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Abstract

The purpose of this thesis is to study the existence and the uniqueness of fixed point
in some theorems for multi-valued mappings, which satisfy an F -contractions condition of
Hardy-Rogers type with respect to the functional H, in the setting of complete b-metric
spaces. An application, for the solution of integral inclusion, are given to illustrate the
usability of the obtained results.

Such that ”H” represent the Hausdorff metric which is a tool to measure distance
between two sets of a metric space.

Keywords: multi-valued mappings, F -contractions mappings, Fixed point, b-metric
spaces, Hausdorff metric.
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Notation

• N the sets of positive integers.

• R the sets of real numbers.

• X a nonempty set.

• K(X) the set of all nonempty compact subsets of X.

• C(X) the set of all nonempty closed subsets of X.

• C([0, r],R) the space of all continuous real-valued functions on [0, r].

• Fc = {F : (0,∞)→ R, F is nondecreasing continuous function}.

• S1 = {τ : (0,∞)→ (0,∞), lim inft→η+ τ(t) > 0, for all η ≥ 0} .

• Fix(T ) the fixed point set of T.

• SFix(T ) the strict fixed point set of T.
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Introduction
The Banach contraction mappings principle [1] is considered to be one of the most

useful tools in fixed point theory. Since this principle has a lot of applications in differ-
ent branches of mathematics. It has been extended, generalized and improved in many
directions by considering different forms of mappings or various types of spaces. In 1973,
Hardy and Rogers [2] gave a generalization of Reich fixed point theorem. In [3], an inter-
esting generalization of Banach contraction principle is given by introducing the concept
of F -contraction. After that, the notion of F -contraction of Hardy–Rogers is introduced
in [4] as a generalization of F -contraction in complete metric spaces. One of the most
prevalent generalization of the metric spaces was given in the article [5] through the no-
tion of b-metric spaces. Henrikson has shown that if a metric space X is complete, then
the collection of all nonempty closed bounded subsets of X is also complete with respect
to the Hausdorff metric. Barich has proved that if a metric space X is complete, then
the collection of all nonempty compact subsets of X is also complete with respect to the
Hausdorff metric.

Nadler [6] was the first author who combined the notion of contraction with multi-
valued mapping. Thus, the theory of fixed points for multi-valued mappings has been
developed after the famous paper of him, it has an important role in various branches
of pure and applied mathematics because of its many applications, for instance, in real
and complex analysis as well as in optimal control problems. Over the years, this theory
has increased its significance and hence in the literature there are many papers focusing
on the discussion of abstract and practical problems involving multi-valued mappings.
As a matter of fact, one of the most interesting various approaches utilized to develop
this theory is based on methods of fixed point theory, often in view of the constructive
character of fixed point theorems, especially in its metric branch (see, [7]).

Later on, many authors have been used different Hardy-Rogers contractive type con-
ditions and gave their generalizations, extensions and applications ([6, 8, 9, 10, ]).
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CHAPTER

1

PRELIMINARIES

In this chapter, basing on [20], we recall some known definitions and results which will
be used in the sequel. Throughout this paper, X will denote a nonempty set and the
Picard sequence of a self-mapping T : X → X based on an arbitrary x0 ∈ X is given by
xn = Txn−1 = T nx0 for all n ∈ N, where T n denotes the nth-iterates of T.

1



1.1. B-METRIC SPACES Chapter №1

1.1 b-Metric Spaces

In 1989, Bakhtin [5] introduced the concept of b-metric spaces as a generalization of the
metric spaces in the sense that the triangle inequality contains a suitable constant s ≥ 1
(see also Czerwik [11]). Since then, several published papers have dealt with b-metric
spaces and fixed point theory in the setting of b-metric spaces (see [12, 13, 14]). Note that
the topological framework of a b-metric space with the topology induced by its convergence
was studied.

We will first recall the definition of a b-metric space.

Definition 1.1.1 : Let X be a nonempty set and let s ≥ 1 be a given real number. A
mapping σ : X ×X → [0,∞) is said to be a b-metric if, for all x, y, z in X, the following
conditions hold:

(b1) σ(x, y) = 0 if and only if x = y,

(b2) σ(x, y) = σ(y, x),
(b3) σ(x, z) ≤ s[σ(x, y) + σ(y, z)].
The pair (X, σ) is called a b-metric space with constant s ≥ 1.

It is obvious from the above definition that the class of b-metric spaces is larger than that
of metric spaces, since a b-metric space is a metric space when s = 1 but the converse is
not true. The following classical examples illustrate this fact.

Example 1.1 : Let (X, d) be a metric space and let the mapping σd: X ×X → [0,∞) be
defined by

σd(x, y) = (d(x, y))p, for all x, y ∈ X,

where p > 1 is a fixed real number. Then (X, σd) is a b-metric space with s = 2p−1.

In particular, if X = R, d(x, y) = |x− y| is the usual Euclidean metric and

σd(x, y) = (x− y)2, for all x, y ∈ R,

then (R, σd) is a b-metric with s = 2. However, (R, σd) is not a metric space on R since
(b3) does not hold. Indeed,

σd(−2, 2) = 16 > 8 = 4 + 4 = σd(−2, 0) + σd(0, 2).

Example 1.2 : Let X be the set of Lebesgue measurable functions on [0, 1] such that∫ 1

0
|f(x)|2dx <∞.

2



1.1. B-METRIC SPACES Chapter №1

Define D : X ×X → [0,∞) by

D(f, g) =
∫ 1

0
|f(x)− g(x)|2dx,

then D satisfies the following properties

1. D(f, g) = 0 if and only if f = g,

2. D(f, g) = D(g, f), for any f, g ∈ X,

3. D(f, g) ≤ 2(D(f, h) +D(h, g)), for any points f, g, h ∈ X.

Clearly, (X,D) is a b-metric space with s = 2 but is not a metric space. For example,
take f(x) = 0, g(x) = 1 and h(x) = 1

2 , for all x ∈ [0, 1]. Then

D(0, 1) = 1 > 1
2 = 1

4 + 1
4 = D(0, 1

2) +D(1
2 , 1).

We present now the concepts of convergence, Cauchy sequence and completeness in b-
metric spaces.

Definition 1.1.2 : Let (X, σ) be a b-metric space. Then a sequence {xn} in X is called:

(a) convergent if and only if there exists x ∈ X such that limn→∞ σ(xn, x) = 0 and in
this case we write limn→∞ xn = x.

(b) Cauchy if and only if limn,m→∞ σ(xn, xm) = 0.

Definition 1.1.3 : The b-metric space (X, σ) is said complete if every Cauchy sequence
in X converges in X.

Remark 1.1.1 : In a b-metric space, the following assertions hold:

(i) a convergent sequence has a unique limit,

(ii) each convergent sequence is Cauchy.

Lemma 1.1.1 : Let (X, σ) be a b-metric space with constant s ≥ 1 and {xn}, {yn} two
sequences such that limn→∞ xn = x, limn→∞ yn = y in (X, σ). Then limn→∞ σ(xn, yn) = 0
if and only if x = y.

It is worth recalling that a b-metric is generally not continuous. The following lemmas
are very useful to manage this problem.

3



1.1. B-METRIC SPACES Chapter №1

Lemma 1.1.2 : Let (X, σ) be a b-metric space with constant s ≥ 1 and {xn} be a
convergent sequence in X with lim xn = x. Then for each y ∈ X, we have

1
s
σ(x, y) ≤ lim inf

n→∞
σ(xn, y) ≤ lim sup

n→∞
σ(xn, y) ≤ sσ(x, y).

Lemma 1.1.3 : Let (X, σ) be a b-metric space with constant s ≥ 1 and let {xn} be a
sequence in X such that

lim
n→∞

σ(xn, xn+1) = 0. (1.1)

If {xn} is not a Cauchy sequence in (X, σ), then there exist ε > 0 and two sequences
{m(k)} and {n(k)} of positive integers such that the following items hold:

ε ≤ lim inf
k→∞

σ(xm(k), xn(k)) ≤ lim sup
k→∞

σ(xm(k), xn(k)) ≤ sε;

ε

s
≤ lim inf

k→∞
σ(xm(k), xn(k)+1) ≤ lim sup

k→∞
σ(xm(k), xn(k)+1) ≤ s2ε;

ε

s
≤ lim inf

k→∞
σ(xm(k)+1, xn(k)) ≤ lim sup

k→∞
σ(xm(k)+1, xn(k)) ≤ s2ε;

ε

s2 ≤ lim inf
k→∞

σ(xm(k)+1, xn(k)+1) ≤ lim sup
k→∞

σ(xm(k)+1, xn(k)+1) ≤ s3ε.

Inspired by the works in [16], we can state the following lemma.

