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NOTATION

• R,C : Set of real numbers (resp. complex).

• N : Set of natural numbers.

• Re(.) : Real part.

• C([a, b]) : Space of continuous functions on [a, b] .

• Cn([a, b]) : Space of n times continuously differentiable functions.

• Iα
a+ : Intégrale fractionnaire of Riemann-Liouville the right side ordre α.

• Iα
b− : Riemann Liouville fractional integral on the left side ordre α.

• RLDα
a : Riemann Liouville fractional derivative ordre α.

• CDα
a : Caputo fractional derivative ordre α.

• Γ(.) : The Gamma function.

• β(.) : The Beta function.

• Eα,β(.) : The Mittag-Leffler function of two parameter.
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• Eα(.) : The Mittag-Leffler function of one parameter.

• L : Laplace transform.

• L−1 : Inverse Laplace transform.

• [α] : Integer part of α.

• LP ([a, b]) : The space of function p integrable on ]a,b[.
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Introduction

Fractional calculus is a mathematical branch investigating the properties of derivatives and
integrals of non-integer orders (called fractional derivatives and integrals, briefly differinte-
grals). In particular, this discipline involves the notion and methods of solving of differential
equations involving fractional derivatives of the unknown function (called fractional differential
equations). The history of fractional calculus started almost at the same time when classical
calculus was established. It was first mentioned in Leibnizs letter to lHospital in 1695, where
the idea of semiderivative was suggested. During time fractional calculus was built on formal
foundations by many famous mathematicians, e.g. Liouville, Grĺunwald, Riemann, Euler, La-
grange, Heaviside, Fourier, Abel etc. A lot of them proposed original approaches, which can
be found chronologically in [11][10].
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The fact, that the differintegral is an operator which includes both integer-order derivatives
and integrals as special cases, is the reason why in present fractional calculus becomes very
popular and many applications arise. The fractional integral may be used e.g. for better de-
scribing the cumulation of some quantity, when the order of integration is unknown, it can be
determined as a parameter of a regression model as Podlubnťy presents in [1]. Analogously the
fractional derivative is sometimes used for describing damping.

Other applications occur in the following fields: fluid flow, viscoelasticity, control theory of
dynamical systems, diffusive transport akin to diffusion, electrical networks, probability and
statistics, dynamical processes in self-similar and porous structures, electrochemistry of corro-
sion, optics and signal processing, rheology etc.

The main subject of this thesis is differential equation of fractional order and its applications
this thesis is organized in three chapter :
Chapter 1 This chapter presents some preliminary the most important special functions in-
volved in Fractional Calculus. A special attention is devoted to the Gamma function, used in
Fractional Calculus calculations. Other special functions such as the Euler, Beta, and Mittag-
Leffler functions are also introduced and some definition and properties of Laplace transform.
Chapter 2 This chapter introduces the fractional integral and Fractional derivative, in the
sense of Riemann-Liouville and Caputo. The properties of these fractional operators are dis-
cussed and some examples.
Chapter 3 This chapter is devoted to the use of the Laplace Transform in Franctional Calculs,
because the Riemann-Liouville Fractional integral and Fractional derivative allow the derivation
of closed-form solutions with the aid of the Laplace Transform method also to solve Fractional
Calculus equation.
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1
Preliminary

At the beginning of this chapter we remind two facts from elementary mathematical analy-
sis, e.g. the change of order of integration in two dimensions and the derivative of integrals
depending on a parameter. Let us point out that we will use the Lebesgue integral in whole
thesis. Then we will introduce some important functions which are used in connection with
fractional calculus such as the Gamma function which plays the role of the generalized factorial,
the Beta function and the Mittag-Leffler, more information about these functions can be found
in [1],[2],[10] or[13].
In the last part we are going to present some basic facts about Laplace transform and its
properties. More details can be found, in[2].

1.1 Some requisites from ordinary calculus

In this section we recall two procedures which are very useful and important to keep in mind
during reading. In particular, the second one is, in some sense, fundamental for fractional
calculus as we will see later.

Change of order of integration

Change of order of integration is a trick which we will use e.g. during the calculation of the
fractional integral of the power function. We point out that this process does not impose any
new condition for the integrated function, it is only a different view at the area we integrate
over.
There are known more general versions (e.g. Fubini theorem), but for us the case of triangular
areas is sufficient. The following formula (1.1) holds for all functions f(t, τ, ξ) integrable with
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regard to τ and ξ ∫ t

a

∫ τ

a
f(t, τ, ξ)dξdτ =

∫ t

a

∫ t

ξ
f(t, τ, ξ)dτdξ. (1.1)

The geometrical idea of this formula will become clear from figure 1.1.

Figure 1.1: Geometrical illustration - change of order of integration.

Derivative of Integrals depending on a parameter

As we will see later, differintegrals are mostly given in a form of an integral depending on
a parameter which is equal to the upper limit of integration. Hence it is very important to
know the rule for the derivative with regard to this parameter. It can be proven that the
following formula holds when the integrated function g(t, τ) is integrable with regard to the
second variable, its derivative ∂

∂t
g(t, τ) is continuous and g(t, τ) is defined in all points (t, t).

d

dt

∫ t

a
g(t, τ)dτ = g(t, t) +

∫ t

a

∂

∂t
g(t, τ)dτ.

In fractional calculus we often work with functions of the type g(t, τ) = (t − τ)rf(τ) for some
r ≥ 0, thus let us look at the result in such situation. The case r = 0 is quite trivial (we simply
obtain f(t), otherwise we get the formula (1.2) bellow since in this case g(t, t) = 0 for all t.

d

dt

∫ t

a
(t − τ)rf(τ)dτ = r

∫ t

a
(t − τ)r−1f(τ)dτ. (1.2)

1.2 Special function

We need to present functions that play an important role in the theory of fractional calculus,
these are Euler’s Gamma function, the Beta function and the Mittag-leffler function.[7][6][3][14]
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1.2.1 Gamma function

In the integer-order calculus the factorial plays an important role because it is one of the
most fundamental combinatorial tools. The Gamma function has the same importance in the
fractional-order calculus.

