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Introduction

The study of the properties of interacting non relativistic quantum few-body systems is one
of the most active branches of modern theoretical physics. The dynamics of such systems
is governed by the few-body Schrodinger equation. Due to the large number of degrees of
freedom involved and the nature of the interactions between particles, the equations of motion
of these systems are not exactly solvable in most cases. Even the one-body problem for a
rotationally invariant potential or the two-body problem in translationally and rotationally
invariant interaction are solvable only for very particular forms of the interaction potential [1].
The complexity of the problem grows exponentially with the number of particles. The one-body
and two-body problems are said to be trivial, while the three-body problem is considered as the
simplest non-trivial problem and does not admit exact solutions even in classical mechanics.
In all these cases, it is necessary to resort to approximate resolution methods. Among these
methods, let us mention the expansion on hyperspherical harmonics [2], Faddeev’s equations
[3], derivation of upper bounds by systematic expansion on correlated gaussians [4], derivation
of lower bounds [5].

In the work presented in this thesis, we are interested in the approximate solution of the
stationary Schrodinger equation for spinless five-body system applying the variational principle.
We use an expansion over correlated gaussians to derive upper bounds for the ground state
energy and the associated wave function of a five-body system for certain mass configurations
and which is an extension of a similar earlier study carried out for the three-body [6] and the
four-body [7] cases.

This document is organized as follows:

The first chapter constitutes a review on the basic notions of quantum mechanics where we



present the stationary Schrodinger equation which describes the time-independent states of a
particle. Particular attention has been paid to problems of central forces where it is shown that
the problem of two mutually interacting particles reduces to the problem of a one-dimensional
particle.

Chapter two will be devoted to an exactly solvable quantum problem. This is about the
harmonic oscillator. We present the study of one-dimensional and three-dimensional harmonic
oscillators in a quantum framework. The resolution of the two-body harmonic oscillator will
also be presented in detail.

In the third chapter, we will focus on the few-body problem interacting via two-body forces
deriving from harmonic potentials. This type of systems is often called "N-body harmonic
oscillator". We are particularly interested in the five-body problem. The method adopted to
solve this problem is based on changes of variables thus making it possible to reduce the problem
of the five-body harmonic oscillator to a set of four decoupled harmonic oscillators where the
energy of the system will be the sum of the energies of these oscillators.

The main objective of our work will be the subject of the fourth chapter.We will present in
detail the method of expansion on correlated gaussians applied to five-body systems, which is
a method based on the variational principle. This method will allow us to obtain an approxi-
mation of the energy and the wave function of a system composed of five particles interacting
via two-body forces.

The thesis ends with a general conclusion.



Chapter 1

Schrodinger equation

In physics, specifically quantum mechanics, the Schrodinger equation, formulated in 1926 by
Austrian physicist Erwin Schrodinger, is an equation that describes the time-evolution of a
quantum system. It is as central to quantum mechanics as Newton’s laws are to classical
mechanics.

0

ih—U = HU . 1.1
tho (1.1)

In the standard interpretation of quantum mechanics, the quantum state, also called a wave
function or state vector, is the most complete description that can be given to a physical system.
Solution to Schréodinger’s equation describe not only molecular, atomic and subatomic systems,
but also macroscopic systems, possibly even the whole universe [8].

The most general form is the time-dependent Schridinger equation, which gives a descrip-
tion of system evolving with time. For systems in a stationary state, the time-independent
Schrodinger equation is suffisent. Approximate solutions to the time-independent Schrodinger
equation are commonly used to calculate the energy levels and other properties of atoms and
molecules.

Schrodinger’s equation can be mathematically transformed into Werner Heisenberg’s ma-
trix mechanics, and into Richard Feynman’s path integral formulation. The following section
presents the Schrodinger equation for the general case and for the simple case encountered in

many textbooks.



1.1 General quantum system

For a general quantum system [9].

0 .
h—U = HU 1.2
i , (12)

where

e U is a wave function: the probability amplitude for different configurations of the system

at different times.

° zh% is the energy operator (i is the imaginary unit and % is the reduced Planck constant).

e H is the Hamiltonian operator.

1.2 Single particle in a potential

For a single particle with potential energy V in position space, the Schrédinger equation takes

the form [10].

0
h—W (7, = 1.
zhat\ll(r,t) HVY (1.3)

where
° E—ZLQVQ is the kinetic energy operator, where m is the mass of the particle.
e V2 = A is the laplace operator. In three dimensions, the laplace operator is

0? 0? 0?
a2t op o2

(1.4)
where z, y and z are the cartesian coordinates of space.
e V(7,t) is the time-independent potential energy at the position 7.

e U(7,t) is the probability amplitudefor the paticle to be found at position 7 at time ¢.

o H= —%VQ + V(7,t) is the hamiltonian operator for a single particle in a potential.



1.3 Time independent or stationary equation

When the potential energy is constant in time (V(7,¢t) = V(7)) we can simplify the wave

equation. We assume that the spatial and time dependencies of the solution can be separated:
- o —iE¢
() = (r)e "

The time independent equation, again for a single particle with potential energy V takes the
form [11].
R? _,

BY() =~ V() + V(7). (15)
This equation describes the standing wave solutions of the time-dependent equation, which
are the states with definite energy. The time-independent Schrodinger equation is used for a
number of practical problems. Systems with bound states are related to the quantum mechanical
"particle in a box", barrier penetration is important in radioactive decay, and the quantum

mechanical oscillator is applicable to molecular vibrational modes.

1.3.1 Derivation

Schrodinger’s equation can be derived in the following short heuristic way. It should be noted
that Schrédinger’s wave equation was a result of the ingenious mathematical intuition of Erwin
Schrodinger, and cannot be derived independently.

Assumption

1. The total energy E of a particle is

p?
E=T+V=—+V 1.6
TV =4V, (1.6)

2. Einstein’s ligth quanta hypothesis,
E=hv. (1.7)

3. The de Broglie hypothesis ,
h

P= (1.8)



Expressing p and k as vectors, we have
7= hk , (1.9)

1.3.2 Wave function

The solutions of the Schrédinger equation of a quantum system are called wave functions, they
can be considered as a quantum postulate which describes the quantum state of a particle
and contains all the information one wants to know about the system [13]. This wave has a
probabilistic interpretation [14], the square of the wave function defines the probability dP of
finding the quantum object at the desired time in a given place characterized by an elementary
volume d37":

dP = |U(7, > &7 . (1.10)

As we have seen that the Schrodinger equation is a partial differential equation of the first
order with respect to time and of the second order with respect to spatial coordinates, it is

therfore a difficult equation to solve for most quantum systems.

1.3.3 Case of central forces

The central force problems are a generic class of three-dimensional physical systems. They are
systems that have a central potential, i.e. a potential energy that depends only on the distance,
r =||7’||, from the origin: V(7) = V(r). If we use spherical coordinates to parametrize our
three-dimensional space, a central potential does not depend on the angular variables 6 and .

We consider a particle of mass m and at position vector 7 in a central potential V(r), In

quantum mechanics, it is about finding solutions to the eigenvalue equation

Hy = Ev.
H is the hamiltonian operator,
h2
H=—-——A+YV 1.11
ATV (1.11)

associated to the energy E of the particle.



Because of the central potential, the spherical coordinates are more adapted: radial coordi-
nate, r € [0, 00] and two angular coordinates 6 € [0,7] and ¢ € [0, 27].

The laplacien A is written in the spherical coordinates:

10,,0 L?
A= <2a( o) hw) ’ (1.12)
with
1o, 8. 1 o
L? =12 —(sinf— —_— | . 1.1
L [sme 79510 59) sin208<p2} (1.13)

L represents the operator of cinematic orbital momentum. The Hamiltonian is written as

P19, ,0 L?

=55 (5 + +V(r) . (1.14)

2mr2
So in spherical coordinates the Schrodinger equation takes the form:

R1d,,0 L?

o (P 5 V()| U(r,0,6) = BY(r6,0) . (1.15)

1.3.4 Separation of variables

The expression eq. (1.14) shows that all the dependence in 6 and ¢ is inclused in the operator
L? and:
[H,L?| =0 and [H,L.]=0. (1.16)

The obsarvables H, L? and L. constitute a complete set of commuting observables [15], thus

we get:

HU(r,0,6) = BV(r,0,6), 1
L2U(r.60.6) = I(1+1DR*¥(r.0,9),

L,Y(r,0,0) = mh¥(r,6,q) .

The common eigenfunctions L? and L, which correspond to fixed values [ and m are the

spherical harmonics Y, (0, ¢) the function ¥(r, #, ¢) will be the product of radial function R(r)



and the spherical harmonics Y. (6, ¢):
U(r,0,0) = R(r)Y;,(0,9) - (1.18)
By using the fact that:

L*U(r,0,6) = L*R(r)Y,(r,0,9), (1.19)

= 11+ DR2R(r)YL(0,6)

We end to the radial equation:

2 2
[—;717}2;(7“25) L V(r)] R(r) = ER(r) (1.20)
r , ; 2
[;iﬁii, +2,72(E—V(r)) - W] R(r)=0. (1.21)

In literature, the solution of the radial Schrédinger equation was found in some physical
systems as hydrogen atom (colombian potential), harmonic oscillator,..., while the most dif-
ferent types of potentials will be solved by numerical methods (Euler method, Hann...) or by

approximate methods (method of the perturbation and variationnal) [16].

1.4 Two body problem

It is one of the most important samples in physics because it is related to the conversation of
energy, moreover to be able to analytically solve the equations of motion of non-relativistic two
particles system of respectively masses m1 and ms with designated position by position vectors

1 and 79 of components x1, y1, 21 and x2, Y2, 23 respectively we define the relative position

—
r )

T =TT, (1.22)



of which the component are:
r=xy —x2 ,
Yy=vy1-Yy2 , (1.23)
Z =21 — 22
Suppose that the two particles interact via the potential V(r) which only depends on the
distance, r = || 7’|, between them.
The kinetic energy T is
h? h?
T=——A— —As |, (1.24)

2mq 2m
where A7 and A, are the laplacians with respective coordinates of each particle.

