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 ملخص

 

 

ذات معادلة  دراسة مسألة عكسیة ىعلتقتصرھذه المذكرة 

في فضاء ذو البعد الواحد.منحلة الشكل  تكافئیة  

ا من برھنة معادلة الأستقرار ننتمك لقد ،أكثر دقةحتى نكون 

المنبع باستعمال متراجحة كارلومان  لتعیین من نوع لیبشیتز 

كما تمكننا ایضا من استرجاع الشرط الابتدائي بواسطة 

.نظریة التحدب اللوغاریتمي   
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Abstract

This memoir is devoted to study an inverse problem for one-
dimensional degenerate parabolic equation. More precisely, we
have established a Lipschitz stability for the identification of the
source term using Carleman inequality and we have recovered
also the initial condition through the logarithmic convexity the-
ory.





Introduction

In this memoir, we determine the source term g and the initial condition µ in the following
initial boundary value problem:

ut − (xαux)x = g (t , x) , (t , x) ∈QT ,
u (t ,1) = 0, t ∈ (0,T ) ,

and u (t ,0) = 0,
(xαux) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

u (0, x) =ϕ (x) , x ∈ (0,1)

(1)

where T > 0, QT = (0,T )× (0,1) .
More precisely, our problem can be stated as follows: It is a possible to determine the term

source g and the initial condition µ from the following measurement:

ut |ωt0
T =(t0,T )×ω and

(
xαux

)
x

(
T ′, .

)∣∣
(0,1)

where ω= (a,b) is a subdomain of (0,1) and T ′ = t0 +T

2
with t0 ∈ (0,T )?

The above problem arising in climatology. This climate model aims at understanding the
effect of many parameters on the ice covering of the earth surface. It takes the form of some
one-dimensional nonlinear parabolic problem with degenerate diffusion.

The key ingredient to prove our results is based on a Carleman estimate for a locally
distributed observation.

The memoir is organized as follows. In chapter 1, we study the functional framework and
the well-posedness of our problem. The chapter 2 is devoted to establish the Carleman estimate
corresponding to our study case. In chapter 3, we prove a Lipschitz stability and uniqueness
result concerning the identification of the term source g in the problem (1). The chapter 4
is essentially devoted to determine the initial condition µ in (1). We end our memoir with a
conclusion, prospects and an appendix in which we give the proof of Hardy inequality-type.
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1 Preliminaries and settings

EF
Abstract
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T
his deals with the well-posedness of the problem (1). The validity of the direct problem is
given using specific tools in functional analysis and suitable arguments in PDE’s.
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1.1 Weighted Sobolev spaces

In this memoir we study the following problem:

ut − (xαux)x = g (t , x) , (t , x) ∈QT ,
u (t ,1) = 0, t ∈ (0,T ) ,

and u (t ,0) = 0,
(xαux) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

u (0, x) =ϕ (x) , x ∈ (0,1)

(1.1)

where T > 0, QT = (0,T )× (0,1) .

Definition 1.1.1. For 0 ≤α< 2, we define the Hilbert space (weighted Sobolev space) H 1
α (0,1) by

H 1
α (0,1) :=

{
u ∈ L2 (0,1) ; x

α
2 ux ∈ L2 (0,1)

}
endowed with the following inner product

(u, v)H 1
α(0,1) := (u, v)L2(0,1) +

(
x
α
2 ux , x

α
2 vx

)
L2(0,1)

and the associated norm
‖u‖H 1

α(0,1) =
√

(u,u)H 1
α(0,1)

It is easy to see that H 1
α (0,1) ⊂ H 1

loc (0,1) and thus the functions belonging to H 1
α (0,1) are

continuous in (0,1) . In this case 0 ≤α< 1, we can define the following space

H 1
α,0 (0,1) := {

u ∈ H 1
α (0,1) , u (0) = u (1) = 0

}
and H 1

α,0 (0,1) is equipped with the inner product of H 1
α (0,1)

However, in the case 1 ≤α< 2, the boundary value at x = 0 for an element of H 1
α (0,1) does

not exist any more. That is why, the definition is changed into

H 1
α,0 (0,1) := {

u ∈ H 1
α (0,1) , u (1) = 0

}
.

We can now define the continuous bilinear form a ∈L
(
H 1
α,0 (0,1) , H 1

α,0 (0,1)
)
by

a :


H 1
α,0 ×H 1

α,0 →R

(v, w) 7−→ ∫ 1
0 x

α
2 vx x

α
2 wxd x.

The form a is H 1
α,0 (0,1)−L2 (0,1) coercive:

∃κ> 0,∃β ∈R,∀v ∈ H 1
α,0 (0,1) , a (v, w)+β‖v‖2

L2(0,1) ≥ κ‖v‖2
H 1
α(0,1)

.

Then, we define the unbounded operator A : D (A) ⊂ L2 (0,1) → L2 (0,1) as follows

D (A) =
{

v ∈ H 1
α,0 (0,1) , ∃C > 0, a (v, w) ≤C ‖w‖2

L2(0,1) , ∀w ∈ H 1
α,0 (0,1)

}
,
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∀v ∈ D (A) , ∀w ∈ H 1
α,0 (0,1) , (Av, w)L2(0,1) = a (v, w) .

Hence,
H 1
α,0 (0,1) ⊂ L2 (0,1) ⊂ (

H 1
α,0 (0,1)

)′
,

where is the dual of H 1
α,0 (0,1) .

We can characterize the operator (A,D (A)) as follows in order to make the analysis of A
easier (see [CTY:10])

Lemma 1.1.1. For 0 ≤α< 2, D (A) is given as follows

D (A) = {
u ∈ H 1

α,0 (0,1) , xαux ∈ H 1 (0,1)
}

and for all u ∈ D (A) , Au := (xαux)x .

1.2 Well-posedness of the degenerate problem

Since the standard theory of parabolic equations does not work, we give here some regularity
results corresponding to the our degenerate problem.

Lemma 1.2.1. (A,D (A)) is the infinitesimal generator of a strongly continuous semigroup of
contractions on L2 (0,1) . Moreover, this semigroup is analytic (see [T:79] ).

Thanks to the above lemma we have the following results: (see [CMV:05], [CMV:08],[CTY:10])

Theorem 1.2.1. For all u0 ∈ D (A) , for all g ∈ H 1
(
0,T ;L2 (0,1)

)
, the problem has a unique solution

u ∈C ([0,T ];D(A))∩C 1([0,T ];L2(0,1)).

Theorem 1.2.2. For all u0 ∈ D (A) , for all g ∈ L2
(
0,T ;L2 (0,1)

)
, the problem has a unique solution

satisfying, for all ε> 0,
u ∈C ([ε,T ;D(A))∩H 1([ε,T ;L2(0,1)).

