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Abstract

We begin by deriving explicit formulae for the energy levels of a system of N
harmonic oscillators for two special mass configurations but for arbitrary N.
Under the same conditions, we can perform analytically all the calculational
procedure leading to an optimized lower bound for the ground state energy of an
N-body system. The lower bound obtained in this way proves to be identical to
the exact result. It is the first time, to our knowledge, that an explicit analytical
proof of saturability has been worked out.

PACS number: 03.65.—w

1. Introduction

N-body problems constitute a challenge. Even the most simple of them, that is the one-
body problem in a central potential or the two-body problem in the case of a translationally
and rotationally invariant potential, are exactly solvable only in a very limited number of
cases. The complexity of the N-body problem increases quickly with N. One alternative
to overcome the non-analytic solvability is to have recourse to numerical investigations.
Again these numerical computations complicate rapidly with N requiring thereby considerable
calculational facilities. A second alternative is to focus on exact results. Among these, exact
lower bounds for N-body Hamiltonians occupy a particular place. Recently we have derived
an optimized lower bound for the ground state energies of N-body systems, with arbitrary
N. Before going further, it is worthwhile emphasizing that the whole procedure applies only
to systems of N particles interacting via translationally invariant two-body forces in the
context of nonrelativistic kinematics. In particular three-body forces cannot be included in
our present scheme. The lower bound we have obtained seems to be very promising. Indeed
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5858 Kh Boudjemaa and S R Zouzou

our investigations [1] show the superiority of this lower bound over earlier derived naive
[2-7] and improved [8—10] lower bounds, and the saturability in the harmonic oscillator case
[11, 12], which means that the optimized lower bound becomes equal to the exact result in
the case of a system of N harmonic oscillators. But there is a small problem from the point
of view of mathematical rigour. Although the saturability has been checked out numerically
in all configurations considered, this does not constitute a rigorous proof of saturability. Our
goal in this paper is to fill, partially, this lack. We will analytically prove in the following
that the optimized lower bound we have obtained is saturated in the case of a system of N
harmonic oscillators for two particular mass configurations, but with arbitrary N. We will
begin by recalling quickly the derivation of this optimized lower bound. Then we will return
to our primary concern in this paper. We will consider in turn two special configurations,
where in each case we will establish the expressions of the exact energy levels of the system
of N harmonic oscillators, together with the explicit exact expression of the optimized lower
bound. Comparing the two expressions leads to the announced result, i.e., the saturability of
the optimized lower bound for two special mass configurations, but for arbitrary N.

2. Optimized lower bound

We will be very brief here since the details of the derivation of the optimized lower bound
can be found elsewhere. Let us consider N-body systems with nonrelativistic kinematics and
translationally invariant two-body forces, i.e., systems described by Hamiltonians of the form

N N
I, y
_ - GJ) (..
H=), Pt 2. VP, 1)
i=1 i<j=1
where m;, r;, p; stand respectively for the mass, the position and the momentum of the ith
particle. r;; :=7; —7;,i # j =1,2,..., N. It will be noted that the two-body force is given

by the pair potential V@, Our procedure [12] extends to N-body systems, with arbitrary
N, optimized lower bounds obtained in the past for the three-body [13] and the four-body
[14—17] cases, and very recently for the five-body case [11]. Our starting point has been the
decomposition

N N N N
Z Ep,z = ijpj (ZP:‘) + Z ai;pj; (2)
! j=1 i=1

i=1 i<j=1
of the kinetic part of the Hamiltonian involving the parameters b;, j = 1,..., N, and the
necessary positive parameters a;;,i < j = 1,2,..., N.p;; is a linear combination of the
various momenta py,
Ny
ik
pij =) =P (3)

k=1
Here the factor one-half is introduced for convenience. The coefficients x;;; entering the
linear combination are chosen such that r;; and p;; are conjugate variables of one another, that
is satisfying canonical commutation relations

[Fij k> Pijel = iRy e, k,£=1,2,3, 4

where r;; ; and p;; , stand respectively for the kth component of r;; and the £th component of
p;j. Replacing the momenta p;; by their expressions, (3), (2) can be rewritten as

