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Introduction

In mathematics, delay differential equations (DDEs) are a type of differential equation in
which the derivative of the unknown function at a certain time is given in terms of the values of
the function at previous times. DDEs are also called time-delay systems, systems with aftereffect
or dead-time, hereditary systems, equations with deviating argument, or differential-difference
equations. They belong to the class of systems with the functional state, i.e. partial differential
equations (PDEs) which are infinite dimensional, as opposed to ordinary differential equations
(ODEs) having a finite dimensional state vector. Four points may give a possible explanation of

the popularity of DDEs:

o Aftereffect is an applied problem: it is well known that, together with the increasing
expectations of dynamic performances, engineers need their models to behave more like
the real process. Many processes include aftereffect phenomena in their inner dynamics.
In addition, actuators, sensors, and communication networks that are now involved in
feedback control loops introduce such delays. Finally, besides actual delays, time lags are
frequently used to simplify very high order models. Then, the interest for DDEs keeps on

growing in all scientific areas and, especially, in control engineering.

e Delay systems are still resistant to many classical controllers: one could think that the sim-
plest approach would consist in replacing them by some finite-dimensional approximations.

Unfortunately, ignoring effects which are adequately represented by DDEs is not a general
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alternative: in the best situation (constant and known delays), it leads to the same degree
of complexity in the control design. In worst cases (time-varying delays, for instance), it is

potentially disastrous in terms of stability and oscillations.
e Voluntary introduction of delays can benefit the control system.

e In spite of their complexity, DDEs often appear as simple infinite-dimensional models in

the very complex area of partial differential equations (PDEs).

A general form of the time-delay differential equation for z(¢) € R™ is

d
Salt) = f(t,2(0) 2)

where x; = {z(s) : s < t}represents the trajectory of the solution in the past. In this equation,

f is a functional operator from R x R" x C'(R x R")to R™.



Notation

Notation

Set notation

1. N:
2. 7 :
3.Q:
4. R:
5.R* :
6. C:
7. a, b]:
8. [a,b) :
9. (a,b)] :
10. (a,b) :
11.Hy, Hy :

the set of natural numbers, {1,2,3,...}
the set of integers, {0, £1,+2,+3,...}

the set of rational numbers, {§ 'p,q € L,qF 0}

the set of real numbers

the set of positive real numbers

the set of complex numbers

the closed interval {x € R:a <z < b}
the interval {x € R:a <z < b}

the interval {zr € R:a < x < b}

the open interval {z € R:a < x < b}

null and ilternative hypotheses for a hypothesis test

Miscellaneous symbols

#:

Q

1.
2.
3.
4.
D.
6.
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is equal to

is not equal to

is identical to or is congruent to
is approximately equal to

is distributed as

is isomorphic to



Contents

7.<: is less than

8. < ¢ is less than or equal to

9. >: is greater than

10. > is greater than or equal to

11. o0 infinity

12. = implies

13. & implies and is implied by (is equivalent to)
14.Zai: ay+ag+ ... +ay

15. |Z;|1: the modulus of a

16.f(z) : the value of the function f at z

17.f : x — y : the function f maps the element x to the element y

18.f71: the inverse function of the one-one function f

19.lim, ., f (z): the limit of f(z) as z tends to a

20.% : the derivative of y with respect to x
21.% : the nth derivative of y with respect to x

22.f(z), f'(x),..., f™(z) : the first,second,... nth derivatives of f(x)with respect to =

b
23. / ydr the definite integral of y with respect to x between the limits * = a and
b

r =

42,2, ... the first,second,. .. derivatives of x with respect to ¢
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Abstract

This thesis is devoted to the study of the new criteria of the exponential stability of two forms
of nonlinear deferential systems with time varying delay.

First, we presented some definitions and basic results on matrices. Then, we give theorems
of existence of solution of these systems and different notions of stability. Next, we presented
the explicit criteria for exponential stability and for two forms of nonlinear deferential systems

with time varying delay. Finally, we present some illustrative examples.



Chapter 1

Definitions and preliminary results

Let N be the set of all natural numbers. For given m € N, let us denote m := {1,2,...,m}. For
integers [, ¢ > 1, R! denotes the l-dimensional vector space over R and R"*? stands for the set of

all [ X g—matrices with entries in R.

1.1 Matrix operations

1.1.1 Addition of Matrices

If A= (a;;) and B = (b;;) are two matrices of the same order then their sum A + B is a matrix,
and each element of that matrix is the sum of the corresponding elements.i.e A+ B = (a;; + b;;).

Consider the two matrices A and B of order 2 x 2. Then the sum is given by:

a; b . as by I +ay b+ by
C1 dl Co dg 1+ ¢ dl + dz

1.1.2 Properties of Matrix Addition

Proposition 1 If A, B and C are matrices of same order, then

1. Commutative Law: A+ B=B+ A



Chapter 1. Definitions and preliminary results

2.

3.

Associative Law: (A+ B)+C =A+ (B+C)

Identity of the Matrix: A4+ O = O + A = A, where O is zero matrix which is additive

identity of the matrix,

4. Additive Inverse: A+ (—A) =0 = (—A)+ A, where (—A)is obtained by changing the sign
of every element of A which is additive inverse of the matrix.
A+B=A+C
5. = B=C
B+A=C+A
6. tr(A+ B) =tr(A) +tr(B)
7. If A+ B=0= B+ A, then B is called additive inverse of A and also A is called the
additive inverse of A.
1.1.3 Subtraction of Matrices

If A and B are two matrices of the same order, then we define A — B = A+ (—B).

Consider the two matrices A and B of order 2 x 2. Then the difference is given by:

a; by as by a; —az by —by

¢ dy cy dy cp—cy dy —dy

We can subtract the matrices by subtracting each element of one matrix from the correspond-

ing element of the second matrix. i.e. A — B = (a;; — b;;)

1.1.4 Multiplication of Matrices

If A and B be any two matrices, then their product AB will be defined only when the number

of columns in A is equal to the number of rows in B.

