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Abstract

# This memoir is devoted to study an inverse problem for one-
dimensional degenerate parabolic equation. More precisely, we
have established a Lipschitz stability for the identification of the
source term using Carleman inequality and we have recovered

also the initial condition through the logarithmic convexity the-
ory.






Introduction

In this memoir, we determine the source term g and the initial condition p in the following
initial boundary value problem:

ut_(xaux)x:g(t;x); (t)x)EQT)

u(t,1) =0, te(0,T),

1(t,0) =0, for0<a<1 (1)
and a0 =0,  forlsa<2 (€@
u(0,x) =¢x), xe(0,1)

where T >0, Qr=(0,T) x (0,1).
More precisely, our problem can be stated as follows: It is a possible to determine the term
source g and the initial condition p from the following measurement:

and (x%uy) (T',.)

Uil o 10, 1yx0 oy

. . +T .
where o = (a, b) is a subdomain of (0,1) and T' = >—— with fo € (0,T)?

The above problem arising in climatology. This climate model aims at understanding the
effect of many parameters on the ice covering of the earth surface. It takes the form of some
one-dimensional nonlinear parabolic problem with degenerate diffusion.

The key ingredient to prove our results is based on a Carleman estimate for a locally
distributed observation.

The memoir is organized as follows. In chapter 1, we study the functional framework and
the well-posedness of our problem. The chapter 2 is devoted to establish the Carleman estimate
corresponding to our study case. In chapter 3, we prove a Lipschitz stability and uniqueness
result concerning the identification of the term source g in the problem (1). The chapter 4
is essentially devoted to determine the initial condition g in (1). We end our memoir with a
conclusion, prospects and an appendix in which we give the proof of Hardy inequality-type.
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Preliminaries and settings

CT

7\ Abstract /
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%HIS deals with the well-posedness of the problem (1). The validity of the direct problem is

given using specific tools in functional analysis and suitable arguments in PDE’s.
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Weighted Sobolev spaces

In this memoir we study the following problem:

ur— (x%uy),=gt,x), (t,x)eQr,

u(t,1) =0, te(0,T),
u(t,0) =0, for0O<a<1 (1.1)

and (%u) (1,00=0, fori<a<2 (€O

u0,x)=¢x)), x€e(0,1)

where T >0, Q7 =(0,T) x (0,1).

Definition 1.1.1. For 0 < a < 2, we define the Hilbert space (weighted Sobolev space) H.. (0,1) by
Hy0,1):={ue*©0,1); x*u,el?(0,1}
endowed with the following inner product

@ 4
(W, V) 1o,y = (U V) 20,1y + (xZ Uy, X2 vx)

el 10, = 1/ (W Wi 0,1)

1

12(0,1)

and the associated norm

It is easy to see that H, (0,1) c H}_ (0,1) and thus the functions belonging to Hy (0,1) are

continuous in (0,1). In this case 0 < @ < 1, we can define the following space
H}o(0,1):={ue Hy(0,1), u(0)=u(l)=0}

and Holl,0 (0,1) is equipped with the inner product of H}, (0,1)
However, in the case 1 < a <2, the boundary value at x =0 for an element of H}, (0,1) does
not exist any more. That is why, the definition is changed into

Hyo(0,1):={ue Hy(0,1), u(l)=0}.
We can now define the continuous bilinear form a € & (H éyo 0,1),H clr,O (0, 1)) by
1 1
Ha,O x Ha,O —R
a:
(v, w) — fol X2 VX2 wydXx.

The form a is Hclw (0,1) — L?(0,1) coercive:

I >0,3BeRVVEH,(0,1),  a(w)+BlIvigg, =xlvii -

Then, we define the unbounded operator A: D (A) = L?(0,1) — L? (0, 1) as follows

DU ={veHy,(0,), 3C>0, aww)=<Clwl,, , YweH, 0D},
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VveD(A), YweHyy(0,1), (Ay, w2 =av,w).

Hence,
H.,(0,1) < L?(0,1) = (HL, (0, 1),

where is the dual of H} ,(0,1).
We can characterize the operator (A, D (A)) as follows in order to make the analysis of A
easier (see [CTY:10])

Lemma 1.1.1. For 0 < a <2, D (A) is given as follows
DA ={ueH,,(0,1), x%uyeH (01}

and for all ue D (A), Au:= (x%uy),.

Well-posedness of the degenerate problem

Since the standard theory of parabolic equations does not work, we give here some regularity
results corresponding to the our degenerate problem.

Lemma 1.2.1. (A,D(A)) is the infinitesimal generator of a strongly continuous semigroup of
contractions on L? (0,1). Moreover, this semigroup is analytic (see [T:79] ).

Thanks to the above lemma we have the following results: (see [CMV:05], [CMV:08],[ CTY:10])

Theorem 1.2.1. Forall ug € D(A), forall g€ H' (0, T;L?(0,1)), the problem has a unique solution
ue C([0, T1; D(A)) n C*([0, TT; L*(0, 1)).

Theorem 1.2.2. For all ug € D (A), forall g € L (0, T; L?(0,1)), the problem has a unique solution
satisfying, for all € >0,
ue C(le, T; D(A) n H' (¢, T; L*(0,1)).

