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ABSTRACT. The present paper is devoted to the numerical approximation for the diffusion equation subject
to non-local boundary conditions. For the space discretization, we apply the Legendre-Chebyshev pseudo-
spectral method, so that, the problem under consideration is reduced to a system of ODEs which can be
solved by the second order Crank-Nicolson schema. Optimal error estimates for the semi-discrete scheme
are derived in L?-norm. Numerical tests are included to demonstrate the effectiveness of the proposed
method.
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1. Introduction

Partial differential equations with non-local boundary conditions (NLBCs) have attracted
considerable interest due to their appearance in the mathematical modelling of numerous
phenomena, in particular, models require that the value of the unknown data at the boundary
is connected to its value inside of the domain.
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The primary aim of this paper is to investigate the use of Legendre-Chebyshev pseudo-
spectral method (LC-PSM) for the numerical resolution of the following non-local boundary
value problem,

dru(x, t) —oxxu(x,t) = f(x,t), x€A, te(0,T]
1

dut(—1,1) :/ Ky (x)u(x, t)dx
-1
1
9.ut(1, 1) = / Ko (x)u(x, t)dx (1.1)
-1
with the initial condition:
u(x,0) = up(x), x¢€[-1,1] (1.2)

Where A represents the open interval | — 1,1[, and f(x,t) and uy(x) are two prescribed func-
tions.

As has been mentioned, parabolic equations with non-local boundary conditions have a
wide range of applications in various fields of sciences and engineering. Consider, heat con-
duction [3], thermodynamics [9], thermoelasticity [8], medical science [5], and biotechnology
[7]. Various approaches have been put forward to study the theoretical aspects of these models
and to seek for analytical and numerical solutions. There have been numerous studies in the
literature devoted to investigate the existence, uniqueness and also continuous dependence
on data for the solutions of above non-classical problem and some other similar problems
[19, 20, 21].

As for the numerical resolution for this kind of problems, the classical algorithms have been
applied with some extensions and modifications, we mention but not limiting to, finite differ-
ence schemes [6, 10, 17, 22], finite element procedures[12], Galerkin approaches[2], operational
matrices method [1, 23]

In the same context, researchers have shown an increased interest in spectral / pseudo-spectral
methods [4, 14, 18], as an accurate and efficient method for the numerical approximation of
various types of evolution problems. However, a search of the literature revealed few papers
which are devoted to develop and implement those methods for PDEs with non-local bound-
ary conditions.

The work of Hu, Ma and Shen [15] can be considered as the most significant contribution
in this direction, in which the authors analysed the use of Legendre spectral method and its
error analysis for a one-dimensional elliptic equation with Neumann-type non-local boundary
conditions. In [13] a Chebyshev pseudo-spectral method is used to handle a one-dimensional
parabolic equation with Robin-type integral boundary conditions. Dehghan and Shamsi in [11]
proposed a technique based on the Legendre pseudo-spectral method for the two-dimensional
linear parabolic equation. It should be noted that the papers [11, 13] does not contain any
theoretical analysis for the stability and convergence.

The present work follows the methodology as in [15] in attempt to implement the Legendre-
Chebyshev pseudo-spectral method for the one-dimensional linear parabolic equations subject
to (NLBCs). The main objectives of this paper are, firstly, to construct (LC-PSM) for the diffu-
sion equation subject to Neumann type non-local boundary conditions, and secondly, to carry
out optimal error estimates of the proposed schema.
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Let L?(A) be the square integrable functions space equipped with L2-scalar product and its
associated norm, defined as

1
2 2

0z = [ o, ol = y/w0) = ( [ otolax)

We denote by H"(A),r € N the standard Sobolev space:

ak
Ak
The norm and semi-norm in H"(A) are denoted by |.||; and |.|, respectively. In purpose to
construct the proposed Legendre-Chebyshev pseudo-spectral method, we first reformulate the

problem (1.1)-(1.2) into its weak form,
Find u(t) € H'(A), such that for all ¢ € H'(A),

(0ru(t), @) + (9xu(t), dxg) — K(u(t), @) = (f(t), 9), 0<t<T (1.3)

K(u(t), ¢ (/ Ko (x)u(x, {) dx) _ (/ Ky (x)u(x, f) dx) (1.4)

Solvability of the variational problem (1.3) has been investigate in [21]

H'(A) = {uecL*A): € L(A),0 <k <r}

where,

The rest of this paper is organized as follows. First, in Section (2), we quote the essential
notions and formulas for the use of Legendre-Chebyshev pseudo-spectral method, followed
by, the implementation of the proposed method for the resolution of the problem under con-
sideration. The error analysis of the semi-discrete scheme is given in Section (3). Extension
to nonlinear problems is discussed in Section (4). Finally, series of numerical tests are used to
ensure the efficacy of the proposed method in Section (5). We conclude the paper with a short
conclusion which includes some remarks.