The Hamiltonian operator of this system is then written as

- h? n?
H=—A——Ay+V(r). .
9y 175 . 2+ V(r) (1.25)

—
Let’s introduce the center of mass vector R defined by:

(mq + mz)ﬁ = ml?l + mQ?Q . (1.26)
—
The components of R are:
m m
X = — 1 o+ —2 4, (1.27)
mi + mg m1 + mg
. om L
m1+m2y1 77”L1—|—7ngy27
miq meo
= ——21+ ——2.

1
m1 + mg mi + ms

Let us now try to express the Laplacians which appear in the hamiltonian eq. (1.25) in
terms of the new variables x,y, z eq. (1.23) and X,Y, Z eq. (1.27).

Let f be a function of two variables 7°1 and 7’5 (in fact it is a six-variable function, one for
each component of the vectors), and let a second function g of the variables 7 and ]_f describing

the same physical quantity A :

A= f(71,72) = 9(7, R) . (1.28)



The differential of A is written as:

df a . df df df df
dA =d ——dx ——dz dxo —d
friyra) = Gprdan & g dy o da G des g dys &g de
if we adopt as variables the vectors 71 and 7 o, and
dg dg dg df daf daf
dA =dg(r,R) = ——dx dy dz dX dY dz
9(rR) = G ot g v+ det GxdX 4 opdV + o7
with the variables 7 and R. Using the fact that:
dr = x1— 19,
dy = y1—y2,
dz = z1— 2o,
and
ax = M dzq + Tz dzxs ,
mi1 + msg mi + mg
mi meo
dY = ———dy1 + ——dyo,
mi + ms v mi + ms b2
dz = "M dz + M2 dza ,
mi1 + mso mi + mg

(1.29)

(1.30)

(1.31)

(1.32)

one can derive the components of Nabla vectors 61 and 62 as function of partial derivatives

with respect to the components of the relative vector 7 and those of the center of mass vector

—
R:
8 _ my + 0 _ my 9 9
or1 ~ mit+me E)X Bw’ Ors ~ mi+mo 0X oz
o my + 0 _ my 9 _ 9
dyr — mitma 8Y 8y’ Jy2 — mi+meo Y dy
o _ my + 90 _ my 9 _ 9
0z1 ~  mit+mse BZ 8,2’ dz2 ~—  mi+mg 0Z B)
The second derivatives are easly deducted:
2 (m Vo 2 w00 2 (_m o2 0
8@% - mi+ma 0X?2 o2 mi1+mo Ox 0X 8;5% - m1+mo 0X?2 o2
2 _ (_m L2 00 2 (m |2, &
8y% - mi+ma oy?2 Oy? mi+mg Oy Y 8y§ - m1+mo oy?2 oy?
2 _ (_m 20 am 0o 2 (m )2, 2
8z% - mi+msa 072 022 mi1+mo 0z OZ ’ 8z§ - mi+msa 072 022

10

0 0
mi+meo Oy 0Y
0

0Z

o)

o)
mi+msa Oz 0X

0
0

mi1+mse 0z



where we have used the fact that: %8— = . The expressions of the Laplacian Ay and As

=
e
Sl

can be simplified as follows:

- & 2, 2
Ay = 0x3 + oy? + 823’
2
_ 0 fo 9? my 02 92 02
= W+W+@+<ml+m2> (WJFﬁJF?)

2m, 9 90 4 0 9 , 9 0
+ (81‘8X+8y8Y+8 2z )

mi+mg

¢ L o LA ol
Ay = 2:2 T o2 T 023
2
0? fod 0?2 9?2 92 9?2
= a2 Tap tas T (mf'fm ) (73)(2 +ayz + 7az2> (1.33)

_2me (0.0 L 00 00
mi1+mg \ Ox 0X oy oY 0z0Z )

Finally the kinetic part T of the hamiltonian of the system reduces to:

_hQ 82 82 32 —ﬁ2 82 82 82

20 52 Y a2 T o) T o axE v T aze)

(1.34)

with = myma/(mi1 +me) and M = mj + ma are respectively the reduced mass and the total
mass of the system.

If we adopt the following notation:

0? 0? 0?
A = —+—+—-—, 1.35
Ox? + Oy? + 022 (1.35)
0?2 0?2 0?2
A =
R= ox2 oy T o
the hamiltonian can be written in terms of the new variables r and R as follows:
—hQ —hQ
H=—A,+—A . 1.
o + oaf DR + V(r) (1.36)
With the new hamiltonian expression eq. (1.36), Schrodinger’s equation takes the form
ﬁa + _—h2A L V) ) (7, R) = Ey(7, R) (1.37)
2/-1/ T 2M R b - b ) .

. = o =
where 1) depends now on the new variables (7', R); (7, R) = ¢(z,y,2, X,Y, Z).



Separation of variables

As the potential energy V(r) depends only on the variables z, y and z through the variable
r, the equation eq. (1.37) can be simplified by the separation of variables method. Let’s find

solution under the form:

(T, R) = o(T)o(R) . (1.38)

Substituted the expression eq. (1.38) in the equation (1.37) we obtain by separation of variables:

(—ZZAT + V(7’)) o(T) = E(7T), (1.39)
—£;AR = Epé(R),
with:
E=F, +Fp. (1.40)
The operator,
H, = _ZA’" +V(7), (1.41)

is usually called the relative hamiltonien.

12



Chapter 2

Exact solvable systems: the

harmonic oscillator

In this chapter, we focuses with detailed study on an exactly solvable quantum problem. It’s
about the simple harmonic oscillator. The concept of the simple harmonic oscillaor plays a
major role in different (many) applications in quatum physics. The simple harmonic oscillator
corresponds in its simple form, in the movement of a particule of mass m submitted to quadratic
potential. However, the importance of this system goes far beyond this, as it can be used to
describe the behaviour of a physical system around a stable equilibrium position. The treatment
of this model in a quantum formalism is therefore of obvious importance. In addition, nit
concerns a system to which many experimental acheevments exist such as trapped particles in
the wells where elctromagnetic field exitations. It is also a system for which there are many
experimental realisations; for example, particles trapped in well potentials or electromagnetic
field excitations,.... The purpose of this chapter will therefore be to the study of a harmonic
oscillator in the framework of quantum mechanics in order to determine the energy spectrum
and the corresponding quantum states. The classical hamiltonian of one dimentional harmonic

oscillator is given by:

2
- 1
H= % + §mw2x2 . (2.1)

m and w are respectively the mass and the pulse of the oscillator [16].

13



2.1 Harmonic approximation

Generally, let us consider a potential V' (z) which presents a minimum in a point of space that
we take as origin of the displacements. The Taylor series expansion of V() in the neighborhood
of x = 0 reduces, at second order, to

1d?V(z)
dx =0 @ 2 da?
= V(0)+ %kgﬁ +

V(z) = V(0)+ om0 2% + ..., (2.2)

As V(x) has a minimum at = = 0, which corresponds to a position of stable equilibrium, the
coefficient k = d?V () /d$2‘x:0 is positive and the quantity dV () /dz|,_, is zero. When
the displacements around the equilibrium point are small enough, one can neglect terms of
order greater than two in the expansion. The potential V' (x) can be assumed to be zero at the
equilibrium point. We then obtain a potential corresponding to that of a harmonic oscillator

given by the equation eq. (2.1).

2.2 The one-dimensional harmonic oscillator

Harmonic oscillators have a double importance in quantum physics. The first aspect concerns
the possibility of describing in first approximation a bound system by a harmonic oscillator.
This provides precious informations about the energy levels, their spacing and their degeneracy.
This is the idea used to describe the shell model of atomic nuclei. The second aspect concerns
the formalism based on the definition of the creation and annhilation operators. Let us consider

a particle of mass m in harmonic potential, i.e. described by the hamiltonian:
H="+4+V()=———7= + -nmwz*, (2.3)
m

or w is own pulse of the oscillator. The equation of Schrodinger in this case takes the form as

follows:

2 1
Y+ % <E - 2mw2$2> =0, (2.4)
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As indicated above, since the potential tends to infinity for |x| — oo, there are no diffusion
states in this problem. We are only interested in the values of the energy E for which the
solutions are square summable, that is to say, relative to the stationary states. It is more

convenient to work with dimensionless quantities:

_ 2B
e (2.5)

Y ::w/%x.

The energy E is therefore measured in units of (hw).

The equation (2.4) is reduced to:

'+ (e -y v =0 (2.6)

For a given value of the energy F or of ¢, this latter (¢) can be neglected in front of y when

it goes to infinity, which allows us to write:
" —y*p =0 when e < y?. (2.7)
This last equation admits solutions of the form:

P(y) ~ Aexp (—y°/2) . (2.8)

It should be noted that this solution only describes the asymptotic behaviour at infinity of the
general solution, which always remains unknown. To determine the general solution of eq. (2.6)
one can proceed by the method of variation of the constant A: A = h(y). The general solution

of the equation (2.6) will therefore be of the form:

¥ (y) = h(y) exp (—y°/2) , (2.9)

By substituting the expression (2.9) of ¢ in the equation (2.6) we obtain the differential equation
for the function h(y):
h" —2yh' + (e — 1)h =0, (2.10)
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This last equation can be solved by the power series expansion method. By writing:

o0
h(y) =Y amy™ = ao + a1y + azy® + azy® + .. (2.11)

m=0

The first and second derivatives of h(y) will be given respectively by:

oo
R (y) = a1+ 2a2y + 3azy?... = Z mamy™t,
ms0 (2.12)
W'(y)= (2x1)xaz+(3x2) xagy'. =Y (n+2)(n+1)ansy"
n=0

Substituting eq. (2.11) and eq. (2.12) in eq. (2.10) we obtain:

> (n+2)(n+1) an+2y"] —-2y [Z mamy™ | + (e — 1) [Z amym] =0,
m=0 m=0 m=0

Z [(n+2)(n+1)ant2 + (e —1—2n)ay]y" =0,

n=0

This last equation can only be satisfied when the coefficients of all powers of y are zero, that is:
m+2)(n+1)aps2+(e—1-2n)a, =0. (2.13)

We therefore obtain a recurrence relation between the coefficients a,, of the expansion:

" _ —(e—1-2n)
n+2—(

e, (2.14)

Two types of solutions are to be distinguished: The even series and the odd series. Indeed, if
we know ag we can determine a9, a4, ..., ag;, .... i.e. all the even coefficients. Similarly, when
a1 is given we can determine as, as, ..., ag2i+1, -... i.e. all the odd coefficients. We therefore
obtain two separate series, one for the solutions corresponding to the even coefficients as; and
the other for the odd coefficients ag;+1.