Definition 1.2.1. Gamma function is defined from the right half of the complex plan with
(α ∈ C, Re(α) > 0)

Gamma function (Γ) is defined as:

Γ(α) =
∫ ∞

0
e−xxα−1dx. (1.3)

Figure 1.2: Gamma Function.
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Properties of the Gamma function
The function Γ(α) obeys the property:

Γ(α + 1) = αΓ(α), (1.4)

which can be easily proved by integrating by parts:

Γ(α + 1) =
∫ +∞

0
tαe−tdt

=
[
−tαe−t

]+∞

0
+ α

∫ +∞

0
tα−1e−tdt

= αΓ(α).

The other property of Gamma function is that

Γ(n + 1) = n!.

According to (1.3) we have
Γ(n) =

∫ +∞

0
e−ttn−1dt

we will apply an integration by parts (n) time

Γ(n + 1) = n!
∫ +∞

0
e(−t)dt

= n![−e−t]+∞
0

= n!.

Also Another important property of the gamma function is that it has simple poles at the
points α = −n, (n = 0, 1, 2, . . .). We can write the definition (1.4) in the form

Γ(α) =
∫ 1

0
e−ttα−1dt +

∫ +∞

1
e−ttα−1dt. (1.5)

We give some particular values of Γ(α). For α = 1
2 , changing variables t = u2 gives

Γ
(1

2

)
=

∫ +∞

0

e−t

√
t
dt = 2

∫ +∞

0
e−u2

du =
√

π. (1.6)

The functional equation (1.4) entails for positive integers n

Γ
(

α + 1
2

)
= 1.3.5 . . . (2n − 1)

2n
Γ

(1
2

)
.

Γ
(

α + 1
3

)
= 1.4.7 . . . (3n − 2)

3n
Γ

(1
3

)
.

Γ
(

α + 1
4

)
= 1.5.9 . . . (4n − 3)

4n
Γ

(1
4

)
.

And for negative values,

Γ
(

−n + 1
2

)
= (−1)n2n

1.3.5.7 . . . (2n − 1)
√

π.
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1.2.2 Beta function

The Beta function is very important for the computation of the fractional derivatives of the
power function. It is defined by the two-parameter integral

B(α, β) =
∫ 1

0
τα−1(1 − τ)β−1 dτ,

for α, β satisfying Re(α) > 0 and Re(β) > 0. If we use the Laplace transform for convolutions,
we get a relation between the Beta function and the Gamma function which implies

B(α, β) = B(β, α),

and
B(α, β) = Γ(α)Γ(β)

Γ(α + β)
.

1.2.3 Mittag-Leffler function

The exponential function ez is very important in the theory of integer-order differential equa-
tions. We can write it in a form of series:

ez =
∞∑

k=0

zk

Γ(k + 1)
.

The generalizations of this function, so called functions of the Mittag-Leffler type, play an
important role in the theory of fractional differential equations. First we introduce a two-
parameter Mittag-Leffler function defined by formula,[14]

Eα,β(z) =
∞∑

k=0

zk

Γ(αk + β)
, (z, β ∈ C, Re(α) > 0). (1.7)

when β = 1 its equal to the exponential function which called Mittag-Leffler of one parameter(figure1.4)
For special choices of the values of the parameters α, β we obtain well-known classical

functions, e.g.:

E1,1(z) =
∞∑

k=0

zk

k!
= ez.

E0,1(z) =
∞∑

k=0

zk

Γ(1)
=

∞∑
k=0

zk.

E1,0(z) =
∞∑

k=0

zk

Γ(k)
= zez.

E1,2(z) = ez − 1
z

.
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Figure 1.3: Mittag-Leffler of two parameter.

Figure 1.4: Mittag-Leffler of one parameter.

As we will see later, classical derivatives of the Mittag-Leffler function appear in solution of frac-
tional diffrential equations. Since the series (1.7) is uniformly convergent we may differentiate
term by term and obtain

E
(m)
α,β (z) =

∞∑
k=0

(k + m)!
k!

zk

Γ(αk + αm + β)
.

1.3 Laplace transform

The idea of transforming a "difficult" problem into an "easier" problem is one that is used widely
in mathematics.

There are many types of transforms available to mathematicians, engineers and scientists.
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We are going to examine one such transformation, the Laplace transform, which can be used
to solve certain types of differential equations and also has applications in control theory.

Definition 1.3.1. Given a function f(t), t ≥ 0, its Laplace transform is defined as

F (s) = L{f(t)} =
∫ ∞

0
e−stf(t)dt = lim

A→∞

∫ A

0
e−stf(t)dt. (1.8)

We say the transform converges if the limit exists, and diverges if not. Next we will give
examples on computing the Laplace transform of given functions by definition.[2][7]

Note: Laplace transforms are only concerned with functions where t ≥ 0.

Properties All these properties follow directly from the formula (1.8) ,we can find thier
proof directly in[13]
• Generalized linearity (if the series ∑∞

k=0 akfk(t) is uniformly convergent)

L
{ ∞∑

k=0
akfk(t)

}
=

∞∑
k=0

akFk(s).

• The image of derivatives

L
{

dn

dtn
f(t)

}
= snF (s) −

n∑
k=1

sn−kf (k−1)(0). (1.9)

• The image of integrals
L

{∫ t

0
f(x)dx

}
= F (s)

s
.

• Differentiation of a Transform
We have

F (n)(s) = L {(−t)nf(t)} . (1.10)

It can be proven by induction. For n=1, we have, successively:

F ′(s) = L {−tf(t)}

dF (s)
ds

= d

ds

∫ +∞

0
e−stf(t)dt

= −
∫ +∞

0
e−sttf(t)dt

= L {−tf(t)} ,

11



Finally
F (n)(s) = d

ds
[F (n−1)(s)].