N N

N N N ’
Y 5pi= (b, (Zp') P (wa'kpk> ' .
i j=1 i=1 k=1

i=1 i<j=I
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It will be remarked that the parameters b, a;; and x;; x are constrained by relations obtained by
identifying the two sides of (5). More precisely, the identification of the left-hand side of (5)
with its right-hand side provides N + N (N — 1)/2 constraints. If one remarks that the number
of b; is N and the number of a;; is N(N — 1)/2, these constraints may be used to eliminate
b; and g;; in favour of x;; ;. From now on b; and a;; are considered as implicit functions of
x;j k- We may without loss of generality take x;;; to be equal to 1 by a redefinition of a;;
and of x;;x fork #i =1,2,..., N. Then imposing the canonical commutation relations,
(4), one ends with x;; ; = —1. Thus, we are left with N(N — 1)(N — 2)/2 parameters x;; k.
The decomposition of the Hamiltonian, (1), corresponding to the decomposition of the kinetic
energy term, (5), is

N N N g (X 2
H=|>_bp (sz) + vy (injqkpk> +V i) | (©
j=1 i=1 i<j=1 k=1

Let |W) be the normalized ground state of the system and E the corresponding energy. We
have

E = (V|H|V)

N N N N 2
= (W] | D bip (Zpi)I\I’HZ(\I/I %(Zx,j,kpk) VD@ | 1w). @)
j=1 i=1 i<j=1 k=1

Since the ground state |\W) is invariant under translation, then

N
(pr) W) =o, ®)
i=1

and thus the contribution of the first term on the right-hand side of (7) vanishes. It results that

2
N N
aji ii
E= Y (¥ f(Zx,,-,kpk> + VD) | 10). ©)
i<j=l1 k=1

But by virtue of the variational principle

N 2
ai; ij
i |7 (Zx,»j,kpk) VD) | 1) > EXlay e, (10)
k=1
where E 1(12) [aij (xke,m)] stands for the ground state energy of the two-particle Hamiltonian
N 2
ai; y
HP aij (oeem)] = T] (Z xij,kpk> + V(). (in
k=1
It follows that
N
E> Z Ei(jZ)[aij(xké,m)]' (12)
i<j=1

Thus one obtains a family of lower bounds for E, a lower bound

N
> ERlaij (e,

i<j=1
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for each set of values of the parameters x4, ,,. The best of these bounds, denoted by Eqp,

corresponds obviously to those values of x;, , which maximize ZIN< =1 E 5]2) [aij(xke,m)]. Thus

N
2
Eqp = maxZ E{? [aij (Xiem)]. (13)
i<j=1
Ep is called optimized lower bound.
When Zf\i =1 E[-(j?) [a;j(xke,m)] reaches its maximum with respect to xi,,, all the
derivatives with respect to xj¢ ,, must vanish, that is
N (2)
IE> b
—L =, m %k, m#4L, k<l=1,2,...,N. (14)
8a,-j 8xke’m

i<j=1
Since 3E,-(j2) / da;; are not all zero, the rectangular matrix B with N (N — 1)/2 lines and

N(N — 1)(N — 2)/2 columns with matrix elements 8El-(j2)/8ak(’m, where ij and k¢, m
correspond respectively to the line and column indices, must be at most of rank N (N —1)/2—1.
This means that every N(N — 1)/2 x N(N — 1)/2 square matrix extracted from the matrix
B, by selecting N(N — 1)/2 of its columns, must be of determinant zero. This results in
N(N —1)(N —2)/2 = N(N — 1)/2 + 1 relations among the values of x;; ,, at the maximum.
The general methodology for obtaining these relations can be found in [12] and their explicit
forms for the three-body, four-body and five-body cases are given respectively in [13], [14]
and [11]. Let us now consider in turn the two special configurations (N — 1) x m, M),
i.e., an N-body system with N — 1 particles with the same mass m and a particle with mass
M,m # M, and (n x m,n’ x M), i.e., an N-body system with n particles with the same
mass m and n’ particles with the same mass M, with m # M and n + n’ = N. We will work
in the hypothesis where the two-body potential depends only on the masses of the particles
constituting the pair.

3. Configurations (N — 1) x m, M)

One can always, without loss of generality, number the N — 1 particles with the same mass m
from 1 to N — 1, and the single particle with mass M by N, that is

my=my=---=mMNy_| =m, mN=M.