2. Legendre-Chebyshev pseudo-spectral method

In this section, we present Legendre-Chebyshev pseudo-spectral method to solve the non-
local boundary value problem (1.1). Denote by IPx(A) the set of all algebraic polynomials of
degree at most N. We consider the interpolation operator at the Chebyshev-Gauss-Lobatto

(CGL) nodes &; = cos %T,O < j < N, denoted by II§, which satisty [1{v € Py(A) for all
v € L?(A), and

2.1. Implement of the ChebyshevLegendre pseudo-spectral method. The weak form (1.3)
leads to the standard Galerkin approximation, which can be read as: Find un(t) € Pn(A)
such that, for all ¢ € Py(A),

(Qrun(t), @) + (Oxun(t),0xp) — K(un(t), @) = (f,9), 0<t<T (2.1)



306 A. CHATTOUH AND K. SAOUDI

For practical and theoretical reasons, we approximate the source term f and the initial data u
by I1 f and I1§uo, respectively. Therefore, the Legendre-Chebyshev pseudo-spectral approx-
imation for (1.1)-(1.2) reads as, find un(t) € Px(A) such that for all ¢ € Py(A),

(Puin(1),9) + (Bt (1),329) — K(un (1), 9) = (15, 9) o)
un(0) = Iug '

Let us denote L,(x) the nth degree Legendre polynomial, which is defined by the following
three-term recurrence formula:

Lo(x) =1 and Li(x)=x

2n+1)x n
Lpt1(x) = %Ln(x)n—_ﬂlln—l(x) M >1 (2.3)
We recall that the Legendre polynomials satisfy the orthogonality relation,
1 1
/_1 Lk(x)L](x)dx = mék’j (24)

Let N be positive integer, we define
qbk(x) = Lk(x) - Lk+2(x), 0< k <N-2

oy (x) = 5 (Lo(x) + L (¥))

pn(x) = 5 (Lo(x) ~ La(x) 5)

It is easy to verify using linear algebra arguments, that the set (¢x))Y , forms a basis for the
space Py(A). Now, we shall state the following lemma which is main ingredient of our
algorithm.

Lemma 2.1 ([24]). For two integer j, k € IN, let us denote,
1
m = my; = (¢j, ¢x) = /_1¢j(x)¢k(x)dx

1
ik = pri = (9,90 = [ #jx)gix)dx
Then, for0 < jk < N —2:

1 2 2 =k
4k+6 \2%k+1 ' 2k+5 I
o 1 L 2
mig = myj =1 _ ] : ,Jj=k+£2
Vik+16 \Jikt2) 16 2k+5 '
0 , Otherwise
and
Pik = Pkj = %k = , otherwise
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Now, for all t € (0, T| we seek an approximate solution uy(t) for variational problem (2.2)
in PN (A), and since (¢x)Y , forms a basis of the admissible space, thus, uy(t) can be written
as a linear combination of ¢ with time-dependent coefficients, namely,

N
= Y (B (x) (2.6)
k=0

Inserting (2.6) into (2.2) and taking ¢ = ¢; (j=0,---,N) yields,

d
y ””¢w@+2h% (9l 9!) — Zw K(owd) = (OSE(L0) @)

k=0

starting with,

Zwk (¢r ¢j) = (Txuo, ¢5) (2.8)
Denote,
U(t) = (ag,aq,...,an)"
Up = (g, u,..., ), ud = /A T g (x) ¢y (x) dx
F(H) = (o) AW n(0), () = [ TIEF(x,0g;(x)dx
M = midosjens = [ 9(x)ee(x)d

P = [pirlo<ik<n, Pik = / ¢ (x) Py (x)dx
B = [bitlo<jr<n,  bix = K(¢j, Px)
Then, the initial value problem (2.7)-(2.8) can be written in matrix formulation as follow,

MU'(t) + (P — B)U(t) = F(t)

U(0) = Up (2.9)

The value entries of the matrices M and P can be easily determined by using Lemma (2.1).
In the other hand, since L(1) = 1 and Li(—1) = (—1)k, then

#(-1) = ¢(1) =0, 0<j<N-2

So the matrix B is almost-null matrix except the two last rows, with entries:
1
b1 = /_ Ka(x)g(x)dx
1
b, = [ Kalx)gy(x)dx

which can be calculated directly or by the aid of suitable quadratic formula.