Lemma 1.1.4 : Let all the conditions of Lemma 1.1.3 be satisfied. Then there exist
ε > 0 and two sequences {m(k)} and {n(k)} of positive integers such that the following
items hold:

ε+ ≤ lim inf
k→∞

σ(xm(k), xn(k)) ≤ lim sup
k→∞

σ(xm(k), xn(k)) ≤ sε+;

ε

s
≤ lim inf

k→∞
σ(xm(k), xn(k)+1) ≤ lim sup

k→∞
σ(xm(k), xn(k)+1) ≤ s2ε;

ε

s
≤ lim inf

k→∞
σ(xm(k)+1, xn(k)) ≤ lim sup

k→∞
σ(xm(k)+1, xn(k)) ≤ s2ε;

ε

s2 ≤ lim inf
k→∞

σ(xm(k)+1, xn(k)+1) ≤ lim sup
k→∞

σ(xm(k)+1, xn(k)+1) ≤ s3ε.

Proof : If {xn} is not a Cauchy sequence,then there exist ε > 0 and sequences {xm(k)} and
{xn(k)} of positive integers such that n(k) is the smallest index for which n(k) > m(k) > k

and σ(xm(k), xn(k)) > ε, this implies that σ(xm(k), xn(k)−1) ≤ ε for all k ≥ 1. Using the
relaxed triangle inequality (b3 ), we have:

σ(xm(k), xn(k)) ≤ sσ(xm(k), xn(k)−1) + sσ(xn(k)−1, xn(k))

≤ sε+ sσ(xn(k)−1, xn(k)),

4



1.1. B-METRIC SPACES Chapter №1

this leads to
1
s
σ(xm(k), xn(k)) ≤ ε+ σ(xn(k)−1, xn(k)).

Since σ(xn(k)−1, xn(k)) > 0, then by taking limit superior as k →∞ with (1.1), we get
1
s

lim sup
k→∞

σ(xm(k), xn(k)) ≤ ε+,

equivalently,
lim sup
k→∞

σ(xm(k), xn(k)) ≤ sε+. (1.2)

On the other hand, we have
1
k

+ σ(xm(k), xn(k)) >
1
k

+ ε, for all k ≥ 1.

Taking the limit inferior as k →∞, we have

lim inf
k→∞

σ(xm(k), xn(k)) ≥ ε+. (1.3)

From (1.2) and (1.3), we obtain the first item of the above Lemme. Since the remaining
items are the same as in Lemma (1.1.3), the proof is completed.

Remark 1.1.2 : Taking s = 1 (the case corresponding to a metric space (X, d)) in
Lemma (1.1.3), we find Lemma (2.2) in [16]. More precisely, the above items become as
follows:

lim
k→∞

d(xm(k), xn(k)) = ε+,

and

lim
k→∞

d(xm(k)+1, xn(k)) = lim
k→∞

d(xm(k), xn(k)+1)

= lim
k→∞

d(xm(k)+1, xn(k)+1)

= ε.

In 2015, An et al. [15] proved the following result:

Proposition 1.1.1 : Let (X, σ) be a b-metric space with constant s ≥ 1. If σ is contin-
uous with respect in one variable, then σ is continuous in other variable.
Obviously, we observe from the above result that if σ is not continuous with respect one
variable, then σ is not continuous in each variable.

Example 3 : Let X = [0,∞) and σ : X ×X → [0,∞) be a mapping defined by

σ(x, y) =
 d(x, y), xy 6= 0,

4d(x, y), xy = 0,

where d(x, y) = |x− y|. Then the following hold:

5



1.2. F-CONTRACTIONS Chapter №1

(1) (X, σ) is a complete b-metric space with constant s = 4,

(2) σ is not a metric on X,

(3) σ is not continuous in each variable.

Proof : (1) We start to prove that (X, σ) is a b-metric space with constant s = 4. Clearly,
(b1) and (b2) are satisfied. For (b3), we can easily observe that for any x, y in X,

d(x, y) ≤ σ(x, y) ≤ 4d(x, y). (1.4)

We consider then the following cases:
Case 1: Suppose that xy 6= 0. Then using (1.4), for any z ∈ X, we obtain:

σ(x, y) = d(x, y) ≤ d(x, z) + d(z, y) ≤ σ(x, z) + σ(z, y)

≤ 4(σ(x, z) + σ(z, y)).

Case 2: Assume that xy = 0. Also, through (1.4), we have for any z ∈ X :

σ(x, y) = 4d(x, y) ≤ 4d(x, z) + 4d(z, y) ≤ 4(σ(x, z) + σ(z, y)).

Next, since (X, d) is a complete metric space, the completeness of (X, σ) follows immedi-
ately from (1.4).
(2) Indeed, σ is not a metric on X since we have

σ(0, 2) = 8 > 5 = 4 + 1 = σ(0, 1) + σ(1, 2).

(3) Let xn = 1
n

for each n ∈ N. We have

lim
n→∞

σ( 1
n
, 0) = lim

n→∞

4
n

= 0.

Then limn→∞ xn = 0 in (X, σ). On the other hand, we have

lim
n→∞

σ(xn, 1) = 1 6= 4 = σ(0, 1).

This, together with Proposition, proves that σ is not continuous in each variable.

1.2 F-contractions

Now, we review some results concerning F -contractions related to the existing literature.
In 2012, Wardowski [3] introduced the notion of F -contraction as follows:

6



1.2. F-CONTRACTIONS Chapter №1

Definition 1.2.1 : Let (X, d) be a metric space. A mapping T : X → X is said to be an
F -contraction if there exist F ∈ F and τ > 0 such that for all x, y ∈ X :

d(Tx, Ty) > 0⇒ τ + F (d(Tx, Ty)) ≤ F (d(x, y)), (1.5)

where F is the family of all functions F : (0,∞)→ R satisfying the following conditions:
(F1) F is strictly increasing, i.e., for all α, β ∈ (0,∞), if α < β, then F (α) < F (β).
(F2) For each sequence {αn} of positive numbers, the following holds:

lim
n→∞

αn = 0 if and only if lim
n→∞

F (αn) = −∞.

(F3) There exists k ∈ (0, 1) such that limα→0+ αkF (α) = 0.

Remark 1.2.1 : Let α > 0. Let the following functions F1(α) = ln(α), F2 = α + ln(α).
Then, F1, F2 ∈ F .

Remark 1.2.2 : Clearly, if F is an increasing function (not necessary strictly increas-
ing), inequality (1.5) implies that T is a contractive mapping, i.e,

d(Tx, Ty) < d(x, y), for all x, y ∈ X, x 6= y.

Hence, every F -contraction is a continuous mapping.

Wardowski’s result is given as follows:

Theorem 1.2.1 : Let (X, d) be a complete metric space and let T : X → X be an
F -contraction. Then T has a unique fixed point x∗ and for every x0 ∈ X the sequence
{T nx0}n∈N converges to x∗.

Secelean showed that condition (F2) can be replaced by an equivalent and more easier
one (noted (F ′2) : inf F = −∞). Afterwards, Wardowski [3] proved a fixed point theorem
concerning F -contractions when τ is taken as a function. In 2018, Lukács and Kajántó
[17] extended Wardowski’s theorem in the setting of b-metric spaces and omitted condition
(F2).

1.2.1 F-contraction of Hardy-Rogers type

We present here various types of F -contractions of Hardy-Rogers and some related works
which will be needed for stating our results in the sequel.

In 2014, Wardowski and Dung proved the following result.

7



1.2. F-CONTRACTIONS Chapter №1

Theorem 1.2.2 : Let (X, d) be a complete metric space.Assume that there exists τ > 0
and F ∈ F such that T : X → X satisfies

d(Tx, Ty) > 0⇒ τ + F (d(Tx, Ty)) ≤ F (Bd
T (x, y)),

where
Bd
T (x, y) = ad(x, y) + bd(x, Tx) + cd(y, Ty) + e[d(x, Ty) + d(y, Tx)],

with a, b, c, e ≥ 0 and a+ b+ c+ 2e < 1. If T or F is continuous, then

(1) T has a unique fixed point x∗ ∈ X.

(2) For all x ∈ X, the sequence {T nx} is convergent to x∗.

Afterwards, Cosentino and Vetro [4] introduced a new notion, namely the notion of F -
contraction of Hardy-Rogers type given below.

Definition 1.2.2 : Let (X, d) be a metric space. A self-mapping T on X is called an
F -contraction of Hardy-Rogers type if there exist F ∈ F and τ > 0 such that for all
x, y ∈ X

d(Tx, Ty) > 0⇒ τ + F (d(Tx, Ty)) ≤ F (Qd
T (x, y)),

where

Qd
T (x, y) = (αd(x, y) + βd(x, Tx) + γd(y, Ty) + δd(x, Ty) + Ld(y, Tx),

with α, β, γ, δ, L ≥ 0, α+ β + γ + 2δ = 1 and γ 6= 1.

Later, Vetro [18] proved some new results about F -contraction of Hardy-Rogers type.
Before enunciating these results. Let us note S the family of all functions τ : (0,∞) →
(0,∞) satisfying the following property:

lim inf
t→η+

τ(t) > 0, for all η ≥ 0.

Let us consider also the following condition:
(F ′3) : F is continuous on (0,∞).