• The image of convolutions

L {(f ∗ g)(t)} = F (s)G(s). (1.11)

with

F (s) = L {f(t)}

G(s) = L {g(t)}

here the convolution is defined by

(f ∗ g)(t) =
∫ t

0
f(x)g(t − x)dx.

Its obvious that the convolution is commutative, associative and distributive.

Exemple 1.3.1. lets find Laplace Transform of the function f(t) = eat.

F (s) = L{f(t)}

= lim
A→∞

∫ A

0
e−steatdt

= lim
A→∞

∫ A

0
e−(s−a)tdt

= lim
A→∞

− 1
s − a

e−(s−a)t
∣∣∣∣A
0

= lim
A→∞

− 1
s − a

(
e−(s−a)A − 1

)
= 1

s − a
, (s > a).

Exemple 1.3.2. lets find the Laplace Transform of the functionf(t) = tn, for n ≥ 1 integer.

F (s) = lim
A→∞

∫ A

0
e−sttndt

= lim
A→∞

tn e−st

−s

∣∣∣∣∣
A

0
−

∫ A

0

ntn−1e−st

−s
dt


= 0 + n

s
lim

A→∞

∫ A

0
e−sttn−1dt

= n

s
L

{
tn−1

}
So we get a recursive relation

L {tn} = n

s
L

{
tn−1

}
, ∀n ≥ 1

12



which means

L
{
tn−1

}
= n − 1

s
L

{
tn−2

}
L

{
tn−2

}
= n − 2

s
L

{
tn−3

}
,

· · ·

By induction, we get

L {tn} = n

s
L

{
tn−1

}
= n

s

(n − 1)
s

L
{
tn−2

}
= n

s

(n − 1)
s

(n − 2)
s

L
{
tn−3

}
= · · ·

= n

s

(n − 1)
s

(n − 2)
s

· · · 1
s

L{1}

= n!
sn

1
s

= n!
sn+1 , (s > 0)

Table of Laplace Transforms

f(t) F (s) f(t) F (s)

δ(t) 1 cos ωt s
s2+ω2

1 1/s sin ωt ω
s2+w2

t 1/s2 cosh at s
s2−a2

t2 2/s3 sinh at a
s2−a2

tn n!
sn+1 eat cos ωt x−a

(s−a)2+ω2

eat 1
s−a

eat sin ωt w
(s−a)2+ω2

te−at 1
(x+a)2 tn−1e−at (n−1)

(s+a)n

1.3.1 Inverse Laplace transform

Definition 1.3.2. The corresponding inverse Laplace transform is

L−1{F (s)} = 1
2πi

lim
A→∞

∫ k+it

k−it
F (s)estdt = f(t)

if
F (s) = L{f(t)}.

where i =
√

−1 and k ∈ R.

13



Propertie

The following formula is valid:

L−1
[

s−(α−β)

sβ − a

]
= tα−1Eβ,α

(
atβ

)
, α, β > 0, sα > |a|,

when β=1, we get

L−1
[

s−(α−1)

s − a

]
= tα−1E1,α(at).

The proof of this identity is :

L
[
tα−1Eβ,α

(
atβ

)]
=

∫ ∞

0
e−sttα−1Eβ,α

(
atβ

)
dt

=
∞∑

k=0

ak

Γ(βk + α)

∫ ∞

0
e−sttβk+α−1dt

=
∞∑

k=0

ak

Γ(βk + α)
L

[
tβk+α−1

]

=
∞∑

k=0

ak

Γ(βk + α)
Γ(βk + α)

sβk+α

= 1
sα

∞∑
k=0

(
a

sβ

)k

= s−(α−β)

sβ − a
.

Technique: find the way back.
Lets see some simple examples:

Exemple 1.3.3. lets find the inverse Laplace transform of the function 3
s2 + 4

L−1
{ 3

s2 + 4

}
= L−1

{3
2

· 2
s2 + 22

}
= 3

2
L−1

{ 2
s2 + 22

}
= 3

2
sin 2t.

Exemple 1.3.4. lets find the inverse Laplace transform of the function s + 1
s2 + 4

L−1
{

s + 1
s2 + 4

}
= L−1

{
s

s2 + 4

}
+ 1

2
L−1

{ 2
s2 + 4

}
= cos 2t + 1

2
sin 2t.
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Table of Inverse Laplace Transform

F(s) f(t) = L−1{F(s)
1

sα
tα−1

Γ(α)
1

(s+a)α
tα−1

Γ(α) exp(−αt)
1

sα−a
tα−1Eα,α (atα)

sα−1

(s+a)α Eα (−atα)
a

s(sα+a) 1 − Eα (−atα)
1

sα(s−a) tαE1,α+1(at)
sα−β

sα−a
tβ−1Eα,β (atα)

15



2
Fractional calculus

Today there exist many diffrent forms of fractional integral operators, ranging from divided-
diffrence types to infinite-sum types, but the Riemman-Liouville operator is still the most
frequently used when fractional integration is performed.

Riemann’s modified form of Liouville’s fractional integral operator is a direct generalization
of Cauchy’s formula for an n-fold integral:∫ x

a
dx1

∫ x1

a
dx2.....

∫ xn−1

a
f(xn)dxn = 1

(n − 1)!

∫ x

a
f(t)(x − t)n−1dt. (2.1)

and since (n − 1)! = Γ(n), Riemann realized that the right-hand side of (2.1) might have
meaning even when n takes non-integer values.

2.1 Riemann-Liouville fractional integral

Definition 2.1.1. Let f ∈ L1(]a, b[) be the fractional Riemann-Liouville integral of the function
f of order (α ∈ C, Re(α) > 0) is defined in the right side by:

(Iα
a+f) (x) = 1

Γ(α)

∫ x

a
(x − τ)α−1f(τ)dτ, (Re(α) > 0, x > a).

