time,
e Application to real-world problems such as anomalous diffusion in heterogeneous media,

e Implementation of adaptive time-stepping strategies to reduce computational cost.
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