If A= (a;;) € R™*™ and B = (b;;) € R™*? then their product AB = C = (¢;j) € R™*Pwill be

n
a matrix of order m x p where ¢;; = > a;by;.
r=1
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Chapter 1. Definitions and preliminary results

1.1.5 Properties of matrix multiplication

10.

1.2

. Matrix multiplication is not commutative in general, i.e. in general AB # BA.

Matrix multiplication is associative, i.e (AB)C' = A (BC).

Matrix multiplication is distributive over matrix addition, i.e

A(B+C)=AB+AC and (A+ B).C=AC+ BC.

. If Ais an m X n matrix, then I,,A = A = Al,.

The product of two matrices can be a null matrix while neither of them is null, i.e. if

AB =0, it is not necessary that either A=0or B =0

. If Ais an m x n matrix and O is a null matrix then A,,x,,.Onxp = Opxp- i-€. the product

of the matrix with a null matrix is always a null matrix.

If AB = 0 (It does not mean that A = 0 or B = 0, again the product of two non-zero

matrices may be a zero matrix).

. If AB = AC , B # C (Cancellation Law is not applicable).

. tr (AB) =tr (BA).

There exist a multiplicative identity for every square matrix such Al = IA = A.

Inequalities between real matrices

e Inequalities between real matrices or vectors will be understood componentwise, i.e. for two

real matrices A = (a;;) and B = (b;;) in R, we write A > B if a;; > b;; fori =1,...,1,

17=1,....q.

e In particular, if a;;b;; for e =1,...,1, 7 =1, ..., ¢, then we write A > B instead of A > B.

11



Chapter 1. Definitions and preliminary results

A matrix A = (a;;)in R4 is called positive if all elements of A are non-negative, i.e.a;; > 0
for 1=1,...,1,7 =1,...,q and denoted by A > 0. We denoted by leq the set of all positive

matrices.

A positive matrix is called non-negative matrix.

A matrix is called strictly positive and noted A > 0 if all its elements are strictly positive.

Similar notation are adopted for vectors.

Example 1 Consider A € R?3; B € R¥* such that

2 13 4

2 7 3
A= 7 B=1:6173
011 .
1311

e A is a positive matrix

e B is a strictly positive matrix

1.3 Metzler matrix

Definition 1

e A matrix A = (a;;) € R"™" is called a Metzler matrix if all off-diagonal entries of M are

non negative, a;; > 0 fori # j, i,7=1,...,n
o A matrix A € R™" is called a strict Metzler matrix if:
a;; > 0,Vi,j=1,...,nand a;; <0ifi=j

Example 2 Consider two matrices A € R3*3 A € R**? such that

12



Chapter 1. Definitions and preliminary results

-1 0 3
-5
A= 0 -2 1 |.,B=
1
5 2 3

o A is a Metzler matrix.

e B is a strict Metzler matrix.

1.4 Matrix norms

For every z = (1,22, ..., ;) € R", we have

e The l-norm ||z||, , defined such that ||z||, = |z1| + |z2] + ... + |2n] .

e The euclidean norm ||z, , defined such that ||z|l, = (|z1|2 + |za] 2 + ... + |7, Y2

e The sup-norm ||z||, , defined such that ||z|| = {|z1] + |@2| + ... + |zal} -

more generally, we defined the p-norm for p > 0 by ||x|| p =

<|$1|p + |$2|p + ...+ |l'n|p)1/p.

A matrix norm ||.|| on M, (k) with K = R or C is a norm on the vector space M, (k) with

the additional property that for all A, B € M,, (k)

IA-B[ < Al 1B]]

Proposition 2 For every square matrix = A = (a;j) € M, (k), we have

L Al = SUp accr | Az[|, = max; Y7 |y
x|l =

2. [[Allo = sup zecr || Azl = max; 35 as]

2]l o=

3 Al = sup acer || Arl, = /p (A°A) = \/p (44°)

The norm ||Al|, is often called the spectral norm.
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Chapter 1. Definitions and preliminary results

Example 3 Consider A € R3*3 such that

3 -1 4
A=11 5 -9
2 6 5

The row sums are 8,15,13. The column sums are 6,12,18.
|A]l, = 18 Al =15 L ||A]l, = 13.5824

e For x € R" we define |z| = (|z;])
e For P € R4 we define |P| = (|P51)

e A norm in R" is said to be monotonic if ||z|| < ||y|| whenever z,y € R"; |z| < |y|.
Lemma 3 Every p-norm on R",1 < p < 0o, and the sup-norm is monotonic.

For any matrix M € R"*" the spectral abscissa of M is denoted by
p(M)=max{RX: A€o (M)},

where o (M) := {z € C: det (21, — M) = 0} is the spectrum of M.

1.5 Properties of Metzler matrices
We present in this paragraph some properties of metzler matrices
Theorem 4 Suppose M € R™*"™ is a Metzler matriz. Then

1. (Perron-Frobenius) p (M) is an eigenvalue of M and there exists a nonnegative eigenvector

x # 0 such that Mx = p (M)

2. Given a € R, there exists a nonzero vector x > 0 such that Mz > ax if and only if

p(M) = o

14



Chapter 1. Definitions and preliminary results

3. (tI, — M)~ exists and is nonnegative if and only if t > p (M).

4. Given B € R}*", C' € C™"™ . Then

IC|<B=p(M+C)<pu(M+B).