Henceforth, we denote by F the set of all functions F : (0,∞) → R satisfying the condi-
tions (F1), (F2) and (F ′3) and by F the set of all functions F : (0,∞)→ R satisfying the
conditions (F1) and (F2).
Vetro generalized the notion of F -contraction of Hardy-Rogers type as follows:

8



1.2. F-CONTRACTIONS Chapter №1

Definition 1.2.3 : Let (X, d) be a complete metric space. A self-mapping T on X is
called an F -contraction of Hardy-Rogers type if there exist F ∈ F and τ ∈ S such that for
all x, y ∈ X,

d(Tx, Ty) > 0⇒ τ(d(x, y)) + F (d(Tx, Ty)) ≤ F (Qd
T (x, y))

where α, β, γ, δ, L ≥ 0, α+ β + γ + 2δ = 1, γ 6= 1 and α + δ + L ≤ 1.

Next, the authors in [17] introduced the notion of F -weak contraction of Hardy-Rogers
type in the setting of b-metric spaces as follows:

Definition 1.2.4 : Let (X, σ) be a b-metric space with constant s ≥ 1, a, b, c, e, f ≥ 0
real numbers and T : X → X an operator. If there exist τ > 0 and F ∈ Fs,τ such that for
all x, y ∈ X the inequality σ(Tx, Ty) > 0 implies

τ + F (sσ(Tx, Ty)) ≤ F (AσT (x, y)),

where

AσT (x, y) = aσ(x, y) + bσ(x, Tx) + cσ(y, Ty) + eσ(x, Ty) + fσ(y, Tx),

then T is called an F-weak contraction of Hardy-Rogers type.

1.2.2 F-contraction of Suzuki-Hardy-Rogers type

Vetro introduced the notion of F -contraction of Suzuki-Hardy-Rogers type given below:

Definition 1.2.5 : Let (X, d) be a complete metric space. A self-mapping T on X is
called an F -contraction of Suzuki-Hardy-Rogers type if there exist F ∈ F and τ ∈ S such
that for all x, y ∈ X with Tx 6= Ty

1
2sσ(x, Tx) < σ(x, y)⇒ τ(d(x, y)) + F (d(Tx, Ty)) ≤ F (Qd

T (x, y)),

where α, β, γ, δ, L ≥ 0, α+ β + γ + 2δ = 1, γ 6= 1 and α + δ + L ≤ 1.

Remark 1.2.3 : Vetro proved that if (F ′3) is weaken to the condition that F is upper
semi-continuous on (0,∞), then Theorem holds for the strict inequality α + δ + L < 1.

Vetro established also the following corollaries.

Theorem 1.2.3 : Let (X, d) be a complete metric space and let T : X → X be an F -
contraction of Hardy-Rogers type. Then T has a fixed point. Moreover, if α+ δ + L ≤ 1,
then the fixed point of T is unique.

9



1.2. F-CONTRACTIONS Chapter №1

The first Vetro’s result is the following:

Theorem 1.2.4 : Let (X, d) be a complete metric space. If T is an F -contraction of
Hardy-Rogers type and F is continuous (i.e., F ∈ F), then T has a unique fixed point.

The second Vetro’s result (Suzuki-type version) is given as follows:

Theorem 1.2.5 : Let (X, d) be a complete metric space. If T is an F -contraction of
Suzuki-Hardy-Rogers type and F is continuous (i.e., F ∈ F), then T has a unique fixed
point.

Corollary 1.2.1 : Let (X, d) be a complete metric space and let T be a self-mapping on
X. Assume that there exist an upper semi-continuous F ∈ F and τ ∈ S such that for all
x, y ∈ X with Tx 6= Ty :

τ(d(x, y)) + F (d(Tx, Ty)) ≤ F (βd(x, Tx) + γd(y, Ty)),

where β, γ ∈ [0,∞) satisfying β + γ = 1 and γ 6= 1. Then T has a unique fixed point in
X.

Corollary 1.2.2 : Let (X, d) be a complete metric space and let T be a self-mapping on
X. Assume that there exist a continuous F ∈ F and τ ∈ S such that for all x, y ∈ X with
Tx 6= Ty:

τ(d(x, y)) + F (d(Tx, Ty)) ≤ F (αd(x, y) + βd(x, Tx) + γd(y, Ty)),

where α, β, γ ∈ [0,∞) satisfying α + β + γ = 1 and γ 6= 1. Then T has a unique fixed
point in X.

In 2015, Cosentino et al. [19] introduced the following condition (noted (F4) in [19],
Definition 3.1):

Let s ≥ 1. If {(αn} ⊂ (0,∞) is a sequence such that τ + F (sαn) ≤ F (αn−1), for all
n ∈ N and some τ > 0, then τ + F (snαn) ≤ F (sn−1αn−1), for all n ∈ N.
In the same context, Lukács and Kajántó [17] defined a new class of functions (noted
Fs,τ ) satisfying an easier condition than (F4). Their definition is given below.

Definition 1.2.6 : Let s ≥ 1 and τ > 0. We say that F ∈ F∗ belongs to Fs,τ if it is also
satisfies:

(Fs,τ ) inf F = −∞ and x, y, z ∈ (0,∞) are such that τ+F (sx) ≤ F (y) and τ+F (sy) ≤
F (z) then

τ + F (s2x) ≤ F (sy),

10
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where F∗ is the set of all functions F : (0,∞) → R satisfying the conditions (F1) and
(F3).

Lukács and Kajántó showed that if F is an increasing function, then (Fs,τ ) is equivalent
to (F4) and proved the fixed point result below :

Theorem 1.2.6 : Suppose that (X, σ) is a b-metric space with constant s ≥ 1 and T :
X → X is an F -weak contraction of Hardy-Rogers type. If either a+ b+ c+ (s+ 1)e < 1
or a+ b+ c+ (s+ 1)f < 1 holds, then every x0 ∈ X, the sequence xn+1 = Txn converges
to a fixed point of T . Moreover, if a + e + f < s holds as well, then T has exactly one
fixed point.

Let ω ≥ 1 be a given real number. We denote by Sω the family of all functions τ :
(0,∞)→ (0,∞) which satisfy the following condition:

lim inft→r τ(t) > 0 , where r ∈ [η+, η+ω], ∀ η ≥ 0. (Aω)

Remark 1.2.4 : Obviously, if ω = 1, condition (Aω) becomes as follows:

lim inf
t→η+

τ(t) > 0, ∀ η ≥ 0. (A1)

Henceforth, we denote by S1 the set Sω when ω = 1. Clearly, we have Sω ⊆ S1.

Proposition 1.2.1 : Let (X, σ) be a b-metric space with constant s ≥ 1 and let λ be a
given real number such that 1 ≤ λ ≤ s. Let T : X → X be a mapping and {xn} the Picard
sequence of T based on an arbitrary x0 ∈ X. Assume that there exist a non-decreasing
function F and τ ∈ S1 such that for all z ∈ X with Tz 6= T 2z,

τ(σ(z, Tz))+F (λσ(Tz, T 2z)) ≤ F ((d1 +d2)σ(z, Tz)+d3σ(Tz, T 2z)+d4σ(z, T 2z)), (1.6)

where d1, d2, d3, d4 are non-negative real numbers satisfying:

d1 + d2 + d3 + 2sd4 = 1
s
and d3 6=

1
s
. (1.7)

Then limn→∞ σ(xn, xn+1) = 0.

Remark 1.2.5 : Proposition (1.2.1) also furnishes that the sequence {σn} is a strictly
decreasing when σn > 0, for all n ∈ N0.

Remark 1.2.6 : Taking s = 1 (which yields λ = 1 as well) in Proposition (1.2.1) (it
corresponds to the case of metric spaces). Moreover, for the function τ, we have used the
condition that τ ∈ S1 instead of the condition that τ ∈ S. This is a slightly weaker condition
since S ⊂ S1. In addition, we also change the condition that F is strictly increasing into
the weaker condition that F is non-decreasing (i.e., the strictness of the monotonicity of
F is not necessary).

11
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1.2.3 Extended F-contraction of Hardy–Rogers type

Let (X, σ) be a b-metric space with constant s ≥ 1. We denote, for all x, y ∈ X,

Qσ
T (x, y) = (ασ(x, y) + βσ(x, Tx) + γσ(y, Ty) + δσ(x, Ty) + Lσ(y, Tx),

with α, β, γ, δ, L non-negative real numbers.

Definition 1.2.7 : Let (X, σ) be a b-metric space with constant s ≥ 1. A mapping T :
X → X is said to be an extended F -contraction of Hardy–Rogers type if there exist
F : (0,∞)→ R and τ ∈ S1 such that for all x, y ∈ X,

σ(Tx, Ty) > 0⇒ τ(σ(x, y)) + F (σ(Tx, Ty)) ≤ F (Qσ
T (x, y)). (1.8)

Remark 1.2.7 : If F is non-decreasing, it is easy to see that every T which is an extended
F -contraction of Hardy–Rogers type satisfies the following condition

σ(Tx, Ty) < Qσ
T (x, y),

for all x, y ∈ X with Tx 6= Ty.