3.1. Energy levels of the system of N harmonic oscillators

To solve the system of N harmonic oscillators, we have to first introduce a set of Jacobi
coordinates and the corresponding conjugate momenta, together with the centre of mass
coordinate and its conjugate momentum, i.e., the total momentum. We then express the
Hamiltonian, (1), in terms of these new coordinates and their conjugate momenta. Subtracting
the centre of mass kinetic energy, i.e., separating the centre of mass motion, one ends with the
relative Hamiltonian.

A natural choice of the Jacobi coordinates is the following:

p1= -T2+,

1
pr=-—-7r3+ 5(7‘1 +72),
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1
pPi = —Ti + 17(7‘1 +rot e+ Ty),
N-2 = —TN-1+ (ri+---+ry-1),
P N-2
N-1 = —TN + (ri+---+ry).
P N1

15)

One can express the individual coordinates of the particles in terms of the Jacobi coordinates,
(15), and the centre of mass coordinate R defined as

m(rl +~'~+’I"N_1)+M’I"N

R = . 16
(N—1m+M (16)
The result is
! + ! + ! +- 4+ + +R
o= — Z Z et — PNt ————— ,
1 2Pl 3P2 4P3 N—le 2 (N—l)m+MpN 1
! +1 +1 +---+ ! + M +R
= —= _ —pPON— s
2 2Pl 392 4P% N_IPN 2 (N—l)m+MpN 1
2 +1 +. 4 : + M +R
Py = —— _ _ s
3 392 403 N—le2 (N—1)m+MpN1
i1 + ! +-+ ! + M +R a7
P = — Gt — it —— PNt ————— i
i Pi-1 l.+1pz N—le 2 (N—l)m+MpN 1
_ N-3 1 N 1 N M +R
N2 = — N — 2PN 3+ N—le72 N—le72 (N—l)m+MpN71 ,
N — 2 M +R
rN_] = — — PN _ s
A VS Lo e G vy pny VL
(N —1)m +R
TN =———""———pN-— .
NETN —Dm+m PN
The potential energy V,
= Anm Z(Tl_rj) + Amm Z(Tt_rN) (18)
i<j=1
can be put in the form
N-1
V= ((N_z))"mm"')"mM)ZT,z"')‘«mM(N_ 1)')"12\/ Amm Z TieT; — 2)‘mMZ:"'l *TN.
i=1 i<j=1
19)
Replacing r; by their expressions, one gets
N-1 N-2 . 2
2 i, (N-1)M 2 ) (N-1M
2 = c 4 +(N-1)R +2—————pn_1* R,
" 17 T W Dme v TN D (N — Dm+mV!

(20)
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(N —Dm* VR g (N Dm

2
Y= — 2 PN-1 N —Dmaeu’V B ey
N1 (N l)ml-l-MQ i l (N —(1\{)(1\})1”24)-[{‘442 2

e = —— — p° + _
,-<,-—1r YT A" T  Dm M P
1 (N-1DN—-2)M
+=(N—1)(N -2)R* + 1R, 22
SN = DN ~2) N P (22)
N—1
(N —1D>Mm (N—1DM — (N —1?m
doriery=-— Py + (N — DR+ pn_1 - R.
P (N =1m+ M) (N—-1)m+M
(23)
Putting all together, one obtains
N2
V = ((N = DApm + A ——p? + A (N — Dp%_ . 24
(N =1 M);Hlp, u(N = 1Dpy_, (24)
The momenta conjugate to Jacobi coordinates, (15), are
1
Py = 5(—172 +p1),
S L
pﬂ2_3 D3 2131 p2) ),
_ ! + 1( +--+pi) 25
Pp; = i1 Pi+1 ; DPi pi) ),

N -2
Po = N TP NS

(N — )m M
- Py +
(N—-1m+M (N—1)m+M
Equation (25), together with the expression of the centre of mass momentum, i.e., that of the
total momentum P,

(p1 +P2+"'+PN2)),

Poy_y = (p1+p2+---+py_1).