If moreover g € H' (0, T; L*(0,1)), then for all ¢ > 0

ue C([e, Tl; D(A)) N C'([e, T1; L*(0,1)).
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2 Carleman estimate for a distributed
observation

C

| Abstract |
( ~—s)

IS chapter is devoted to prove a global Carleman estimate in order to establish our stability

H
%ﬁ:sult. the key ingredient is based on a suitable weight function defined on subdomain of [0,1].

he statement of the global Carleman result estimate is enunciated in the paper [CTY:10]
without proof. Following the same steps as those used in the case of the boundary case (see
[CTY:10]), we give a detailed proof of the desired result. Compared to the boundary case,

many calculations are completely different in our case.
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Weight function

Fix T >0, ty € (tp, T) and define T’ =

o := (a, b) and we define a suitable weight function corresponding to the distributed observation.
For all t € (ty, T), we define

T+t

. Here, we consider an nonempty open subinterval

1
0(1) = 2.1
O - 21

and

X
p(x):Go—fO %es(‘m(mzds Vxelo,1], (2.2)

where Gy and S are positive constants (to be fixed later) and ¢p_ and ¢, are the two functions
defined below. Let @ := (L1,L;) where0<a < L; <Ly<b<1 andlet ¢; and ¢» be two smooth
cut-off functions ¢4, ¢_ : R — R such that

0<p1(x)<1, 0<po(x) <1, forall xel0,1],
$1(x) =1, ¢2(x) =0, for all x€[0,L,],

$1(x) =0, ¢o(x) =1, for all x € [L, 1], (2:3)
$1(x) + P2 (x) >0, for all xe[0,1],
Next, we define, for all x € [0,1]
P+ (x) 1= 21 (x) + (1 — X) 2 (%), (2.4)
¢-(x) := xp1(x) = (1 = X)¢p2(x).
It is easy to see that for some constant C >0 and all x € [0,1], we have
lp_(x) |< Cx(1 - x). (2.5)

We have the following lemma (the proof is given in [MV:06])

Lemma 2.1.1. If Gy and S are large enough, then p is a well-defined strictly positive function on
[0, 1] and the following properties hold:

1. there exists mgy > 0 such that

Vx € (0,L1) x (Lp,1), 2X*pyx+ax®py < —my;

2. there exists My > 0 such that

vxe(©,1), |(x“ (x“px)xx)x| 2xX%prx+ax® p, < M.
Now, we define for (¢, x) € (f, T) x (0,1),
o(t,x)=0()px), (2.6)

and
,B(t) =T+ ty—2t.
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A global Carleman estimate

In this section, we prove a global Carleman estimate for the following problem

zi—(x"z0) = h(t,%), (1,x)€QY,

z(t,1) =0, LE (L, T), (2.8)
z(t,0) =0, for0<a<1
and

where he L?(t, T;L? (0,1)) and Q% = (19, T) x (0,1).

The Carleman estimate is given as follows:
Proposition 2.2.1. Let a € [0,2[. Then there exist Cy = Cy (T, ty,w, &) > 0and Ry = Ry (T, tp, w, @) >
0 such that VR = Ry

1
fforo (R393x2—a (1-x)22%+ RO? |B| pz* + ROX 22 + Ezi) o-2Ro g
T

<C

f h?e R dxdt + f f R°0°Z’e*dxdr|, (2.9)
QR wf

where a)tT‘) = (to, T) x w for all weak solutions z € [*(ty, T; D(A)) N H' (o, T; L*(0,1)) of (2.8).

Proof. Given a solution and a positive R >0, we define w (¢, x) := e R7¥ z (¢, x) for a.a (t,x) €
Q7. By a routine calculations, we observe that w satisfies P, w+ P w = he ®7 where

Piw=Ro;w+R*x*0iw+ (x*wy)y,
Prw=w;+R(x% )y w+2Rx 0y wy.

Analogously to the boundary case (see [CTY:10]), we can obtain that there exist C; =
C1 (T, ty,w,@) >0 and Ry = R, (T, tp, w, @) > 0 such that VR = Ry, the following inequality holds

[Pl 1Palgo * f fQ R (- xPuldxdr  (2.10)
T

+ff ROx*widxdt
o
T

< C ( f ke M dxdr+ f f R303zze_2Rdedt).
0 ]
QT (UT

Now, we devide the proof into some steps:

Step 1: Upper bounds off " ROPx**(1-x)?z%e *’dxdtand ff o ROx*z2e *R7dxdLt.
QT QT
Substituting w by ze %%, we deduce, from (2.10), that

fft R303x* % (1 - x)* w?dxdt < G f hze_ZRdedt+ff R303Z%e 2R dxdr|.
QR QP w0

T
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In addition, wy = —Royze R + z,e R Thus,

ffto RHx“zie_ZRodxdtSfoto R363x“p§zze_2Rdedt+2ffto ROx*wdxdt.
Qr Qr Qr

Using (2.5),

Px (X) = _(p;«gx—) eS(#+()°

for all x € [0,1] and the fact that e5(#+™®) is a bounded function on [0,1], one can get, there

exists C = C(T, ty,w, a) > 0 such that

ff R393x“p§zze_2Rdedt < Cff R303x* %1 -x)%z%e R9dxdr.
Q7 QP
Then, in view of the above inequalities, we obtain

fft ROx*Z?e ?Roqxdt<C
Q7

T
Step 2: Upper bound of ff . RO? |B| pzie 2R dxdL.
Qr
First, we consider the following identity:
Piw= —4RBOT pw+ RPx%oiw+ (x* wy) .