If moreover g ∈ H 1
(
0,T ;L2 (0,1)

)
, then for all ε> 0

u ∈C ([ε,T ];D(A))∩C 1([ε,T ];L2(0,1)).
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2 Carleman estimate for a distributed
observation

EF
Abstract
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T
his chapter is devoted to prove a global Carleman estimate in order to establish our stability
result. the key ingredient is based on a suitable weight function defined on subdomain of [0,1].
The statement of the global Carleman result estimate is enunciated in the paper [CTY:10]
without proof. Following the same steps as those used in the case of the boundary case (see
[CTY:10]), we give a detailed proof of the desired result. Compared to the boundary case,
many calculations are completely different in our case.
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2.1 Weight function

Fix T > 0, t0 ∈ (t0,T ) and define T ′ = T + t0

2
. Here, we consider an nonempty open subinterval

ω := (a,b) and we define a suitable weight function corresponding to the distributed observation.
For all t ∈ (t0,T ), we define

θ (t ) = 1

(t − t0)4 (T − t )4 (2.1)

and

p(x) =G0 −
∫ x

0

φ−(s)

sα
eS(φ+(s))2

d s ∀x ∈ [0,1], (2.2)

where G0 and S are positive constants (to be fixed later) and φ− and φ+ are the two functions
defined below. Let ω̃ := (L1,L2) where 0 <α< L1 < L2 < b < 1 and let φ1 and φ2 be two smooth
cut-off functions φ+,φ− :R→R such that

0 ≤φ1(x) ≤ 1, 0 ≤φ2(x) ≤ 1, for all x ∈ [0,1] ,
φ1(x) = 1, φ2(x) = 0, for all x ∈ [0,L1],
φ1(x) = 0, φ2(x) = 1, for all x ∈ [L2,1],
φ1(x)+φ2(x) > 0, for all x ∈ [0,1] ,

(2.3)

Next, we define, for all x ∈ [0,1]

φ+(x) := xφ1(x)+ (1−x)φ2(x), (2.4)
φ−(x) := xφ1(x)− (1−x)φ2(x).

It is easy to see that for some constant C > 0 and all x ∈ [0,1], we have

|φ−(x) |≤C x(1−x). (2.5)

We have the following lemma (the proof is given in [MV:06])

Lemma 2.1.1. If G0 and S are large enough, then p is a well-defined strictly positive function on
[0,1] and the following properties hold:

1. there exists m0 > 0 such that

∀x ∈ (0,L1)× (L2,1) , 2xαpxx +αxα−1px ≤−m0;

2. there exists M0 > 0 such that

∀x ∈ (0,1) ,
∣∣(xα

(
xαpx

)
xx

)
x

∣∣2xαpxx +αxα−1px ≤ M0.

Now, we define for (t , x) ∈ (t0,T )× (0,1) ,

σ (t , x) = θ (t ) p (x) , (2.6)

and
β (t ) = T + t0 −2t .
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2.2 A global Carleman estimate

In this section, we prove a global Carleman estimate for the following problem
zt − (xαzx)x = h (t , x) , (t , x) ∈Q t0

T ,

z (t ,1) = 0, t ∈ (t0,T ) ,

and z (t ,0) = 0,
(xαzx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (t0,T )

(2.8)

where h ∈ L2
(
t0,T ;L2 (0,1)

)
and Q t0

T = (t0,T )× (0,1).
The Carleman estimate is given as follows:

Proposition 2.2.1. Letα ∈ [0,2[ . Then there existC1 =C1 (T, t0,ω,α) > 0 and R0 = R0 (T, t0,ω,α) >
0 such that ∀R ≥ R0∫ ∫

Q
t0
T

(
R3θ3x2−α (1−x)2 z2 +Rθ

3
2
∣∣β∣∣pz2 +Rθxαz2

x +
1

Rθ
z2

t

)
e−2Rσd xd t

≤C1

(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
, (2.9)

where ωt0
T = (t0,T )×ω for all weak solutions z ∈ L2(t0,T ;D(A))∩H 1(t0,T ;L2(0,1)) of (2.8).

Proof. Given a solution and a positive R > 0, we define w (t , x) := e−Rσ(t ,x)z (t , x) for a.a (t , x) ∈
Q t0

T . By a routine calculations, we observe that w satisfies P+
R w +P−

R w = he−Rσ where

P+
R w = Rσt w +R2xασ2

x w + (xαwx)x ,
P−

R w = wt +R (xασx)x w +2Rxασx wx .

Analogously to the boundary case (see [CTY:10]), we can obtain that there exist C1 =
C1 (T, t0,ω,α) > 0 and R1 = R1 (T, t0,ω,α) > 0 such that ∀R ≥ R1, the following inequality holds

∥∥P+
R w

∥∥2

L2
(
Q

t0
T

)+∥∥P−
R w

∥∥2

L2
(
Q

t0
T

)+∫ ∫
Q

t0
T

R3θ3x2−α (1−x)2 w 2d xd t (2.10)

+
∫ ∫

Q
t0
T

Rθxαw 2
xd xd t

≤ C1

(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

Now, we devide the proof into some steps:

Step 1: Upper bounds of
∫ ∫

Q
t0
T

R3θ3x2−α (1−x)2 z2e−2Rσd xd t and
∫ ∫

Q
t0
T

Rθxαz2
xe−2Rσd xd t .

Substituting w by ze−Rσ, we deduce, from (2.10), that∫ ∫
Q

t0
T

R3θ3x2−α (1−x)2 w 2d xd t ≤C1

(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.
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In addition, wx =−Rσx ze−Rσ+ zxe−Rσ. Thus,∫ ∫
Q

t0
T

Rθxαz2
xe−2Rσd xd t ≤ 2

∫ ∫
Q

t0
T

R3θ3xαp2
x z2e−2Rσd xd t +2

∫ ∫
Q

t0
T

Rθxαw 2
xd xd t .

Using (2.5),

px (x) =−φ− (x)

xα
eS(φ+(x))2

for all x ∈ [0,1] and the fact that eS(φ+(x)) is a bounded function on [0,1] , one can get, there
exists C =C (T, t0,ω,α) > 0 such that∫ ∫

Q
t0
T

R3θ3xαp2
x z2e−2Rσd xd t ≤C

∫ ∫
Q

t0
T

R3θ3x2−α (1−x)2 z2e−2Rσd xd t .

Then, in view of the above inequalities, we obtain∫ ∫
Q

t0
T

Rθxαz2e−2Rσd xd t ≤C

(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

Step 2: Upper bound of
∫ ∫

Q
t0
T

Rθ
3
2
∣∣β∣∣pz2e−2Rσd xd t .