Alternivity, it can be defined also the left Fractional Integral as:

(Iα
b−f) (x) = 1

Γ(α)

∫ b

x
(τ − x)α−1f(τ)dτ, (Re(α) > 0, x < b).

With Γ(α) is the Gamma function.

Exemple 2.1.1. Let f(t) = C, C ∈ R.

16



Then:

Iα
a+f(t) = 1

Γ(α)

∫ t

α
(t − s)α−1f(s)ds

= 1
Γ(α)

∫ t

α
(t − s)α−1Cds

= C

Γ(α)

∫ t

a
(t − s)α−1ds

= C

αΓ(α)
[−(t − s)α]ta

= C

αΓ(α)
(t − a)α

Ia
a+f(t) = C(t − a)α

Γ(α + 1)
.

Theorem 2.1.1. [13] Let f ∈ L1(]a, b[) and Re(α) > 0. Then, (Iα
a+f) (x) exists for all x ∈]a, b[,

and we have
Iα

a+f ∈ L1(]a, b[).

Proof Let f ∈ L1(]a, b[) and Re(α) > 0, b > x > a

|(Iα
a+f) (x)| =

∣∣∣∣∣ 1
Γ(α)

∫ x

α
(x − τ)α−1f(τ)dτ

∣∣∣∣∣
≤ 1

Γ(α)

∫ x

α

∣∣∣(x − τ)α−1
∣∣∣ |f(τ)|dτ

≤ 1
Γ(α)

∫ x

α
|(x − τ)|α−1|f(τ)|dτ

≤ 1
Γ(α)

sup
x∈]a,b]

∣∣∣(x − τ)α−1
∣∣∣ ∫ x

α
|f(τ)|dτ

< ∞.

2.2 Fractional derivative

2.2.1 Fractional derivatives in the sense of Riemman-Liouville

Definition 2.2.1. Let α ≥ 0 with α ∈ R and n = [α] + 1 a positive integer such that n − 1 ≤
α < n, f is a locally integrable function defined on [a, x], the derivative of order α of f is
defined by the following formula:

RLDα
a f(x) = DnIn−α

a f(x) = 1
Γ(n − α)

dn

dxn

∫ x

a
(x − τ)n−α−1f(τ)dτ.

17



Especially, if α = 0 then:

RLD0
af(x) = I0

af(x) = f(x),

if α = n, then:
RLDα

a f(x) = f (n)(x),

if moreover 0 ≤ α < 1, then n = 1 hence

RLDα
a f(x) = 1

Γ(1 − α)
d

dx

∫ x

a
(x − τ)−αf(τ)dτ.

If f is of class Ck then by doing integrations by parts and repeated diferentiations we obtain:

RLDα
a f(x) =

k−1∑
j=0

f (j)(a)(x − a)j−α

Γ(j − α + 1)
+ 1

Γ(k − α)

∫ x

a
(x − τ)k−α−1f (k)(τ)dτ.

2.2.2 Fractional derivative in the caputo sense

Definition 2.2.2. Let α ∈ R with (α > 0) and n = [α] + 1 such that: n − 1 ≤ α < n and
f ∈ Cn([a, b]) then the fractional derivative of order α in the sense of Caputo of the function f

is defined by:

CDα
a f(x) = I(n−α)

a Dnf(x)

= 1
Γ(n − α)

∫ x

a
(x − τ)n−α−1f (n)(τ)dτ.

Proposition 2.1. If n − 1 < α < n, where n ∈ N∗, and α ∈ R, then:

lim
α→n

CDα
0 f(x) = f (n)(x).

lim
α→n−1

CDα0f(x) = f (n−1)(x) − f (n−1)(0).

In the formula
CDα

0 f(x) = 1
Γ(n − α)

∫ x

0

f (n)(τ)dτ

(x − τ)α+1−n
,

we will use the integration by parts, obtaining:∫ x

0
u(τ)v′(τ)dτ = u(τ)v(τ)|x0 −

∫ x

0
u′(τ)v(τ)dτ

u(τ) = f (n)(τ), v′(τ) = (x − τ)n−α−1

u′(τ) = f (n+1)(τ), v(τ) = −(x − τ)n−α

n − α
,
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it results:

CDα
0 f(x) = 1

Γ(n − α)

[
f (n)(τ)(x − τ)n−α

n − α

∣∣∣∣∣
x

0

+ 1
n − α

∫ x

0
(x − τ)n−αf (n+1)(τ)dτ ].

Using the property of Γ function Γ(n − α + 1) = (n − α)Γ(n − α), it results:

CDαf(t) = 1
Γ(n − α + 1)

[
f (n)(0)xn−α +

∫ x

0
f (n+1)(τ)(x − τ)n−αdτ

]
.

lim
α→n

CDα
0 f(t) =

[
f (n)(0) +

∫ x

0
f (n+1)(τ)dτ

]
= f (n)(0) + f (n)(τ)

∣∣∣x
0

= f (n)(x).

lim
α→n−1

CDα
0 f(x) =

[
f (n)(0) +

∫ x

0
f (n+1)(τ)(x − τ)dτ

]
= f (n)(0) + (x − τ)f (n)(τ)

∣∣∣x
0

= f (n−1)(x) − f (n−1)(0).