We also recall that
B()=0 rte[ty,T'] and () <0 te[T,T].

Consequently, we can define the following mapping

Y . [tO) T] —-R

1) re [tO) T,)y
r

-1, te[T,T].

Then, for all t € [ty, T1, v (£) B(£) = |B(#)| and |y ()| = 1. Therefore, we obtain
YOI P} ww = —4RPO2 pw? +y01 R2x%c2w? + Y071 (x° Wy) , W.

Integrating by parts with respect to x, we have:

f he ?Rodxdr+ f f R303z%e R xdr).
Q7 g

1 1
RO? |B| pw?dxdt = -~ yPEwOT wdxdt+ > Y01 R2x o2 wldxdt
1 4 1 R 4 1 X
QT QT QT

1

L a2
_Zf Q?y64x wydxdt.

Since |)/(t)| <1 for all £ € [ty, T], it follows that

3 2 1
, R92|/3|pw dxdt = - .
QP 4J Joy

1
+—ff Hix“widxdt.
4 QtTO

1
P} wo’ w’ dxdt+ 2 [OHisz“aiwzdxdt
Qr
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On the other hand, we have

)
4 Q?

1 1 2 1 19
T woi w’dxdts§||P§w||L2(Q?)+§fo?02w dxdt.

1 Jo

Moreover,

1 ].
_f B%sz"‘aiwzdxdt = _f 0% R x" prw’dxdr
4 QY 4J Jop

ff 01 R? a( (x) SO0\ y2axdr

C
< —f 01 R2x*" (1 - x)2 widxdt.
4 Q?
Consequently,

C
Qr

1
+—f 64x wzdxdt
4 QT

Using the definition of 6, we deduce that there exists a constant C = C (, T) > 0 such that for all
te(t,T), 01(1) < CO3 (1) and 01 (1) < CO(2). Consequently, for R large enough and utilizing
(2.10), we get

1
Ji+— ff 01 R x*~ Y1-x°w dxdt+4f 01 x% wy 2dxdt
Q7

f he 2Rdedt+ff R303z%e™ 2R"dxdt)
QT oy

We deal now with the term J,. Let us consider a* € (max(1,a),2). By using the fact that
a*

< C

x€(0,1), > 1 and Hardy inequality (see Appendix A), we obtain

a*
f f w?dxdt
! 2(1-x)?2 (1—x)?

C(a* )f 07 x® w 2dxdt
Q7

2 (1 x)Z -

IA

f 02 wldxdt
Q7

IA

IA

C(tO,T,af tOHx“widxdt,
Qr

where we have used, in the last inequality, 0z (1)<C (2, T)6 (t) and x¢ < x%for all xe[0,1].
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Then, by(2.10) and R large enough, we get

ffto R6%|,3|pw2dxdts C(tO,T,a:) (f " hze_ZRdedHffro R363z2e_2R"dxdt),
Qr Qr w

T
or, equivalently,
ff o RO> |B] pzte R0 dxdt < C(%,T,a) (f o hze_ZRadxdt+fft0 R363z2e_2R”dxdt).
QT QT wr

Step 3: Upper bound of ff Lw%dxdt.
Q0 RO

Using the definition of P w, we write

Pow =wi+R(x%0x)xw+2Rx%0 ywy

= w;+ RO (xpy) , w+20Rx"pwy.
Let us introduce the following function: x (x) := x*py (x), for all x€ (0,1). Then,

Prw=w;+ ROk w+20Rx" pxw;.

Hence,
Lw,f——\/RHK w—2VROx*prw +P}§w
- X xWx .
VRO VRO

It easy to see, through (2.2) that pour tout x € (0,1,
K (%) = X%y (x) = —¢p_ (x) oS(9+(0)°

This implies that x is bounded on [0, 1]. Since % is also bounded on [y, T]. It follows that,

there exists C = C(ty, T, @) > 0 such that R large enough,

L 5 ff 2 ff 2a 22 -2
— < T a, R R p
fo? g Widxdt <C(n,Ta )( o Owdxdt + o Ox** prwi+ | Rw”LZ[QtTO)

- 2 (& 2Y 2 - 112
=C(to, T, a) (ffo? ROw dxdt+ff0? ROX™ (x%py) wi+ ||PRw||L2(Q¥))).
Since x € (0,1) and 0 < @ < 2 and using 2.5, there exists C > 0 such that
x“pfc <Cx* %1-x?<C.