First, we consider the following identity:

P+
R w =−4Rβθ

5
4 pw +R2xασ2

x w + (
xαwx

)
x .

We also recall that
β (t ) ≥ 0 t ∈ [

t0,T ′] and β (t ) ≤ 0 t ∈ [
T ′,T

]
.

Consequently, we can define the following mapping

γ : [t0,T ] →R

t 7→
{

1, t ∈ [t0,T ′),

−1, t ∈ [
T ′,T

]
.

Then, for all t ∈ [t0,T ] , γ (t )β (t ) = ∣∣β (t )
∣∣ and ∣∣γ (t )

∣∣≤ 1. Therefore, we obtain

γθ
1
4 P+

R w w =−4Rβθ
3
2 pw 2 +γθ 1

4 R2xασ2
x w 2 +γθ 1

4
(
xαwx

)
x w.

Integrating by parts with respect to x, we have:∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pw 2d xd t = −1

4

∫ ∫
Q

t0
T

γP+
R wθ

1
4 wd xd t + 1

4

∫ ∫
Q

t0
T

γθ
1
4 R2xασ2

x w 2d xd t

−1

4

∫ ∫
Q

t0
T

γθ
1
4 xαw 2

xd xd t .

Since
∣∣γ (t )

∣∣≤ 1 for all t ∈ [t0,T ] , it follows that∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pw 2d xd t ≤ 1

4

∫ ∫
Q

t0
T

∣∣∣P+
R wθ

1
4 w

∣∣∣d xd t + 1

4Q
t0
T

θ
1
4 R2xασ2

x w 2d xd t

+1

4

∫ ∫
Q

t0
T

θ
1
4 xαw 2

xd xd t .
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On the other hand, we have

1

4

∫ ∫
Q

t0
T

∣∣∣P+
R wθ

1
4 w

∣∣∣d xd t ≤ 1

8

∥∥P+
R w

∥∥2

L2
(
Q

t0
T

)︸ ︷︷ ︸
J1

+ 1

8

∫ ∫
Q

t0
T

θ
1
2 w 2d xd t︸ ︷︷ ︸ .

J2

Moreover,

1

4

∫ ∫
Q

t0
T

θ
1
4 R2xασ2

x w 2d xd t = 1

4

∫ ∫
Q

t0
T

θ
9
4 R2xαp2

x w 2d xd t

= 1

4

∫ ∫
Q

t0
T

θ
9
4 R2xα

(
−φ− (x)

xα
eS(φ+(x))2

)2

w 2d xd t

≤ C

4

∫ ∫
Q

t0
T

θ
9
4 R2x2−α (1−x)2 w 2d xd t .

Consequently,∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pw 2d xd t ≤ J1 + J2 + C

4

∫ ∫
Q

t0
T

θ
9
4 R2x2−α (1−x)2 w 2d xd t

+1

4

∫ ∫
Q

t0
T

θ
1
4 xαw 2

xd xd t .

Using the definition of θ, we deduce that there exists a constant C =C (t0,T ) > 0 such that for all
t ∈ (t0,T ) , θ

9
4 (t ) ≤Cθ3 (t ) and θ

1
4 (t ) ≤Cθ (t ) . Consequently, for R large enough and utilizing

(2.10), we get

J1 + C

4

∫ ∫
Q

t0
T

θ
9
4 R2x2−α (1−x)2 w 2d xd t + 1

4

∫ ∫
Q

t0
T

θ
1
4 xαw 2

xd xd t

≤ C

(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

We deal now with the term J2. Let us consider α∗ ∈ (max(1,α) ,2) . By using the fact that

x ∈ (0,1),
xα

∗

x2 (1−x)2 ≥ 1 and Hardy inequality (see Appendix A), we obtain

∫ ∫
Q

t0
T

θ
1
2 w 2d xd t ≤

∫ ∫
Q

t0
T

θ
1
2

xα
∗

x2 (1−x)2 w 2d xd t

≤ C
(
α∗)∫ ∫

Q
t0
T

θ
1
2 xα

∗
w 2

xd xd t

≤ C
(
t0,T,α∗)∫ ∫

Q
t0
T

θxαw 2
xd xd t ,

where we have used, in the last inequality, θ
1
2 (t ) ≤C

(
t0,T

)
θ (t ) and xα

∗ ≤ xα for all x ∈ [0,1].
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Then, by(2.10) and R large enough, we get∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pw 2d xd t ≤C

(
t0,T,α

)(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
,

or, equivalently,∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pz2e−2Rσd xd t ≤C

(
t0,T,α

)(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

Step 3: Upper bound of
∫ ∫

Q
t0
T

1

Rθ
w 2

t d xd t .

Using the definition of P−
R w, we write

P−
R w = wt +R (xασx)x w +2Rxασx wx

= wt +Rθ
(
xαpx

)
x w +2θRxαpx wx .

Let us introduce the following function: κ (x) := xαpx (x) , for all x ∈ (0,1) . Then,

P−
R w = wt +Rθκx w +2θRxαpx wx .

Hence,
1p
Rθ

wt =−
p

Rθκx w −2
p

Rθxαpx wx +
P−

R wp
Rθ

.

It easy to see, through (2.2) that pour tout x ∈ (0,1 ,

κ (x) = xαpx (x) =−φ− (x)eS(φ+(x))2

.

This implies that κx is bounded on [0,1]. Since
1p
θ
is also bounded on [t0,T ]. It follows that,

there exists C =C
(
t0,T,α

)> 0 such that R large enough,∫ ∫
Q

t0
T

1

Rθ
w 2

t d xd t ≤C
(
t0,T,α,

)(∫ ∫
Q

t0
T

Rθw 2d xd t +
∫ ∫

Q
t0
T

Rθx2αp2
x w 2

x +
∥∥P−

R w
∥∥2

L2
(
Q

t0
T

)
)

=C
(
t0,T,α

)(∫ ∫
Q

t0
T

Rθw 2d xd t +
∫ ∫

Q
t0
T

Rθxα
(
xαp2

x

)
w 2

x +
∥∥P−

R w
∥∥2

L2
(
Q

t0
T

)
)

.

Since x ∈ (0,1) and 0 ≤α< 2 and using 2.5, there exists C > 0 such that

xαp2
x ≤C x2−α (1−x)2 ≤C .