Exemple 2.2.1. Let us calculate the fractional derivative for α > 0, n − 1 < α < n, β > n − 1
of the function f(t) = tβ using the definitions, for the case:
1. For the Riemann-Liouville derivative, we can write:

RLDα
0 tβ = 1

Γ(n − α)
dn

dtn

∫ t

0
uβ(t − u)n−α−1du,

and we take: u = vt, du = tdv It follows:

RLDα
0 tβ = 1

Γ(n − α)
dn

dtn

∫ 1

0
(vt)β[(1 − v)t]n−α−1tdv

= 1
Γ(n − α)

dn

dtn

∫ 1

0
(1 − v)n−α−1vβtn−α+βdv

= 1
Γ(n − α)

∫ 1

0
(1 − v)n−α−1vβ dn

dtn
tn−α+βdv

but
dn

dtn
tλ = Γ(λ + 1)

Γ(λ − n + 1)
tλ−n,

so that it results:

RLDα
0 tβ = 1

Γ(n − α)
Γ(n − α + β + 1)
Γ(−α + β + 1)

t−α+β
∫ 1

0
(1 − v)n−α−1vβdv
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∫ 1

0
(1 − v)n−α−1vβdv = B(n − α, β + 1) = Γ(n − α)Γ(β + 1)

Γ(n − α + β + 1)

RLDα
0 tβ = Γ(β + 1)

Γ(−α + β + 1)
tβ−α

2. In this case we apply the definition of the Caputo derivative of tβ :

CDα
0 tβ = 1

Γ(n − α)

∫ t

0

(
uβ

)(n)

(t − u)α+1−β
du

= 1
Γ(n − α)

∫ t

0

Γ(β + 1)
Γ(β − n + 1)

uβ−n(t − u)n−α−1du.

We use the change of variable u = vt, resulting after calculations:

CDα
0 tβ = Γ(β + 1)

Γ(n − α)Γ(β − n + 1)

∫ 1

0
(uv)β−n

[
(t − v)n−α−1

]
tdv.

Finally, we obtain:

CDα
0 tβ = Γ(β + 1)

Γ(n − α)Γ(β − n + 1)
B(β − n + 1, n − α)

= Γ(β + 1)
Γ(β − α + 1)

tβ−α.

Exemple 2.2.2. The Caputo fractional derivative for the constant function is equal to zero :

cDαc = 0, c = const .

Let n − 1 ≤ α ≤ n, n ∈ N, n ≥ 1, we apply the definition of the Caputo derivative

cDαf(t) = In−αf (n)(t) = 1
Γ(n − α)

∫ t

0
(t − x)n−α−1f (n)(x)dx, x > 0

and since the n-time derivative c(n)(n ∈ N, n ≥ 1) is equal to 0:

cDα
0 c = 1

Γ(n − α)

∫ t

0

c(n)

(t − x)α+1−n
dx = 0.

2.2.3 Properties of fractional derivatives

In this part will find out whether some basic properties, such as linearity, rule of Leibniz, rule
of Zero and composition, always apply to integrals and fractional derivatives.[7]
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Linearity property

Iα
a+ [C1f(t) + C2g(t)] = C1I

α
a+f(t) + C2I

α
a+g(t).

where: C1 and C2 are constants and f(t) and g(t) are two arbitrary functions.

Iα
a+ [C1f(t) + C2g(t)] = 1

Γ(α)

∫ t

a
(t − τ)α−1 [C1f(τ) + C2g(τ)] dτ

= C1
1

Γ(α)

∫ t

a
(t − τ)α−1f(τ)dτ + C2

1
Γ(α)

∫ t

a
(t − τ)α−1g(τ)dτ

= C1I
α
a+f(t) + C2I

α
a+g(t).

A similar proof can be given for the Riemann-Liouville derivative.

Rule of Zero

We can prove that if f(t) is continuous for t ≥ a then we have [7]

lim
α 7−→0

Dα
a f(t) = f(t).

The proof is on p.65-67[7].Therefore, we define:

D0
af(t) = f(t).

The product rule and Leibniz’s rule

If f and g are functions whose derivative of their product that we know is given by the rule of
the product [7]

(f(t).g(t))′ = f ′.g + g′.f,

this can be generalized to

(fg)(n) =
n∑

k=0

 n

k

 f (k)g(n−k),

which is also known as Leibniz’s rule. In the last expression f and g are n-times differentiable
functions. If f(x) and g(x) and their derivatives are continuous in [a, t], it can be proved that
Leibniz’s rule for fractional derivatives is given by the following expression:

Dα
a (f(t)g(t)) =

m∑
k=0

 α

k

 f (k)(t)Dα−k
a g(t).

where the binomial coefficient is given by α

k

 = α!
(α − k)!k!

,
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and m ∈ N satisfies (m ≤ α ≤ m + 1). The proof is quite long so it will not be given here, but
can be found in p.91-97/[7]. If we know the fractional derivative of a function, say g(t) and we
want to determine the fractional derivative of a function which is a product of g(t) and another
function,say f(t), Leibniz’s rule is very useful.

The composition (fractional integration of a fractional integral)

The Riemann-Liouville fractional integral has the following important property

Iα
a+

(
Iβ

a+f(t)
)

= Iα+β
a f(t), for Re(α) > 0, Re(β) > 0

So we have for (Re(α > 0), Re(β > 0)), it results:

Iα
a+Iβ

a+f(t) = 1
Γ(α)

1
Γ(β)

∫ t

a
(t − τ)α−1

∫ τ

a
(τ − ξ)β−1f(ξ)dτdξ,

if we apply the Dirichlet equality∫ t

a

∫ τ

a
f(ξ)dτdξ =

∫ t

a

∫ t

ξ
f(ξ)dτdξ

we obtain:

Iα
a+

(
Iβ

a+f(t)
)

= 1
Γ(α)

1
Γ(β)

∫ t

a

∫ t

ξ
(t − τ)α−1(τ − ξ)β−1f(ξ)dτdξ,

variable changing

τ = ξ + z(t − ξ), dτ = (t − ξ)dz, t − τ = (1 − z)(t − ξ),

we get
Iα

a+

(
Iβ

a+f(t)
)

= 1
Γ(α)

1
Γ(β)

∫ t

a
(t − ξ)α+β−1f(ξ)

∫ 1

0
(1 − z)α−1zβ−1dzdξ,

but: ∫ 1

0
(1 − z)α−1zβ−1dz = B(α − 1, β − 1)

= Γ(α)Γ(β)
Γ(α + β)

.