On the other hand, it is easy to show that the series eq. (2.11) converges. Indeed, for higher
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order terms (m > 1), the equation (2.14) reduces to:

2
Ui ~ —Qm  for m>1, (2.15)
m
or
2
Imil 02 21 for m> 1. (2.16)
am m

So, according to d’Alembert’s criterion, the series of the general term a,, is convergent.
Now we try to find the expression of the function h(y). The ratio between two consecutive

terms of the expansion (2.11) reduces to:

m+2 2 1— 2 2
am+2y — m + € y2 ~ i , (217)
amy™ (m+2)(m+1) m
for large values of m > 1.
Now, if we examine the series expansion for the function exp(z),
0 " 2 3
exp(z Z—,—l+x+—+§+ (2.18)

which gives for the function exp(x?):

00 ZBQ n 9]
exp (562) = Z (n') = Z m/2 (2.19)

The ratio between two consecutive terms simplifies to:

ac'm«‘f2
ol (2! 222 (2.20)

(M/Q)'

(m/2+101 % m

which is equivalent to that obtained for the function h(y) eq.(2.17). So, for large values of m,

the function h(y) has the same behavior as the function exp(y?):

[e.e]
= Z amy™ ~ ¥ for m>1. (2.21)

m=0

Consequently, the wave function eq. (2.9) reduces to:
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(e.0)
Y(y) = hy)esp(—y?/2)  ~exp(—y*/2) Y amy™,
= (2.22)
~ exp (—y2/2) exp (y2) = exp (y2/2) for m>>1,
which diverges when y — oo and is therefore physically unacceptable. This problem can only
be solved if we consider series that are limited to an order n that is well determined. In other

words, above a certain order n, all coefficients a,, vanish; a,, = 0 for m > n (a,, is not necessarily

zero: it is the last non-zero coefficient). From the equation (2.14) we should have:
2n+1—-e=0, n=20,1,2,... (2.23)
replacing ¢ by its expression as a function of energy we obtain:
2F
=2 l=— =0,1,2,... 2.24
g n —+ o ; n y Ly 4y ) ( )

or

1
E, = <n+2> hw | n=0,12,.., (2.25)

which represents the energy quantization for the one-dimensional harmonic oscillator.
Now let’s look at the wave function. For each value of n we have a well-determined energy

E,, given by the relation eq. (2.25) and also a particular series hy(y) for h(y) ,

n
hn(®) = > amy™ (2.26)
m=0
and hence different wave functions for different values of n:

U (y) = ha(y) exp(—y*/2) = exp(=y°/2) > amy™ . (2:27)

m=0

The recurrence relation eq. (2.14) becomes:

m _  —2Am-—n) (2.28)

G2 T i 2) (m 1)
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in which we have replaced € by its value eq. (2.24).
Two different recurrence relations are to be distinguished, one for even values of m or n and
the other for odd values.

For n = 0, which corresponds to the ground state, we have
ho(y) = ag - (229)

So,
Po(y) = agexp(—y?/2) . (2.30)

This is the ground state wave function. The parameter ag is a normalization constante.
For n = 1 which corresponds to the first exsited state, we have ag = 0 (which leads to zero

values for all the even coefficients ag, aq,...) and:

hi(y) = ary . (2.31)

Thus, the wave function associated to the first excited state will be given by:

U1 (y) = a1y exp(—y*/2) . (2.32)

Here again, the first parameter a; is a normalization one. For n = 2 , all odd coefficients are
zero and

ha(y) = ao + azy® , (2.33)

where the parameter ay will be determined by the recurrence relation eq. (2.28):

_ —2(0—2) B
ag = mao = 2aq . (2.34)
So
ha(y) = ao(1 - 2y°) . (2.35)
Then
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Uay) = ao(l — 2y°) exp(—y*/2) . (2.36)
The wave functions for the different values of n can be determined by following the same

procedure. We obtain for n = 3 and n = 4:

ha(y) = ay+asy’, (2.37)

ha(y) = ao+ agy® + asy® .

We can check that the functions h,(y) are related to the well-known Hermite polynomials

Hy(y):

Hy = 1, (2.38)
Hy = 2y,

Hy = 4y* -2,

Hy = 8y —12y,

H, = 16y*—48y>+12,

In terms of the Hermite polynomials, we can express the wave functions of the stationary

states of the one-dimensional harmonic oscillator:

Y, (x) = A Hy, (\/mw/h:c) exp (—ﬂ;—;::n?) , (2.39)
where A,, are the normalization constants with values:

A, = (%)M. (2.40)
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2.3 The three dimensions harmonic oscillator

Let’s consider a particle submitted to a three-dimensional harmonic potential V(x,y, z) with

pulsations w;, wy and w, for the different directions O, O, and O, respectively:

1 1 1
V(z,y,z) = §mwix2 + imeyQ + §mw222 . (2.41)

If this oscillator is isotropic, which implies equal pulsations (w; = wy = w, = w), the potential
eq. (2.41) reduces to a function of the single radial variable r, (r = \/x? + y? + 22):

1 1
V(z,y,z) = 5771(,‘12(:)32 + y2 + 22) = §mw27“2 , (2.42)

In this case, we have a central field problem, which is often referred to as the spherical
harmonic oscillator. The radial Schrodinger equation for the spherical harmonic oscillator can

be written as:

(—2}1;;: + hz(?;:—?l) + %mw2r2 - E) U(r)=0, (2.43)
We will solve this equation by examining the asymptotic behavior of the solutions.
When r — 0, the two terms (mw?r?/2) and E will be neglected compared to the centrifugal
term A21(1 4+ 1)/(2mr?). The equation (2.43) becomes:

h2 d> R2(1+1)

—%WU(T) + U(r)=0, (2.44)

2mir2

which admits solutions of the form U (r) ~ r(+1),
When r — oo, the two terms R2[(l + 1)/(2mr?) and E will be neglected compared to

(mw?r?/2). The equation (2.43) becomes in this case:

R d? 1
(277?,(1’[’2 + Qmw2r2> U(T‘) =0 , (245)

which admits solutions of the form U(r) ~ exp [—mw?r?/2h].

By combining the two equations (2.44) and eq. (2.45) we can write the solution of the
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equation (2.43) under the form:

U(r) = f(r)rt*D exp (m‘2”27“2> : (2.46)

where f(r) is a function of r. Substituting this expression in eq. (2.43) we obtain an equation

for the function f(r):

2 mw m mw
&I 2 <l+rl) - hr) i)+ [2h2E 2+ 3)h} fr=0.  (47)

We are now looking for solutions for eq. (2.47) in the form of a power series:

o0
f(r)= Z anr™ = agparr + agr? 4+ ... 4 apr + ... . (2.48)

n=0

Substituting this expression of f(r) in the equation (2.47), we obtain:

> I+1 2mE
nz:;] [n(n — Da,r" 2 +2 < _i: - n?r) na,r" ! + ( 7;;2 — (214 3)”;:‘)) anr"} =0,

which reduces to:

oo

omE 2
3 [n(n — 14 2D)anr™ 2 + < :’; - %n — 2+ 3)?) anr"} =0. (2.49)
n=0

For this equation to be satisfied independently of r, all the coefficients of the different powers

of » must be cancelled out separately. We end up with the following recurrence relation:

m hw(2n +3l+3) - 2F

_ 2.50
TR )2l t3) " (250
for n > 2.
For n =0 and n = 1, the equation (2.49) leads to:
0x (20 +1)ag =0,
(204 Dag (2.51)

1x(2042)a; =0 .

This implies that ag is not necessarily zero and that a; is necessarily zero since [ is a positive
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or zero integer. Therefore, the function f(r) must contain only even powers:

fr) = i air' = iGan2n , (2.52)

i=0,2,4,... n=0
where all the coeficients aq, are proportional to ag.
Note that when n — oo the function f(r) diverges with an asymptotic behavior like exp(r?).
The series must be stopped at a certain maximum power 7", it is a polynomial degree n’. The

coeficient a,/;9 must therefore be null. The equation (2.50) gives :
hiw(2n' +31+3) —2E =0, (2.53)
where n' is an even number. If we introduce the integer number N =n'/2 (N =1,2,3,...) we
end up with the energy quantization formula:
En;=hw2N +1+3/2) =hw(n+3/2), (2.54)

with n = 2N + 1.

The ground state corresponds to n = 0, (N = 0 and [ = 0) and has an energy value of

Eyo = 3hw/2. The associated radial wave function will be:

mw
Uoy (1) = agrexp (—Eﬂ) ) (2.55)
or
mw
Ry (r) = agexp (—ﬁﬁ) , (2.56)

which is of gaussian type. The parameter ag will be determined by imposing the normalization

condition. The wave function 1 will to be of the form:

(2.57)
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Because Y (0, ¢) is a constant (YQ(6, ¢) = 1/v/4m).