Theorem 1.2.7 : Let (X, σ) be a complete b-metric space with constant s ≥ 1, and
T : X → X an extended F -contraction of Hardy-Rogers type with F ∈ (Fc). Suppose that
either (H1

s) or (H2
s) holds, where

(H1
s) α + β + γ + 2δs = 1

s
and δ 6= 1

s
,

(H2
s) α + β + γ + 2Ls = 1

s
and β 6= 1

s
.

Furthermore, we assume that s2α+ s3(δ+L) ≤ 1. Then T has a unique fixed point x∗ for
every x0 ∈ X the sequence T nx0 for all n ∈ N converges to x∗.

Example 1.3 : Let X = [0, 7]. Let T : X → X be a mapping given by

T (x) =
 7, if x ∈ (0, 7],

6, if x = 0.

Let σ : X ×X → [0,∞) be the mapping defined by

σ(x, y) = (x− y)2, for all x, y ∈ X.

By the Example 1.1, (X, σ) is a complete b-metric space with constant s = 2.

12
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First, we observe that

σ(Tx, Ty) = 1 > 0⇔ [(x ∈ (0, 7] ∧ y = 0) ∨ (y ∈ (0, 7] ∧ x = 0)].

Let x, y ∈ X and denote

M(x, y) = 1
8σ(x, y) + 1

8σ(y, Ty) + 1
16σ(x, Ty).

Now, we consider the following cases:

1. If x ∈ (0, 7] and y = 0. In this case, we obtain
σ(x, 0)

294 − 1
σ(Tx, T0) + 1 ≤

49
294 −

1
2 = −1

3

< − 8
σ(0, T0) = − 8

36

< − 1
M(x, 0) + 1 .

(1.9)

2. If y ∈ (0, 7] and x = 0. In this case, we get
σ(0, y)

294 − 1
σ(T0, T y) + 1 ≤

49
294 −

1
2

< − 16
σ(0, T y) = −16

49

≤ − 1
M(0, y)

< − 1
M(0, y) + 1 .

(1.10)

From (1.9) and (1.10), we arrive at a conclusion
σ(x, y)

294 − 1
σ(Tx, Ty) + 1 ≤ −

1
M(x, y) + 1 ,

for all x, y ∈ X with σ(Tx, Ty) = 1 > 0.

Therefore, by choosing F (t) = − 1
t+ 1 and τ(t) = t

294 , for all t ∈ (0,∞), we observe that

T is a multi-valued extended F -contraction of Hardy–Rogers type with α = 1
8 = γ, δ =

1
16 , β = L = 0 and all the conditions of Theorem 1.2.7 are satisfied with (H1

s). Hence, T
has a unique fixed point x∗ = 7.

Theorem 1.2.8 : Let (X, σ) be a complete b-metric space with constant s ≥ 1, and
T : X → X satisfying the contractive condition (1.8) with F ∈ Fc and τ ∈ S1. Suppose
that either (H1

s) or (H2
s) holds. Furthermore, we assume that s2α + s3(δ + L) < 1. Then

T has a unique fixed point x∗ for every x0 ∈ X the sequence T nx0 for all n ∈ N converges
to x∗.

13
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1.2.4 Extended F-contraction of Suzuki-Hardy–Rogers type

Let (X, σ) be a b-metric space with constant s ≥ 1. We denote, for all x, y ∈ X,

Qσ
T (x, y) = (ασ(x, y) + βσ(x, Tx) + γσ(y, Ty) + δσ(x, Ty) + Lσ(y, Tx),

with α, β, γ, δ, L non-negative real numbers.

Definition 1.2.8 : Let (X, σ) be a b-metric space with constant s ≥ 1. A mapping T :
X → X is said to be an extended F -contraction of Suzuki-Hardy-Rogers type if there exist
F : (0,∞)→ R and τ ∈ S1 such that for all x, y ∈ X with Tx 6= Ty,

1
2sσ(x, Tx) < σ(x, y)⇒ τ(σ(x, y)) + F (σ(Tx, Ty)) ≤ F (Qσ

T ).

Remark 1.2.8 : If F is non decreasing, it is easy also to see from Definition (1.2.8)
that every T which is an extended F -contraction of Suzuki-Hardy-Rogers type satisfies the
following condition:

σ(Tx, Ty) < Qσ
T (x, y),

for all x, y ∈ X with Tx 6= Ty and 1
2sσ(x, Tx) < σ(x, y).

Authors in [20] proved the following theorems:

Theorem 1.2.9 : Let (X, σ) be a completed b-metric space with constant s ≥ 1 and
T : X → X an extended F -contraction of Suzuki-Hardy-Rogers type with F ∈ Fc. Suppose
that either (H1

s) or (H2
s) holds. Furthermore, we assume that s2α + s3(δ + L) ≤ 1. Then

T has a unique fixed point x∗ and for every x0 ∈ X the sequence {T nx0}n∈N converges to
x∗.

1.3 Compactness

In mathematics, property of some topological spaces that has its main use in the study
of functions defined on such spaces. Formulation of this topological concept of compact-
ness was motivated by the Heine-Borel theorem for Euclidean space, which states that
compactness of a set is equivalent to the set’s being closed and bounded.

Let (X, σ) be a b-metric space.

Definition 1.3.1 : We say that (X, σ) is a compact b-metric space if every sequence {xn}
of elements in X has a sub-sequence converging to a point x of X.

14
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Proposition 1.3.1 : Let (X, σ) be a b-metric space, we have :

• A compact subset of (X, σ) is at the both bounded and closed.

• A closed subset of a compact space is compact.

• If a subset of a metric space (X, σ) is compact then it is σ-bounded.

Proposition 1.3.2 : The direct image of a compact metric space by a continuous func-
tion is compact.

Definition 1.3.2 : Let (X, σ) be a b-metric space. For any B ∈ K(X) there exists y ∈ B
such that

σ(x,B) = σ(x, y).

1.4 Multi-Valued Mappings

During the period 1941-45 several extensions of known fixed point theorems in which the
transformation T takes each point of a compact metric space X into a closed subset of X
were developed. These extensions first occurred in Von Neumann’s work on the theory of
games.

The following properties of some of the functionals defined above will be used through-
out our main result.

Definition 1.4.1 : Let (X, σ) be a b-metric space. We denote the set of all nonempty
compact subsets of X by K(X). For A,B ∈ K(x) except A = B ⇒ ρ(A,B) = 0, the
mapping H is said to be a Pompeiu-Hausdorff metric induced by σ on K(x) is given as:

H(A,B) =
 max{ρ(A,B), ρ(B,A)}, if the maximum exists,

+∞ otherwise,

Such that:

• the excess functional : ρ : P (X)× P (X)→ R+ ∪ {+∞} defined as

ρ(A,B) = sup{σ(x,B)/ x ∈ A},

• the gap functional : defined as

σ(x,B) = inf
y∈B

σ(x, y).

15
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Lemma 1.4.1 : Let (X, σ) be a b-metric space withe constant s ≥ 1, and A,B ∈ K(X).
Then:

1. σ(x,B) ≤ σ(x, y), for any y ∈ B,

2. σ(x,B) ≤ H(A,B), for any x ∈ A,

3. σ(x,A) ≤ s[σ(x, y) + σ(y, A)], for all x, y ∈ X, A ⊂ X,

4. σ(xn, xn+p) ≤ sσ(xn, xn+1) + s2σ(xn+1, xn+2) + ...+ sp−1σ(xn+p−2, xn+p−1)

+sp−1σ(xn+p−1, xn+p),

for any n ∈ N and p ∈ N∗,

5. H(A,C) ≤ s[H(A,B) +H(B,C)].

Proof : (the (2nd) inequality of Lemma (1.4.1)) when we take A = {x} we get:

H(A,B) = max{sup
z∈A

σ(z,B), sup
y∈B

σ(A, y)}

= max{σ(x,B), sup
y∈B

σ(x, y)}

= max
y∈B

σ(x, y),

implies that σ(x, y) = σ(A, y) ≤ H(A,B).

Remark 1.4.1 Let T : X → K(X) be multi-valued operator. A point x ∈ X is called
fixed point for T if and only if x ∈ T (x).

Theorem 1.4.1 : Let (X, σ) be a complete b-metric space with constant s ≥ 1 and
T : X → C(X) a multi-valued operator such that:

(i) there exist α, β, γ ∈ R+, α+ β + γ <
s− 1
s2 and β + sγ <

1
s
such that

H(T (x), T (y)) ≤ ασ(x, y) + β[σ(x, T (x)) + σ(y, T (y))] + γ[σ(x, T (y)) + σ(y, T (x))],

for all x, y ∈ X.

(ii) T is closed,

in these conditions Fix(T ) 6= ∅.
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Theorem 1.4.2 : Let (X, σ) be a complete b-metric space with constant s ≥ 1 and
T : X → C(X) a multi-valued operator such that:

(i) there exist α, β, γ ∈ R+, α+ β + γ <
s− 1
s2 and β + sγ <

1
s
such that

H(T (x), T (y)) ≤ ασ(x, y) + β[σ(x, T (x)) + σ(y, T (y))] + γ[σ(x, T (y)) + σ(y, T (x))],

for all x, y ∈ X.