P=p +p+---+pn-1+DPN, (26)
may be inverted to get the expressions of the individual momenta in terms of the Jacobi
momenta, (25), and the centre of mass momentum, (26), which when inserted in the kinetic
part of the Hamiltonian gives

N 2

1 2 = P

T := R — 2 = + i + L 27

Z 2m: 7T 2((N = Dm + M) Z 2im * 20N—DmM 7
i=1 i=1 i+l (N—1)m+M

Thus the Hamiltonian, (1), may be written in terms of the Jacobi coordinates, (15), their
conjugate momenta, (25), and the centre of mass momentum, (26), as

N-2 .
1 1 i
H = P2+§ —p2 + ((N = DAy + Ampt) —— p>
2((N — hm+M)" % i=1<§'+—";p”f « Ymm M)i+1p’>
+; 2t ham(N = 1)p> (28)
2=t Py T AmM PN-1-

(N—Dm+M
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From (28), one deduces the Hamiltonian of relative motion Hg by subtracting the centre of
mass kinetic energy. This results in

(1 2 1 2 2
Hg = Z (2,,” Py + (N = D + Amm) —— e [> + St Pow_ T Amm (N = Dpiy_.
i=1 \ 7+l (N—Dym+M
(29)
Hp, thus shows as a sum of N — 1 independent harmonic oscillators. Then the energy levels
are sums of the energy levels of the N — 1 harmonic oscillators.

N_l))‘«mm+)‘«m m (N—l)m+M)
Ejjrin Z(zj,+3>\/( Y @iy + 3y, 2

2m 2mM
(30)
where ji, j2,..., jy—1 are natural integers. The ground state energy E corresponds to
J1=0,jo=0,..., jy-1=0
N — DApm + An N —1Dm+ M)A,
E=3(N—2)\/( ) P Jm + M)hnu 31)
2mM

3.2. Optimized lower bounds

Under the conditions specified above, the system is invariant under any permutation of the
N — 1 particles with the same mass m. This results in the following relations:

dajj = Amm i<j=1,2,...,N—1,
(32)
aiN = amm I <N,
by=by=---=by_1=b, (33)
and
Xijx=0 i<j<N, k#i, k#]j,
(34)

x,‘N,kZE i<N, k;ﬁl, k;éN
We thus have only one variational parameter £ to adjust and two distinct values a,,,, and a,,
for aij.
The N + N(N — 1)/2 relations obtained by identifying both sides of (5) reduce here to
four relations, namely
N -2 1 N -2

b+ mm + —Amm + 62 mM — ST »

g mm g lmp T e =

N —1 1
bN+ 2 aAmm = m,

| (35)
2b — —amm+£amM+ Pa,y =0,

1 N -2

b+by — EamM — TﬁamM =0.

Equation (35) may be considered as a system of linear equations with four unknowns
Amms Gmm, b, by and one parameter £. The resolution of this system is trivial and gives
for a,,, and a,,y the following expressions in terms of the parameter £:

C+1DEN =3L+1+N)M — (£ —1)’m
(N + N —20)2mM ’
(N—Dm+M
(UN+N =202mM’

Amm (E) =2
(36)
amm (€) =
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For a harmonic oscillator problem

‘/ij(Tij) = me(rij) = )"mmrizj i < ] <N, (37)
Vin(in) = Vi (Pin) = dmm iy i <N.
Then, if we define E (£) as
N—-1(N -2
E() = %E@[amm(z), A 21+ (N = DE@ [@pr (€), Amat, 21, (38)

where E®[a, A, 2], with A positive, denotes the ground state energy of the two-body harmonic
oscillator Hamiltonian Hh(z) defined by

Hh(? = ap® + Ar?, (39)
the optimized lower bound E, (13), reads
Eop = m?x E¥). 40)

Making use of the result, [18], which simply follows from the observation that the well-known
expression 3w/2 (in units where i = 1 of course) for the ground state energy of the three-
dimensional isotropic harmonic oscillator written in its familiar form p?/2m + mw?r?/2 is
nothing but three times the square root of the product of the two factors in front of p® and
21 /2m and maw? /2 respectively,

E®a, »,2] = 3vanx, 41)
(38) simplifies to

N—-1(N -2
E(Z) = 3%\/ )"mm V Amm (E) + 3(N - 1)\/ )"mMV amM(£)~ (42)

Before going further, it is more convenient to put a,, (£) and a,,) (£), (36), in a slightly
different form