Hence,∫ ∫
Q

t0
T

1

Rθ
w 2

t d xd t ≤C
(
t0,T,α

)(∫ ∫
Q

t0
T

Rθw 2d xd t +
∫ ∫

Q
t0
T

Rθxαw 2
x +

∥∥P−
R w

∥∥2

L2
(
Q

t0
T

)
)



Chapter 2. Carleman estimate

for a distributed observation

Chapter 2. Carleman estimate

for a distributed observation

I 2.2. A global Carleman estimate J 11

Using again Hardy inequality for α∗ ∈ (max(1,α) ,2) , one can get∫ ∫
Q

t0
T

Rθw 2d xd t ≤
∫ ∫

Q
t0
T

Rθ
xα

∗

x2 (1−x)2 w 2d xd t

≤ C
(
α∗)∫ ∫

Q
t0
T

Rθxα
∗

w 2
xd xd t ≤C

(
t0,T,α∗)∫ ∫

Q
t0
T

Rθxαw 2
xd xd t .

Consequently,∫ ∫
Q

t0
T

Rθw 2d xd t ≤C
(
t0,T,α

)(∫ ∫
Q

t0
T

Rθxαw 2
xd xd t +

∫ ∫
Q

t0
T

Rθxαw 2
x +

∥∥P−
R w

∥∥2

L2
(
Q

t0
T

)
)

.

Taking R large enough, (2.10) allows us to obtain∫ ∫
Q

t0
T

1

Rθ
w 2

t d xd t ≤C
(
t0,T,α

)(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

Step 4: Upper bound of
∫ ∫

Q
t0
T

1

Rθ
z2

t e−2Rσd xd t .

We have wt = zt e−Rσ−Rσt w. Therefore,∫ ∫
Q

t0
T

1

Rθ
z2

t e−2Rσd xd t ≤ 2

(∫ ∫
Q

t0
T

1

Rθ
w 2

t d xd t +
∫ ∫

Q
t0
T

R2σ2
t

Rθ
w 2d xd t

)
.

For all (t , x) ∈Q t0
T , we have:

Rσt (t , x) = Rθt (t ) p (x) =−4Rβ (t )θ
5
4 (t ) p (x) .

Then, ∫ ∫
Q

t0
T

R2σ2
t

Rθ
w 2d xd t = 16

∫ ∫
Q

t0
T

Rθ
3
2β2p2w 2d xd t

≤ C
(
t0,T,α

)∫ ∫
Q

t0
T

Rθ
3
2
∣∣β∣∣pw 2d xd t

where C
(
t0,T,α

)= sup(t ,x)∈[0,1]×[t0,T ]

∣∣β (t )
∣∣p (x) . It follows that

∫ ∫
Q

t0
T

1

Rθ
z2

t e−2Rσd xd t ≤C
(
t0,T,α

)(∫ ∫
Q

t0
T

h2e−2Rσd xd t +
∫ ∫

ω
t0
T

R3θ3z2e−2Rσd xd t

)
.

Combining all the four steps, we obtain the desired Carleman estimate, which conclude the
proof. �
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3.1 Statement of the inverse problem

We recall the problem (1.1):

ut − (xαux)x = g (t , x) , (t , x) ∈QT ,
u (t ,1) = 0, t ∈ (0,T ) ,

and u (t ,0) = 0,
(xαux) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

u (0, x) =ϕ (x) , x ∈ (0,1)

where T > 0, QT = (0,T )× (0,1) .
Let C0 > 0. Let us introduce the following condition on source term:

| ∂g

∂t
(t , x) |≤C0 | g (T ′, x) | for almost all (a.a.)(t , x) ∈ (0,T )× (0,1) . (3.1)

Let now
G (C0) = {

g ∈ H 1 (
0,T ;L2 (0,1)

)
, g satisfies (3.1)

}
Let r : [0,T ]× [0,1] → R be a given function of class C 1([0,T ]× [0,1]) and d > 0 be a positive
constant such that

∀x ∈ [0,1], r (T ′, x) > d . (3.2)
We have the following lemma

Lemma 3.1.1. The space E := {r f | f ∈ L2(0,1) is included in G (C0) with

C0 :=
sup

(t ,x)∈QT

∣∣∣∣∂r

∂t
(t , x)

∣∣∣∣
d

.

Proof. Let f ∈ L2(0,1) and g = r f ∈ E . Obviously, we have g ∈ H 1(0,T ;L2(0,1)). Then for all
t ∈ [0,T ] and for almost all x ∈ (0,1),

| ∂g

∂t
(t , x) |=| ∂r

∂t
(t , x) f (x) |≤ sup

(t ,y)∈QT

| ∂r

∂t
(t , y) || f (x) |

≤
sup

(t ,y)∈QT

| ∂r
∂t (t , y) |

d
r (T ′, x) | f (x) |=C0 | g (T ′, x) | .

�

In the sequel, we prove a Lipschitz stability and uniqueness result for the coefficient f in
the following problem

ut − (xαux)x = r (t , x) f (x) , (t , x) ∈QT ,
u (t ,1) = 0, t ∈ (0,T ) ,

and u (t ,0) = 0,
(xαux) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

u (0, x) =ϕ (x) , x ∈ (0,1)

(3.3)

where r ∈C 1([0,T ]× [0,1]) and satisfies (3.2).
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3.2 Main result

Theorem 3.2.1. Let α ∈ [0,2), u0 ∈ L2(0,1) and let ω := (a,b) with 0 < a < b < 1. Then, there exists
C =C (T, t0,C0,ω,α) > 0 such that for all f1 ∈ L2 (0,1) and for all f2 ∈ L2 (0,1) , the weak solutions
u1 and u2 of (3.3) satisfy∥∥ f1 − f2

∥∥2
L2(0,1) ≤C

(∥∥(
xαu1,x

)
x

(
T ′, .

)− (
xαu2,x

)
x

(
T ′, .

)∥∥2
L2(0,1) +

∥∥u1,t −u2,t
∥∥2

L2
(
ω

t0
T

)) .

Proof. Let u0 ∈ L2 (0,1) and f1, f2 ∈ L2 (0,1). Let us consider the weak solutions u1 and
u2 of problem (3.3). According to the regularity of r , we have u1,u2 ∈ C ([ε,T ] ;D (A))∩
C 1

(
[ε,T ] ;L2 (0,1)

)
for all ε> 0. Consequently, w = u1−u2 ∈C ([ε,T ] ;D (A))∩C 1

(
[ε,T ] ;L2 (0,1)

)
is the weak solution of the following problem

wt − (xαwx)x = r (t , x)
(

f1 (x)− f1 (x)
)

, (t , x) ∈QT ,
w (t ,1) = 0, t ∈ (0,T ) ,

and w (t ,0) = 0,
(xαwx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

w (0, x) = 0, x ∈ (0,1)

(3.4)

If we define z = wt , z is a solution of the following problem:

zt − (xαzx)x = ∂r (t , x)

∂t

(
f1 (x)− f2 (x)

)
, (t , x) ∈QT ,

z (t ,1) = 0, t ∈ (0,T ) ,

and z (t ,0) = 0,
(xαzx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

z (0, x) = r (0, x)
(

f1 (x)− f1 (x)
)

, x ∈ (0,1)

(3.5)

where r ∈C 1([0,T ]× [0,1]) and satisfies (3.2).
Using the results of the chapter 1, we have

z ∈ L2 (ε,T ;D (A))∩H 1 (
ε,T ;L2 (0,1)

)
, ∀ε> 0.