For an hamiltonian of the form:

H = ap? + ka? | (2.58)
the energy spectrum is given by
E, = Wak(2n + 3) (2.59)
and the ground state energy equals:
Ey = 3hak , (2.60)

which is none other than 3hw/2 and the wave function:

: kﬂ>. (2.61)

The first excited state corresponds to n = 1, (N = 0 and [ = 1), has for energy the value

Ey1 = 5hw/2. The associated wave function takes the form:

mw
Uoa(7) = aor® exp(—§72) ) (2.62)

The second excited state corresponds ton =2, (N =1 and [ = 0) or (N =0 and [ = 2) has

for energy the value Ej g = Ep2 = Thw/2. The associated wave function is:

mw

U () = (ao + asr?) rexp <_Thr ) = ap <1 — §W;;u7“2> T exp (—T;L—;;FQ) , (2.63)

This state can be considered as the first excited of s states. It is to say of zero orbital

moment ([ = 0) [16].
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2.4 The two-body harmonic oscillator

The potential of two particles in interacting via harmonic forces is of the form:

VO = k(71 - T2 =k72,

(2.64)

(2.65)

The problem is therefore reduced to a problem of a three-dimensional space particle in a

central potential of harmonic type. The energy spectrum is therefore obtained by the equation

(2.61) which becomes in a system of units where i = 1:

B = (20+3) o,
I

and the ground state energy reduces to:

k
B =3, —.
21
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Chapter 3

Five-body Harmonic Oscillator

In this chapter, we will focus on the system of few bodies interacting via two-body forces
that derive from harmonic potentials. This type of systems is often called "N-body Harmonic

Oscillator".
Let’s consider a system of five bodies with two-body harmonic iteraction depending only on

the relative distance between them.
V(r,m5) = V([T —751) = ki(7i —75) . (3.1)

Let us suppose that the only way the particles are distinguished is by their masses. So, the
coupling constant k;; of the harmonic interaction between two particles depends only on the

masses of the involved particles. This can be formulated as
kap =kay if mg=m,, VYo (3.2)

The hamiltonian of the system is then written as:
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Pi Py Py DL, D3
ﬁ(S) — 1 + 2 3 4 5 3.3
2m1  2mo  2mg * 2my + 2ms (33)

Let us consider some mass configurations:

- The equal masse problem: configuration that we will note (m,m,m,m,m).

- Two different masses: configurations that we will noted (m, m, m, m, M) and (m, m, m, M, M).

- Three different masses: We have chosen a single configuration to be treated (m,m, M, M, ms).

3.1 Jacobi coordinates

To study a system with a small number of bodies, one can introduce the so-called Jacobi
coordinates to separate the motion of the center of mass from the relative motion. For a two-
body system, it is familiar to replace the individual coordinates 71 and 7o with the relative

. —
coordinate 7:

F=Ti-Ts, (3.4)
_
and the center of mass coordinate R:
Fe (71— maT) (3.5)
=— (M1 71 —maoT . .
. 171 D)

Consider now a system of N particles of masses m; and of positions 7 (i = 1,..., N). So

M =mj + ... + my is the total mass of the system and ]_%) the center of mass coordinate:
— 1 N
K= 2 mir (3.6)
1=

We define the j-th coordinate of Jacobi as the vector connecting the (j + 1)-th particle and



the center of mass of the first j particles:

L 1 &
Pj = —Tjt1+ ——— Zmiri , j=1,..N—1.. (3.7)
dlii1mi i
We obtain then N —1 Jacobi coordinates. So, instead of working with the coordinates system of

the idividual particles{ 7’1, ..., 75 }, we use another system of coordinates formed by the Jacobi

_
coordinates with the center of mass vector {p'1,..., p n_1, R}.

3.2 The equal mass problem: Configuration (m,m,m,m,m)

We have to choose four (4 = 5 — 1) Jacobi coordinates; The reltive coordinates of the two
particles that we will note 7’1, the vector o joining the 3"¢ particle and the mass center of
the first two particles (G12), p'3 vector joining the 4* particle and the mass center of the first
three particles (G123) and 74 the vector that joins the 5th particle to the mass center of the

first four particles (G1234) and :

P1= -T2+ 7T,
Pa= —T3+3(T1+7T2), (3.8)
Pa= —Ta+3(T1+T2+7T3),
Pa= —?5*—%(714-?24-?3%—7“4)
The vector of the center mass of the system R is defined by:
1
ﬁ:g(?1+7’2+73+74+75)- (3.9)
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figure 1:  Jacobi coordinates for the configuration (m,m,m,m,m)
of a five-body system.

We have a system of five equations (3.8) and eq. (3.9). This system can be inverted to
obtain the expressions of the individual particles coordinates 71, T o, 73, T4 and 75 in

—
terms of the Jacobi coordinates p'1, pa, p3, p4 and the center of mass coordinate R. We

get:
Ti= R+371+ 572+ 10+ L7
Ty = ﬁ—%71+%72+i73+%74
T3 = R - %72 + %73 + %74 (310)
Ti= R - $Ps+ 57
Ts= R—17..
In terms of velocities:
T = d—?l,?z = @,?3 = @,?4 _ 47 and 75 = a7’s , (3.11)
dt dt dt dt dt

the expression of the kinetic energy of the system,
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R s G B B O
om Tom T om Tom Tom
TG I B D
= imr1+§mr2+§mr3—l—§mr4+§mr5, (3.12)

reduces, according to the velocities relative to the Jacobi coordinates:

= _dpy o dpy o dps — _dp
PL="g P2= g P3= — and Pa= "0 (3.13)
to
1 =2 1tm? 12m? 1.3m s 1 4m
70 = 5(5m)R + 5(5)?1 +§(?)72+ 5(7)73+§(?)?4 ; (3.14)

where ﬁ = dﬁ /dt is the velocity of the mass center of the sytem. The masses:

m 2m 3m 4dm
2

o0 Hpy =73 Mg T T Py T 5 and ppr = 5m (3.15)

Hp, =

are considered as fictive or reduced masses related respectively to the coordinates o1, P2, p3,
—

74 and R. Its obvious that the fictive mass related to the coordinate of the mass of center can

only be that of the total mass of the system, M = 5m. In terms of conjugate momenta ?pl,

_
?py ?,,3, 304 and P g the kinetic energy is written:

1 — 1
) L _
T =gmtrt 2(m/2)

Tyt P+ P, 4L P (3.16)
Por T 90m/3)" T 2@m/4) " P2 2(dm/5) " P47 '

The expression of the potential energy V©):

VO = k(T1 =T 4k (T1 = T9) k(T = T+ k(T = 75) + k(T2 = T3)’
k(Fo—Ta) 4+ k(Ta—T35) 4 k(Ts— Ta) + k(73— 75)°

+h (T4 — 757, (3.17)

in the conditions eq. (3.2), that’s to say, the coupling constants are all equal: k;;=k,
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(i<j =1,...,5), reduces in terms of Jacobi coordinates to:
) 10 15
Vo) = 51@’% + Ek?% + ng +4k 72 . (3.18)
Then, the hamiltonian eq. (3.3) simplifies to:

H06) — E‘i‘ pﬂl +5k. + %_ka_)? + %—i—ék‘_) + &+4k_>2
= ™M 20, 2, 30 P2 %, | 4T P3 20, Pa) -
(3.19)

Substracting the kinetic energy of the center of mass from the hamiltonian eq. (3.3), we get

the so called "relative hamiltonian"

e _ 7§1+§k—>2 4 ?§2+—0k_> " ?’2’3—1—&]{_)2 n ?’%4+4k_>2
r 2, T 2MP1 %, ~ 3" P2 Dipy T AP 2, Pa)s

(3.20)

7(5)

which describes the relative motion of the particles. It is clear that Hy™’ is none other than the

hamiltonian of a system composed of four decoupled harmonic oscillators. The system’s energy

E®) is the sum of these four oscillators’ energies. Using the result eq. (2.60), we get:

Sk Ek
E®G) = (2n; +3) Z + (2n2 + 3) \/;-I- (2n3 +3) gupg + (2n4 +3) @

= 2(n1+n2+n3+n4+6 521:71
= 2(n+6)4/5 2m

where n1,n9,n3, nqg and n are positive or zero integers.

The ground state:
The energy of the ground state Eé5) of the five-body system with all equal masses correspond

then to: n1 =ng = ng =n4 = 0. we have:

EP =12 Sk (3.21)

2m

For example, if we assign the unit value of the constants: & and m (k=1, m =1) we the

following numerical value for the ground state enrgy of

5
EY = 12\/; — 18.97367 . (3.22)
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The wave function associated to the ground state is the product of the wave functions of the

involved four oscillators. So it looks like a simple gaussian:

Vo(P'1, P2, P3, Pa) X exp — —kp — k7 —k7

-1 OM sy 40m 45m 32m
—k
2 ( 3 P\ 8 5

(3.23)

if we assign the unit value of the constants (k =1, m = 1), we get:

-1 ) 40 _, 32
Vo(P1, P2, 3, Pa) exp —- (\/;7%+\/9P \/ \/57421>
—2(1.581792+42.1085'3+2.372 53 4+2.5307% (3.24)

X e

3.3 System having two different masses

There are two possible configurations to be considered: (m,m,m, M, M) and (m,m,m,m, M).

3.3.1 Configuration (m,m,m,m, M)

The system considered here is formed of four particles with equal masses m; = mo = mg =
mg4 = m and the fifth particle with mass ms = M (m and M are in general, different but not
necessarly). The Jacobi coordinates p'1, p2, p3 and p4 are defined in the same way as in
the case of the equal mass problem egs. (3.8) while, the center of mass coordinate takes the

new following expression

We are going to proceed in the same way as we did with the previous configurations. By
inverting the system of the equations (3.8,3.25) we obtain the individual particle coordinates 7 1,

T9, T3, T4 and 75 in terms of the Jacobi coordinates 71, ?2, ?3, ?4 and the coordinate
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—
of the center of mass R with the result:

_|_
<l =] ] )

w

H
|
—

[N}
=
= Wl Wl

(3.26)

+ o+ o+ o+

R e e
[T
=S -~ 1R -~ 1A=~ T A=<}
§ INN[JV) wl\l\’) NI— N
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3
oo
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e

S
|

The kinetic energy

TG - Pi, P>, P3y, Pi, P5 (3.27)

1 .2 1 .2 .2 .2 .2

57’”?1 + §m72 + Em?g + 57’”?4 + §M75 s

reduces to:

: 1 3m _'>2 1, 2Mm _'>2
S (22 (g, 2
P2+2(4)P3+2(M+4m):04 (3.28)

New expressions for the reduced masses relative to the Jacobi coordinates emerge:

and pur=M+4m. (3.29)

m 2m 3m 4Mm
'upl = 5

e e S VT
In terms of conjugated momenta Fpl, ?m, ﬁpy ?% and P g the kinetic energy is written:

— — — — —
Pp, D p, D p; Dp, PR

T6) = . (3.30)
Moy 2, 2ty 2ty 2R
For the potential energy V) we found:
VO = k(T =T+ k(T1—T3)  +k(T1— T+ K (71— T35+ k(72— 7T3)°

k(T Ta) ? + K (T5—T2) 4 k(T35 — T + K (75— T5)  + K(Ta— 752,

1 2 3
= 5(4k+K)7§+§(4k+K)7§+1(4k+K)7§+4K?2, (3.31)
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where we have used the fact that

k1o = ki3 =Fkia =ko3 =kos = ks =k,
k15 = kos = k35 = kus = K,

(3.32)

which arises from the symmetry of the problem (m; = ms = ms and m4 = ms) according to
the condition eq. (3.2).