(ii) T is closed,

If SFix(T ) 6= ∅ then SFix(T ) = Fix(x) = {x}.

Proof : Let x ∈ SFix(T ) and suppose that there exist y ∈ Fix(T ), y 6= x.

σ(x, y) = D(T (x), y) ≤ H(T (x), T (y))

≤ ασ(x, y) + β[σ(x, T (x)) + σ(y, T (y))] + γ[σ(x, T (y)) + σ(y, T (x))]

≤ ασ(x, y) + 2γσ(x, y).

Hence (1− α− 2γ)σ(x, y) ≤ 0.
Since α + 2γ < α + β + 2sγ < s− 1

s2 < 1, we obtain that σ(x, y) = 0 which implies that
x = y and this is a contradiction.

In the sum up : SFix(T ) = Fix(T ) = {x}.
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CHAPTER

2

FIXED POINT THEORY IN B-METRIC
SPACES

The concept of a multi-valued contraction mapping was first introduced by Nadler Jr.[6]
in 1967. He combined the ideas of multi-valued mappings and Lipschitz mappings, and
proved some fixed point theorems in this respect. In this chapter it is our aim to add and
to investigate a few new results.
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Definition 2.0.1 : Let (X, σ) be a b-metric space with constant s ≥ 1. A mapping T :
X → K(X) is said to be a multi-valued extended F -contraction of Hardy-Rogers type if
there exists F : (0,∞)→ R and τ ∈ S1 such that for all x, y ∈ X,

H(T (x), T (y)) > 0⇒ τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F (Qσ
T (x, y)). (2.1)

Remark 2.0.1 : If F is non-decreasing, it is easy to see that every T which is a multi-
valued extended F -contraction of Hardy-Rogers type satisfies the following condition

H(T (x), T (y)) < Qσ
T (x, y), (2.2)

for all x, y ∈ X with T (x) ∩ T (y) = ∅.

Theorem 2.0.1 : Let (X, σ) be a complete b-metric space with constant s ≥ 1, and T :
X → K(X) a multi-valued extended F -contraction of Hardy-Rogers type with F ∈ (Fc).
Suppose that either (H1

s) or (H2
s) holds, where

(H1
s) α + β + γ + 2δs = 1/s and γ 6= 1

s
,

(H2
s) α + β + γ + 2Ls = 1/s and β 6= 1

s
.

Furthermore, we assume that α + β + γ + 2δs + 2Ls ≤ 1 and s2α + s3(δ + L) ≤ 1.
Then T has a unique fixed point x and for every x0 ∈ X the sequence T nx0 for all n ∈ N
converges to x.

Proof : First, we will prove the existence of a fixed point.
Let x0 ∈ X. Since {x0}, T (x0) ∈ K(X), there exists x1 ∈ T (x0), where

σ(x0, T (x0)) = σ(x0, x1).

Now, as T (x0), T (x1) ∈ K(X) there is a point x2 ∈ T (x1), such that σ(x1, T (x1)) =
σ(x1, x2). Continuing in this manner, we create a sequence {xn}, with xn+1 ∈ T (xn).
If there is a n0 ∈ N such that xn0 ∈ T (xn0), then The proof is complete because xn0 is the
fixed point of the multi-valued map T.
But, for any n ∈ N, if xn /∈ T (xn), we have

σ(xn, T (xn)) = σ(xn, xn+1) > 0, for all n ∈ N, (2.3)

and
H(T (xn), T (xn+1)) > 0, for all n ∈ N.
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Through the contractive inequality (2.1) with x = xn−1 and y = xn, to obtain for all
n ∈ N :

τ(σ(xn−1, xn)) + F (σ(xn, T (xn)))

≤ τ(σ(xn−1, xn)) + F (max{ sup
z∈T (xn−1)

σ(z, T (xn)), sup
z∈T (xn)

σ(T (xn−1), z)})

≤ F (ασ(xn−1, xn) + βσ(xn−1, T (xn−1)) + γσ(xn, T (xn))

+ δσ(xn−1, T (xn)) + Lσ(xn, T (xn−1))),

according to (2.3) and the Definition (2.0.1), we get

τ(σ(xn−1, xn))+F (σ(xn, xn+1))

≤ F (ασ(xn−1, xn) + βσ(xn−1, xn) + γσ(xn, xn+1)

+ δσ(xn−1, T (xn)) + Lσ(xn, T (xn−1)))

≤ F ((α + β)σn−1 + γσn + δσ(xn−1, T (xn)) + Lσ(xn, T (xn−1))),

using the (3rd) propriety of Lemma (1.4.1) and the monotonicity to obtain

τ(σn−1) + F (σn) ≤ F ((α + β)σn−1 + γσn + δ(sσn−1 + sσ(xn, T (xn)))

+ L(sσn−1 + sσ(xn−1, T (xn−1))))

≤ F ((α + β)σn−1 + γσn + sδσn−1 + sδσn + 2sLσn−1)

≤ F ((α + β + 2sL+ δs)σn−1 + (γ + δs)σn),

(2.4)

with σ(xn−1, xn) = σn−1 and σ(xn, xn+1) = σn, that gives us

σn <
(α + β + 2sL+ δs)

1− (γ + δs) σn−1.

Using the fact :
α + β + 2sL+ δs

1− (γ + δs) ≤ 1,

notice that : σn ≤ σn−1, i.e σn positive decreasing. That give for some l ≥ 0

lim
n→+∞

σn = l.

If l 6= 0 through (2.4) we have

τ(σn−1) + F (σn) ≤ F ((α + β + 2sL+ sδ)σn−1 + (γ + δs)σn).

Taking the upper limit we obtain:

lim sup
n→+∞

τ(σn−1) + F (l) ≤ F ((α + β + γ + 2sL+ 2sδ)l),
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Because α + β + γ + 2sL+ 2sδ ≤ 1 has been met, we’ve got

lim sup
n→+∞

τ(σn−1) ≤ 0.

This implies that
lim sup
n→+∞

τ(σn−1) = 0,

which is contradiction.
That gives us

lim
n→∞

σn = 0, (2.5)

through the (1st) propriety of Lemma (1.4.1) we obtain

lim
n→∞

σ(xn, T (xn)) = 0.

Now that we’ve established that {xn} is a Cauchy sequence, let’s pretend that it isn’t.
Then there exist ε > 0 and two sequences {m(k)}, {n(k)} of positive integers such that
n(k) is the smallest index for which n(k) > m(k) > k and σ(xn(k) , xm(k)) > ε. Due (2.5),
this implies that σ(xn(k)−1, xm(k)) ≤ ε for all k ≥ 1. Using the relaxed triangle inequality
(b3 ), we find:

ε < σ(xm(k) , xn(k))

≤ sσ(xm(k) , xn(k)−1) + sσ(xn(k)−1, xn(k))

≤ sε+ sσ(xn(k)−1, xn(k)),

this leads to
1
s
σ(xm(k) , xn(k)) ≤ ε+ σ(xn(k)−1, xn(k)).

Since σ(xn(k)−1, xn(k)) > 0, then by taking limit superior as k →∞ with (2.5), we get

lim sup
k→∞

σ(xm(k) , xn(k)) ≤ sε+. (2.6)

On the other hand, we have
1
k

+ σ(xm(k) , xn(k)) >
1
k

+ ε, for all k ≥ 1,

taking the lower limit as k →∞, we have

lim inf
k→∞

σ(xm(k) , xn(k)) ≥ ε+. (2.7)

From (2.6) and (2.7), we obtain

ε+ ≤ lim inf
k→∞

σ(xm(k) , xn(k)) ≤ lim sup
k→∞

σ(xm(k) , xn(k)) ≤ sε+.
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Thus, we infer that there exists k0 ∈ N such that {σ(xm(k) , xn(k))} is bounded for all k ≥ k0

and thereby it has a convergent sub-sequence. It follows that there exists a real number
l and a sub-sequence {k(p)}p≥k0 such that:

lim
p→∞

σ(xm(k(p)) , xn(k(p))) = l, (2.8)

with

0 < ε+ ≤ lim inf
k→∞

σ(xm(k(p)) , xn(k(p))) ≤ l ≤ lim sup
k→∞

σ(xm(k(p)) , xn(k(p))) ≤ sε+. (2.9)

Through the relaxed triangle inequality, we find

σmp,np = σ(xm(k(p)) , xn(k(p))) ≤ sσ(xm(k(p)) , xm(k(p))+1) + sσ(xm(k(p))+1, xn(k(p)))

≤ sσ(xm(k(p)) , xm(k(p))+1) + s2σ(xm(k(p))+1, xn(k(p))+1)

+ s2σ(xn(k(p))+1, xn(k(p))),

this gives

σ(xm(k(p))+1, xn(k(p))+1) ≥
1
s2 (σmp,np)− sσ(xm(k(p)) , xm(k(p))+1)

− s2σ(xn(k(p)) , xn(k(p))+1)).
(2.10)