In particular, z ∈ L2 (t0,T ;D (A))∩H 1
(
t0,T ;L2 (0,1)

)
is thus a solution of (2.8) with

h (t , x) = ∂r (t , x)

∂t

(
f1 (x)− f2 (x)

)
.

Hence, we can apply Carleman estimate (2.9) and we obtain, for all R ≥ R0,

I0 =
∫ ∫

Q
t0
T

(R3θ3x2−α(1−x)2z2 +Rθ
3
2 |β | pz2 +Rθxαz2

x +
1

Rθ
z2

t )e−2Rσd xd t (3.6)

≤C1

(∫ ∫
Q

t0
T

(
∂r

∂t

(
f1 − f2

)
)2e−2Rσd xd t +

∫ ∫
ω

t0
T

R3θ3z2e−2Rσd xd t

)
︸ ︷︷ ︸

=I1

We divide the proof in three steps :
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(a) There exists a constant C =C (T, t0,C0,ω) > 0 such that

I1 ≤C

[
1p
R

∫ 1

0
r 2 (

T ′, x
)(

f1 − f2
)2

(x)e−2Rσ(T ′,x)d x +∥∥u1,t −u2,t
∥∥2

L2
(
ω

t0
T

)] .

(b) There exists a constant C =C (T, t0,C0,ω,α) > 0 such that

∫ 1

0
z2(T ′, x)e−2Rσ(T ′,x)d x ≤C I0.

(c) Conclusion.

Proof of step (a):

Lemma 3.2.1. There exists a constant C =C (T, t0,ω) > 0 such that∫ ∫
ω

t0
T

R3θ3z2e−2Rσd xd t ≤C
∥∥u1,t −u2,t

∥∥2

L2
(
ω

t0
T

) .

Proof. Since p is a positive continuous function on [0,1], there exists p0 := inf
x∈[0,1]

p(x) > 0. Then,

we have for all (t , x) ∈ (t0,T )× (0,1) ,

R3θ3(t )e−2Rσ(t ,x) ≤ R3θ3(t )e−2p0Rθ(t ) ≤ L = max
x≥0

{x3e−2p0x}.

Consequently, ∫ ∫
ω

t0
T

R3θ3z2e−2Rσ(t ,x)d xd t ≤ L
∫ ∫

ω
t0
T

z2d xd t = L ∥ wt ∥2
L2(ω

t0
T )

.

On the other hand, u1,u2 ∈C ([ε,T ];D(A))∩C 1([ε,T ];L2(0,1)), then wt = u1,t −u2,t is valid on
ω

t0
T and the proof of lemma is finished. �

Since g = r
(

f1 − f2
) ∈ G (C0), we have for almost all (t , x) ∈ Q t0

T ,
∣∣g t (t , x)

∣∣ ≤ C0
∣∣g (T ′, x)

∣∣.
Thus, taking into account the above lemma, we obtain

I1 ≤C 2
0

∫ ∫
Q

t0
T

r 2(T ′, x)
(

f1 − f2
)2

(x)e−2Rσ(t ,x)d xd t +C ∥ u1,t −u2,t ∥2
L2(ω

t0
T )

.

Lemma 3.2.2. There exists C (t0,T ) > 0 such that∫ ∫
Q

t0
T

r 2(T ′, x)
(

f1 − f2
)2

(x)e−2Rσ(t ,x)d xd t ≤C (t0,T )
1p
R

∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x.

Proof. Let l (t ) = (t − t0)(T − t ) ∀t ∈ [t0,T ], then for all (t , x) ∈ (t0,T )× [0,1], we can write

σ(t , x) = p(x)

l (t )4
. Thus we have

∂σ(t , x)

∂t
=−4p(x)

l ′(t )

l (t )5
,
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with l ′(t ) = T + t0 −2t . Since
l ′(T ′) = l ′(

t0 +T

2
) = 0,

we get
∂σ(T ′, x)

∂t
= 0.

On the other hand, for all t ∈ (t0,T ), we have

∂2σ(t , x)

∂t 2
= ρ(x)

20l ′(t )2 −4l ′′(t )l (t )

l (t )6
.

As l ′′(t ) =−2, ∀t ∈ [t0,T ], it follows that

∂2σ(t , x)

∂t
= p(x)

20l ′(t )2 +8l (t )

l (t )6
(3.7)

By applying Taylor’s expansion to the function t →σ(t , x) on the interval [T ′, t ] there exists a
function θ(t , x) with T ′ < θ(t , x) < t such that

σ(t , x) =σ(T ′, x)+ ∂σ(T ′, x)

∂t
(t −T ′)+ 1

2!

∂2σ

∂t 2
(θ(t , x), x)(t −T ′)2,

which yields

σ(t , x) =σ(T ′, x)+ 1

2

∂2σ

∂t 2
(θ(t , x), x)(t ,T ′)2. (3.8)

Using the fact that T ′ = t0 +T

2
is the minimum of the function θ = 1

l (t )4
, we get θ(t ) ≥

θ(T ′),∀t ∈ (t0,T ). In addition, p(x) ≥ p0 > 0, ∀x ∈ [0.1], then we obtain

∂2σ(t , x)

∂t 2
≥ p0

8

l (t )5
= 8p0

1

l (t )4
× 1

l (t )
= 8p0θ(t )×θ(t )

1
4 (3.9)

= 8p0θ(t )
5
4 ≥ 8p0θ(T ′)

5
4 :=µ0(t0,T ) =µ0 (3.10)

Combining (3.7) and (3.9), we get

σ(t , x) ≥σ(T ′, x)+ (t −T ′)2

2
µ0 ⇒−σ(t , x) ≤−σ(T ′, x)− (t −T ′)2

2
µ0.

Consequently, for all x ∈ [0.1],

∫ T

t0

e−2Rσ(t ,x)d t ≤ e−2Rσ(T ′,x)
∫ T

t0

e−µ0R(t−T ′)2
d t

≤ e−2Rσ(T ′,x)
∫ +∞

−∞
e−µ0R(t−T ′)2

d t

= e−2Rσ(T ′,x) 1√
µ0R

∫ +∞

−∞
e−u2

du

=C (t0,T )
1p
R

e−2Rσ(T ′,x)
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where

C (t0,T ) = 1

µ0

∫ +∞

−∞
e−u2

du =
√

π

µ0
.