308 A. CHATTOUH AND K. SAOUDI

2.2. Time integration. As a final step, using the second-order Crank-Nicolson schema we

discretize the obtained system (2.9), that means, to approximate the values of a(f) at selected

mesh points t;. To this aim, for a positive integer M we define the step time At = £, and

let t; = iAt, denote a} the approximation of ax(t;). Then, we arrive at the following algebraic
system:

(M +At(P—B)) U = (M~ At(P+B)) U + AHF T +F) ,i>1
MU° = U(0) (2.10)

where

U= (- )

F' = (fo(ti), fa(ti), -, f(t)!
System (2.10) can be solved easily using either direct or iterative methods. We preferred to
apply QR factorization method, given its ease of implementation.

3. Error Estimates

In this section, we derive some error estimates for the semi-discrete scheme of the problem
(1.1)-(1.2). First, in the next subsection we recall some essential lemmas related to spectral
approximation method, which are needed in error analysis later.

3.1. Preliminaries. This subsection is devoted to introduce some basic notions and results that
will be used in the sequel. Let Py : L>(A) — PPy(A) be the L?-orthogonal projection, namely,

(Pno, @) = (v,9), Vo € Pn(A)
Define P} : HY(A) — Py(A), such that

Pho() =o(-1) + [ Py-1d,0(y)dy
According to the definition of Pl itis readily to check that,
(0xPY — 950,0:9) =0 Yo € Py(A)
Next, we give the approximation property for the projection operator P}\].
Lemma 3.1 ([16]). If v € H"(A) with r > 1, then the following estimate holds
lo— Pyoll; < CN'""JJof|, ,0<1<1 (3.1)
We also need the following lemma to control the error between v and I1§0.
Lemma 3.2 ([24]). Let v € H'(A), there exists a positive constant C independent on N such that
N[TT5o — o] + [Tl < Clloll (32
Moreover, if v € H"(A) for r <1, then the following estimate holds
lo—TIgoll, < CN"*[jofls ,0<r<1 (3.3)
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Remark 3.3. Under the same assumptions of Lemma (3.2), we can obtain from (3.2) the inequality,
TRl < Clloflr (34)
Next, we derive a basic estimate that will be used later in our proofs.

Lemma 3.4. With K(.,.) defined by (1.4). Assume that K1, K, € L2(A). Then, for any w,v € H'(A),
the following estimate holds

K (w,0)| < Ce(lwl* + [[0]]%) +efolt (3.5)
Proof. We start from the inequality
[K(w,0)] < [o(1) (/A Kz(x)w(x)dx> [+ [e(-1) (/A Kl(x)w(x)dx> | (3.6)
It is readily checked that,

K (u,0)] < o)+ [o(-1)]* + Cllw]? (3.7)
Applying the the trace inequality,
|z]|} < elz|3 + Cel|z||*, Vz € HY(A), 0 < & < &g (3.8)
we obtain
K (w,0)| < Ce(llw]]* + [o]*) +elolt (3.9)

which achieves the proof.

3.2. Error estimates. In this subsection, we consider the semi-discrete approximation (2.2). We
give first a stability result for the solution un(t) (2.2).