Hence,

L w? caxar [ [ moxeut + |l
fL? ngtdxdtSC(to,T,a) (fo?Rew dxdt+ Q?Rex wx+||PRw||L2(Q;9)
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Using again Hardy inequality for a* € (max(1,a),2), one can get

ff ROw’dxdt ff ——— widxdt
QP x2(1-x)?

fftoRHx widxdtsC(toyT,a*)f‘[tORHx“wfcdxdt.
T T

IA

IA

Consequently,

— 2
fotORHWdedts C(%,T,a) (fotoRﬂxawidxdt+foIOR6x“w§+||PRw||L2(Q?)).
T T T

Taking R large enough, (2.10) allows us to obtain

ff —wzdxdt_ (tO,T,a)(f he ZR“ddeff R0*z*e” ZR”dxdt)
Qr

Step 4: Upper bound of f f e R dxdt.

We have w; = z,e”® Ratw Therefore,

fffo R9” ZRadxdtQ(ff dm”ff R )

For all (t,x) € Q?, we have:

Ro:(t,x)=RO;(t)p(x) = —4Rﬁ(t)9% () px).
Then,

RZ 2
ff w?dxdt 16[[ RO B2 p*widxdt
% RO QY

3 2
C(to,T,a)foto ROz |B| pw*dxdt
T

IA

where C(, T, @) =sup ; yeio1x10,71 |B (0| p (x). It follows that

ff 7e*M%dxdt < C(t,T,a) (f he 2Rdedt+ff R0*z2e*R7dxdt|.
Q7

Combining all the four steps, we obtain the desired Carleman estimate, which conclude the
proof. |



2.2. A GLOBAL CARLEMAN ESTIMATE




CHAPTER

B Inverse source problem for a

degenerate PDE

S

Abstract

&~

parabolic equation using distributed measurements. We establish a Lipschitz stability and

%HIS chapter deals with the determination of source term for one-dimensional degenerate

uniqueness result for this inverse problem using the Carleman estimate proved in the previous
chapter. It is worth mentioning that this chapter gives detailed and adapted proofs with respect
to those given in [CTY:10].
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o Chapter 3. Inverse source problem for a degenerate PDE Q¢

Statement of the inverse problem

We recall the problem (1.1):

ul'_(xaux)x:g(trx)) (t,X)EQT,

u(t,1)=0, te(0,7),

u(t,0)=0, for0<sa<1
and (%u) (1,00=0, forlsa<2 (€O
u(0,x) =¢(x), xe€(0,1)

where T >0, Qr =(0,T) x (0,1).
Let Cp > 0. Let us introduce the following condition on source term:

| g—f(t,x) |I<Colg(T',x)| for almost all (a.a.)(z,x) € (0,T) x (0,1). (3.1)
Let now
9 (Co)={ge H" (0,T;L*(0,1)), g satisfies (3.1)}

Let r:[0,T] x [0,1] — R be a given function of class C1([0, T] x [0,1]) and d > 0 be a positive
constant such that
Vxelo,1], r(T',x)>d. (3.2)

We have the following lemma

Lemma 3.1.1. The space & :={r f | f € L*(0,1) is included in 94 (Co) with

sup or (£, x)
. (t,x)€QT ot
0:= d

Proof. Let f€L%(0,1) and g =rf € &. Obviously, we have g € H' (0, T; L*(0,1)). Then for all
t € [0, T] and for almost all x € (0,1),

0 0 0
|a—g(t,x)|:|a—r(t,x)f(x)|s sup Ia—r(t,y)llf(x)l
4 t (t,»eQr £

sup | (1,
(t,y)€Qr

< = r(T,x)| f(x)1=Col g(T',x)|.

In the sequel, we prove a Lipschitz stability and uniqueness result for the coefficient f in
the following problem

ul’_(xaux)x: r(t,X)f(X), (t,X)eoT,

u(t,1) =0, re(0,T),

u(t,0)=0, for0<sa<1 (3.3)
and a3 (1.0) =0, forlsa<2 €O,
u0,x)=¢x)), x€e(0,1)

where r € C1([0, T] x [0,1]) and satisfies (3.2).
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Main result

Theorem 3.2.1. Let a € [0,2), ug € L>(0,1) and let w := (a, b) with0 < a < b < 1. Then, there exists
C = C(T, ty, Co, w, @) > 0 such that for all fi € L*(0,1) and for all f> € L?(0,1), the weak solutions
wy and uy of (3.3) satisfy

1= Bl = (150 (1) - (6% ), ()

on T 1, ~ u2,t||iz[tho) .

Proof- Let ug € 12(0,1) and fi, f> € L?(0,1). Let us consider the weak solutions u; and
up of problem (3.3). According to the regularity of r, we have u;,us € C([e, T1;D(A) N
C'([e, T1;L*(0,1)) for all € > 0. Consequently, w = u;—up € C ([¢, T1; D (A))NC* ([¢, T1; L% (0, 1))
is the weak solution of the following problem

—xwy) =160 (A - fi@®), ¢ x)eQr,

w(t,1) =0, te,7),
w (t,0) =0, for 0<a<l (3.4)
and o (1,0) =0, for 1=a<2 €O
w(0,x) =0, xe (0,1
If we define z = w;, z is a solution of the following problem:
or (t,
—u%ar-réxWﬁu)famL (t,x) € Qr,
z(£,1) =0, te(0,7),
] ang 20 =0, for0<a<l .o (3.5)
M (x¥2) (1,00 =0, forisa<2’ SO
z20,x)=710,% (fix)-fi (®), x€(0,1)

where r € C1([0, T] x [0,1]) and satisfies (3.2).
Using the results of the chapter 1, we have

zeL* (e, T;D(A) N H' (¢, T;1%(0,1)), Ve>0.
In particular, z € L (ty, T; D (A)) N H! (2o, T; L? (0,1)) is thus a solution of (2.8) with

or (t, x)

h(t,x) = 3

(i) = foa(x).