The hamiltonian of the system simplifies to:

_
H® = LR 4 p), (3.33)
2pR
where H7£5) is the relative hamiltonian given by
7 1 Do, 2
H® = |24 4k +K) P2 | + |2+ S 4k +K) P2
2MP1 2 2MP2 3
?ps 3 —2 ?m —2
+ +-(4k+K)ps5| + | — +4Kp%| . (3.34)
2“P3 4 2”04

Her again the hamiltonian relative motion Hq@ is the sum of four decoupled harmonic oscilla-

tors. The energy spectrum is generated by the following expression

(3.35)
The ground state
The energy Eé5) of the ground state of the system in the configuration (m, m, m, m, M)

corresponds then to ny = no = ng = ng = 0. We have:

5) _ 1 \/1
EP =3 [\/2Mm (MK +4mEK) 43/ o (4k + K)
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And the wave function associated to E(()5 is a simple gaussian:

1 1 1 2m 2
Uo(P'1, P2, P3, pa) = Aexp (—2 m2(4k+K)7%> exp (—2\/233(4]“‘[()7%)

1 /[ 3m3 s 1 AMm .,
2 4k + K — /2= UK
eXP< 2\/ 1 4(/~€+ )pg>exp< S\ 2 s am P

Note that we must find the same result as for the equal mass problem when £k = K =1 and

m=M=1:

EP = 12\/3 = 18.97376 , (3.36)

and also for the wave function associated eq. (3.24).

3.3.2 Configuration (m,m,m, M, M) : Standard choice of Jacobi coordinates

The considered system here is formed of five particles whose three first particles as having equal
masses mi; = mo = mg = m and the two last particles with equal masses my = ms = M . For
this mass configuration, the coordinate of the center of mass of the system has the following

expression:
1

]—3:_
- 3m+2M

(m(71 + 7)2 + 73) + M(74 + 7}5)) . (3.37)

We will make the same choice for the Jacobi coordinates, eq. (3.7), as for the mass config-

uration (m, m,m, m, m) adapted for this configuration (m,m,m, M, M). We have:

Pi= —Ta+ 71,

Pa= —T3+ % (T1+72), (3.38)
P3= —7)44-%(?1—#7}24-?3)7

?4: —?5+M(m71+m72+m?3+1\474) .

We can draw the expressions of the individual particles coordinates 'y, 72, '3, 74 and

_
75 in terms of Jacobi coordinates p'1, P2, p3, pa and the center of mass coordinate R by
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inverting the equations system eq. (3.8) and eq. (3.37). We obtain:

M M
rn =R+ %,01 + %P2 + r3mP3 t itEmPa

1 1 M M
ro =R+ 3P2 — 31 + M+3mP3 + M +3m P4

r3 =R — %P2 + M%mp3 + 2M]\—{3mp4’ (3.39)

— _ _3m M
T4 = R — 5775503 + onram Pa

_ _ M o 3m
75 = R — o5 gmPa = ahr3m P4

In terms of the Jacobi coordinates the kinetic energy of the system reduces to

P, Py P3 . Pi, Ph

TG — 14, P2, P33, P4, F5 3.40

2m+2m+2m+2M+2M ( )
- Py Ly Lpr gy Lp Lpe

—7 P
oM 2“;21 P1 2#,;2 P2 2/'Lp3 P3 2/%4 P4

where the reduced masses take the new following expressions

m 2m 3Mm M+ 3m
P =5 Fe =g e = ar gm0 ta = Moy, (4D
up =2M 4 3m = M is the total mass of the system.
Using the fact that,
ki2 = ki3 = kog =k, (3.42)

kia = kis = kog = kos = k3y = k35 = kys = K,

which arises from the symmetry of the problem (m; = ms = mg and m4 = ms) according to

the condition eq. (3.2), then, we obtain for the potential energy V) the result:

VO = k(71 =T k(T - T+ K (T = T’ + K (T = 75) + k(72— 73)°

FK(To—Ta) + K (Ts5— 7o) + K(T3— T4+ K (T3— 75"+ kas(Ta— 75)2,

3 4 2K M? + 9Km? + 3m2kys + 6K Mm
= (K+ 2k *2+<K+2k>*2+3 52
< 5 ) P1 3 P2 (M + 3m)2 P3

KM—mk‘45_, 5

K4k R +6— 5 5 . 4
+ (3K + ka5) py + 6 N £ am PP (3.43)

Therefore, the hamiltonian of the system will be expressed as the sum of four oscillators
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which are not decoupled because of the crossed term gs.p4. So the energies of the system and
the associated wave functions can not be deduced directly. To solve this problem we procced
by changing the variables in order to diagonalize the hamiltonian. Therefore the wave function

of the ground state will be a correlated gaussian
Vo(P1, P2 P3, Pa) xexp(—a1 Pl —aeps—asps—asps—Bpspa) (3.44)

with a1, as, as, aq > 0.

We can get around this problem by making a new modified choice of the Jacobi coordinates.

3.3.3 Configuration (m,m,m, M, M) : Modified choice of Jacobi coordinates

The new choice of the Jacobi coordinates consists in taking the standard Jacobi coordinates eq.
(3.7) for the first three particles, the relative coordinate of the last two particles and the vector

connecting the center of mass of the first three particles to the center of mass of the last two

particles
71 = *?2 + ?17
— — 1 /— —
Pa= —T3+5(T14+72),
. o (3.45)
pP3= —Trs+ Ty
Pa= —%(7)4%-7)5)4-%(7)1—1-72%—73%
The coordinate of the mass center R is always defined by eq. (3.37)
ﬁ = # (m(?l + 7}2 + ?3) + M(?4 + ?5)) (346)
3m +2M
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figure 2: Modified choice of Jacobi coordinates
for of a five-body system, configuration (m,m,m, M, M).

After inverting the system of equations (3.7,3.37) we found

T = ﬁ+%71+%72+%74,

Ty = R - %?1+%72+7M§¥3m74,

Ts= R—270+ 32 74, (3.47)
?4: 1—%4‘%73 2M3WP4:

Ts— B 15— nin .

In terms of the velocities relative to the Jacobi coordinates ?i, the kinetic energy of the system

reduces to the equation (3.40) but with new expressions for the reduced masses:

m 2m M 6Mm
For =50 Hoy =737 HFos ™90 Moa =™ 93 1 am (348)
Now, the potential part V) eq. (3.43), takes the form
1 2 1
Ve = 5 (3k +2K) 74 5 Bk +2K) 7iq 5 (3k +2K) A (31<: +2K) P2, (3.49)
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where we can see the disappearance of all of the cross terms. Therefore, the relative hamiltonian

HT(s) reduced into a sum of four decoupled harmonic oscillators:

a1 pa, 2
H®) P4 (Bk+2K) p? P2 4+ Z(3k+2K) P2
1 P2
Py 1 —2 Py, —2
+ + - (BK 4 2kyg5) p5| + | =— +6Kp%| . (3.50)
2“03 2 2”/’4

The energy spectrum is obtained by summing the energies of the four harmonic oscillators:

3k + 2K 3k + 2K
E® = (@0 +3)/ 2 any 43y /2
2m 2m

3K + 2kys (2M + 3m)K

2
+(@2n3+3) oM oMm

+ (2n4 +3) (3.51)

where nq,n9,n3, and ny are positive or zero integers.
The ground state
The energy Eé5) of the ground state of the system in the configuration (m,m,m, M, M)

corresponds then to ny = no = ng = ngy = 0. We have:

5) 3k + 2K \/3k+2K \/3K+2k45 \/(2M—|—3m)K
o™ =3 [\/ om om oM 2Mm ’ (3:52)

3.4 System having three different masses

We have two configurations (m, m, m, M, ms) and (m,m, M, M,ms) but we will just study the
last one.

Based on the discussion presented in the previous section, we can show that the standard
choice of the Jacobi coordinates leads to a diagonal form of the kinetic part of the hamiltonian
but a non diagonal form of the potential part with more crossed terms; (py.03), (F3.04) and
(P5.Pa)- So, the wave function that is associated to the ground state contains more parameters

a1, qo, ..., O3, which will be treated as variational parameters

Yo(P1, P2, 03, Pa) <exp (-o1p3-aop3-aspi-aspi-Brip2 psBsp2 paBsps pa)-

(3.53)
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Consequently, we have to look for a new choice of the Jacobi coordinates that leads to an
hamiltonian note necessary diagonal but at least with minimum number of crossed terms leading

to a correlated gaussian with minimum number of parameters as the exact wave of ground state.

3.4.1 Configuration (m,m, M, M, ms) : Modified choice of Jacobi coordinates

The considered system here is formed of five particles whose two first particles are of equal
masses mq, = my = m, the third and the fourth particles also have equal masses mg = mgy = M
and the last particle with mass ms.