Multiplying the above inequality by r 2(T ′, x)
(

f1 − f2
)2

(x) and integrating over (0.1), we obtain
the desired resut and the proof of the lemma is achieved. �

Proof of step (b): Since for x ∈ (0,1),

lim
t→t0

z2(t , x)e−2Rσ(T ′,x) = 0,

we have ∫ 1

0
z2(T ′, x)e−2Rσ(T ′,x)d x =

∫ T ′

t0

∂

∂t
(
∫ 1

0
z2(t , x)e−2Rσ(t ,x)d xd t ) (3.11)

=
∫ T ′

t0

∫ 1

0
[2zzt −2Rσt z2]e−2Rσ(t ,x)d xd t︸ ︷︷ ︸

=J

.

We start to find an upper bound of J .∫ T ′

t0

∫ 1

0
2zzt e−2Rσ(t ,x)d xd t =

∫ T ′

t0

∫ 1

0
2
p

Rθze−Rσ(t ,x) 1p
Rθ

zt e−Rσ(t ,x)d xd t

≤
∫ T ′

t0

∫ 1

0
[Rθz2e−2Rσ(t ,x) + z2

t

Rθ
e−2Rσ(t ,x)]d xd t (3.12)

≤
∫ T

t0

∫ 1

0
[Rθz2e−2Rσ(t ,x) + z2

t

Rθ
e−2Rσ(t ,x)]d xd t .

since T ′ ≤ T .
The following lemma is useful before applying Hardy inequality (see Appendix A).

Lemma 3.2.3. Let α∗ ∈ (max(1,α) ,2) . Then, for a.a. t ∈ (t0,T ) , x → z (t , x)e−Rσ(t ,x) belongs to
H 1
α∗,0 (0,1) .

Proof. First of all, for a.a. t ∈ (t0,T ) , we have

lim
x→1−

z(t , x)e−Rσ(T ′,x) = 0

since for a.a. t ∈ (t0,T ) , z(t , .) ∈ D (A) . We must show now that
∫ 1

0
xα

∗ ((
ze−Rσ)

x

)2
d x <∞. We

have (
ze−Rσ)

x = zxe−Rσ−Rσx ze−Rσ.

Hence, ((
ze−Rσ)

x

)2 ≤ 2z2
xe−2Rσ+2R2σ2

x z2e−2Rσ

≤ 2z2
x +2R2σ2

x z2.
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Moreover,
∫ 1

0 xαz2
xd x <∞, for almost all t ∈ (t0,T ) . Then∫ 1

0
xα

∗
z2

xd x ≤
∫ 1

0
xαz2

xd x <∞,

since α∗ ≤α. In addition, we have

σx = θpx =−θφ
−

xα
eS(φ+)2

.

This yields ∫ 1

0
xα

∗
R2σ2

x z2d x ≤ (θR)2 C
∫ 1

0
xα

∗
x2−2α (1−x)2 z2d x

≤ (θR)2 C
∫ 1

0
z2d x,

where we have used the fact that 2−α+α∗−α> 0. Since for all t ∈ (t0,T ) , z(t , .) ∈ L2 (0,1) , the
proof of the lemma follows. �

Let α∗ ∈ (max(1,α) ,2) . Through the above lemma, we can apply Hardy inequality to the
function f = z(t , .)e−Rσ(t ,.) and we obtain∫ 1

0

xα
∗

x2(1−x)2
z2e−2Rσd x ≤C (α∗)

∫ 1

0
xα

∗
((ze−Rσ)x)2d x.

≤C (α∗)
∫ 1

0
xα

∗
[z2

xe−2Rσ+R2θ2p2
x z2e−2Rσ]d x.

Since
xα

∗

x2(1−x)2
≥ 1, we also obtain

∫ T

t0

∫ 1

0
Rθz2e−2Rσd xd t ≤

∫ T

t0

Rθ
∫ 1

0

xα
∗

x2(1−x)2
z2e−2Rσd xd t ,

Hence∫ T

t0

∫ 1

0
Rθz2e−2Rσd xd t ≤C (α∗)[

∫ T

t0

∫ 1

0
Rθxα

∗
z2

xe−2Rσd xd t+
∫ T

t0

∫ 1

0
R3θ3p2

x xα
∗

z2e−2Rσd xd t ],

On the other hand, since xα
∗ ≤ xα, we get∫ T

t0

∫ 1

0
Rθz2e−2Rσd xd t ≤C (α∗)[

∫ T

t0

∫ 1

0
Rθxαz2

xe−2Rσd xd t +
∫ T

t0

∫ 1

0
R3θ3p2

x xαz2e−2Rσd xd t ].

Using (2.5), we have

| px(x) |=| −φ−(x)

xα
e s(φ+(x))2 |≤C

x(1−x)

xα

and we obtain∫ T

t0

∫ 1

0
R3θ3ρ2

x xαz2e−2Rσd xd t ≤C
∫ T

t0

∫ 1

0
R3θ3x2−α(1−x)2z2e−2Rσd xd t .
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Combining the above inequalities, we conclude that∫ T ′

t0

∫ 1

0
2zzt e−2Rσd xd t ≤C (

∫ T

t0

∫ 1

0
Rθxαz2

xe−2Rσd xd t+
∫ T

t0

∫ 1

0
R3θ3x2−α(1−x)2z2e−2Rσd xd t )

Which give an upper bound for the first term of J .

It remains now to find un upper bound for the second term of J . Recalling that θt =−4βθ
5
4 ,

we get ∫ T ′

0

∫ 1

0
−2Rσt z2e−2Rσd xd t =

∫ T ′

t0

∫ 1

0
8Rθ

5
4βpz2e−2Rσd xd t

≤
∫ T ′

t0

∫ 1

0
8Rθ

5
4
∣∣β∣∣pz2e−2Rσd xd t

≤C (t0,T )
∫ T

0

∫ 1

0
Rθ

3
2
∣∣β∣∣pz2e−2Rσ,

since θ
5
4 ≤ c(t0,T )θ

3
2 , thanks to the definition of I0, the proof of step (b) is complete.

Proof of step (c): conclusion
Owing the definition of I0, steps (a) and (b), we deduce that there exists a constant C =

C (T, t0,α) > 0 such that∫ 1

0
z2(T ′, x)e−2Rσ(T ′,x)d x ≤C [

1p
R

∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x+ ∥ u1,t −u2,t ∥2

L2(ω
t0
T )

].