© 2 N 200 — D2((N — Dm + M)
Amm = s
(N—1m (N—£+(N—-DHEN - 1)mM (43)
© 4 (N—1m+M
a, = .
M (N—C+(N=D0>  2mM
It is also convenient to make the following change of variable:
N-2)(1-¢
__ W-pa-n )
2-N)1-0+2(N—-1)
In terms of the new parameter 4, (44), a,,,, and a,, ) read
2 2((N -1 M
i () = - W= Dmr M), 43)
(N—1m (N—-22%2N—-1)mM
((N—-1m+ M) 2
h)=—"“(1+h)", 46
an(h) = =5 () (46)
and the optimized lower bound E,, reads
Eop = m;lx E(h), 47
where
(N -2) 2(N —1Dm+ M)
E(h) =3(N -1 vV Am — h?
() = 3( ) < \/(N —Dm (N—=22N-1)mM

o e sz) )

2mM (N —
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Let us conjecture that 1 + & is positive, when E(h) reaches its maximum. Then, in the
neighbourhood of the maximum,

IE(h) (N —Dm+M h
—=3(N—-1D 3 —vVAum
oh ( ) (N —2)(N — 1)mM\/ 2 2((N—Dm+M)h?
N—Dm — (N—22(N—DmM
(N—Dm+M
++/ A _ 1. 49
M 2mM(N —1)2 “9)

Putting 0 E(h)/0h, (49), to zero, one gets the value hg of h corresponding to the optimized
lower bound,

ho= (N — 1) M At (50)
O YT NN — Dm+ M\ (N = Doy + Amss

Substituting £, (50), in E (h), (48), one gets for the optimized lower bound, Ey,, the following
expression:

Eo]b=E(h0)=%{(N—2)\/(N_l));:m+)\mM+\/AZM\/(N_1)m+M}, 51)

M

which is identical to the ground state energy of the system of N harmonic oscillators, (31).
Thus the optimized lower bound, E,, (51), is saturated for harmonic forces.

4. Configuration (n x m,n' x M)

Here both n and n’ are greater than 1, which means that the system is at least a four-body

system. We can always number the n particles with the same mass m as 1, ..., n and the
remaining n’ particles with the same mass M asn+1,..., N. Of course n +n’ = N.
ml:m2:~-~:m :m;
’ (52)
Myl = Mpyp = -+~ =my = M.

As in the previous section, we begin by deriving the explicit expression of the exact energy
levels of the system of N harmonic oscillators and then that of the optimized lower bound.

4.1. Energy levels of the system of N harmonic oscillators

As in section 3.1, we begin by introducing a set of N — 1 Jacobi coordinates. Here, a natural
choice of the Jacobi coordinates is to consider relative coordinates inside the cluster of the n
particles with the same mass m, relative coordinates inside the cluster of the n’ particles with
the same mass M, and the relative coordinate between the two clusters. To be more explicit, a
natural choice of the Jacobi coordinates in the case of the special configuration (n x m, n’ x M)
is the following:

1 ¢ .
Pi=—7°i+1+lTZTk I<i<n,
k=1
1 & 1 &
Pn=— Ti——= Y T (53)
n n
k=1 k=n+1
| i
pi = —Tiy + Zrk n<i<N
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The centre of mass coordinate of the system is given by

n N
1
R=m<mkzl'f'k+MZ’f’k>. (54)

k=n+1

Inverting (53) and (54), one gets the expressions of the individual particle coordinates in terms
of the Jacobi coordinates together with the centre of mass coordinate. The result is

| n'M
=—-p + + + R,
" 2p1 Zk+1pk nm+n/Mp"

k=2
. -1
Gi-=1 . 1 n'M _
= — i1+ + + R 1<i<n,
! i pi-t kX_;k+lpk nm+n/Mpn
n—1 N n'M +R
Ty, = — it ,
n n Pn—1 nm+n/Mpn
Nt (55)
1 N i: 1 nm +R
Ppel = — — ,
n+1 2pn+1 k—n+lpk nm+n,MPn
k=n+2
i—n—1 Qi‘ 1 nm ‘R N
p=— . — n<i<N,
l i—n O k_,k—n+1pk nm +n' M "
N-—n—1 nm +R
TN =——""—"\pN_| — ————— .
N N—n PN-1 nm+n/Mpn
The potential energy V,
n N n N
V = Anum Z (ri =)+ Aym Z (r; — Tj)2+)»mMZ Z (ri — )% (56)
i<j=1 i<j=n+l i=1 j=n+l