Hence, we can apply Carleman estimate (2.9) and we obtain, for all R = Ry,

1
I= f RO 1= 02 +RO? | B| pz®+ ROx“Z2 + Ez?)e_zmdxdt (3.6)
Qr
<C1f (— f1 2Rdedt+ff R30%3z%e 2R dxdt
Q0 0t w0

J

_[1

We divide the proof in three steps :
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(a) There exists a constant C = C(T, ty, Co,w) > 0 such that

L =C

1 1 )
ﬁfo r2 (T, x) (fl—fz)z(x) e 2RO gy 4 | ulvt_u21t||iz[w;9) .

(b) There exists a constant C = C(T, fy, Co, w, &) > 0 such that

1 !
f (T, x)e R gy < Cl,.
0

(c) Conclusion.

Proof of step (a):

Lemma 3.2.1. There exists a constant C = C(T, ty,w) > 0 such that
393.2 2R 2
ffwtOR 0°z°e dedtsC||u1,t—u2,t||L2(w[To).
T

Proof. Since p is a positive continuous function on [0,1], there exists pg := i{(l)fup(x) > 0. Then,
x€el0,

we have for all (¢,x) € (tp, T) x (0,1),

R30%(1)e 2R < R3G3 (1) 20RO < [ = max{x3e~2P0%}.
x=0

Consequently,

f f RO3z2e 2R qxdr< I f f Zdxdt=L|w |, . .
0 0" L(wyp)
T T

On the other hand, u, u, € C([¢, T1; D(A)) N Cl ([, T1; L?(0,1)), then w; = uy ; — ¢ is valid on
w1 and the proof of lemma is finished. [ ]

Since g =1 (fi— f2) € 9(Cp), we have for almost all (z,x) € QtT", |g:(t, )| = Co|g(T",x)|.
Thus, taking into account the above lemma, we obtain

L=Cj f fQ WP 0 (fi= ) e 2RV dxdr+ Clu e, o -
T T

Lemma 3.2.2. There exists C(tog, T) > 0 such that
1 (! '
f f AT (fi- £)? () e 2RoUD axdr < Clty, T)— f r2(T, %) (fi - f)° () e 2R 0 gy
Q7 VR Jo

Proof. Let 1(t) = (t—tp)(T — 1) YVt € [tp, T, then for all (t,x) € (t, T) x [0,1], we can write

_px)
o(t,x)= T Thus we have

0o (t,x) '
ot __4p(x)l(t)5’
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with I'(£) = T+ 1ty — 2¢. Since
rer =1 5=,
we get
00 (T',x) _ 0
or
On the other hand, for all 7 € (¢, T), we have
0’0 (t,x) (x)ZOI’(t)2—4l”(t)l(t)
oz P 1(£)8
As I"(t)=-2,Vte€ [ty T, it follows that
o(t,x)  200'()*+8l(1)
YR P(X)T (3.7)

By applying Taylor’s expansion to the function ¢ — o (¢, x) on the interval [T”, #] there exists a
function 6(¢,x) with T' < 6(¢,x) < t such that

o(t,x)=0(T x)+ 60(—T’,x)(t_ T’)+162—U(0(t x),x)(t—T)?
T ot 21927 ’
which yields
(0 =00+ 20 01,0, 00, Y (3.8)
o(t,x) = 0 (T', x) + 5 =5 01,2, 0)(1, T)". .
. , to-i-T . .o . 1
Using the fact that T’ = is the minimum of the function 0 = TE Ve Bt 0(1) =
O(T"),Yt€ (ty, T). In addition, p(x) = pg >0, Vx € [0.1], then we obtain
%o (t, x) 8 1 1 1
> =8py—— x — =8pol(t) xO(t 3.9
T O R TR T R AL (39
=8p0(1) = 8pod(T)3 := po(to, T) = o (3.10)
Combining (3.7) and (3.9), we get
, (l._ TI)Z ) (Z._ T/)Z
olt,x)=o(T',x)+ o= —-0o(t,x)<-0o(T',x) - > Uo.

Consequently, for all x € [0.1],

T T
f e—ZRU(t,x)dt < e—ZRU(T’,x) f e—/.loR(l’— T/)Zdt
to o

! +00 "2
Se—ZRU(T,x)f o HOR(=T'? 7,
—00
_ ! 1 +0o _ 1,2
—e 2Ro(T',x) f e u du

\/,U()R —00

1 /
— C(to, T)_e—ZRU(T ,x)

VR
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1 +00
C(tO,T):—f e du=, [~
Ho J-o0 Ho

Multiplying the above inequality by r2(T”, x) (fi — f2)* (x) and integrating over (0.1), we obtain
the desired resut and the proof of the lemma is achieved. [ ]

where

Proof of step (b): Since for x € (0,1),

lim 22 (¢, x)e 2Ro(T"9 = g,
—1
we have
1 , T 0 1
f Z2(T, x)e 2RoT0 gy = f —( f Z2(t, x)e R0 g xdr) (3.11)
0 n 0t Jo

T pr1
= f f (222, —2R0 2 ]1e 2RO g xdr.
o 0

J

=

We start to find an upper bound of J.