Since z(T ′, x) = wt (T ′, x) = (xαwx)x(T ′, x)+ r (T ′, x)
(

f1 − f2
)

(x), we also have∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x ≤ 2

∫ 1

0
z2(T ′, x)e−2Rσ(T ′,x)d x+2

∫ 1

0
(xαwx)2

x(T ′, x)e−2Rσ(T ′,x)d x,

or, equivalently,∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x ≤ C [

1p
R

∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x

+ ∥ u1,t −u2,t ∥2
L2(ω

t0
T )

+∥∥(xαwx)x(T ′, .)
∥∥2

L2(0,1)],

for some constant C =C (T, t0,α) > 0. Choosing R = R(T, t0,α) large enough such that
Cp

R
= 1

2
,

we obtain∫ 1

0
r 2(T ′, x)

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x ≤C (∥ u1,t −u2,t ∥2

L2(ω
t0
T )

+∥∥(xαwx)x(T ′, .)
∥∥2

L2(0,1)).

Since R has now been fixed , the dependance on R of all constants appearing hereafter just
amounts to the standard one on T, t0 and α. Let γ = γ(T, t0,α) > 0 be such that ∀x ∈ [0,1],
e−2Rσ(T ′,x) ≥ γ. then∫ 1

0

(
f1 − f2

)2
(x)e−2Rσ(T ′,x)d x ≤C3

(
∥ u1,t −u2,t ∥2

L2(ω
t0
T )

+∥∥(xαwx)x(T ′, .)
∥∥2

L2(0,1)

)
,
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whereC3 = C

γd 2
for some constantC =C (T, t0,α,ω) > 0. On the other hand, u1,u2 ∈C ([ε,T ];D(A))∩

C 1([ε,T ];L2(0,1)), then (xαwx)x = (xαu1,x)x−(xαu2,x)x is valid on ωt0
T . This completes the proof

of Theorem 3.2.1. �
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Chapter

4 Identification of intial conditions

EF
Abstract

HG

T
his chapter concerns the determination of the initial condition for our problem. We follow
the method developed in the work [YZ:01].
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4.1 Statement of the inverse problem

In this section, we state our inverse problem which consists to determine the initial condition ϕ.
Recall that w = u1 −u2, z = ∂t w , F = f1 − f2 and we state our inverse problem for the solutions
u1,u2 of (3.1) associated with

(
u1,ϕ1

)
and

(
u1,ϕ2

)
where u1 (0, x) =ϕ1 (x) and u2 (0, x) =ϕ2 (x).

Using the measurement of the temperature at a fixed time T ′ = t0+T
2 , the inverse problem

corresponding to recover the initial condition ϕ is given as follows:

zt − (xαzx)x = ∂r (t , x)

∂t
F (x), (t , x) ∈QT ,

z (t ,1) = 0, t ∈ (0,T ) ,

and z (t ,0) = 0,
(xαzx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

z
(
T ′, x

)= (xαwx)x(T ′, x)+ r
(
T ′, x

)
F (x) := b(x), x ∈ (0,1)

(4.1)

where r ∈C 1([0,T ]× [0,1]) and satisfies (3.2).
Now we decompose (4.1) as follows:

ht − (xαhx)x = ∂r (t , x)

∂t
F (x), (t , x) ∈QT ,

h (t ,1) = 0, t ∈ (0,T ) ,

and h (t ,0) = 0,
(xαhx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

h (0, x) = 0, x ∈ (0,1)

(4.2)

and 

kt − (xαkx)x = 0, (t , x) ∈QT ,
k (t ,1) = 0, t ∈ (0,T ) ,

and k (t ,0) = 0,
(xαkx) (t ,0) = 0,

for 0 ≤α< 1
for 1 ≤α< 2

, t ∈ (0,T ) ,

k
(
T ′, x

)= b(x)−h
(
T ′, x

)
, x ∈ (0,1) .

(4.3)

It can be easily seen that
z = h +k, z (0, x) = k (0, x) . (4.4)

4.2 Logarithmic stability result

In this section, we use the same method as in [YZ:01] to state estimate for the initial condition
ϕ. The idea is based on the logarithmic convexity inequality. In order to obtain our stability
result, we need more regularity for our solutions. Throughout this section, we consider the
following admissible set:

U =
{(

f ,ϕ
)

,
(

f ,ϕ
) ∈C 1 ([0,1])×C 2 ([0,1]) ;

∥∥ f
∥∥

C 1([0,1]) +
∥∥(

xαϕx
)

x

∥∥
C 1([0,1]) ≤ M

}
,

where M is a given positive constant.
In the first step, we give an L2 estimate for (h,k).
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Lemma 4.2.1. Let
(

f1,ϕ1
)

,
(

f2,ϕ2
) ∈U . Then, there exits a constant C =C

(
T

′)> 0, such that

‖h (t , .)‖L2(0,1) ≤C ‖F‖L2(0,1) , 0 ≤ t ≤ T ′.

Proof. We muliply the first equation of (4.2) by h and we integrate by parts with respect to the
space variable. Hence, we obtain

1

2
∂t

∫ 1

0
h2d x +

∫ 1

0
xαh2

xd x =
∫ 1

0
h
∂r

∂t
F d x.

Using Cauchy-Schwarz and Young inequalities with integrating over (0, t ) for 0 ≤ t ≤ T ′, we get

‖h (t , .)‖2
L2(0,1) ≤C1 ‖F‖2

L2(0,1) +
∫ t

0
‖h (s, .)‖2

L2(0,1) d s, 0 ≤ t ≤ T ′,

where C1 = q2T ′ with q = sup
(t ,x)∈[0,T ′]×[0,1]

∣∣∣∣∂r

∂t
(t , x)

∣∣∣∣ .

Through Gronwall inequality, we obtain

‖h (t , .)‖L2(0,1) ≤C ‖F‖L2(0,1) , 0 ≤ t ≤ T ′,

where C =
√

C1eT ′ . �

Lemma 4.2.2. Let
(

f1,ϕ1
)

,
(

f2,ϕ2
) ∈U . Then, there exits a constant C =C

(
T

′
, M

)
> 0, such that

‖k (t , .)‖L2(0,1) ≤C

(∥∥(xαwx)x(T ′, .)
∥∥

L2(0,1) +‖F‖
t

T
′

L2(0,1)

)
, 0 ≤ t ≤ T ′,

Proof. Setting Φ=ϕ1 −ϕ2, then we have

‖z (0, .)‖L∞(0,1) = ‖wt (0, .)‖L∞(0,1) =
∥∥(

xαΦx
)

x + r (0, .) f (.)
∥∥

L∞(0,1) ≤ 2C M ,

where C = max
{
1,‖r (0, .)‖L∞(0,1)

}
.