can be rewritten as

n N
V= ((n = Ddm + 1" Mupr) Y77 + (00 = Ddpgag +ndwss) Y 77

i=1 i=n+l

n n N N n N
-2 )\mmz Z ri'Tj+)¥MM Z Z ’I",'-’I“j+)\mMZ Z TieT;

i=1 j=i+l i=n+1 j=i+l i=1 j=n+1
(57)
Substituting the expressions of the r;,i = 1,..., N, (55), one obtains for the various
contributions to V involved in (57) the following expressions:
n n—1
2nn'M n?M? k
2 2 2 2
F=nR°"+ —p,  R+n—p-. + —p5. 58
ZT’ " am M n(nm+n’M)2p" Zk+1pk (58)

k=1
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N-1
2nn'm n%m? k—n

WR— —— p, R+n'————p* + — 59
nm+nM" (nm+n’M)2p" k:ZnHk—n+lpk (59)

(1=
3
3,
Il

Il
3
T
=

n l

1 ) n'M
i=-nn—DR " +n(nh—1)———p, 'R
2 nm

M:

i=1 j=i+l +n'M
1 /2M2 5 1 n—1 k 2
H L ——yy L 60
2n(n )(nm+n’M)2p” Zk+1 (60)
N N
S mm = gl — DR el =" R
i ! nm+n'M
i=n+l j=i+l
1, n2m? , 1 NoL ,
ML ey v T Pr 61
" )(nm+n/M)2p" 2 Z k—n+1Px (61)
k=n+1
o —nm+n'M nmn' M
cep =’ R4 —————  p R—nn ——— 2. 62
;jzznﬂr, Tj=nn nn — Pn nn (nm+n/M)2p" (62)

Putting all together, (58), (59), (60), (61), and (62), in (57), one obtains

n—1 i N-1
—n
= (Mhmm + 1 Amar) Z —P, + 01 hp Py + Ouran + Aprn) Zl PR (63)
i=n+
The conjugate momenta corresponding to the Jacobi coordinates, (53), are
" iy <
L= —PDi - i 1 <n,
Pp; i1 Di+1 ; < Dj <
n'M - nm
= - , 64
Poi nm+n'M ;p, nm+n'M zﬂ;l P 64
i—n . 1 Zl: o N
_ _p ; n<i<N,
Py i—n+1 . i—n . bj
j=n+l
where p;,i = 1, ..., N, are the momenta corresponding to the individual particle coordinates
r;,i = 1,..., N. The total momentum P is the sum of the individual momenta
P=p +--+p,+pp1+-- +pn. (65)

Inverting (64) and (65), one obtains the individual momenta in terms of the conjugate momenta
of the Jacobi coordinates together with the total momentum. Then substituting the expressions
obtained in this way in the kinetic part of the Hamiltonian, (1), one gets

N
Lo 1
ZZ_ i 2(nm+n/M) Z 20 pP: znmnM pn+ Z 2(i— n)Mpﬂi' (66)

i=1 il nm+n' M i=n+l i—n+l

Putting together the kinetic and potential parts of the Hamiltonian, (66) and (63) respectively,
one obtains the Hamiltonian expressed in terms of the Jacobi coordinates, (53), their conjugate
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momenta, (64), together with the total momentum, (65),

n—1
1 1
=— P+ + (A + 1A 2
2nm + ' M) Z(lep (o + 1 1P )

i=1 i+1
1 2 ,)\. 2
+ 2 nmn' M pn +nn mMpn
nm+n’' M

, i—n
+ Z (2(1 n) pPi + (Aymn +)"mMn)i_—pi2) . 67)

n+1
i=n+1 i n+1

Subtracting the centre of mass kinetic energy, one obtains the relative Hamiltonian Hpg

n—1 i
1 1
Hp = Z < 5 pp + (M + 1 X)) —— Tl 2) + (—2 pm— pi +nn/AmMpﬁ)