T 1 T ol 1
f f 2zz,e 2RO gy :f f 2VROze RO _—_ 7 o= ROWX) gy
n Jo n Jo v RO

T r1 72
< f f [ROZZe 2ROt ZL p=2Ro(t0)) gy gt (3.12)
In 0 R@

T rl 72
sf f [ROZ% e 2ROWLX) | ZL o=2RO(Xy gyt
o JO RH

since T' < T.
The following lemma is useful before applying Hardy inequality (see Appendix A).

Lemma 3.2.3. Let a* € (max(1,a),2). Then, for a.a. t€ (), T), x — z(t,x) e R belongs to
H}. ,(0,1).

Proof. First of all, for a.a. t € (ty, T), we have

lim z(r, x)e Re(T0 _
Jlim

1

since for a.a. t€ (ty, T), z(t,.) € D(A). We must show now that f x“ ([ze_R‘j)x)2 dx < oo. We
0

have

—RU) RU'

(ze7"7) = z,e R9 _Ro,ze”

Hence,

IA

Zzie_ZR‘7 + 2R20§z26_2RU

Zz)zc + 2R20§z2.

((ze™),)"

IA



CHAPTER 3. INVERSE SOURCE PROBLEM FOR A DEGENERATE PDE

o 3.2. Main result e

Moreover, fol x%z2dx < oo, for almost all t € (fy, T). Then

1 1
f x® zxdxsf x%z2dx < oo,
0 0
since a* < a. In addition, we have
.
ox=0py= 94) SO,

This yields

IA

1 1
f x® Rzaizzdx (HR)ZCf x% x*72% (1 - x)% Z%dx
0 0

IA

1
(BR)>C f Z2dx,
0
where we have used the fact that 2—a+a* —a > 0. Since for all t€ (¢, T), z(t,.) € L?(0,1), the
proof of the lemma follows. |

Let a* € (max(1,a),2). Through the above lemma, we can apply Hardy inequality to the
function f = z(t,.)e"R?") and we obtain

1 a* 1
f x—zze_zRdesC(a*)f x* ((ze R )?dx.
0

0o X*>(1-x)?
1
sC(a*)f X (26 2R 1 R202 p2 22 2R g .
0

a*

) X
Since ek > 1, we also obtain
(1-x)

T pl T 1 ya
f f Rsze_ZRadxdtsf Rﬁf ﬁzze_zmdxdt,
o JO to 0o x“(1-x)

Hence
T 1 T pl .

f f ROz*e™*R9dxdt < C(a*)[f f ROx* zfce_ZR”ddef f R303p*x® Z2e 2R dxdr,
Ip fh JO

On the other hand, since x% < x%, we get

T pl1 T pl T pl
f f ROz*e™*R9dxdt < C(a*) [f f ROx®z2e *R7dxdt +f f R0 p:x“z* e *Rdxdr).
fo tp JO fh JO

Using (2.5), we have
(P (x) (d>+(x))2 |< C)C(l —X)
x®

xa

| px(x) =] =

and we obtain

T pl T pl
f f R30302x" 2 e R dxdt < Cf f RO3x*%(1-x)%z%e 7 dxat.
o JO o J0
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Combining the above inequalities, we conclude that

'l T pl T pl
f f 2zz.e R dxdt < C( f f ROx®z2e R dxdt+ f f R33x*"Y(1-x)?Ze*R9dxdr)
fp JO th JO ty JO

Which give an upper bound for the first term of J.

It remains now to find un upper bound for the second term of J. Recalling that 6, = —401,
we get

T pr1 T pr1
f f—ZRUtzze_ZRadxdt:f ISRBEﬁpzze_ZRadxdt
o Jo n Jo
T 1 5
< f f 8RO |B|pzie *Rdxdt
to 0
T pl 3
sC(tO,T)f fR0§|ﬁ|pzze_2RU,
0 JoO

since 61 < c(fo, T)0?, thanks to the definition of Iy, the proof of step (b) is complete.