Theorem 5 Let M € R™*" be a Metzler matriz. Then the following statements are equivalent
1. u(M) < 0;
2. Mp < 0 for some p € RY;
3. M is invertible and M~! < 0;
4. For given b € R",b > 0 there exists € R}, such that Mz + b = 0;

5. For any = € R" \ {0}, the row vector 27 M has at least one negative entry.

Definition 2 The upper dini derivative, which is also called on upper right-hand derivative, of

a countinuous function f:R — Ris denoted by f' and defined by

. .
f1 () = lim sup,,_ g, £2EH=10)

where lim sup is the supremun limit and the limit is a one-sided limit. The lower dini diriva-

tive, f’, is defined by

f'(t) =liminf, o+ w,where liminf is the infimum limit.

Definition 3 A function is said to be homogeneous of degree r,if multiplication of each of its
independent variables by a constant j will alter the value of the function by the proportion j" ,that
is f(jr1,...,jxn) = j f (1, ...,x,)In general. j can take any value. However, in order for the
preceding equation to make sense, (jx1, ..., jx,) must not lie outside the domain of the function
f. For this reasan. in econmic applications the constant j is usually taken to be positive, as most

economic variables do not admit negative values.
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Chapter 2

Stability of non-linear systems with

time varying delay

Let k™" be endowed with the norm |.||and let J be an interval of R . Denote by C' (J,k™*"),
the vector space of all continuous functions on .J with values in k">,

In particular,C ([«, 5], C"™*™) is a Banach space endowed with the norm

lell == mazeeias lle (O)]

In what follows, we write C' instead of C' ([—h, 0] ,R™) and denote C,. := {p € C : ||¢|| < r},

for given r > 0.

Definition 4 For a matriz function ¢ (.) : J — R"™", we say that ¢ (.) nonnegative and

denote it by ¢ > 0 if ¢ (6) > 0 for all 0 € J.

2.1 Systems of the first forme

Consider a nonlinear differential system with time-varying delay of the form
. 0
x(t) = F(t;z(t),z(t — T(t)),/ B(t, s)x(t + s)ds), (2.1)
—h(t)

where

16



Chapter 2. Stability of non-linear systems with time varying delay

(Hy) 7(.),h(.) : R — R are given continuous functions such that 0 < h(t),7(t) < h,Vt € R,
for some h > 0 and B(.;.) : R x [—h,0] — R™ " is a given matrix-valued continuous function.

(Hy) F(.;.,.,.) : RxR"xR" xR" — R", is a given continuous function such that F'(¢;0,0,0) =
0; vVt € R and F(t;z,y, 2) is (locally) Lipschitz continuous with respect to x, y, z on each compact
subset of R x R" x R™ xR"™ .Then (2.1) can be represented in the form

where for each t € R, x4(0) := z(t+0),0 € [—h,0land W (.;.) : R x C — R" is defined
by
0
W t) = Fle0) ¢ (=70, [ Bt s)elo)ds).
—h(t
Let system (2.1) satisfying (H;) and(Hz), it follows that W (.,.)is continuous on R x C and is
Lipschitzian in ¢ in each compact subset of R x C . Thus for a fixed ¢ € R and a given ¢ € C,

there exists a unique local solution of (2.1) satisfying the initial condition

z(o+s):=p(s),se€[—h,0. (2.2)

This solution is denoted by z(.; 0, ¢) and z(.; o, ¢) is continuous on [o — h,y)for some v > o
and satisfies(2.1) for every ¢t € [0,7) . Furthermore,if the interval [0 — h,7) is the maximum
interval of existence of z(.; 0, ) then z(.;0, ) is said to be noncontinuable. The existence of a
noncontinuable solution follows from Zorn’s lemma and the maximum interval of existence must

be open.

2.1.1 Notations of stability

Definition 5 The zero solution of(2.1) is said to be locally exponentially stable if there exist
positive numbers r, K, 3 such that for each o € Rt and each ¢ € C, , the solution z(.;0,¢) of
(2.1) — (2.2) exists onjo — h,00) and furthermore satisfies

|z(t; 0, 0)|| < Ke P9 vt > 0.

17



Chapter 2. Stability of non-linear systems with time varying delay

Definition 6 The zero solution of (2.1) is said to be globally exponentially stable if there exist
positive numbers K, such that for each o € R and each ¢ € C, the solution x(.;0,¢) of
(2.1)-(2.2) ezists on [0 — h,00) and furthermore satisfies

lz(t;0,9)ll < Ke 7l vt 2 0.

Definition 7 When the zero solution of (2.1) is locally exponentially stable, globally exponen-
tially stable then we also say that (2.1) is locally exponentially stable, globally exponentially stable,

respectively.

2.1.2 Explicit criteria for exponential stability

Theorem 6 Let F(t;.,y, z) be continuously differentiable on R™ for anyt € R and any y, z € R™.

Assume that

0
sup/ |B(t,s)]|ds < oo (2.3)
—h

and there exist 4 > 0 and matrix-valued continuous functions

Ao () = (a“’) (.)) ‘R — R™" and A; (), A3 (.) : R — R"" such that

ij

OF;

O 2.y, 2)
X z
83’:] b) 7y7

<ad(t),i#jijen (24)

for any ¢t € R and any z,y, z € Bs and
[F(;0,y,2)] < Ay () [y| + A2 (t) 2], V¢t € R, Yy, 2 € B;. (2.5)

Furthermore, suppose there exist § > 0 and p € R",p > 0 so that
0
Ao (1) + Ay () 7O + A, (1) / IB(t, )| e Pods)p < —fp,VE € R (2.6)
—h(t)

Then

(i) The zero solution of (2.1) is exponentially stable.

18



Chapter 2. Stability of non-linear systems with time varying delay

(ii) In addition, if (2.4) holds for any ¢t € R and any z,y, 2 € R" and (2.5) holds for any ¢ € R
and any y,z € R™, Then the zero solution of(2.1) is globally exponentially stable, regardless of
(2.3).