Theorem 3.5. Let ug € H'(A) and f € C* (0, T; HY(A)), then the solution un(t) of (2.2) satisfies:

t t
(P + [ ()i <€ ([ 1F6)Rds + [ml) 0T o)

Proof. The proof is straightforward, we only illustrate the mains steps. By virtue of (2.2) in
which we set ¢ = uy(t), we obtain

2 S en (O + lun (D = (TIG£(), (1)) + K1), un (1)) G11)

The first term on the right hand-side of (3.11) can be estimated by the aid of Cauchy inequality
and inequality (3.4),

(TR f (1), un ()| < Jun (81> +ClFDI (3.12)
We now estimate the second term on the right hand-side of (3.11). Using (3.5), we can obtain,
[ (g (8), un (£)] < Cellu(t)n]I* +elun (t) 1 (3.13)
Putting things together and choosing 0 < & < 1 yields,
1d
lun (D17 + [un () [f < Cullun (DI + G2l f (1) |11 (3.14)

24t
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Integrating both sides of (3.14) over (0, t) and applying Gronwall inequality, gives

t t
v+ [ lun(o)fas < o ([ 176 s+ ml}) 0<e<T @9
which is the desired result.

Now, we turn to the error estimates for the semi-discretization (2.2). Let u(t) and uy(t) be
the solutions of (1.3) and (2.2), respectively. We write the error ey () = u(t) — un(t) as a sum
of two term, namely,

u(t) — un(t) = <u(t) - Pg]u(t)) + <Pl{,u(t) - uN(t)) = on(t) + On(t) (3.16)

According to the approximation properties of the operator Py, we only need to estimate the
term Oy (). That is the objective of the following lemma.

Lemma 3.6. If u € C' (0, T; H'(A)),r > 2, then the following error estimate holds,
o) <CNTT,0<t<T (3.17)

Proof. Subtract (2.2) from (1.3), we obtain the following error equation,

(90N (t), @) + (90N (t), 0x9) = <H%f—fr (P> — (dpN (1), @) + K(On(t) +pn(t), @)  (318)
Taking ¢ = On(t) € Py in (3.18), we may have,

1d
iaHBN(t)HZ +loNBF=h+ L+ (3.19)
where
L = (Hﬁf —f 9N(f)>
I, = — (9N (t), On (1))
I = K(On(t) +on(t), On()) (3.20)
Now, w shall estimate the terms Iy, I, and I3 separately. Due to Cauchy-Schwarz inequality,
| = [ (TI5f = £,0n(8)) | < TS = FllIon (0] (3:21)
According to Lemma (3.2),
[L| < N fllrllon ()] (3.22)
In a similar way, using Lemma (3.1) and Cauchy-Schwarz inequality we can get,
|| < CoN~"||0sul|/||On(1)]] (3.23)

The estimate of the term I3 is a direct consequence of Lemma (3.4). Taking w = 0n(t) + pn(t)
and v = Oy(t) in (3.5) yields,

13| = [K(On () + pn(t), On(2))]
< Ce(llon () +on (D1 + [10n(1) %) + elon (1) (3.24)
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using the triangular inequality,

3] < Ce(llon (1) [1* + 10n (1) [1%) +elon (D)3 (3.25)
hence, due to Lemma (3.1), on can obtain,

13| < Cellon(£)]2 +elOn (8)[* + CaN " ul|7 (3.26)
Combining the above estimates, then equality (3.19) becomes,

1d _
SN+ 108 (BT < CaN 2r(||f||3 + o7 + ||u||3> +Cellon (D)7 +elon ()T (3.27)

By taking ¢ sufficiently small and integrating (3.27) over (0, ), we obtain,

E(t) < p(t) + C/OtE(s)ds (3.28)

where
E() = lon ()] + [ ew(s)f

p(t) = N2 [ (1IF ()2 + 9 (s) |2 + u(s)]2) ds + [|n (0) 2 (3.29)

t
0
Gronwalls inequality implies,

E(t) < p(t)e, 0<t<T (3.30)
Take into account,

QN(O) = P&luo - H%uo = <Pﬁ,u0 - u0> + (uo — H%uo)

and approximation results (3.1) and (3.3), we get,

16N (0)[I* < CNT?[fuo[? (3.31)
Inserting (3.31) into (3.28) yields,

lox(IP + [ ton(e)ax < € ([ (ILFGIE+ [oeu(s) 2+ [(s)Z) ds -+ ol

for all 0 < t < T, which is the desired result.