Finally, it results:

Iα
a+

(
Iβ

a+f(t)
)

= 1
Γ(α + β)

∫ t

a
(t − ξ)α+β−1f(ξ)dξ

= Iα+β
a+ f(t).
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Another important property of the Riemann-Liouville fractional derivative

RLDα
a

[
Iβ

a+f(t)
]

= RLDα−β
a f(t).

So by using the definition

RLDα
a

[
Iβ

a+f(t)
]

= dn

dtn

[
In−α

a+

[
Iβ

a+f(t)
]]

= dn

dtn

[
I

n−(α−β)
a+ f(t)

]
= RLDα−β

a f(t),

if α = β we get
RLDα

a

[
Iβ

a+f(t)
]

= f(t).

• There are another possibilities when we deal with the composition of differint-integrals, which
are not needed in this thesis.

2.2.4 Examples

This section covers some examples of fractional derivatives and integrals. First of all, we’ll look
at the power function.

The power function

The power function is one of the most important functions because many functions can be
defined by an infinite power series. First we calculate its fractional integral of Riemann-Liouville
of order α > 0

Iα
a+(t − a)β = 1

Γ(α)

∫ t

a
(t − τ)α−1(τ − a)βdτ,

variable changing τ−a
t−a

= ξ dτ = (t − a)dξ, ξ : 0 → 1

Iα
a+(t − a)β = (t − a)β+α

Γ(α)

∫ 1

0
(1 − ξ)α−1ξβdξ (2.2)

= (t − a)β+α

Γ(α)
B(α, β + 1)

= Γ(β + 1)
Γ(β + α + 1)

(t − a)β+α, β > −1. (2.3)

The condition β > −1 arises naturally as a product of the required integrability. Now we can
calculate the Riemann-Liouville derivative of the power function by using the formula (2.3) and
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just derived relation (2.3), where as usual α > 0,

RLDα
a (t − a)β = dn

dtn
I(n−α)
a+ (t − a)β

= Γ(β + 1)
Γ(β + n − α + 1)

dn

dtn
(t − a)β+n−α

= Γ(β + 1)
Γ(β − α + 1)

(t − a)β−α, β > −1. (2.4)

We see that the results of (2.4) and (2.3) are formally the same, the condition on β is also
unchanged, so we may write generally

RLDα
a (t − a)β = Γ(β + 1)

Γ(β − α + 1)
(t − a)β−α, α ∈ R, β > −1. (2.5)

The following two examples can clarify this using concrete numbers. First of all, we want to
calculate the half-derivative of the function f(x) = x, so in the last expression we define t = x,
a = 0, β = 1 and α = 1

2 . We then obtain

RLD
1
2
0 (x − 0)1 = Γ(1 + 1)

Γ(1 − 1
2 + 1)

(x − 0)1− 1
2

RLD
1
2
0 x = Γ(2)

Γ(3
2)

x
1
2

RLD
1
2
0 x = 2

√
x

π
. (2.6)

In the following example, we want to calculate the derivative of order3
4 of the function f(x) = x2,

so again in formula (2.5) we define t = x,a = 0, but now β = 2 and α = 3
4 .

This gives us

D
3
4
a (x − 0)2 = Γ(2 + 1)

Γ(2 − 3
4 + 1)

(x − 0)2− 3
4 (2.7)

D
3
4
a x2 = Γ(3)

Γ(9
4)

x
5
4 .

Proposition 2.2. The Caputo fractional derivative of order α > 0 with n − 1 < α < n of a
power function f(t) = tβ for β ≥ 0 is defined by:

cDαtβ =


Γ(β+1)

Γ(β−α+1)t
−α = Dαtβ (β > n − 1).

0 (β ≤ n − 1).

For more examples and more details we can see in [7] such as the exponential function and
the trigonometric functions.
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2.2.5 Relation with the Riemann-Liouville derivative and Caputo

derivatives

Let α > 0 with n − 1 < α < n, (n ∈ N∗), suppose that f is a function such that CDα
a f(t) and

RLDα
a f(t) exist,then

CDα
a f(x) = RLDα

a f(x) −
n−1∑
k=0

f (k)(a)(x − a)k−α

Γ(k − α + 1)
.

We deduce that if f (k)(a) = 0, (k = 0, 1, 2, . . . , n − 1)

CDα
a f(x) = RLDα

a f(x).
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3
Fractional differential equations

Fractional differential equations are a generalization of ordinary differential equations.They can
be solved by several methods, of which the Laplace transform is the most used method. We will
explore this method, but first we give some basic properties of the Laplace transform fractional
derivative, which are necessary to understand this chapter.

3.1 Laplace transform of fractional derivative

We will first explore the Laplace transform of the RiemannLiouville fractional integral. Using
the definition and setting the lower bound a equal to zero, we get [14]

Iα
0 f(x) = 1

Γ(α)

∫ x

0
(x − t)α−1f(t)dt, (3.1)

using the definition of the convolution, we write (3.1) as:

Iα
0 f(x) = 1

Γ(α)
xα−1 ∗ f(x).

We have Laplace transform of function xα−1

L
{
xα−1

}
= Γ(α)

sα
.

Using the form of the Laplace convolution transformation we obtained the transformation of
integration of Riemann-Liouville :

L {Iα
0 f(x)} = 1

Γ(α)
L

{
xα−1 ∗ f(x)

}
= 1

Γ(α)
L

{
xα−1

}
F (s)

= s−αF (s).