Let ¢ € C be given and let z(t;0,¢),t € [0 — h,7) be a noncontinuable solution of (2.1) —
(2.2). We divide the proof into three steps.

Step I.  There exists # > 0 such that for any p € C,. and any 0 € R, z(.) := z(t;0,¢)

satisfies

0

|lx(t)|] < 0,Vt € lo,7); /h | B(t, s)|| ||x(t + s)||ds < 0,V € [0,7). (2.7)

Without loss of generality, let R” be endowed with the maximum norm ||.||_ . Since p > 0,

(2.6) holds for any vector kp € R",k > 0. Therefore, we can assume further that

) o)
< min< —, . 2.8
Ipll < {2 2supteRf||B<t,s>uds} (28)

Let p:= (p1,p2, -, pn)T, pi > 0, Vi € n and choose r € {0, min;<;<, p; }-
Then |¢(t)| < p, for any ¢ € [—h, 0] and for any ¢ € C,.

Note that x (o +t) = ¢ (t),t € [=h,0] and |z (0)| = |¢ (0)| <K p:

We claim that |z (t)| < p,Vt € [0,7).

Assume on the contrary that there exists t, > o such that |z (to)|p .

Set t; :=inf {t € (0,7) : |z (t)| p}. By continuity, t; > o and there is iy € n such that
[z (t)] < pVt € [o,t1) 5] io (t1) |= pio; | mao (t1) [> pao, VE € (1,01 +€), (2.9

for some € > 0.

Let Ay (t) := <a(0) (t)) LA (1) = <a(1) (t)) € Rand let Ay (8)|B(ts)] = (b (t,5)),s €

i %

[—h,0],t € R.. By the mean value Theorem , we have for each ¢t € R and for each i € n

19



Chapter 2. Stability of non-linear systems with time varying delay

wlt) = (F(ta(),o(—70), / o BlUS)e)d) = F(50,07 (0= (1),

/ B(t,s)z(t + s)ds)) + Fi(t;0,,z (t — 7(t)), / B(t, s)z(t + s)ds)

—h(?) —h(?)

= ]En; (/0 gi (t,&x (t),x (t — T(t)),/o B(t, s)x(t+s)ds)d§> z; (t)

—h(t)

0

R0, 2 (t— (1)), /_h(t) B(t, s)x(t + 5)ds).

On the other hand, it follows from (2.8)-(2.9) that

) )
lz@®l < 5, tel-h+oti; / IBE, s)ll|l=(t + s)llds < 5, te€lot]. (2.10)
By continuity,
0
|z ()| <9, t€[-h+o,t1+¢0); / |B(t, )| ||x(t+ s)||ds < 0,t € [o,t1 +e0]. (2.11)
—h
for some sufficiently small ¢y > 0. Thus,
o 0
=7 1w (8)] = sgn (z; (¢ / (t, &z (t) ,x (t —7(t ))7/ B(t, s)x(t + s)ds)dg) |z; ()]
(975 51'] —h(t)

aF (o (1) (0= 7l )),/ B(t, $)a(t + s)ds)| d |z (8)] +
J=1,5#1 —h(t)
Fi(t:0, 2 (t — 7(1)), /_i(t) B(t, s)a(t + s)ds

20



Chapter 2. Stability of non-linear systems with time varying delay

n n 0
<al (W) ]z O+ > al (1) |x; (¢t |+Z ORI / by (t,5) |a; (t 4 9)] ds,
j=1.j#i j=1""

for almost any ¢ € [0, + o] . It follows that

|zi (¢ + h)| — |z (1)]
h

. 1 t+h d n
— timsupy [ ()l ds S O 0]+ 3 ) @)1 )
t

J=Lj#

DY |z; (t)] : = limsup

+Za§;> (t) |2 (t — 7 (1)) + Z/_h b (t,s) |z (t + s)| ds

for any t € [0,t; + o] , where D denotes the Dini upper-right derivative.In particular, we

have
0 1
Dt |z, (1)] < aloh (80) i (t)]+ Y al) (t2) |y (0)] + D ale) (1) |y (81 — 7 (1))
j=1,j#i j=1

+Z/ i0J tl, |$] t1+8 |ds<Zaw tl pj—l—Zam tl pj—i-Z/ i0j tl, pjds

n 0
Z t1 pj + Zal(oj) (t1) ep; + Z /h bioj (t1,8) e P*pjds < —Bp;, < 0.
=17

However, this conflicts with (2.9). Therefore

[2(t;0,0)| = |2z ()] < p,VE € [0,7);Vp € C,.

21



Chapter 2. Stability of non-linear systems with time varying delay

By the monotonicity of vector norms, this yields
lz(t; 0, 0)|| < llpll < 6,VE € [o,7); Ve € C. (2.12)
It follows from (2.8) and (2.12) that

0
| IB s ot + o) ds < 8. € 0,7).
—h

Step I1. We show that
|z(t; 0, 0)|| < Ke PVt € [0,7); Vo € C,. (2.13)

where 8 > 0 satisfies(2.6) and r is determined in Step I and K depends on [3,r. Choose
K > 0 such that | (t)] < Ke #'p, for any t € [~h,0] and for any ¢ € C, .

Define v (t) := Ke ?¢=9)p t € [0 — h,00). We have, |z (t)| < v (t) Vt € [0 — h,0).

We claim that |z (t)] < v () Vit € [0,7).

Assume on the contrary that there exists t, > o such that |z (t.)|v (¢.) .