It follows that ‖k (0, .)‖L2(0,1) ≤ 2C M . On the other hand, by using the logarithmic convexity
theory for parabolic equations and Lemma 4.2.1, we get, for all 0 ≤ t ≤ T ′,

‖k (t , .)‖L2(0,1) ≤ ‖k (0, .)‖1− t
T ′

L2(0,1)

∥∥k
(
T ′, .

)∥∥ t
T ′
L2(0,1)

≤ (2C M)1− t
T ′

∥∥k
(
T ′, .

)∥∥ t
T ′
L2(0,1)

≤C
(∥∥(xαwx)x(T ′, .)

∥∥
L2(0,1) +‖F‖L2(0,1)

) t
T ′

L2(0,1)
.

which completes the proof of this lemma. �

Now we are ready to state and prove our stability result.
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Theorem 4.2.1. Let
(

f1,ϕ1
)

,
(

f2,ϕ2
) ∈U . Then, there exits a constant C =C

(
T

′
, M

)
> 0, such that

∥∥ϕ1 −ϕ2
∥∥

L2(0,1) ≤
1

|ln(E)| +
∥∥(u1 −u2) (T ′, .)

∥∥
L2(0,1) ,

where
E = ∥∥(

xαu1,x
)

x

(
T ′, .

)− (
xαu2,x

)
x

(
T ′, .

)∥∥
L2(0,1) +

∥∥u1,t −u2,t
∥∥

L2
(
ω

t0
T

) .

Proof. Using the above lemmas and (4.4), we have, all 0 ≤ t ≤ T ′,

‖z (t , .)‖L2(0,1)

≤ ‖h (t , .)‖L2(0,1) +‖k (t , .)‖L2(0,1)

≤ C ‖F‖L2(0,1) +C ′
(∥∥(xαwx)x(T ′, .)

∥∥
L2(0,1) +‖F‖L2(0,1)

) t
T ′

L2(0,1)

≤ C ′′
[

(E)
t

T ′
L2(0,1)

+E

]
.

Therefore ∥∥ϕ1 −ϕ2
∥∥

L2(0,1) = ‖w (0, .)‖L2(0,1)

=
∥∥∥∥∥−

∫ T ′

0
wt (s, .)d s +w

(
T ′, .

)∥∥∥∥∥
L2(0,1)

≤ C ′′
∫ T ′

0

[
(E)

s
T ′
L2(0,1)

+E

]
d s +∥∥w

(
T ′, .

)∥∥
L2(0,1)

≤ C ′′ E −1

ln(E)
+C2E +∥∥w

(
T ′, .

)∥∥
L2(0,1)

≤ C

|ln(E)| +
∥∥w

(
T ′, .

)∥∥
L2(0,1) .

This concludes the proof. �



Conclusion and prospects

In this memoir, we have proved a Lipschitz stability in inverse source problem for a one-
dimensional degenerate parabolic equation with a locally distributed observation using Car-
leman estimate. We have proved also a logarithmic stability in the identification of initial
condition through the logarithmic convexity theory. In the future, we can study the following
situations:

1. the identification of diffusion coefficients with an other term source.

2. adding a singular term in the parabolic equation.

3. to consider a system of coupled degenerate parabolic equations.

Aya Bouzou & Abir Maarouk �Univ. A.L-Khenchela � A.U. 2019-2020





Appendix

A On Hardy-type inequality

In this appendix, we give the proof of some Hardy-type inequalities.

A.1 Hardy-type (I and II) inequalities

Lemma A.1.1 (Hardy inequality (type I)). Let 1 <α∗ < 2. Then, for all f ∈ H 1
a∗,0(0,1),

∫ 1

0

xα
∗

x2
f 2(x)d x ≤ 4

(1−α∗)2

∫ 1

0
xα

∗
f 2

x (x)d x.

Proof. See for instance [CMV:08]. �

Lemma A.1.2 (Hardy inequality (type II)). Let 1 <α∗ < 2. Then there exists C =C (α∗) > 0 such
that for all f ∈ H 1

a∗,0(0,1),

∫ 1

0

xα
∗

(1−x)2
f 2(x)d x ≤C (α∗)

∫ 1

0
xα

∗
f 2

x (x)d x.

Proof. As f ∈ H 1
a∗(0,1),

∫ 1

0

xα
∗

(1−x)2
f 2(x)d x =

∫ 1

0

xα
∗

(1−x)2
(
∫ 1

x
fx(s)d s)2d x

=
∫ 1

0

xα
∗

(1−x)2
(
∫ 1

x
fx(s)(1− s)

1
4

1

(1− s)
1
4

d s)2d x

≤
∫ 1

0

xα
∗

(1−x)2
(
∫ 1

x
f 2

x (s)
√

(1− sd s)(
∫ 1

x

1p
1− s

d s)d x

= 2
∫ 1

0

xα
∗

(1−x)2
(1−x)

1
2 (

∫ 1

x
f 2

x (s)
p

1− sd s)d x

= 2
∫ 1

0

∫ 1

x

xα
∗

(1−x)
3
2

f 2
x (s)

p
1− sd sd x.
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Then, using Fubini’s theorem,∫ 1

0

xα
∗

(1−x)2
f 2(x)d x ≤ 2

∫ 1

0

∫ s

0

xα
∗

(1−x)
3
2

f 2
x (s)

p
1− sd xd s

= 2
∫ 1

0
f 2

x (s)
p

1− s(
∫ s

0

xα
∗

(1−x)
3
2

d x)d s

≤ 2
∫ 1

0
f 2

x (s)sα
∗p

1− s(
∫ s

0
(1−x)−

3
2 d x)d s

≤ 2
∫ 1

0
sα

∗
f 2

x

p
1− s[2(

1p
1− s

−1)]d s

≤ 4
∫ 1

0
xα

∗
f 2

x (x)d x,

because 2(1−p
1− s) ≤ 2. �

We can now state and prove Hardy type inequality for all f ∈ H 1
a∗,0(0,1) (see also [CTY:10])

A.2 Hardy-type (III) inequality

Theorem A.2.1 (Hardy inequality (type III)). Let 1 <α∗ < 2. Then there exists C > 0 such that
for all f ∈ H 1

a∗,0(0,1), ∫ 1

0

xα
∗

x2(1−x)2
f 2(x)d x ≤C

∫ 1

0
xα

∗
f 2

x (x)d x.

Proof. We have∫ 1

0

xα
∗

x2(1−x)2
f 2(x)d x =

∫ 1
2

0

xα
∗

x2(1−x)2
f 2(x)d x +

∫ 1

1
2

xα
∗

x2(1−x)2
f 2(x)d x

≤ 4
∫ 1

2

0

xα
∗

x2
f 2(x)d x +4

∫ 1

1
2

xα
∗

(1−x)2
f 2(x)d x.

Consequently, the proof of the theorem follows using the two above lemmas. �
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