So we get that
L {Iα

0 f(x)} = s−αF (s). (3.2)
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3.1.1 Laplace transform of Riemann-Liouville derivative

We will explore the Laplace transform of the Riemann-Liouville fractional derivative. As sug-
gested in [7] we will write this fractional derivative in the following form

L
{

RLDα
0 f(x)

}
= L

{
dn

dxn
In−α

0 f(x)
}

,

using the laplace transform forme (1.9)

L
{

dn

dxn
In−α

0 f(x)
}

= snL
{
In−α

0 f(x)
}

−
n−1∑
k=0

sk dn−k−1

n − k − 1
In−α

0 f(0)

= sn(s−(n−α)F (s)) −
n−1∑
k=0

sk dn−k−1

n − k − 1
In−α

0 Dα−n
0 f(0).

We find the final forme of the Laplace Transform of Riemann Liouville ordre α > 0

L
{

RLDα
0 f(x)

}
= sαF (s) −

n−1∑
k=0

sk[Dα−k−1
0 f(x)]x=0, (n − 1 ≤ α < n).

3.1.2 Laplace transform of caputo fractional derivative

The formula of the Laplace transform of the fractional Caputo derivative defined in the form:

CDα
0 f(x) = In−α

0 g(x), g(x) = f (n)(x), (n − 1 < α ≤ n)

using the formula (3.2) of the Laplace Transform of the fractional integral of Riemann Liouville,
We will have :

L
{

CDα
0 f(x)

}
= s−(n−α)G(s), (3.3)

or, thanks to (1.9)

G(s) = snF (s) −
n−1∑
k=0

sn−k−1f (k)(0)

= snF (s) −
n−1∑
k=0

skf (n−k−1)(0). (3.4)

Entering (3.3),(3.4) we come to the form of the laplace transform for the Caputo fractional
derivative:

L
{

CDα
0 f(x)

}
= sαF (s) −

n−1∑
k=0

sα−k−1f (k)(0).

We will see that these special cases are useful for solving some simple fractionals differential
equations, which will be covered in the examples at the end of this chapter.
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Exemple 3.1.1. Lets calculate the Caputo L
{

CDα
}

,

for α = 1
2

L
{

CD
1
2 t2

}
= 1

s− 1
2
L

{
t2

}
L

{
CD

1
2 t2

}
= 2

s
5
2
.

So if we want to find CD
1
2 t2 we get

CD
1
2 t2 = L−1

{ 2
s

5
2

}
= 2t

3
2

Γ(5
2)

= 8t
3
2

3
√

π
.

3.2 Laplace transform method

Before continuing, we also need the Laplace transform of a very important function for lin-
ear fractional differential equations consisting of two terms. We need to explore the Laplace
transform of the following function [14]

L
{
tαm+β−1E

(m)
α,β (atα)

}
. (3.5)

If we look closer, we can see that this function is a combination of the power function and the
m time derivative of Mittag-Leffler function, the evaluation of this Mittag-Leffler function at
atα gives

E
(m)
α,β (atα) =

∞∑
k=0

(k + m)!
k!

(atα)k

Γ(αk + αm + β)
=

∞∑
k=0

(k + m)!
k!

ak(tα)k

Γ(αk + αm + β)
, (3.6)

substituting this expression into (3.5) gives

L
{
tαm+β−1E

(m)
α,β (atα)

}
= L

{
tαm+β−1

∞∑
k=0

(k + m)!
k!

aktαk

Γ(αk + αm + β)

}
, (3.7)

using the linearity of the Laplace transform, we can rewrite the last expression as

L
{
tam+β−1E

(m)
α,β (atα)

}
=

∞∑
k=0

(k + m)!ak

k!Γ(αk + αm + β)
L

{
tαk+αm+β−1

}
. (3.8)

Now we want to inspect L
{
tαk+am+β−1

}
from the last equation. We have already determined

the Laplace transform of the power function

L
{
tα−1

}
= Γ(α)s−α, (3.9)
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so in this case we have

L
{
tak+αm+β−1

}
= Γ(αk + αm + β)s−(ak+αm+β)

= Γ(αk + αm + β)
sak+am+β

(3.10)

Substituting this into (3.8) gives us

L
{
tαm+β−1E

(m)
α,β (atα)

}
=

∞∑
k=0

(k + m)!ak

k!Γ(αk + αm + β)
Γ(αk + αm + β)

sak+αm+β

=
∞∑

k=0

(k + m)!ak

k!sak+αm+β

=
∞∑

k=0

(k + m)!
k!

ak

sak+αm+β

= s−αm−β
∞∑

k=0

(k + m)!
k!

(
a

sa

)k

.

To further rewrite the last expression, we look at the series
∞∑

k=0

(k + m)!
k!

(
a

sα

)k

=
∞∑

k=0
(k + m)(k + m − 1) · · · (k + 1)

(
a

sα

)k

=
∞∑

k=m

k(k − 1) · · · (k − m + 1)
(

a

sa

)k−m

= dm

dtm

∞∑
k=0

(
a

sα

)k

.

Since the first terms m disappear after the differentiation, we can rewrite the last expression
in the form

∞∑
k=0

(k + m)!
k!

(
a

sα

)k

= dm

dtm

∞∑
k=0

(
a

sα

)k

= dm

dtm

1
1 − a

sa

= m!(
1 − a

sα

)m+1 .

So substituting this, we finally get [14]

L
{
tαm+β−1E

(m)
α,β (atα)

}
= s−αm−β m!(

1 − a
sa

)m+1 = m!sα−β

(sα − a)m+1 .

3.2.1 Application on the solution of fractional differential equations

Exemple 3.2.1. We would like to solve the fractional differential equation given by

RLD
1
3
0 f(t) = c1f(t), RLD

− 2
3

0 f(0) = c2. (3.11)

where c1 is a constant. Since 0 ≤ α = 1
3 < 1 we will use the Laplace transform of the Riemann-

Liouville fractional derivative for n = 1 and take the Laplace transform on both sides of the
last equation. If we also use the linearity of the Laplace transform, this gives
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L
{

RLD
1
3
0 f(t)

}
= L {c1f(t)} = c1L{f(t)} (3.12)

s
1
3 F (s) − RLD

1
3 −1
0 f(0) = c1F (s)

s
1
3 F (s) − RLD

− 2
3

0 f(0) = c1F (s).