Our new choice for the Jacobi coordinates are as follows:

The first Jacobi coordinate 7'y is defined as the relative coordinate between the 1%¢ and 274

particle. The 2% Jacobi coordinate 7'y is defined as the relative coordinate between the 37

and 4" particule. The 3"% Jacobi coordinate 7’3 is defined as the the vector that connects the

center of mass of the 1! and the 2"¢

particles to the center of mass of 3"¢ and the 4" particule.
The last Jacobi coordinate 74 is defined as the relative coordinate between the mass center of

the system (mq, ma, ms, my) and the last particle ms. More precisely

Pi=—Ta+ 71
.
=—TatrT
iZ 1 - 3—> — — (354)
p3=15(=(rs+ 74+ (r1+72))
74:?5_7Zm+12M (m(r1+72)+M(r3+74))
The coordinate of the center of mass of the system is

B = . (m(T 1+ 72) + M(T3+ 74) +msTs). (3.55)

2m + 2M + ms
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figure 3: Modified choice of Jacobi coordinates
for of a five-body system, configuration (m,m, M, M,ms).

We can express the coordinates of each particle 71, 7o, 73, 74 and 7 5 in terms of Jacobi
01, P2, P3, p4 and the coordinates of the mass center R by using the system of equations

(3.54,3.55). We obtain:

- 5,1~ M —
7’1—R+§p +M+mp3+2M+2m+m5p4’
— 51— —
TZ_R 2P1 +M+m'03+2M+2m+m5'04’
N
Ty=R+3702- Mtm Pt SN T2niFms P4 (3.56)
- 51— —
ra= R - §p2_M+mp3+2M+2m+m5p4’
— _ 2M+2 —
75 = R = 557 tomims P4
The kinetic energy
1 2 1 -2 2 2 ) 2
TG = §mr1+ —mT ., + MT3+ Mr4—i— m5r5,
can then be reduced in terms of the velocities relative to the Jacobi coordinates as:
76) = L o0r +om + )R2+1 o] M7 7. Mm Mim
= m-+m m m
2 5 e P o P T S o T o+ oms P
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or in terms of conjugate momenta eq. (3.54) with the folowing reduced masses

m M 5 Mm M +m
R [ — = _— = M .
97 Fea = "o Hos = S Hea SOM + 2m + ms

Lo, = (3.57)

Of course, up = 2M + 2m + ms = M, total mass of the system is the reduced mass relative to
the center of mass.

The expression of the potential energy V() simplifies to:

VO = k(71— T2)? + kis(T1 — 73)2 + kis(T1 — 7a)? + kis(T1 — 75)2
+h13(T2 — T3)2 4+ ki3(T2 — Ta)? + kis (72 — 75)?
thsa(T's — T 4)2 + kss(T's — T'5)?
+kss (T4 — T'5)%
= 1 (2kiz + 2kiz + k15)] P+ L (213 + 2ksa + k3s) P73
22M2k13+M2k15+(2]‘Zi1:73;m2k35+4Mmk13 72 +2 (ks + k35) 4Mkﬁ+%k35 3374,

(3.58)
where we have taken into account the symmetry of the problem, which gives rise to the folowing

constraints

k13 = kig = kog = kog
kis = kos , (3.59)

k3s = ks .

The potential term eq. (3.58) appears in a quadratic form in the variables p'1, p2, p3
and 4 with only one non diagonal term (7'3.794). The hamiltonian takes also a non diagonal
form describing two decoupled harmonic oscillators (relative to p'1 and p'2) and two coupled
harmonic oscillators (relative to p'3 and p'4 ). So without going through the derivation of the
hamiltonian, it is clear that the ground state will be described by a correlated gaussian with a

single cross term (p'3.p'4). That is to say

on(?l, 727 737 ?4) X exp (_Ofl?% - 0527% - OZB?% - a4?421 + B173.?4) . (360)
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Chapter 4

Expansion over correlated gaussians

In this chapter we will present in detail the method of expansion on correlated gaussians applied
to five-body systems. We will then apply the method to solve approximately the Schrodinger

equation by approximately determining the wave function.

4.1 Ritz variational theorem

The method of variations known as the Ritz method is a method widely used to approximate
the ground state of a stationary system. [17].

Let us consider a system described by a time-independent hamiltonian H whose solutions
are not known a priori. However, we know that this hamiltonian has eigenvectors which form
a complete basis of the state space. To simplify the writing we will admit that the spectrum of

H is discrete (only certain frequencies appear) and not degenerate. It comes:
Hlup) = E |up) (4.1)

with n =0,1,2,... and:
Eo<E <..<E,<... (4.2)

Each vector [¢) of the state space may be developed on the base of eign-vectors of H.
) = 3 e lun) (4.3)
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where the ¢, are coefficients of the development. The mean value of the system energy in the

state [1)) is:
) = WL _ 3 (e () o, H (e un)
{¥ly) m (U] € Y Jun)

(4.4)
Zm,n CrCnEn (Um|un)

2mn CnCn B (tm|un)

Knowing that (uy,|un) = dpm p, it comes that:

> lenl” En

= e

Under the assumption eq. (4.2) we can deduce that:

) = WHI S g (45)

W)y

The formule eq. (4.5) is the master equation of the variations theorem. It stipulates that
the average value of H for any state |¢)) constitutes on approximate value by the excess of
the ground state energy Ey. There is a strict equality when the state |¢) is eignvector of H
associated to the energy Fy. In other words, the mean value of the hamiltonian in any state

|1) is always greater than the ground state energy.

4.2 Variational method

The variational method is a very useful approximation technique. It is based on the Ritz
variational principle [18]. The result eq. (4.5) lies at the origin of the variational method. A
possible use of this result consists in taking a wave function, depending on a certain number n of
parameters A1, Ao, ..., Ay, called trial wave function, to evluate the mean value of the hamiltonian
for this trial wave function. Then, we get a family of upper bounds for the ground state energy
Ep, an upper bound E(Aq, ..., \,), for each set of parameters A1, ..., A,,. The set of parameters
)\(1), ...,)\2 as:

EN, .., \0) = min M, (4.6)

ApAn (P]2)
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leads to a value that is closest to Ejy, i.e. the best approximation for the ground state energy.

E(M,...,\2) is called variational approximation of Ey. Of course E(A,...,\%) stills always

above Ey [14].

B < (W (AL, s X)) [ H |9 (MY, .0 A0))

S ) [ (D)) o

4.2.1 Choice of the trial wave function

Given a system of N particles of masses mq, ma,...,my interacting by forces depending only

on the distance between these bodies, the hamiltonian of the system is written:
H= Z o+ > V@) () (4.8)

1<j=1

By making a choice of Jacobi coordinates { }, the relative hamiltonian can be put in the form:

N1 g N -
He=> 24 " V0 (i {p}), (4.9)
i=1 24 i<j=1

where ?m denotes the conjucated momentum of the i"¢ Jacobi’s coordinates p’; and pu; is a
reduced mass relative to that coordinate. The potential V() (r;; {5, }) must be considered as

function of the Jacobi coordinates g, :
N-1
Tiy= diTk. (4.10)
k=1

The dfj which are the development coefficients of ?ij on the 7'y, can be eventually considered
as column matrix elements (N — 1) x 1, noted d;;.

On the base of the obtained results in the previous chapter, it is obvious that the wave
function associated to the ground state of the N-body harmonic oscillator must be in general a
correlated gaussian. Therefore, the choice of a gaussian as a trial wave function seems to be a
suitable to cover the exact result of the N-body harmonic oscillator case (We are always talking

about the ground state).
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The method of systematic expansion on correlated Gaussians, which is one of the most used
methods for the approximate resolution of the Schrédinger equation for systems with a small

number of bodies, consists in adopting:

g N-1

L —1 Lo

1/’(01-‘-/3N71) :E Cn OXP | 5~ E AE?)Pi-Pj ) (4.11)
n=1 i,j=1

as a trial wave function. The range parameters AZ(;L) can be considered as elements of a is a real,
symmetric and positive definite square matrix A™ of order (N — 1). g is called the number
of generations of gaussians. The weight parameters ¢, and the range parameters AE?) will be
determined by a variational procedure. If we adopt the following notation:

N-1

- -1 L
(Pr.-Bn_1lm) =exp 5 Z Agl)pi.pj . (4.12)
ij=1

The state vector may be put under the form:

) = emlm). (4.13)
m=1

The mean value of any observable A evaluated in the state |¢) , eq. (4.13), will be given by the

expression:

S ciem (nlAm)
S ciom (nlm)

m,n=1

(A)y = (4.14)

Therefore, the calculation of the average value of an observable is reduced to that of the matrix
elements of the observable in question between two correlated Gaussians (n| A |m) and to the

evaluation of the overlaps of Gaussians (n|m) .

4.2.2 The hamiltonian

The calculation of the hamiltonian matrix elements of the system between two correlated gaus-

sians (n| H |m), leads to the calculation of the matrix elements of the kinetic and potential
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energy terms between two correlated gaussians:

ppz

(n| o, m) i=1,2,.,N—1 et (n|Vij (ri{p k) Im)  i<j=1,2,...,N. (4.15)

)

Consider successively the potential energy terms and the kinetic one.

4.2.3 The potential energy

Our problem leads to the calculation of the matrix element of any function f (?ij) of variable

7 ij i<j=1,2,...,N between two correlated gaussian (n| f (7;;) |m). We have:

(n| f(Ti)m)= [ [P 1.3 D Nn_1f (T ij) exp (_% N (A( " A,(;l”) . )

4.16)
If we pose
1 m

A = §<A,gl> +AM) (4.17)

the previous expression may be put under the form:

3— 3— Nl - -
(n| f (7i5) m) = / /d prd>pnaf (Tig)exp | = > Auprpi]- (4.18)
k=1
By doing an orthogonal transformation R :

RTR=RRT =T, (4.19)

on A and let us choose it in such a way as to reduce A into its diagonal form, which we will
denote by A
RART = A . (4.20)

We can also express A in function of A:
A=RTAR. (4.21)
The argument of the exponential occurring in the expression of (n| f (7";;) |m) can then be
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put in the form:

N-1 N N-1 T N N—-1 _ N N—-1 _ g
Z Aklpk~ pPlL= Z kaAmanlPk PlL= Z Amnymyn = Z nn Y n (422)
k=1 k,l,n,m=1 n,m=1 n=1

where we introduce a new Jacobi coodinates {1} linked to the old ones { 5’1} by the relations:

N-1
Yk = Z Rup, (4.23)
=1

that’s to say that the { 'z} and {% '} are related by an orthogonal transformation, the one
that reduced A to its diagonal form A. To obtain eq. (4.22), we also used the fact that A is a
diagonal matrix.