Proof of step (c): conclusion

Owing the definition of Iy, steps (a) and (b), we deduce that there exists a constant C =
C(T, ty, @) > 0 such that

1 , 1 ! ,
f Z22(T', x)e” 20T ¥ gy < C[— f P27, %) (fi- f)° 0 e 2R D gyt ug = up g 12, 41
0 vR Jo

JEI)

Since z(T',x) = w (T, x) = (X W) (T, x) + (T, %) (f1 - f2) (x), we also have

1 , 1
f r2(T, %) (fi - f)° (x) e 2R 0 g x < Zf
0

1
! !
Z2(T', x)e 2RoT 'x)dx+2f (XY w)2(T', x)e 2RI D) g,
0 0

or, equivalently,

1 ! ]. 1 !
f r2(T, %) (fi- )’ e 2Ty < cl— f r2(T', %) (fi - f)° () e 2R T 0 g x
0 vRJo
2
+ ” Ur,r — Uzt ”iz(w;g) + || (xa wx)x(T,y-) ||L2(0,1)]’

. c 1
for some constant C = C(T, ty, @) > 0. Choosing R = R(T, o, @) large enough such that TR

we obtain
1
2 ! 2 —2Ro(T',x) 2 a ! 2
f) r (T)x) (fl_fZ) (x)e dXSC(” ul,t—uz,t||L2(tho) +||(x wx)x(Ty-)||L2(0'1))~

Since R has now been fixed , the dependance on R of all constants appearing hereafter just
amounts to the standard one on T, 1y and a. Let y = y(T, to, @) > 0 be such that Vx € [0,1],
e 2RI > 4 then

1
2 - / 2
[) (fl _fZ) (x) e ZRO'(T,X)dx <Cs ” U r— U ”iz(wto) + ” (anx)x(T,,-) ||L2(0,l) ,
T
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C
where C3 = W for some constant C = C(T, ty, @, w) > 0. On the other hand, u;, us € C([¢, T1; D(A))N

Cl(le, T1; L*(0,1)), then (x¥wy)x = (x® 1, x) x— (x* Uz, ) x is valid on 2. This completes the proof
of Theorem 3.2.1. [ ]
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CHAPTER
4

Identification of intial conditions

CT

7\ Abstract /
( ~—s)

HIS chapter concerns the determination of the initial condition for our problem. We follow
the method developed in the work [YZ:01].
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Statement of the inverse problem

In this section, we state our inverse problem which consists to determine the initial condition ¢.
Recall that w = uy — up, z=0,w, F = fi — f> and we state our inverse problem for the solutions
uy, up of (3.1) associated with (u1,¢1) and (u1,92) where u; (0, x) = @1 (x) and uz (0, x) = @2 (x).
Using the measurement of the temperature at a fixed time 7" = 2L, the inverse problem

corresponding to recover the initial condition ¢ is given as follows:

o or (t, x)
Zr—(X%2y)y = TF(x), (t,x) € Qr,
z(t,1) =0, te(0,7),
L A0 =0, for0sa<l .o (4.1)
M (x72) (1,00 =0, forisa<2’ 'S0
z(T',x) = (x%wy) (T, x) + 1 (T',x) F(x) := b(x), x€(0,1)
where r € C1([0, T] x [0,1]) and satisfies (3.2).
Now we decompose (4.1) as follows:
ht_(xahx)x: arél;X)F(x)) (trx) EQT)
h(t,1)=0, te(0, 1),
| ICOR forosa<l .o (4.2)
M (x%h,) (£,0) = 0, fori<a<2’' =90
h(0,x) =0, xe€(0,1)
and
kt_(xakx)x:()) (t,X) EQT!
k(t,1)=0, te0,7),
k(t,0)=0, forosa<1 (4.3)
and al (1,00 =0, forica<2 t€OT)
k(T',x)=bx)-h(T' x), x€(0,1).
It can be easily seen that
z=h+k 2z(0,x)=k(0,x). (4.4)

Logarithmic stability result

In this section, we use the same method as in [YZ:01] to state estimate for the initial condition
@. The idea is based on the logarithmic convexity inequality. In order to obtain our stability
result, we need more regularity for our solutions. Throughout this section, we consider the
following admissible set:

% ={(f,9), (£0)eC (10,1)xC*W0,1; | Flcrgom * @) el cr o =M}

where M is a given positive constant.
In the first step, we give an L? estimate for (h, k).



CHAPTER 4. IDENTIFICATION OF INTIAL CONDITIONS

% 4.2. Logarithmic stability result Qe

Lemma 4.2.1. Let (fi,¢1),(f2, p2) € % . Then, there exits a constant C = C(T') >0, such that
”h(t")”Lz(Ol)—C”F”LZ(OD, 0<t<T.

Proof. We muliply the first equation of (4.2) by h and we integrate by parts with respect to the
space variable. Hence, we obtain

1 1 1 1 or
—atf hzdx+f x“hidx:f h—Fdx.
2 Jo 0 0o Ot

Using Cauchy-Schwarz and Young inequalities with integrating over (0, ¢) for 0 < t < T’, we get

1RG0, < CrIFIE g f Ih(s, )%, ds,  0<t=T),
, or
where C; = g?T' with g = sup — (t,x)|.
(t,0)€[0,T"]x[0,1] | OF

Through Gronwall inequality, we obtain

||h(t,.)||L2(01)_C||F||L2(01), O=st= T,»

where C=+v/Cel". [ |

Lemma 4.2.2. Let (f1,¢1),(f2, 2) € % . Then, there exits a constant C = C (T',M) > 0, such that

”k(t) ) ”L2(0 1) = C || (x wx) (T, )||L2(0 1) + ”F”Lg(o 1)) O g T/)

Proof- Setting ® = ¢ — @2, then we have
120, )l 00,1y = 1w (0, )l 00,1y = [[ (X @) +7(0,) £ )| oo o 1) = 2CM,

where C =max{1, 7 (0,.)ll 10,1} -
It follows that ||k (0,.)ll ;2(,1) < 2CM. On the other hand, by using the logarithmic convexity
theory for parabolic equations and Lemma 4.2.1, we get, forall 0=t < T,

t
||k(t,-)||L2(o = <k, )”LZ o, 1) ”k( )”22(0,1)

<@CM)"T 1 (T, )”LZ(O 1

<C(||(x wy)x (T, )||L2(01)+”F”L(01))

t

1200,1)

which completes the proof of this lemma. ]

Now we are ready to state and prove our stability result.