Set t. := inf {t € (0,7) : |z (t)|v(t)}. By continuity, we have t. > o. Then there is iy €n
such that |z (t)| < v (t)

Vt € [0,8) 5 |1ay (t)] = vig (te) |2ag (8)] > w3y (£) Yt € [terte +€),  (2.14)

for some € > 0. Taking (2.4) — (2.5), (2.7) into account, by a similar argument as in Step I,

we have

DYz < ) @)z @1+ D2 a ()| (¢ |+Z 5 (0o (=7 (1)
+Z/_hbij (t, s) o (t+ s)| ds

for any ¢ € [0,7) . In particular, it follows from (2.14) that
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Chapter 2. Stability of non-linear systems with time varying delay

n n n 0
D* |z, (t)] < Ke Pte=) (Z al) (t)py+ Y ale) (t) e™p; + / binj (fe, 5) e—BSpjds)
j=1 j=17—h

Jj=1

< —BKe Plep, = DFu, (t.) .

However, this conflicts with (2.14). Therefore

[2(t;0,9)| < v (t) = Ke?"p,Vi € [0,7);Vp € C,.

By the monotonicity of vector norms, this yields
lz(t; 0, 0)l| < EKiePE9) vt € [0,7);¥p € C,

where K, := K ||p|| > 0.

Step ITI.  We claim that v = cc.

Seeking a contradiction, we assume that 7 < co. Then it follows from (2.13) that z(.; o, ¢) is
bounded on[o, ) .

By continuity of F and B, this together with (2.1) imply that x (.)is bounded on[c, v) .Thusz
(.) is uniformly continuous on[o, ) .Therefore, lim; ., — x (¢) exists and = (.) can be extended to
a continuous function on[o,~y) . Moreover the closureof {z; : t € [0,7)} is a compact set in C,. ,
by Arzela-Ascoli theorem .

Note that{(¢,z;) : t € [0,7)} C [0,7] X the closure of {z;:t € [0,7)}.Thus, the closure of
{(t,z) : t € [0,7)} is compact set in R, x C, .Since (7, z,) belongs to this compact set, one can
find a solution of (2.1) through this point to the right of 7. This contradicts the noncontinuability
of z(.). Thus v must be equal to co.

Finally, if (2.4) holds for any ¢ € R,any z,y,z € R" and (2.5) holds for any t € R , any
y,z € R™ | Then Step I can be omitted.Thus, (2.3) can be removed.

By applying the Theorem to the invariant time delay system, we have for any ¢ €
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Cl,
ly(t; o, 0)|| < Kie P09 vt > o, (2.15)

for some K; > 0,8 > 0 . From linearity of the invariant time elay system , it follows that

1 ) —B(t—0c
i)l = Hyu;a,m)H < Ko P Wt > 0, € Oy £ 0.

Thus,
ly(t;o,9)|| < Kie ? |jp|| ¥t > 0,Vp € C. (2.16)

For given ¢ € C, let z (.) := z(.; 0, ¢) be the solution of (2.1)—(2.2) and let y (.) := y(.; 0, |¢]),
where || (t) :=|¢ (t)|,Vt € [0 — h,0). Let ¢ > 0 be arbitrary but fixed.
Note that |z (t)| < y (t) + (p,t € [0 — h,0). Then the same argument as in step II of the

proof of (i) yields

By the monotonicity of vector norms,

=@l = 1z @I < [ly @) + Cpll < lly O+ Cllpll, ve =0 (2.17)

Letting ¢ tend to zero in (2.17), we obtain

=@l =1 l= @Ol < lly O, vt > o (2.18)

Then (2.16) and (2.18) imply that the zero solution of (2.1) is globally exponentially stable.
Furthermore, the arguments presented above show that the zero solution of (2.1) is globally

exponentially stable regardless of (2.3). This completes the proof.

Corollary 7 Let F (t;.,y,z) be continuously differentiable on R™ for any t € R and any y, z €
R™. Assume that (3) holds and there exist § > 0 and Ay = <a(0)> e R™" and matriz-valued

]
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Chapter 2. Stability of non-linear systems with time varying delay

continuous functions Ay (.), Az () : R — RY*™ such that (5) holds and

OF; 0).

OF;
(t; x,Y, 2) < ;"
&vi

Oz,

<ad9 i#j dij=1,..n (219)

v

(t;z,y, 2)

for any t € R and any x,y,z € Bs .Suppose there exists By € RI"™  such that

Ay () + As (1) /0 B (t,s)|ds < By, Vt € R, (2.20)

—h

and Ay + By is Hurwitz stable. Then

(i) The zero solution of (2.1) is exponentially stable.

(i) In addition, if (2.5) holds for any ¢ € R and any y, 2z € R™ and (2.19) holds for any t € R
and any z,y,z € R" and for any ¢t € R, then the zero solution of (2.1) is globally exponentially
stable, regardless of (2.3).

Proof. Let Ag(t) = Ag,t € R . It remains to show that there exist § > O0and p € R™, p > 0 so
that (2.6) holds.

Since Ay + By is a Hurwitz stable Metzler matrix, there exists p € R™, p > 0 so that

(Ao + Boy) p < 0, by the precedent Theorem . By continuity, this gives
(Ao + € By) p < —Bp, (2.21)

|
for some sufficiently small 8 > 0. Then (2.6) follows from (2.20) and (2.21). This completes

the proof.

Corollary 8 Let F'(t;.,y, z) be continuously differentiable on R™ for anyt € R and anyy, z € R™
and let B (t,s) = By (s),t € R,s € [—h,0]. Suppose there exist § > 0 and Ay, Ay, Ay € R™"
,such that (2.19) holds and

|F(t;0,y,2)| < Ay |ly| + A2 |2|,Vt € R;Vy, z € By. (2.22)
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Chapter 2. Stability of non-linear systems with time varying delay

If Ag + Ay + A fi)h | By (8)| ds is Hurwitz stable then the zero
solution of (2.1) is ES. In addition, if(2.19) holds for any t € R and any z,y,z € R" and(2.22)
holds for any t € R and any y,z € R"™ then the zero solution of (2.1) is globally exponentially
stable.