We see that RLD
− 2

3
0 f(0) is the value of RLD

− 2
3

0 f(t) evaluated to t = 0. If we assume that
this value exists, we can set RLD

− 2
3

0 f(0) equal to c2 to get

s
1
3 F (s) − c2 = c1F (s). (3.13)

If we solve this for F (s) we get
F (s) = c2

s
1
3 − c1

Finelly, thanks to table, we find inverse Laplace transform of F (s), then we conclud that :

f(t) = L−1
{

c2

s
1
3 − c1

}
= c2t

1
3 −1E 1

3 , 1
3

(
c1t

1
3
)

= c2t
− 2

3 E 1
3 , 1

3

(
c1t

1
3
)

.

Exemple 3.2.2. Let be the fractional differential equation :

CDα
0 y(x) + ay(x) = 0, x > 0, 0 < α < 1

where a is real constant and y(0) = C.
Using Laplace transfom of Caputo fractional derivative, if we also use the linearity of the
Laplace transform, this gives:

L
{

CDα
0 y(x)

}
+ aL {y(x)} = 0,

what gives us

(sαY (s) −
n−1∑
k=0

sα−k−1y(k)(0)) + aY (s) = 0,

since, 0< α<1 we get for n=1

sαY (s) − sα−1y(0) + aY (s) = 0,

after that
(sα + a)Y (s) − Csα−1 = 0,
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we get
Y (s) = C

sα−1

sα + a
,

applying inverse Laplace transform

y(x) = CL−1
{

sα−1

sα + a

}
,

using :

L−1
{

m!sα−β

(sα − a)m+1

}
= xαm+β−1E

(m)
α,β (xα),

with β=1 , m=0
y(x) = CEα,1(−axα)

Exemple 3.2.3. Now we would like to solve the fractional differential equation given by

RLD
19
12
0 f(x) = 0, RLD

7
12
0 = c3,

RLD
− 5

12
0 = c4.

Since 1 ≤ p = 19
12 < 2, we will use the Laplace transform of the Riemann-Liouville fractional

derivative for n = 2 and take the Laplace transform on both sides.
This gives

L
{

RLD
19
12
0 f(t)

}
= 0

s
19
12 F (s) − RLD

19
12 −1
t f(0) − sRLD

19
12 −2
0 f(0) = 0

s
19
12 F (s) − RLD

7
12
t f(0) − sRLD

− 5
12

0 f(0) = 0.

Following the same steps as in example 1, we get the following solution

f(x) = L−1
{

c3

s
19
12

}
+ L−1

{
c4s

s
19
12

}
= L−1

{
c3

s
19
12

}
+ L−1

{
c4

s
7

12

}

= c3t
7

12

Γ
(

19
12

) + c4t
− 5

12

Γ
(

7
12

) .

3.3 Applications of fractional calculus in engineering

Fractional calculus is used in many fields, for example in engineering, physics, economy, biolog-
ical processes, etc. Many models can be represented by fractional differential equations and are
therefore increasingly used in these branches. It brings new possibilities, namely that fractional
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derivatives can describe memory effects, it is therefore possible to assess the influence of the
past on the behavior of the system at present.
One of the first scientists to use fractional calculus to solve a problem was Norwegian math-
ematician Niels Henrik Abel. In 1823, he applied it in the formulation of his solution to the
tautochrone problem. The idea of this problem is to find the curve of a wire without friction
that lies in the plane (x, y) such that the time required for a particle slides to the lowest point
of the curve is independent of where the particle is placed [7]

3.3.1 Fractional kinetics of charge carriers in supercapacitors

Fractional order kinetic equations provide a unifying tool for the description the behavior of
charge carriers in disordered media

Distribution of relaxation rates

A typical electrochemical (ES) supercapacitor consists of two separate porous electrodes by
an ion-permeable separator and an electrolyte ionically connecting electrodes (Figure 3.1(a)).
Approximately, the porous electrode can be modeled by a network of individual pores (Figure
3.1(b)) arranged in parallel (Figure 3.1(c))[14]

Figure 3.1: Diagram of an electric double-layer supercapacitor (EDLC) (a), of the component
elementary circuit (b) and the simplest equivalent circuit of EDLC (c)

The parallel arrangement of individual pores is responsible for the distribution of relaxation
times associated with "elementary capacitors". Each elementary component discharges accord-
ing to the simplest relaxation equation: f(t) = µf(t), (µ > 0), having a solution under the
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form of an exponential a function. Considering a dichotomous stochastic process in which the
relaxation between two states is not given by a single rate m, but by a distribution r(µ), the
authors of [14] represented the relaxation function by means of superposition

f(t) =
∫ ∞

0
ρ(µ)exp(−µ)dµ (3.14)

Moreover, by considering a form of scale of this distribution, they arrive at the equation of
fractional differential relaxation

Dα
t f(t) = −µ0f(t)δα(t)f0 δα(t) = t−α

+

Γ(1 − α)
, (3.15)

whose solution is expressed in terms of the Mittag-Leffler function Eα(z) = ∑∞
k=0

zk

Γ(1 − αk)

f(t) = f0Eα(−µtα) (3.16)

Diffusion-limited charge transfer

Due to the fact that EDLCs with carbon electrodes have low pseudocapacitance due of the
Faraday reaction of surface functional groups, the general case of the transfer of charge lim-
ited by diffusion at the surface of the electrodes is considered in [14]. Oldham notes in [14]
that electrochemistry "was not the first scientific discipline to benefit from computation frac-
tional, but she was certainly one of the first to reap a sustained harvest of useful concepts and
methodologies".
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