4.2. LOGARITHMIC STABILITY RESULT

o Chapter 4. Identification of intial conditions e

Theorem 4.2.1. Let (fi,¢1), (f2, 2) € 2. Then, there exits a constant C = C (T,, M) > 0, such that

+ ||(u1 - u2) (TI)-) ||L2(0,1) y

1
12 _‘/’2||L2(0,1) = n@)]

where

B= () (7] = (6% 02,0) (T 2oy + 100 = 202 o)
Proof. Using the above lemmas and (4.4), we have, all 0<t< T,

||Z(t,.)||L2(0,1)

< Rz + 1k @ )20
< CIFlpzony+C (|| (x%wy) (T, ||L2(0,1) + ||F||L2(o,1))i,(0,1)
< " (E)LTZ(OJ)+E :
Therefore
||<P1—‘P2||L2(0,1) = Iw©Jlezey
- H—fTI w(s,)ds+w(T',.)
0 / L2(0,1)
< X (E)§(0,1)+E ds+|w(T, ) 200
< C"fl(_El)+C2E+||W(T,")“L2(O,l)
< 0 E)| + ||W(T,’-)||L2(0,1)‘

This concludes the proof. [ ]



Conclusion and prospects

In this memoir, we have proved a Lipschitz stability in inverse source problem for a one-
dimensional degenerate parabolic equation with a locally distributed observation using Car-
leman estimate. We have proved also a logarithmic stability in the identification of initial
condition through the logarithmic convexity theory. In the future, we can study the following
situations:

1. the identification of diffusion coefficients with an other term source.
2. adding a singular term in the parabolic equation.

3. to consider a system of coupled degenerate parabolic equations.

Aya Bouzou & Abir Maarouk ™ Univ. A.L-Khenchela 7= A.U. 2019-2020






APPENDIX
A

On Hardy-type inequality

In this appendix, we give the proof of some Hardy-type inequalities.

Hardy-type (I and Il) inequalities

Lemma A.1.1 (Hardy inequality (type I)). Let 1< a* <2. Then, forall f € H,.. ,(0,1),

1 cx 4 1 o o2
fo 2f (x)d x<( —a*)zfo x° fr(x)dx.

Proof. See for instance [CMV:08]. [

Lemma A.1.2 (Hardy inequality (type I)). Let 1 < a* < 2. Then there exists C = C(a*) > 0 such
that for all f € H},. ,(0,1),

1 xa* ) . 1 v o
fo (l—x)zf (x)dx=C(a )fo x° fy(x)dx.

Proof. As fe HL.(0,1),

1 xa* 5 1 xa* 1 )

fo (l_x)zf x)dx = j(; (1_ )Z(f fx(s)ds)“dx
1

= " 1— 4 :

fo = )z(f FA- 9t

_/(; 1- )Z(f fx(s)\/(l—SdS)(f

1 a*

2]0 (1x_ )2(1 x)? (f fAHV1-sds)dx

/f 3fx(S)V sdsdx.

(1-x)2

ds)?dx

d@dx

Aya Bouzou & Abir Maarouk ™ Univ. A.L-Khenchela 7= A.U. 2019-2020
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Then, using Fubini’s theorem,

1 ya 1 ps yaf
f )zfz(x)dx 2[ f 3 ff(s)\/l—sdxds
0 0 Jo

<
(1-x (1-x)2
1 s xoc*
= Zf FEvV1-s( =dx)ds
0 0 (1—x)2
1 s
< 2f ff(s)s“*ﬂ—s(f (1-x)"2dx)ds
0 0
1 * 1
< 2| s*fAV1-s2 -1ld
fos FEVI=Si2( =~ Dlds
1
< 4[ x“*ff(x)dx,
0
because 2(1 - v1—-35) <2. [ |

We can now state and prove Hardy type inequality for all f € H},. ,(0,1) (see also [CTY:10])

Hardy-type (lll) inequality

Theorem A.2.1 (Hardy inequality (type III)). Let 1 < a* < 2. Then there exists C > 0 such that
forall fe H;*’O(O, 1),

1 xa* ) 1 .
fo 2a-n2) (’”dxscfo x@ fA(x)dx.

Proof. We have

| * W f 2w o e
o -zt = a0 | a0

3 X ) 1 ,a 5
4[0 ?f (x)dx+4f% (1—x)2f (x)dx.

IA

Consequently, the proof of the theorem follows using the two above lemmas. [ ]
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