On the other hand, we can notice that the integration element d3?1...d37 N—1 1s an invariant

under an orthogonal transformation. So,
BPr. B PN =Y 1. Y N1 (4.24)
and (n| f (7";;) |[m) can be put in the form:

(n] f(7455) |m) :/"'/d371---d37N—1f(7)z‘j)eXp <— gkk?%) ; (4.25)
k=1

— . . —
where 77;; must now be considered as a function of y'.

By inversing eqs. (4.23) we get the P’y in terms of 7.

N-1
D= RLYI, (4.26)
=1
Then, by reporting in eq. (4.10), we get:
- Nol/NZ1 o N
Tij = l; k;l dij Ry ) Y - (4.27)

Now, let’s do a scale transformation on the {7/}
_\1/2
7 = (A”) 7. (4.28)
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We have

N-l N-1_,
exp <— > Ak y%) = exp (— Z%) , (4.29)
k=1 k=1
and
LoN-3/2 L . —3/2 .
Py Yy = (A11> 7. (ANfl,Nfl) & ZNn-1,

The matrix element (n | f(7";;) | m) is put then under the form:

(n] £ (F5j) Im) = (A)_3/2/---/d371...d371v_1f(7ij)exp (- 5 7%) (4.30)

where A designates the determinant of the matrix A. It should be noted that ?ij in the

N
previous expression must now be considered as a function of the Z

- NSNS e o 12
rij = z; };1 dijRyy | (Au)~"" Z; . (4.31)

It is always possible to perform an orthogonal transformation on the 7k ({7k}—>{ﬁ>/k})

—
such that?ij is proportional to W. It is clear that, taking into account the fact that:
At =RTATIR, (4.32)

the proportionality factor is:

D=
D=

>3 dERE(Ay)  Rindyy

. .
XX (R A PR (A )| = | XS

N—-1 N-1 .
kn=1[lm=1

[N—l N-1

-

— [dg;A*ldw} 2 .
— — —
Asd®Z1..d3Z y_1 and Ziv:_ll VA z are invariants under any orthogonal transformation:

<TL‘ f (7”) ]m> = (A)_3/2 / .../dgwl...d:gWN_lf (\/dg;A_ldijW/H) exp (— ]:ill W%) .
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If we use the result

/exp (-72) &7 = /2, (4.33)
— — —
the integration on Wo, Wy, ..., W n_1 is immediate. It follows that:
_ _ — _ 1/2 = —
(nl f (7 33) Im) = (&)7%/2 (m)* V=272 / @V g ((dhA7dy) W) exp (<T3) . (434)
If we make the change of variable
Wll = (d;fl;-Afldij)l/2 W/l , (4.35)
(n| f (7ij) |m) can be rewriten under the form:

(n| £ (Fi)Im) = (&) (rpPN =272 (gL a-1q,;) ™

x /d?’—”lf(i?/’l) exp (— (dh A7 )" W), (4.36)
From eq. (4.34), we can deduce the overlap of two gaussians by setting f(7';;) = 1. We get:
(n|m) = (x¥-1/A)2. (4.37)

—
LA}

We can use this expression of (n|m) to rewrite (n| f (77;;) |m) under the following form:

(nl £ (Fi) |m) = (n| m)m—3/2 / BW 1 f ((dg;A’ldij)l/ ? VT’/l) exp (—W%) . (4.38)

Suppose now that the interactions between the particles of the system are described by
power law potentials:

The expression eq. (4.38) reduces to:

<TL‘ )\Z'jrl-jjij \m) = <n\ m>7r*3/2)\,-j (dZ;Aldij)wj/Q/dilleij exp <—W%> . (4.40)
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By using the result

2

b o0 Vit J+3
/d3W1W1“e—W? :47r/ AW W92 WE = 9qT (””L) pour vy > —3, (4.41)
0

We finally get

» 2Nij (1 a1, \vial2 o (Vig +3
<n|)\ijrijj |m>:<n|m>ﬁ(d2]A dij) 7r 9 )

which can be rewriten as

Vi 2X;; Vii +3\ vi/2
(n] Aijry;” |m>=<n|m>\/;:F< 3 >%-ji-§ 7

if we introduce the notation

Fyij,k‘l = dg‘;Aildkl.

4.2.4 The kinetic energy

Let’s calculate the matrix element (n| p2/ (2u;) [m). We have

(n] 3 ) = 2/1% (] Be) (T Im))

Using the relationship that defines the correlated gaussians eq. (4.12), we get

N-1
Prlm) =ih 21 Ay Pplm) .
p:

It is follows that

) Ty = TN g A ) 507 )
n| —=|m) = — Ay AL (n| P g pplm) .
2:U’k 2qu,p:l e ey

So, this leads us to calculate the matrix elements of ;.0 ,. We have:

N-1
<n\ ?Q'?p ’m) = / . -/dg?l...dB?N_l (?q?p) exp (— Z Az]?z?]) .

i,j=1
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(4.45)
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(4.47)
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In terms of ¥k, eq. (4.27) takes the following form:

N—-1 _
(n| 7 g P plm) = 2 R'R} / /d3y1 AY N1 (Vi Y j) exp < kzl Amﬁi)- (4.49)

t,j=1

The integral appearing in the right-hand side of the previous expression is zero for ¢ # j, because

we have to integrate an odd function of ¥'; (and of ¥';). So
- — N=1 T 33— 3—> —2 N~ —2
(nl pgpplmy = > RyRjp [ [ &Y1..d>yYnayjexp|— > AV |- (4.50)
j=1 k=1

By using the result

s 3/2
/ 72 exp(—aTA)dPT = - (%) " (4.51)

valid for a > 0, we end up with

NN 3 3/2 3wv-2z N1 1
(n| pqpplm) = 5 (K) 0 ]; RQJA]] Rip
3 3/2 sw-2»
= 5(3) T
3 _
= §<n| m>qu1. (4.52)

Finally, by reporting in the expression eq. (4.47), we obtain:

2 2 N-1
D 3 h m
<n| 2/1']@ |m> - §<n| >2quz Akq qp kp>
3 h?
= 2 AmATLA™ 4.
S (nlm) g )i (453)

This leads to the expression for the kinetic energy matrix element between two correlated
Gaussians
3 N-1 p2
(n| T |m) = = (n| ) — (A”A 1Am) (4.54)
2 =1 2/
The matrix element of the hamiltonian between two correlated gaussians in the case of

power law potentials eq. (4.39) therefore reduces to:
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3N p2

(nl Hfm) = (nlm) | 555 3=

)\’L v; Vii
I (252 W‘Jiﬂ . (455)

Let us give as an example the mean value of the hamiltonian for a single generation of

gaussians |1) in the case of a power law potential eq. (4.39). We get:

Al A1)
(1)

3 N= vij+3 vij )2
5 Z f K%: 1F < ! ) AijVijij - (4.56)

5)

The variational approximation F, . for the ground state energy will be obtained by minimiza-

tion of (1| H |1) / (1| 1) with respect to the parameters A;;.

) _ <1|H|1>_§N*1 h?
2

AHD vit3Y ) vii/?
EOvar - {Ai} <1| 1> Z I ( ) A Y : (4'57)

\/>z<] 1 7T
4.3 Application to the five-body problem

Knowing that the treatment of the N-body problem requires the introduction of a set of N—1
Jacobi coordinates, four Jacobi coordinates are required to treat the five-body problems. That
is: P'1, p2, p3and p4. The trial wave function is therefore chosen as a series of correlated

gaussians eq. (4.11) with N = 5:

g
<ﬁlaﬁ27ﬁ3774‘w> = chexp Z A” pz ,0]
n=1 ,] 1
g
- Z Cn €Xp [_Tl(qu)Pl A(g)ﬁg + Aés)ﬂs + A514)P4 (4.58)

+2A§Z)ﬁ1'ﬁ2 + QA%)ﬁl Py + 2487 515,
+ 2459 By + 245, 5.5y + 2A§2)ﬁ3.ﬁ4] ,

where the parameters of weight ¢, and the range parameters qu), Ag;), A:(,)g), Afﬁ), Agg), A%),

Aﬁ), Aég), Agi) and Aéz) are considered as variationals parameters.

The range parameters for each correlated gaussian can be considered as elements of a sym-
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metric matrix of order 4:

A Ay Al Ay
A AR Al A
Ay Ay A Ay
A Ay Ay Al

A = (4.59)

The matrix element of the hamiltonian between two gaussians reduces to:

W = 5[ (A0 A= A) 1 L (AC) AL g L (A0 A7TAC) g5 L (A A1)
‘*’%F(VTH) [)\127%,212 + >‘13’Y?3<,213 + /\147114,214 + /\157%,215 + /\237;3/,,223]
+%F(VT+3) [)\24754{,224 + )\25755{,225 + )\347;{,234 + >\35’Y§é,235 + >\4572é,245] ;
(4.60)
where A™! is the inverse of the folowing diagonal matrix:
A + AT JA AR A + Al H(AT + AT
A - %(A§2 + A ) %(Ag;) + Ag;)) %(A( + A23 ) %(Aéﬁ) + A24 ) (4.61)
BAY + AL SA AR A A JAl + AR)
547 A&Z‘ )B4 ALY AR + ALY (Al + AL)

The reduced masses piy = p, , o = f1,,, 3 = pp, and py = p,, relative to Jacobi coor-
dinates must be taken according to the choice made for these coordinates. We have assumed
that all pairs of particles interact via the same power law, v;; = v. The elements 715 12, V13,13
V14,145 V15,150 V23,23) V24,245 V25.25> V34,34> V3535 and 745 45 are the diagonal elements of the ma-
trix v = dT A='d eq. (4.44). Therefore, we must find the expression of the matrix d, eq. (4.10),

which relates the relative vectors ?ij for each pair of particles to the Jacobi coordinates.