For convenience, we set

Hmp,np = H(T (xm(k(p))), T (xn(k(p)))),

taking the upper limit as p→∞ we obtain:

lim sup
p→∞

σ(xm(k(p))+1, xn(k(p))+1) ≥
l

s2 ,

due (2nd) inequality of Lemma (1.4.1) and (2.3), this leads to

lim sup
p→∞

Hmp,np ≥ lim sup
p→∞

σ(xm(k(p))+1, T (xn(k(p)))) ≥
l

s2 . (2.11)

Using (b3), the monotonicity of F and s2α + s3(L+ δ) ≤ 1 to obtain:

τ(σmp,np) + F (Hmp,np)

= τ(σmp,np) + F (max{ sup
z∈T (xn(k(p)) )

σ(z, T (xm(k(p)))), sup
z∈T (xm(k(p)) )

σ(T (xn(k(p))), z)})

≤ F (ασmp,np + βσ(xm(k(p)) , T (xm(k(p)))) + γσ(xn(k(p)) , T (xn(k(p))))

+ δσ(xm(k(p)) , T (xn(k(p)))) + Lσ(xn(k(p)) , T (xm(k(p))))),
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the above inequality leads to

τ(σmp,np) + F (Hmp,np) ≤ F (ασmp,np + βσ(xm(k(p)) , xm(k(p))+1) + γσ(xn(k(p)) , xn(k(p))+1)

+ δσ(xm(k(p)) , T (xn(k(p)))) + Lσ(xn(k(p)) , T (xm(k(p)))))

≤ F ((α + s(δ + L))σmp,np + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p)))

≤ F ( 1
s2σmp,np + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))),

with σm(k(p)) = σ(xm(k(p)) , xm(k(p))+1) and σn(k(p)) = σ(xn(k(p)) , xn(k(p))+1).
Now, we combine the above chain of inequalities with (2.8) and (2.11) through the fact
that F ∈ Fc we obtain:

lim inf
p→∞

τ(σmp,np) + F ( l
s2 ) ≤ lim sup

p→∞
τ(σmp,np) + F (lim sup

p→∞
Hmp,np)

= lim sup
p→∞

τ(σmp,np) + lim sup
p→∞

F (Hmp,np)

= lim sup
p→∞

[τ(σmp,np) + F (Hmp,np)]

≤ lim sup
p→∞

F ( 1
s2σmp,np + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p)))

≤ F ( l
s2 ).

As a result of this,
lim inf
p→∞

τ(σm(k(p)),n(k(p))) ≤ 0,

contradiction with τ ∈ S1, it shows that {xn} is a Cauchy sequence converges to some
point x in X, that is,

lim
n→∞

σ(xn, x) = 0. (2.12)

Following that, we show that x ∈ T (x) that means x is a fixed point of T . Assume
the opposite, i.e x /∈ T (x). When σ(x, T (x)) = 0, this provides that x ∈ T (x); as a result
of T (x) ∈ K(X). The proof has been completed.
For this we will work on the other case, which is 0 < σ(x, T (x)), then through (2.12) and
the (2nd) and (3rd) inequalities of Lemma (1.4.1) we obtain

σ(x, T (x)) ≤ sσ(x, xn+1) + sσ(xn+1, T (x))

≤ sσ(x, xn+1) + sH(T (xn), T (x)),
(2.13)

On the other side, there’s the following contractive condition

H(T (xn), T (x)) ≤ ασ(xn, x) + βσ(xn, T (xn)) + γσ(x, T (x)) + δσ(xn, T (x)) + Lσ(x, T (xn))

≤ ασ(xn, x) + βσ(xn, xn+1) + γσ(x, T (x)) + sδσ(x, T (x))

+ sδσ(xn, x) + Lσ(x, xn+1),
(2.14)
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implies that:

σ(x, T (x)) ≤ sσ(x, xn+1) + sασ(xn, x) + sβσ(xn, T (xn)) + sγσ(x, T (x)) + sδσ(xn, T (x))

≤ sσ(x, xn+1) + sασ(xn, x) + sβσ(xn, xn+1) + sγσ(x, T (x)) + s2δσ(xn, x)

+ s2δσ(x, T (x)) + sLσ(x, xn+1).
(2.15)

The above inequality leads to

σ(x, T (x)) ≤ (1 + L)sσ(x, xn+1) + (sα + s2δ)σ(xn, x)

+ sβσ(xn, xn+1) + (sγ + s2δ)σ(x, T (x)),
(2.16)

taking the limit superior as n→∞ in (2.16) to get

(1− sγ − s2δ)σ(x, T (x)) ≤ 0⇒ (1− sγ)σ(x, T (x)) ≤ s2δσ(x, T (x)). (2.17)

The contractive condition (2.2) and the symmetry condition can also be applied in a
similar manner to obtain:

(1− sβ − Ls2)σ(x, T (x)) ≤ 0⇒ (1− sβ)σ(x, T (x)) ≤ Ls2σ(x, T (x)). (2.18)

Again, according to (H1
s) and (H2

s) we consider the following cases:
1st case If (H1

s) hold, we have (1− γ) > 0 and γ + sδ <
1
s
.

Consequently, (2.17) implies that:

σ(x, T (x)) ≤ s2δ

(1− sγ)σ(x, T (x)) < σ(x, T (x)),

which is contradiction.
2nd case If (H2

s) hold, we have (1− β) > 0 and β + sL <
1
s
.

Consequently, (2.18) implies that:

σ(x, T (x)) ≤ Ls2

(1− sβ)σ(x, T (x)) < σ(x, T (x)),

which is contradiction. Therefore, whether (H1
s) or (H2

s) holds, we obtain contradiction.
So we have x ∈ T (x)⇔ Fix(t) 6= ∅.

Finally, we will show that T has at most one fixed point.
Let x and y two distinct fixed points of T such that x 6= y, through the (2nd) inequality
of Lemma (1.4.1) and the contractive inequality (2.1) we obtain:

σ(T (x), y) ≤ H(T (x), T (y))

≤ ασ(x, y) + βσ(x, T (x)) + γσ(y, T (y)) + δσ(x, T (y)) + Lσ(y, T (x))

= ασ(x, y) + δσ(x, T (y)) + Lσ(y, T (x)).

(2.19)
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1. If α + δ + L > 0, note that α + δ + L ≤ 1 we have:

τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F ((α + δ + L)σ(x, y))

≤ F (σ(x, y)),

as σ(x, y) < H(T (x), T (y)) we find

τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F (H(T (x), T (y))),

this implies that
τ(t) = 0,

which is contradiction.

2. if α + δ + L = 0, using (2.19) then:

H(T (x), T (y)) ≤ (α + δ + L)H(T (x), T (y)) = 0,

gives that H(T (x), T (y)) = 0, which implies that σ(x, y) = 0. This gives that y = x.

which is contradiction.

In the sum up : Fix(T ) = {x}, then T has at most one fixed point. Which is the end of
theorem proof.

Example 2.1 : Let X = [0, 7]. Let σ : X ×X → [0,∞) be the mapping defined by

σ(x, y) = (x− y)2, for all x, y ∈ X.

Let T : X → K(X) be a mapping given by

T (x) =
 {0, 7}, if x ∈ (0, 7],
{6}, if x = 0.

By the Example 1.1, (X, σ) is a complete b-metric space with constant s = 2.
To begin, we note that

sup
z∈T (x)

σ(z, T (y)) = sup
z∈T (y)

σ(T (x), z) = 1

That means H(T (x), T (y)) = 1 > 0.
Let x, y ∈ X and denote

N(x, y) = 1
8σ(x, y) + 1

8σ(y, T (y)) + 1
16σ(x, T (y)).

Now we’ll look at the following cases:
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1. If x ∈ (0, 7] and y = 0. In this case, we obtain

σ(x, 0)
294 − 1

H(T (x), T (0)) + 1 ≤
49
294 −

1
2

< − 8
σ(0, T (0)) = − 8

36

< − 1
N(x, 0) + 1 .

(2.20)

2. If y ∈ (0, 7] and x = 0. In this case, we get

σ(0, y)
294 − 1

H(T (0), T (y)) + 1 ≤
49
294 −

1
2

< − 16
σ(0, T (y)) = −16

49

≤ − 1
N(0, y)

< − 1
N(0, y) + 1 .

(2.21)

From (2.20) and (2.21), we arrive at a conclusion

σ(x, y)
294 − 1

H(T (x), T (y)) + 1 ≤ −
1

N(x, y) + 1 ,

for all x, y ∈ X with H(T (x), T (y)) = 1 > 0.

Therefore, by choosing F (t) = − 1
t+ 1 and τ(t) = t

294 , for all t ∈ (0,∞), we observe that

T is a multi-valued extended F -contraction of Hardy–Rogers type with α = 1
8 = γ, δ =

1
16 , β = L = 0 and all the conditions of Theorem 2.0.1 are contented with (H1

s). As a
result, T has a unique fixed point x ∈ T (x) such that x = 7.

Theorem 2.0.2 : Let (X, σ) be a complete b-metric space with constant s ≥ 1, and
T : X → K(X) a multi-valued extended F -contraction of Hardy-Rogers type with F :
(0,∞) → R a non-decreasing function and τ ∈ S1. Suppose that either (H1

s) or (H2
s)

holds.
We also assume that α+β+γ+2δs+2Ls < 1 and s2α+s3(δ+L) < 1. Then, there’s only
one fixed point x in T and for every x0 ∈ X the sequence T nx0 for all n ∈ N converges
to x.