i=1 i+1 nm+n' M

, i—-n ,
+ Z (2(, n)Mpp,- + (Amun + )"mMn)mpi) . (68)

i=n+l i—n+1

Thus Hg shows a sum of N — 1 independent harmonic oscillators. The energy levels are
therefore sums of the energy levels of the N — 1 independent harmonic oscillators. It follows
that the energy levels are given by

n'—1
. Amp (nm +n'M) Aymuh' + Apun
HM+%F£EW—— Z@m+%hﬂ%ﬁll (69)

i=1

with j;,i = 1, ..., n+n’ — 1, natural integers, j; > 0. The ground state energy E corresponds
to all j; equal to zero. Thus

PRy ot + o o M
E=3(n—1),/%+3(n—1)\/ ManM M"+3\/ M(;”ZM" ) 0

4.2. Optimized lower bounds

Since the system is invariant under any permutation of the particles with the same mass, then

aij = A i<j<n
ajj = Appm i=1,...,n, j=n+1,...,N, 71)
aijj = aum n<i<j<N,
bi=by=--=b, = by, )
bpy1 = by = -+ = by = by,
and
Xijq =0 i<j<n or n<i<j<N,
Xijg =1 i=1,....n j=n+1,...,N 1<qg<n gq##Ii, (73)
Xijg =D i=1,...,n j=n+l,....,.N n<q<N qg#]j.
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Thus, here we have three different values, @ym, @ma, amum, for a;j, and two parameters, £ and
p, to adjust. The N + N(N — 1)/2 relations obtained by identifying both sides of (5) reduce
in this case to the following five relations:

1 n'
b+ 70 = D + 7 (C (0 = D+ Dapy = 7,
n , 1 ,
bM+Z(P2(”l _1)+1)amM+Z(l’l _l)aMM: ﬁ’
1 22 )
2bm - Eamm + | £+ 3(” - 2) naym = O, (74)

1 P,
ZbM—EaMM+ p+7(n —2) |\ na,y =0,

1
by +by + 5((,1/ —Dp—1—Ln—1+ptn— 1" —1)a,u =0.

Equation (74) can be considered as a system of five linear equations with five unknowns,
Amms AmM > Ay s b, by Solving this system, one gets for a,,,, @, and ayy the following
expressions in terms of £ and p:

(n—npn’ + pn+2n' —2n' +ntn’Y(1 — pn' + p+ )M — (€ — 1)*n'm
(n' +n —€n’ + nén’ — npn’ + pn)2>mM

)

Anm (L, P) =2

(75)

nM+nm
(76)

amm (L, p) =2 7
mm (£, ) (n"+n —4Ln' +nln’ —npn’ + P”)zmM

(1 —€+nl — pn)(nln’ — n' +2pn —npn’ +2n+n"Yym —n(p + 1)>’M

g’ =2
amm (¢, p) (n' +n —&n’ + nln’ — npn’ + pn)2mM
a7

Taking into account the expression of the ground state energy, (41), of the three-dimensional
isotropic harmonic oscillator, (39), the optimized lower bound E,, can be put in the form

Eop = max E(¢, p), (78)
P

where E (¢, p) is defined by

-1
E p) =3 (%\/xmmammw, ) 41N = m)y Tt (6 P)
N-—m(N-n—1
i ”)(2 n )\/AMMaMM(e,m). (79)

Amm L, P), amm (£, p) and app (€, p) are given by (75), (76) and (77), respectively. Before
going further, let us put a,,,, (¢, p), amm (€, p), and ayy (£, p) in a slightly different form

2 2(N —n)((N —n))M +nm)(€ — 1)?

amm(g’ P) = - R (80)
nm nmM(N — (N —n)f+n(N —n)l —n(N —n)p +np)

a6, p) =2 pm+ (N =M 81)

mM(N — (N —n)l+n(N —n)t —n(N —n)p +np)?’