Theorem 3.7. Let u(t) and uy(t) be the solution of (1.3) and (2.1) respectively. Ifu € C' (0, T; H'(A))
with v > 1, then the following error estimate holds,

Ju(t) — un ()] SCN7, 0 <t < T (3:32)

Proof. Applying triangular inequality to equality (3.16) yields,

[u(t) —un (@] < O8] + llon (E) ] (3.33)
Using Lemma (3.1) and Lemma (3.6),
Ju(t) —un(t)| <CNT"+C'N7" (3.34)

This completes the proof.
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Remark 3.8. It should be mentioned that the proposed method can be applied to the problem (1.1) with
more general conditions, namely,

1
dit(—1,8) + ayu(—1,¢) = /_1 Ky (x, Hu(x, )dx + pa(t)

1
(1) + apu(l,t) = /1K2(x,t)u(x,t)dx+p2(t)

4. Extension to nonlinear parabolic problems

The method we presented in previous sections for linear parabolic problems is well-suited
for nonlinear parabolic problems. As an example, let us consider the following parabolic
problem:

Osu(x,t) — Axxu(x, t) + G(u)(x,t) = F(x,t)
dxu(—1,t) = /_11 Ki(x)u(x, t)dx
dxu(l,t) = /_11 Ko(x)u(x, t)dx

where G(-) and F(-) are two given functions with sufficient smoothness. Using the same
notations as in Section (2), then the LegendreChebyshev pseudo-spectral method for (3) leads
to the following nonlinear differential system:

MU' (t) + (P — B)U(t) + G(U(t)) = F(t)

U(0) 2 Uy (4.1)

where
G(U() = (30(1),g1(1), -+ an()', gi(t) = [ TIKG(u(x,1))g;(x)dx
Applying the Crank-Nicolson/leapfrog schema leads to,

(M +At(P—B)) Ut = (M — At(P — B)) UL + At(FHL + F- 1) 4 2A1(G(UY)) ,i>1
(4.2)
starting with

At At At 0
(M + (P B)) U (M -5 (P B)) U0+ —-(F 4+ F) + AHG(U?)) w3

MU° = U(0)
where

G(U') = (80,81, 8n)" & = /H ¢j(x)dx
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Profile of the exact solution u(x,t)

Profile of the approximate solution u (xt) Absolute Error |u(x,t) - u (x|

=} N

N
Absolute Error

Approximate Solution

FIGURE 1. Numerical solution to (5.1) for N =16, At =103 and T =5

N

t:]_ t:T

L2-error L*®-error L2-error oL®-error

4 1.0180e-003 1.2236e-003 4.2676e-003 5.9152e-003
8 2.0043e-008 2.3128e-008 9.7785e-009 1.1314e-008
12 1.3449e-009 1.9224e-009 9.4592e-010 1.3513e-009
16 1.3448e-009 1.9221e-009 9.4207e-010 1.3458e-009
20 1.3440e-009 1.9219e-009 9.2043e-010 1.3149e-009

TaBLE 1. L? and L®-errors of the (LG-SM) for solving Example (1) with At = 1074,

5. Numerical Validations

In this part, three numerical examples are provided to present the computational results
obtained by the proposed (LC-PSM) to support the theoretical results and to illustrate the
robustness and effectiveness of the method presented in the previous sections.

Example 1. Consider problem:

with the exact solution

oru(x, 1) — Oxxui(x,t) = —2sin(t)e*

11
Oyu(—1,t) = /158_(x+1)u(x,t)dx

1
Oyu(—1,t) :/ %e‘xﬂu(x,t)dx (5.1)

-1

u*(x,t) = (sin (t) + cos (t))e*

In order to obtain approximate solution for (5.1), we take At = 1073 and N = 16 polynomial
degree besides T = 5. Profiles of exact and approximate solutions, and the absolute errors
function are plotted in Figure (1). The results confirm the high efficacy of the proposed method.
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. Error in L2 norm Error in L™-norm
1w -
——t=1 e L E

——t=5 —s—t=5

10’ |

Error

10’ |

107" i i i i 107 ; + i 4
4 8 12 16 20 4 3 12 16 20

Polynomial degree N Polynomial degree N

FIGURE 2. L, and Le-errors versus N at: t =1land t =5

To investigate the convergence behaviour of numerical solutions we first examine the spatial
discretization errors. For this aim, we fix step time At = 10~* so that the temporal discretiza-
tion error is negligible as compared with the spatial discretization error, computational results
are reported in Table (1). In Figure (2) , we plot the errors E = uuy in L, and L® norms as a
function of N att =1 and t = T. As usual in spectral methods, the errors in logarithm scale
dropped rapidly, until the time discretization errors dominate.