2.2 Systems of the second form

Let now consider a nonlinear differential system with time-varying delays of the form
() =AWz t)+Ft;z (), 2t —711(8), ..., 2 (t — Tm(t)),/B(S)IL‘(t +s)ds), (3.1)

where t > ¢ > 0 and
(i) hx (), () : Ry — R, , k € m , are given continuous functions such that 0 < hy (¢) <

hi,0 < h(t) < h,h > hy Yk € m for some positive numbers h, hy, k € m;

(i) A(.) : Ry = R™™ and B(.) : [=h,0] — R™" are given continuous functions.
(m—+2) times
—
(i) F () t Ry x R" x ... x R" — R™is a given continuous function such that

F(t;0,..,0) = 0, ¥t > 0 and F (t;u1,us, ..., Un42) is (locally) Lipschitz continuous with
(m~+2) times

——
respect to uq, ug, ..., Uy On each compact subset of Ry x R"™ x ... x R".
Let the system (3.1) satisfying (i), (ii) ,(iii) Then that for a fixed ¢ > 0 and a given ¢ € C,

there exists aunique local solution of (3.1) satisfying the initial condition
r(oc+s)=p(s), se[—h,0]. (3.2)

This solution is defined and continuous on [o — h, ) for some v > cand satisfies (3.1) for every
t € [o,7) . It is denoted by x (.;0,¢). Furthermore, if the interval [0 — h,7) is the maximum
interval of existence of the solution z (.; 0, ) then z (.; 0, ) is said to be noncontinuable.

The existence of a noncontinuable solution follows from Zorn’s lemma and the maximum

interval of existence must be open.
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Chapter 2. Stability of non-linear systems with time varying delay

2.2.1 Criteria for exponential stability.

Let A(t) := (a;(t)), t > 0. Suppose there exist Ay := (a?) € R™"and Ay := (aE?) €
R " k € m + 2 so that

ai (t) < a; (0),Vt>0,i €n;  ag (t)] <a)y, VE>0Vi#ji,jEn (3.3)
and
|F (t;u1, Ug, ooy Upio)| < ZAk lug|, ¥Vt >0,YVuy,ug, ..., Upio € R™. (3.4)
If

M = A0+ZA,€+/Am+2\B(s)]ds

satisfies one of the equivalent conditions(z)— (v)of Theorem of properties of Metzler matrices
, Then (3.1)is locally exponentially stable.

In addition, if the functionF' is positive homogeneous of degree one with respect to uy, us, ..., Uy, 1o
, that is,F' (t; auq, ..., Qo) = aF (t;uq,, .y Upmaa), for any a > 0, > 0,

U, U, ..oy Uy € R™, Then(3.1) is globally exponentially stable.
Proof. Since M is a Metzler matrix, any two of (i) — (v) of Theoremof properties of Metzler
matrices are equivalent. We first show that (3.1) is locally exponentially stable provided(iv) of
this Theorem W

holds.

Let ¢ € ¢ be given and let x (t) := z (t;0,¢),t € [0 — h, ) be a noncontinuablesolution of
(3.1) — (3.2). We divide the proof into two steps.

Step L

There exists § > 0 such that for any ¢ > 0 and any » > 0 and any ¢ € (, ,we have
|z (t;0,9)|| < Ke™ =Vt € [0,7), (3.7)

where K depends on 3, r.
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By (iv) of Theorem of properties of Metzler matrices, there exists p € R’} such that

0

m—+1
Ao + Z Ay + /Am+2 |B(s)|ds | p<0. (3.8)
k=1 2

By continuity, (3.8) also holds for some p := (ajas...,a,) T, a; > 0,Vi € n.Furthermore,
(3.8) implies that

m+1 0
Ag+ Ar+ ) A+ / € Ao |B ()| ds | p< =B (ar.0n,..., )", (3.9)
k=1 “h

for some sufficiently small 3 > 0. Fix r > 0 and choose K > 0 such that|p (t)| < Ke™?* for
any t € [—h,0] and for any ¢ € (, .

Define u (t) := Ke #t=9P t € [0 — h,00).Set x(t) := x(t;0,¢),t € [0 — h,7).Then, we
have |z (t)| < u (t),Vt € [0 — h,0].

We claim that |z (t)] < u(t) for any t € [0,7).

Assume on the contrary that there exists ty > o such that |z (to)| £ u (to) .

Set t1 :=inf {t € (0,7) : |z (to)] € u(to)}. By continuity, t; > ¢ and there is iy € n such that
|z ()] <u(t),Vte o, t);

|£L’Z‘O (t1)| = Uy, (tl) s |£L'i0 (t)| > Uy (t) Vt € (tl,tl + E) 3 (310)

for some ¢ > 0.For ¢ € n,we have

71 (2) 1 () w1 (t)
2 (1) 2 (1) s (1)
w3 (t) || =sign | | xs(t) w3 (t)
Ty (1) 7y (1) Tn (1)
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PN

a |21 (8)] + arz [v2 ()| + aws |23 ()] + - - + awn |20 (1)
a91 |$1 (t)| + a9 |$2 (t)‘ + a23 |SL’3 (t)’ + -+ Ao, |$n (t)’
azy |z1 (t)] + asz |22 ()| + ass |3 (£)] + -+ azn |zo (1) | T