_ 2n(nm + (N —n)M)(p +1)?
(N—nm)M (N —n)ymM(N — (N —n)¢+n(N —n)t —n(N —n)p +np)?’
(82)

aym @, p) =
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Let us now make the following change of variables:

B (n—1(N =n)(1—10
C (N—=n)(A =0 +n(N—n)t —p)+n(l+p)’
n(N—n—1){0+p)

c= : (84)
(N—nm(A—=£)+n(N—-—n)l —p)+n(l+p)

(83)

In terms of the new parameters /, (83), and ¢, (84), @yum, @mp and ayyy can be re-expressed as

2 2(nm+ (N —n)M)

_~ 2
Gnm (B, €) = nm  n(N —n)(n— 1)2th ' (83)
nm+ (N —n)M
amp(h, ) = W(l +h+¢)%, (86)
g (h. €) = 2 2(nm+ (N —n)M) ) 87)

(N—mM _ n(N—m)(N —n—12mM°

It is easy to see that, when expressed in terms of / and ¢, E (¢, p), (79), takes the following
form:

N —mM
E(h,¢) = _<n<n_1>m,/ \/ (ijn()(n _nl))thZ
+\/)W—M\/2(nm+(N—n)M)\/m
Y Dﬁ\/(N—n)M\/ _M> )

n(N—n—12m

and the optimized lower bound E,, reads
Eon = rrhlax E(h,c). (89)

Let us compute the partial derivatives of E (h, c¢) with respect to / and c. We got

0E(h,c) 3 nm+ (N —n)M
— 2 = = |V —m08m9 ——
ﬁ( Y

oh mM
1 nm+ (N —n)M
—nn—-1) \/1 nm+(N n)M h2 = DAN —mM , (90)
—D2(N—n
and
0E(h, 3 N —nM
ﬁz_ it N =M N —n— 1)
dc 2 mM

nm+ (N —n)M o1
C ’
(N — }’l)M _ nmt(N—-m)M c2 (N —-—n— l)znm

(N=n—1)2nm
where we have conjectured that 1 + 7 + ¢ > 0 in a neighbourhood of the maximum of
E(h, c), (88). Equating dE(h, c)/dh and dE (h, c)/dc to zero, one gets the values of &, hy,
and of ¢, ¢y, corresponding to the maximum of E (k, c), that is to the optimized lower bound.
The result is
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ho = (N 1 o i 7
0= ( —}’l)(l’l - ) nm+(N _n)M n)‘«mm +(N _n))“mM’ ( )

— (N —n—1) | — " il 93)
co=nty=n am+ (N — M\ (N — n)irn + oy

One finally gets after replacing ho and ¢y by their explicit expressions, (92) and (93)
respectively, the following expression for the optimized lower bound E,,

Eolb = E(h(), Co) = % ((ﬂ _ 1)\/’1)\"’”1’” + (Irvn_ n)AmM

+m nm+;]1VM—n)M+(N_n_1)\/nAmM+(1[\‘7/I—n)AMM>’ 94)

which is nothing but the ground state energy of the system of N harmonic oscillators for the
(n x m, (N —n) x M) mass configuration, (70). This again means that the optimized lower
bound is saturated for the system of N harmonic oscillators in the case of mass configurations
of the type (n x m, (N —n) x M).

5. Conclusion

In [12], we derived an optimized lower bound for the ground state energy of an N-body
Hamiltonian, with non-relativistic kinematics and translationally invariant two-body forces,
by extending for arbitrary N a procedure used previously for the three-body case [13], the four-
body case [14] and very recently for the five-body case [11] . This lower bound proves to be
superior to previously derived naive [2—7] and improved [8—10] lower bounds. Furthermore,
the optimized lower bound we obtain in this way coincides with the ground state energy in the
particular case of harmonic interactions for all the mass configurations we have considered.
But this is a numerical evidence and a numerical result remains a numerical result and cannot
be considered, strictly speaking, as a proof of saturability, although we have the ‘intime
conviction’ that the optimized lower bound we have obtained is always saturated in the case
of harmonic forces, independently of the particular mass configuration under study.

This paper fills partially this lack in that we have succeeded to analytically prove the
saturability of the optimized lower bound we obtained in [12] in the case of harmonic forces
for particular mass configurations but for arbitrary N.

For the most general configuration, we think that analytical proof of saturability is out of
reach for N > 5, since for N > 5, we know from the beginning that analytical expressions
of the energy levels of the system of N harmonic oscillators should not be available since the
problem is equivalent to solving an algebraic equation of degree N — 1 [11].
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