Error in T-norm and L”-norm at: t =1

10°

107

——L%norm

*—L"-norm ||

10°

Errorin L-norm and L”norm at: t=5

——L%norm

*—L”-norm

.,
1wt}
10t

10°f-

Error

10}

107
10" |

10°}

I“JI ' 2 4 1“7 X -2 : 3 4
10 10 10 10 107 10 10 10
Step Time At Step Time At

FIGURE 3. L, and Le-errors versus Atat: t =1and t =5

Now we investigate the time discretization errors, we fix the polynomial degree N = 20
large enough such that the space discretization errors are negligible, and make vary the step
time. In Figure (3) , we plot the errors in L, and L™ norms as functions of At at t=1 and t=T. As
expected, one can observe the second-order accuracy, which supports the theoretical results
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. s Point-wise absolute errors at: t=2
. Convergence rate in 12 and L -norms g %10
10 T
>~ —72
~. - 1
~o —re
10 2 f
TTTNTwsN

N_4 vs N

10’ 10’ 10°
Polynomial degree N

FIGURE 4. Left: log,,(error) versus N at: t = 2 for Example (5.2). Right: Point-
wise absolute errors for Example (5.2) with N = 20 and At = 1073
Example 2. Consider the initial boundary problem

x+1
2

ut(—1,1) = /11 ¥(x + DY2(1 = x)u(x, )dx

O (x,t) — Opyri(x,t) = (4x4 — 71x% + 14x + 21) et

oxu(—1,t) = /_11 V1= x(x® = x)u(x, t)dx (5.2)

with the exact solution
W (x,t) = el (x +1)3 (x — 1)2

In this example, we consider a problem with an exact solution which has a low regularity in
order to highlight the relation between the convergence rate and the regularity of the solution.
For this purpose, we fix a step time sufficiently small, say At = 10~ so that the temporal
discretization error is negligible, and make vary the polynomial degree N. In Figure, we show
the decay rates of L? and L*®-errors versus N in a log-scale. For a close comparison, we also
plot the lines of decay rates N~3 and N4,

Overall, the computational results show that the L2-error of (LG-SM) for the test problem
(5.2) decay with a rate between N —3 and N~%, which is exactly match with Theorem (3.7) since
u € H3(A) and u ¢ H*(A)

Example 3. Now, let us consider the following nonlinear parabolic problem:
Oru(x,t) — dxxui(x,t) + G(u)(x,t) = F(x,t)
1
dyu(—1,t) = % / 1(x2 + 1u(x, t)dx

1 ge?™
axu(—l,t) = Ll mu(x,t)dx
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where, G(u) = u? — u and F(x,t) xL(tH)z((ﬁﬁz 2041 The exact solution to above problem

is given as

x2

*
u (x,t) = 5———
bet)=p +2t41
Proceeding in a similar manner as of previous numerical experiments, the effectiveness and
accuracy are tested by performing a comparison between numerical and exact solutions.

t variable  LZ-error L*-error
t=04 6.0211e-009 6.8643e-009
t =0.8 5.6313e-009 5.9256e-009
t=12 5.0165e-009 5.2393e-009
t=16 4.5893e-009 4.8128e-009
t =20 4.0734e-009 3.9158e-009

TaBLE 2. Computational results for Example (3) using (LC-PSM) with N = 8 and
At =107

Table (2) shows errors in L? and L®-norms between the numerical solutions obtained for N =
8 and At = 102 and the exact solutions. We clearly observe that numerical solutions obtained
by the proposed method are nearly identical with the exact solutions even for moderate N,
that demonstrates the validity of the proposed (LC-PSM) for nonlinear parabolic equations
with non-local boundary conditions.

Conclusion

Legendre-Chebyshev pseudo-spectral method has been developed to solve a linear one-
dimensional parabolic equation subject to Neumann-type non-local boundary conditions. The
proposed method reduces the problem under consideration to linear differential system by
means of (LC-PSM) for the space discretization, and then the second-order Crank-Nicolson
scheme is used to approximate the resulting system. The advantage of the present method is
that it gives excellent accurate results even for a small polynomial degree N. At the same time,
this approach is simple and can be easy applied to nonlinear problems.

In a future work, we plan to look for ways to reduce the storage requirement due to the time
memory effect. Other further works include extending the proposed approach to nonlinear
partial differential equations with integral boundary conditions.
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