Proof : First, we will prove the existence of a fixed point.
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Let x0 ∈ X. Since {x0}, T (x0) ∈ K(X), there exists x1 ∈ T (x0), where

σ(x0, T (x0)) = σ(x0, x1).

Now, as T (x0), T (x1) ∈ K(X) there is a point x2 ∈ T (x1), such that σ(x1, T (x1)) =
σ(x1, x2). Continuing in this manner, we create a sequence {xn}, with xn+1 ∈ T (xn).
If there is n0 ∈ N such that xn0 ∈ T (xn0), then The proof is complete because xn0 is the
fixed point of the multi-valued map T.
But, if xn /∈ T (xn), for any n ∈ N, we get

σ(xn, T (xn)) = σ(xn, xn+1) > 0, for all n ∈ N, (2.22)

that provides
H(T (xn), T (xn+1)) > 0, for all n ∈ N.

Through the (2nd) inequality of Lemma (1.4.1) and the contractive inequality (2.1) with
x = xn−1 and y = xn, to obtain for all n ∈ N :

τ(σ(xn−1, xn)) + F (σ(xn, T (xn))) ≤ τ(σ(xn−1, xn)) + F (H(T (xn−1), T (xn)))

≤ F (ασ(xn−1, xn) + βσ(xn−1, T (xn−1)) + γσ(xn, T (xn))

+ δσ(xn−1, T (xn)) + Lσ(xn, T (xn−1))),

in accordance with (2.22), for σn = σ(xn, xn+1), we find

τ(σ(xn−1, xn)) + F (σn)

≤ F (ασ(xn−1, xn) + βσ(xn−1, xn) + γσn + δσ(xn−1, T (xn))

+ Lσ(xn, T (xn−1)))

≤ F ((α + β)σ(xn−1, xn) + γσn + δσ(xn−1, T (xn)) + Lσ(xn, T (xn−1))),

using the (3rd) propriety of Lemma (1.4.1) and the monotonicity to obtain

τ(σ(xn−1, xn)) + F (σn)

≤ F ((α + β)σ(xn−1, xn) + γσn + δ(sσ(xn−1, xn) + sσ(xn, T (xn)))

+ L(sσ(xn, xn−1) + sσ(xn−1, T (xn−1))))

≤ F ((α + β)σ(xn−1, xn) + γσn + sδσ(xn−1, xn) + sδσn + 2sLσ(xn−1, xn))

≤ F ((α + β + 2sL+ δs)σ(xn−1, xn) + (γ + δs)σn),
(2.23)

that gives us
σn <

(α + β + 2sL+ δs)
1− (γ + δs) σ(xn−1, xn).

27



Chapter №2

Using the fact :
α + β + 2sL+ δs

1− (γ + δs) < 1,

notice that : σn ≤ σ(xn−1, xn), i.e σn positive decreasing. That give for some l ≥ 0

lim
n→+∞

σn = l.

If l 6= 0 through (2.23) we have

τ(σ(xn−1, xn)) + F (σn) ≤ F ((α + β + 2sL+ sδ)σ(xn−1, xn) + (γ + δs)σn).

Taking the upper limit we obtain:

lim sup
n→+∞

τ(σ(xn−1, xn)) + F (l) ≤ F ((α + β + γ + 2sL+ 2sδ)l),

as we have this fact α + β + γ + 2sL+ 2sδ < 1, we obtain

lim sup
n→+∞

τ(σ(xn−1, xn)) ≤ 0.

According to the definition of the function τ, we get

lim sup
n→+∞

τ(σ(xn−1, xn)) = 0,

which is contradiction.
This provides us with

lim
n→∞

σn = 0, (2.24)

through the (1st) propriety of Lemma (1.4.1) we obtain

lim
n→∞

σ(xn, T (xn)) = 0.

Now that we’ve established that {xn} is a Cauchy sequence, let’s pretend that it isn’t.
Then there exist ε > 0 and two sequences {m(k)}, {n(k)} of positive integers such that
n(k) is the smallest index for which n(k) > m(k) > k and σ(xn(k) , xm(k)) > ε. Due (2.24),
this implies that σ(xn(k)−1, xm(k)) ≤ ε for all k ≥ 1. Using the relaxed triangle inequality
(b3 ), we find:

ε < σ(xm(k) , xn(k))

≤ sσ(xm(k) , xn(k)−1) + sσ(xn(k)−1, xn(k))

≤ sε+ sσ(xn(k)−1, xn(k)).
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Passing to the limit with respect to k in this latter inequality, by (2.24) we obtain

ε+ ≤ lim inf
k→∞

σ(xm(k) , xn(k)) ≤ lim sup
k→∞

σ(xm(k) , xn(k)) ≤ sε+.

We can deduce that there is k0 ∈ N such that {σ(xm(k) , xn(k))} is bounded for all k ≥ k0

and thereby it has a convergent sub-sequence. It follows that there exists a real number
l and a sub-sequence {k(p)}p≥k0 such that:

lim
p→∞

σ(xm(k(p)) , xn(k(p))) = l, (2.25)

with

0 < ε+ ≤ lim inf
k→∞

σ(xm(k(p)) , xn(k(p))) ≤ l ≤ lim sup
k→∞

σ(xm(k(p)) , xn(k(p))) ≤ sε+. (2.26)

Through the relaxed triangle inequality, we find

σ(xm(k(p)) , xn(k(p))) ≤ sσ(xm(k(p)) , xm(k(p))+1) + sσ(xm(k(p))+1, xn(k(p)))

≤ sσ(xm(k(p)) , xm(k(p))+1) + s2σ(xm(k(p))+1, xn(k(p))+1)

+ s2σ(xn(k(p))+1, xn(k(p))),

this gives

σ(xm(k(p))+1, xn(k(p))+1) ≥
1
s2 (σ(xm(k(p)) , xn(k(p)))− sσ(xm(k(p)) , xm(k(p))+1)

− s2σ(xn(k(p)) , xn(k(p))+1)).
(2.27)

We set this up, for convenience.

Hmp,np = H(T (xm(k(p))), T (xn(k(p)))),

taking the upper limit as p→∞ we obtain:

lim sup
p→∞

σ(xm(k(p))+1, xn(k(p))+1) ≥
l

s2 ,

due (2nd) inequality of Lemma (1.4.1) and (2.22), this leads to

lim sup
p→∞

Hmp,np ≥ lim sup
p→∞

σ(xm(k(p))+1, T (xn(k(p)))) ≥
l

s2 . (2.28)

Let us put
µs = l(1− As)

s2Bs

, (2.29)

where
As = s2α + s3(δ + L) (2.30)
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and
Bs = 1 + α + β + γ + 2s(δ + L). (2.31)

From the fact that s2α + s3(δ + L) < 1, we get As < 1 and µs > 0. This implies, using
(2.24), there exist i1, i2 ≥ k0 such that

σm(k(p)) = σ(xm(k(p)) , xm(k(p))+1) ≤ µs, for all p ≥ i1,

σn(k(p)) = σ(xn(k(p)) , xn(k(p))+1) ≤ µs, for all p ≥ i2.
(2.32)

On the other hand, by virtue of (2.25) and µs > 0, it follows that there exists i3 ≥ k0

such that
σmp,np = σ(xm(k(p)) , xn(k(p))) ≤ l + µs, for all p ≥ i3. (2.33)

If Bs = 1, we get α = β = γ = δ = L = 0, which is contradiction with H1
s or H2

s.

If Bs > 1, we have µs <
l

s2 . Then due (2.28) and µs > 0, there exist i4 ≥ k0 such that

σ(xm(k(p))+1, xn(k(p))+1) >
l − s2µs
s2 > 0, for all p ≥ i4. (2.34)

Using (b3), the contractive inequality (2.1), the monotonicity of F and (2.34) to obtain
for all p ≥ i4 :

τ(σmp,np) + F (Hmp,np) ≤ F (ασmp,np + βσ(xm(k(p)) , T (xm(k(p)))) + γσ(xn(k(p)) , T (xn(k(p))))

+ δσ(xm(k(p)) , T (xn(k(p)))) + Lσ(xn(k(p)) , T (xm(k(p))))),

the above inequality leads to

τ(σmp,np)+F (Hmp,np) ≤ F ((α+s(δ+L))σmp,np+(β+sL)σm(k(p)) +(γ+sδ)σn(k(p))). (2.35)

Setting i = max{i1, i2, i3, i4}, we combine the above inequalities with (2.29)-(2.35) for all
p ≥ i we arrive at :

lim inf
p→∞

τ(σmp,np) + F

(
l − s2µs
s2

)
≤ lim sup

p→∞
[τ(σmp,np)) + F (Hmp,np)]

≤ lim sup
p→∞

F (As
s2 σmp,np + (β + sL)σm(k(p))

+ (γ + sδ)σn(k(p)))