IN

A1 |Tn (B)| + an2 |20 (O)] + apn |20 (B)] + < + app |20 (1)]

|Fu(t; 2y (), 21 (= 71(8), oy 21 (8 = Tia(t)), [ B(s)x1(t + s)ds), |
|Fa(t; 2z (), 22 (t = 71(8)), ooy 2 (t — T (t)), [ B(s)a2(t + s)ds), |
|F3(t;x3 (t),x3(t —71(t)), ..., x5 (t — Tm(t)),fB(s x3(t + s)ds) |

|Fu(t; 2 (1), 2 (= T1(8)), oy @ (= T (1)), [ B(8)wn(t + 5)ds), |

a1 |$1 (t)| 0 0 s 0
0 929 ’.%’2 (t)’ 0 s 0
O O (l33|l’3 (t)‘
0 0 0 0 G |zn (1)

a9 ’332 (t)’ + a3 ‘.1'3 (t)‘ + 4 Q1n ‘ib’n (If)‘
agy |z1 (t)] + ags |3 ()| + - -+ + agp 7, (t)]
azy |z1 (8)] + asg [v2 (U)| + - -+ + agy |20 (8)] | +

anl ’.1'1 (t)’ + Qp2 ’%2 (t)| + an3 ’%3 (t)| + -

|Fi(t; 2y (), 21 (= 71(8), ooy 1 (8 = T (2)), [ B(s)x1(t + s)ds), |
|Fa(t; 2z (), 22 (t = T1(1)), ooy 2 (t — T (t)), [ B(s)a2(t + s)ds), |
|F3(t; x5 (t) 23 (t = 71(t)), ..., w3 (t — Tim(t)), [ B(s)as(t + s)ds), |

|Fu(t; 2 (1), 2 (= T1(8))s oy @ (= T (1)), [ B(8)wn(t + 8)ds), |
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it follow

% i (8)] = sgn (@i (8)) @i (t) < ai (1) | (¢)]

+ Z lai; ()| |z; (1) + |Filt; (t),x(t—hl(t)),...,x(t—hm(t)),/B(s)x(t+s)ds)

J=1j#i

for almost any ¢ € [o,~) .Then (3.3) implies

Sl < al? (0] (1)

+ Z |"EJ

J=1,j#i

Bt (), 2t — hy (£)), ey (= By (t)),/B(s)x(t—i—s) ds)|,

for almost any ¢ € [0,7). It follows that for any t € [o,~)

t+h

it +h)| =z (¢ 1 [d
D% |z; (t)] := lim sup 2t £ 1)| = o (0] = lim sup — /—]wz( ) ds < al¥ |z; (t)]
h—0+ h hoot b ) ds
t

+ Z ‘xj

J=Llj#1

B2 @), 2t — by (), o (t— By (t)),/B(s)x(t—l—s)ds) |

where D denotes the Dini upper-right derivative. Let A,, 5 |B (s)| := (¢ij (s)),s € [-h,0].

Taking(3.4)into account, we have for any ¢ € [o,7),
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n m+1l n
0 0 1 k
DY |z (1) < a fw (O] + Y al |u;(t |+Za<>|xj<t)|+Zza§j>|wj<t—hk<t>>|
Jj=1,j#i k=2 j=1
+Z /C” )|z (t+ s)| ds.
7=l h()

In particular, it follows from (3.9) and (3.10)that

DT |$i0( )l <alol)0[(e ol U)al + Z zojKe Blta- J)Oé i+

J=1j#i
m+1 n n 0
Z%JK@ 7, +ZZG$K€ - U)eﬁhaﬂrz /Cioje_ﬁs%’ds
k=2 j=1 =1
m+1 n n 0
_ —B(t1— Bh
— Ke Blti—o) Z%]%*Z%ﬂﬁzz%m a]—i-Z/cw “ajds
j=1 k=2 j=1 2

< —BKe_’B(tl_“)aio = D", (1)

However, this conflicts with(3.10). Therefore

[z (t;0,0)| Su(t) = Ke ?"p Vo > 0;Vp € ( sVt € [0,7).

By the monotonicity of vector norms, this yields

|z (t;0,0)|| < K179 Yo > 0;Yp € (,;Vt € [0,7), forsomeK; > 0.

Step II.
We claim that v = oo and so(3.1) is locally exponentially stable.

Seeking a contradiction, we assume that v < co. Then it follows from (3.7) that z (.;0,¢) is

bounded on [, 7).

31



Chapter 2. Stability of non-linear systems with time varying delay

Furthermore, this together with(3.1) and(3.4) imply that z (.)is bounded on[o,~y). Thus « (.)
is uniformly continuous on|o, ). Thereforelim,_,, —x (t)exists and z (.) can be extended to a
continuous function on [0, y). Moreover, the closure of {z;:t € [0,v)} is a compact set in C,by
Arzéla—Ascoli theorem.

Note that {(¢,z;) : t € [0,7)} C [o,7) xthe closure of{z; : t € [0,7)}.

Thus, the closure of {(¢,z;) : t € [0,7)} is a compact set in Ry x C. Since (v, z,) belongs to
this compact set, one can find a solution of(3.1) through this point to the right of ~ .

This contradicts thenoncontinuability hypothesis on z (.). Thus v must be equal to co.

Finally, we show that (3.1) is globally exponentially stable provided F is positive homogeneous
of degree one with respect to uy, us, ..., U, 2. Let @ € C be given.

Since F' is positive homogeneous of degree one with respect to uq, us, ..., U, +2,it follows that

1

Tl & (.;;0,¢) is the solution of(3.1)satisfying the initial condition

z(t+ o) (t),t € [=h,0]

1
=%
lell

Since —H;”@ € (¢, we have
1 —B(t—0)
|| ”a:(t;a,gp) > Ke YVt > o,

or equivalently, ||z (¢; 0, )| < Ke #t=) ||p||,Vt > 0. Here K, 3 are independent with ¢ and
thus (3.1) is globally exponentially stable. This completes the proof.

Remark 1 [t is important to note that if F (t;uy, ug, ..., umi2) 8 (globally) Lipschitz continuous
(m—+2) times

——
with respect to uy, us, ..., Umio on Ry X R" x ... x R" and

F(t;0,0,...,0) ,Wt > 0, then (3.4) holds automatically for some A, € R7*" k€ m + 2

In particular, when A (.) is a constant matrix-valued function, we get the following.