≤ lim sup
p→∞

F (As
s2 (l + µs) + (β + sL)µs + (γ + sδ)µs)

≤ F

(
l − s2µs
s2

)
.
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implies that
lim inf
p→∞

τ(σmp,np) ≤ 0,

for all p ≥ i, which is contradiction with τ ∈ S1, it shows that {xn} is a Cauchy sequence
converges to some point x in X, that is,

lim
n→∞

σ(xn, x) = 0. (2.36)

Then, we demonstrate that x ∈ T (x) i.e x is a fixed point of T. Assume the opposite
x /∈ T (x) is true. Since T (x) is compact, this means that the proof is complete when
σ(x, T (x)) = 0.
Then through (2.36) and the (2nd) and the (3rd) inequalities of Lemma (1.4.1) we’ll start
with the other case, which is σ(x, T (x)) > 0 to obtain

σ(x, T (x)) ≤ sσ(x, xn+1) + sσ(xn+1, T (x))

≤ sσ(x, xn+1) + sH(T (xn), T (x)).
(2.37)

On the other hand we have:

H(T (xn), T (x)) ≤ ασ(xn, x) + βσ(xn, T (xn)) + γσ(x, T (x)) + δσ(xn, T (x)) + Lσ(x, T (xn))

≤ ασ(xn, x) + βσ(xn, xn+1) + γσ(x, T (x)) + sδσ(x, T (x))

+ sδσ(xn, x) + Lσ(x, xn+1),
(2.38)

implies that:

σ(x, T (x)) ≤ sσ(x, xn+1) + sασ(xn, x) + sβσ(xn, T (xn)) + sγσ(x, T (x)) + sδσ(xn, T (x))

≤ sσ(x, xn+1) + sασ(xn, x) + sβσ(xn, xn+1) + sγσ(x, T (x)) + s2δσ(xn, x)

+ s2δσ(x, T (x)) + sLσ(x, xn+1).
(2.39)

The above inequality leads to

σ(x, T (x)) ≤ (1 + L)sσ(x, xn+1) + (sα + s2δ)σ(xn, x)

+ sβσ(xn, xn+1) + (sγ + s2δ)σ(x, T (x)).
(2.40)

Taking the limit superior as n→∞ in (2.40)

(1− sγ − s2δ)σ(x, T (x)) ≤ 0⇒ (1− sγ)σ(x, T (x)) ≤ s2δσ(x, T (x)). (2.41)
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In a similar way, we can also apply the contractive condition (2.2) with the symmetry
condition to obtain:

(1− sβ − Ls2)σ(x, T (x)) ≤ 0⇒ (1− sβ)σ(x, T (x)) ≤ Ls2σ(x, T (x)). (2.42)

Again, according to (H1
s) and (H2

s) we consider the following cases:
1st case If (H1

s) hold, we have (1− γ) > 0 and γ + sδ <
1
s
.

Consequently, (2.41) implies that:

σ(x, T (x)) ≤ s2δ

(1− sγ)σ(x, T (x)) < σ(x, T (x)),

which is contradiction.
2nd case If (H2

s) hold, we have (1− β) > 0 and β + sL <
1
s
.

Consequently, (2.42) implies that:

σ(x, T (x)) ≤ Ls2

(1− sβ)σ(x, T (x)) < σ(x, T (x)),

which is contradiction. Therefore, whether (H1
s) or (H2

s) holds, we obtain contradiction.
So we have x ∈ T (x)⇔ Fix(t) 6= ∅.

Finally, we’ll demonstrate that T has only one fixed point.
Let x and y be two distinct fixed points of T such that x 6= y, through the (2nd) inequality
of Lemma (1.4.1) and the contractive inequality we obtain:

σ(T (x), y) ≤ H(T (x), T (y))

≤ ασ(x, y) + βσ(x, T (x)) + γσ(y, T (y)) + δσ(x, T (y)) + Lσ(y, T (x))

= ασ(x, y) + δσ(x, T (y)) + Lσ(y, T (x)).

(2.43)

1. If α + δ + L > 0, note that α + δ + L ≤ 1 we have:

τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F ((α + δ + L)σ(x, y))

≤ F (σ(x, y)),

as σ(x, y) < H(T (x), T (y)) we find

τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F (H(T (x), T (y))),

implies that
τ(σ(x, y)) = 0,

which is contradiction with τ ∈ S1.
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2. if α + δ + L = 0, using (2.43) then:

H(T (x), T (y)) ≤ (α + δ + L)H(T (x), T (y)) = 0,

gives that H(T (x), T (y)) = 0, which implies

σ(x, y) = 0.

This gives y = x.

which is contradiction.

In conclusion, we find that only one fixed point exists in T. Then, the Theorem proof has
come to an end.
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CHAPTER

3

APPLICATION TO INTEGRAL
INCLUSION EQUATION OF

VOLTERRA-TYPE

In this chapter, we will apply the theorem (2.0.2) to study the existence and the unique-
ness of a solution for the following integral inclusion equation of Volterra-type as

x(t) ∈
∫ t

0
M(t, s, x(s))ds+ g(t), t ∈ [0, r], (3.1)

where r > 0 and M : [0, r] × [0, r] × R → K(R), for each x ∈ C([0, r],R), the operator
M(·, ·, x) is continuous. Further the function g : [0, r]→ R is continuous.
Let X = C([0, r],R) be the space of all continuous real-valued functions on [0, r]. Note
that X is complete b-metric space by considering the following distance

σ(x, y) = sup
t∈[0,r]

e−2t(x(t)− y(t))2, for all x, y ∈ X, (3.2)

with s = 2.
For the integral inclusion given above, we can define a multi-valued operator T : C([0, r],R)→
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K(C([0, r],R)) as follows:

Tx(t) =
{
u ∈ C([0, r],R) : u ∈

∫ t

0
M(t, s, x(s))ds+ g(t), t ∈ [0, r]

}
,

there exists m : [0, r] × [0, r] × R → R a continuous operator with m(t, s, x(s)) ∈
M(t, s, x(s)). This shows that

∫ t
0 m(t, s, x(s))ds + g(t) ∈ Tx(t). Thus, the operator Tx

is nonempty.

Theorem 3.0.1 : Suppose that the following hypothesis hold:
For all s, t ∈ [0, r] we have

sup
{
|m(t, s, x(s))− n(t, s, y(s))|2; (m,n) ∈Mx ×My

}
≤ 2(x(s)− y(s))2

(x(s)− y(s))2 + 16 .

Then the integral inclusion (3.1) has a unique solution.

Proof : We have to show that the operator T satisfies all conditions of Theorem (2.0.2).
Let u ∈ T (x) and v ∈ T (y). Using the hypothesis in the theorem above, we obtain

|u(t)− v(t)|2 ≤
(∫ t

0
|mu(t, s, x(s))−mv(t, s, y(s))|2ds

)
≤
∫ t

0

2(x(s)− y(s))2

(x(s)− y(s))2 + 16ds

≤
∫ t

0

2(x(s)− y(s))2e−2se2s

(x(s)− y(s))2e−2s + 16ds.

This leads to

|u(t)− v(t)|2 ≤ 2σ(x, y)
σ(x, y) + 16

∫ t

0
e2sds

≤ σ(x, y)e2t

σ(x, y) + 16 ,

which implies that
|u(t)− v(t)|2e−2t ≤ σ(x, y)

σ(x, y) + 16 .

Taking the supremum with respect to t ∈ [0, r] in the above inequality, we have

σ(u, v) ≤ σ(x, y)
σ(x, y) + 16 ≤ σ(x, y). (3.3)

So
ln(σ(u, v)) ≤ ln

(
σ(x, y)

σ(x, y) + 16

)
< ln

(
σ(x, y)

16

)
,

this leads to
ln
(

σ(x, y)
σ(x, y) + 16

)
+ ln(σ(u, v)) ≤ σ(x, y)

8 ,
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functions u and v are arbitrary in T (x) and T (y), resp., therefore

ln
(

σ(x, y)
σ(x, y) + 16

)
+ ln(H(T (x), T (y))) ≤ ln

(1
8σ(x, y)

)
, (3.4)

By choosing F (t) = ln(t) and τ(t) = ln
(

t

t+ 16

)
, for all t ∈ (0,∞), inequality (3.4)

can be equivalently written as

τ(σ(x, y)) + F (H(T (x), T (y))) ≤ F (1
8σ(x, y)).

Therefore, all the conditions of Theorem (2.0.2) are satisfied with α = 1
8 , γ = β = L =

δ = 0. Therefor, T has a unique fixed point, that is, the Volterra-type integral inclusion
(3.1) has a unique solution.
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Conclusion
This dissertation is divided into three chapters.

• In Chapter 1, we included some primly notions and definitions of various types
contractions, methods and examples both on the fixed point as well as on the fixed
point theorems.

• In Chapter 2, we defined the Hausdorff distance function H and we investigate a
few new results on fixed point for T : X → K(X) by using the contractive condition
of Hardy-Rogers type .

• In Chapter 3, an application, for the solution of integral inclusion, are given to
illustrate the usability of the obtained results.
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