Theorem 9 Let A(t) = A := (a;j), Vt > 0 . Suppose there exist Ay := <a®> e RY"™ kem+2

)
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so that (4) holds. If

m+1

0
M := diag (a11, a2z, .., Gnn) + | A — diag (a11, a2z, ..., ann)| + > A + /Am+2 1B (s)| ds
k=1 h

satisfies one of the equivalent conditions (i)—(v) of of properties of Metzler matrices then(3.1)
is locally exponentially stable. In addition, if the function F' is positive homogeneous of degree

one with respect to uy, ug, ..., Unyo , then(3.1)is globally exponentially stable.

We now consider a differential system with delays of the form

;t(t):A(t)x(t)+2Ak(t)x(t—hk(t))+G t;/B(s)x(t—!—s)ds : (4.1)

where

(i) he (), h () : Ry — R,k € m are given continuous functions such that 0 < hy () <
hi,0 < h(t) < h,h > hg,Vk € m,for some positive numbers h, hy, k € m;

(i) A(), A () : Ry — R™™ k € m and B(.) : [-h,0] — R™™ are given continuous
functions.

(iii) G (;.) : Ry x R™ — R |is a given continuous function satisfying G (¢;0) = 0, V¢ > 0 and

is Lipschitz continuous with respect to the second argument on each compact subset of R, x R"

Theorem 10 Let A (t) := (a;; (t)), t > 0. Suppose there exist Ay := (a(q)> € R™"and A, €

v

RY" k€ m+1 so that

(0773 (t) S CL(O)

i )

V>0 oy (B)] <a), VE>0Vi£j ijen

and
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Chapter 2. Stability of non-linear systems with time varying delay

A (t) S AVt >0, kem; |G (tu)| < Apgr |u|, VE >0, YueR"?

If

0

M = AO+ZAk+/Am+1 | B (s)| ds

k=1 2
satisfies one of the equivalent conditions (i) — (v) ofof properties of Metzler matrices . Then

(4.1) is locally exponentially stable.

In addition, if the function G is positive homogeneous of degree one with respect to the second

argument then (4.1)is globally exponentially stable.

Remark 2 The assumption |Ag (t)] < Ag, ¥t > 0,k € m  can be relaxed by Z |Ax ()] <
k=1

Mo, ¥t > 0, for some My € RY*™ . In this case, the matriz M is defined by

0
M = AO + MO + /Am—i-l |B (S)| ds.
—h
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Example 4 Consider the differential equation with time-varying delay

(1) = (-2 sint) w (1)+ |aeta (0 + b (cosvE) (6 — B (1)) +c /esx (t+ 5)ds (5.1)
_h(t)

where a, b, ¢ > 0 are parameters and h (.) : R, — R is a given continuous function satisfying
0 < h(t) <hVt>0 for some h > 0.

we have (5.1) is of the form (2.1) with

a(t) :== —2+sint,t > 0; andF (t; uy, us, uz) := \/ae*tu% + b (cos \/Z)2 u3 + cul, t > 0,uy, ug, uz €
R.

Furthermore, a (t) := —2sint < —1,¥¢t > 0 and F is positive homogeneous of degree one with

respect to uy, us, uz and satisfies

2
F (t;u1, ug, uz) := \/ae—tu% +b (cosﬂ) u2 + cud < Va|ug| + Vb |ug| + Ve |us|

and

|F (t;uy, ug, ug) — F (01,02, 03)] < va|uy — v1] + Vb [ug — vs| + VC ug — v3],

for any ¢t > 0, and any u;,v; € R, 7 € {1,2,3}. Therefore all hypotheses of Theorem 2.2 hold.
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Thus, (5.1) is globally exponentially stable if

0
—1+\/E+\/5+\/C/ e*ds < 0,
—h

or equivalently
—1+Va+Vb+VC (1—e™") <0.

Example 5 Consider the following nonlinear differential equation with constant delay

' 2 . 2, 2 2 29527(15_7) °
r = (=24 sint)x"(t) + a*sin“tx” (t) 4+ b cos tm + c/ e*z7 (t + s)ds, (6.1)

-7

where t > 0,a,b,c > 0,7 > 0 and 0 < 7 < 1 are constants.

e When v =1,

2
u
|F(t7 U, Ul, U2)| = '\/CZQS?:TL2tU8 + b26082t1 +1 + cus
u

5 < afuo| + blua| + clus|.

0

we have Equation. (6.1) is globally exponentially stable if

—l+4+a+b+c(l—eT")<0. (6.2)

e When 0 < v <1,

2y

u
|G (t, ug, ur, us)| = \/Cﬂsz‘nQifug7 + b20032t1 _: 5 + cug < alug|” + blur|" + clug).
Up

we have that all solutions of Equation. (6.1) exponentially converge to zero if (6.2) holds.

Example 6 Consider the nonlinear delay differential equation
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x(t) = —sinz (t) + asin (x (t—g)), (7.1)

where o € R is a parameter.Clearly, (7.1) is of the form

where

f(z,y) == —sinz + asiny, x,y € R.
Fix n € N,n > 3.Then we have

g(%y):—cosxﬁ —cos<%> <0,z € {%ﬂ,ﬂ’

and

| £0,9)] < eyl y € R.

By the Theorem , the zero solution of (39) is ES, if there exists 5 > 0 such that
— cos (Z) + |al eF < —B.
n

By continuity, this holds if
— cos (Z) + |a| < 0.
n

Thus, the zero solution of (7.1) is Exponetially stale, if |a| < cos (“) .Since n > 3, is arbitrary,

it follows that

the zero solution of (7.1) is Exponetially stale, if |a| < 1.
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Conclusion

Condition of global exponential stability of nonlinear differential systems with time varying delay

is extended to a more general nonlinear differential systems with time varying delay.
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