4.3.1 Choice of Jacobi coordinates

In our study, we will limit ourselves to systems of five particles whose diversity goes up to three
different masses.
It is well known that the complexity of the numerical computations carried out to solve

all variational problems increases with the number of variational parameters, in our case the
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weight parameters ¢ and the range parameters AE? . So, in order to reduce the numerical
computations as much as possible, the number of variational parameters involved has to be
smaller. On the basis of the discussions carried out in the previous sections (3.2, 3.3 and
3.4), we have established that to recover the exact solution of the five-body harmonic oscillator
it is necessary to choose a trial wave function in the form of a correlated gaussian with the
same number of parameters. Note that if we consider more parameters, we end up with the
same results but with more numerical computations, while we get zero values for the additional

parameters.

For this reason, we have to consider:

e the standard choice of Jacobi coordinates eq. (3.8,3.25) to treat the configurations

(m,m,m,m,m) and (m,m,m,m, M)

e the modified choice of Jacobi coordinates eq. (3.45,3.46) to treat the configuration
(m, m,m, M, M).

e the modified choice of Jacobi coordinates eqs. (3.54,3.55) to treatm the configuration

(mavaaMamE))

Configurations (m,m, m,m,m) and (m,m,m,m, M)

To treat the configuration (m,m,m,m,m) and (m,m,m,m, M) we will adopt the standard
choice of the Jacobi coordinates eq. (3.8).

We start by the derivation of the matrix d eq. (4.10). We must first express the relative
vector ?ij, (?ij =71 72) for each pair of particles using egs. (3.26). The calculation results

in

95



(4.62)

or in matrix form

(4.63)

[P N P VG N N M N M v
T T R R R A R B B

(P MO PO N N MU A NG

with

—~
<t
<«
<t
~—
\J
el
(e o _ —
o
] [ —<
™
@) _, — @)
—
| e~
_I:_Q —en - o
Q]
1,_ — (e o
N =D <t
N e — o
e [a) ]
— [es)} ) )
N~ ——

The matrix v eq. (4.44) can be calculated directly from this last expression of the matrix d

and its transpose d’ .
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Notice that the configuration (m, m,m,m,m) considered as particular cas of te configuration
(m,m,m,m, M) with m = M. So, we limit ourselves to the calculations relating to this last
configuration.

The reduced masses are taken to be as follows

m 2m 3m 4Mm
2

7 N s e Sl vornyen (4.65)

According to the results of the previous chapter, the standard choice of the Jacobi coordi-
nates allow us to deduce directly the exact wave function and the energy of the ground state of
the configurations (m,m,m,m,m) and (m,m, m,m, M) of five-body harmonic oscillator; the
exact wave functions are non correlated gaussian.

The gaussian function that will be used for the variational calculation of the configuration
(m,m,m, m, M) also for the problems of nonharmonic forces is of the form

— — -1 n) - n) - n) - n) -
(P1--Py_1|n) = exp 5 [Agl)pQ + A§2)p§ + A:(33)p§ + ASA)PZ (4.66)

without any term of correlation, i.e.,
AD =AW= —ap =0

Configurations (m,m, m, M, M)

To treat this configuration we will adopt the modified choice of the Jacobi coordinates given

by eq. (3.26).

—
i T

J

The equations (3.26) allow us to express the relative vectors 7, (7; 1 — 7'9) for each
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pair of particles in terms of Jacobi coordinates with the following result

— — —
L= Tr2= p1,
71—732%71—1-72,
?1—742%71+%72—%73+74,
71—75:%71-#%724-%734-74,
— — 1— —
T2—T3=—5p1+ p2,
o= Ta=—35p1+5p2—303+ P4,
To—Ts=—3p1+5p2+3P3+ Pa,
73—?42—%72—%734-747
?3*752*%72+%73+74,
— — —
T4— Ts5= pP3
So, we can derive the following expression for the matrix d:
11 1 1 1 1
5 3 2 2 32 3 0 00
o1 i1 L 4 1 L2 _2 g
d— 3 3 3 3 3 3 (4.68)
00 -k d 0 b b o-b b
O 0 1 1 0 1 1 1 1 0

The matrix v is computed directly from this last expression of the matrix d and its transpose
dr.
The reduced masses are taken to be as follows

6Mm
2M + 3m

2m
3 )

5 (4.69)

lu/pl = MPQ = MP3 = lL(/p4 =

?7

We have shown in section 3.3.3 that the modified choice of Jacobi coordinates applied to
this configuration (m,m,m, M, M) leads to a diagonal form for the hamiltonian allowing us
to deduce directly the exact wave function and the energy of the ground state of five-body
harmonic oscillator; the exact wave functions are non correlated gaussian. So, the gaussian

function that will be used for the variational calculation of the configuration (m,m,m, M, M)
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also for problems of nonharmonic forces is of the form

— — -1 n) - n) - n) - n) -
(Pr--Py—1ln) = exp 7(A§1)p? + AQR + AQ R + AL (4.70)

without any term of correlation, i.e.,
A=Al = =4 —o0.

Configurations (m,m, M, M, ms)

The modified choice of Jacobi coordinates eq. (3.54) is more appropriate for the treatment of
this configuration.

We start by the derivation of the matrix d eq. (4.10). We must first express the relative
vector 74, (7' ;j = 71— T g) for each pair of particles in terms of Jacobi coordinates eq. (3.54).

Using the expressions (3.56) we obtain

T1—-T2=71,
71—732%71—%724—73,
?1—742%71+%72+73,
?1—75:%71—1—%734-747
72—?32—%71—%724-73, (@.71)
?2—?42—%71-%%72-#73,
To—Ts=—5p1+ M]\fmﬁs +74,
Ts—Ta=72,
?3*?52%72*%73+74,
Ti—Ts=—35p2— 1 P3+ P4,
which we can rewrite under the matrix form eq. (4.63) with
1l 33 3 2 3 =7 0 0 0
P L AL S DL R (4.72)
0 1 1 &= 1 1 H#& 0 52 7=
0 0 O 1 0 O 1 0 1 1
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The matrix v is computed directly from this last expression of the matrix d and its transpose
dr.
The follows reduced masses are to be taken:

m M 5 Mm 5 M+m
[ — = — = = Zm .
“m 2"ul?2 2’“!’3 M+m"“ﬂ4 52M—i—2m+m5

(4.73)

According to the results of the section 3.4, the modified choice of the Jacobi coordinates
eq. (3.54) allow us to reduce the number of crossed terus in the hamiltonian. We have only
one term (p'3.704). This term should apear in the exponent of the exact wave function of the
ground state.

Therefore, to reach the exact solution of the five-body harmonic oscillator by variational
calculation we should consider a trial wave function as a correlated gaussian that includes the
term (3.0 4). Ins

— - _1 n) - n) - n) - n) - n
(Br-By_1|n) = exp 7(,451);;% + AR+ AR 4+ AR 4240 557y (4.74)

instead of eq. (3.53) which contains more terms; p2.p3, p2.p4 and p'3.7 4.

4.3.2 One generation of correlated gaussians

We will adopt a single correlated gaussian (¢ = 1) to be the trial wave function:

4
1
$(P1, P2, Ps Pa) = a exp(—5 > AE?)%?J-) ; (4.75)
ij=1
1) = crexp(—a1p;—bips—wips—t1ipi—s1p1P2

— — — — — — — — — —
—mip1ps—uip1pa—lipaps—dipaps—erpspa),
where are implicated the variationals parameters:

ay = Agll)/2, b1 = A(212)/2, w1 = A:%)/Z tl = AE&B/Z S1 = A%),

mp = AW u =AW 1=l 4 =AY e =4 (4.76)
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We have to calculate a single matrix element. The hamiltonian average value is simplified

in this case:

(1] H 1)
(H)y = S’
(1]1)
= 3 [,%I(A(”)A_lx‘l(m))n + M%(A(”)A‘IA(m))zz + %(A(n)A—lA(m))gg + i(A(”)A_IA(m))M
+%F(%+3) {)\127%?12 + )\137%,213 + >\14’Y’fi214 + )\15’71f5<,215 + )\237;:4,223}
+%F(VT+3) P\M”Ygfm + )\257;5{,225 + >\34’Y§£,234 + )\35’7%,235 + )\457%,245} )

(4.77)
And since the matrix A is none other than the matrix A®) itself, then: AMA-1AL = 4D,

So the expression (4.77) reduces to:

St o, ,o, 1 o, 1,0
H), = S |=a%+ A0+ —A +—A
< >w 4 [Ml ! Ha 22 H3 53 Ha 44

2 v+3
—TI
MV

2 v+3
Zr
A

2 2 2 2 2
) [Am’ﬁé,m + >‘137T:§,13 + /\14754{,14 + /\157%,15 + /\237;?/,,23]

v/2 v/2 v/2 v/2 v/2
) [)\24'}’24{724 + /\25'}’2é725 + /\34'}’34{734 + /\35’}/3é735 + /\45’74;45] (4.78)

This last expression of mean value of the hamiltonian is function of ten free parameters aq,
b1, wy, t1, s1,m1, u1, l1, di and e;. According to the variational principle for each set of these
parameters we have an upper bound for ground stat energy of the system. The nearest bound
to the ground state energy is that of the smallest value. Thus, the best approximation of the
ground state energy, noted by E((hl}ér = Eé;q;rl ), will be obtained by the minimisation of (H )w

over tens parameters:

P

Quar —

min <H>¢ , (4.79)

a1,b1,w1,t1,81,m1,u1,l1,d1,e1

It should be noted that the parameter ¢; disappears from this formula (this normalisation

parameter does not play a role when working with a single gaussian).

4.3.3 Two generations of correlated gaussians

If we use two generations gaussians |1) and |2) as the test wave function:
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) =ci|l) +e202) (4.80)

with
-1
) = cep (407 + AQ 7 + AR 7 + AU 7
+2(A§12)71 pz+A§3) P ps+A§4) P p4+A§3) P2 ,03+A§4) 02 p4+A§,4) p3.04)|,
= cexp[—a Pt —bips—wipi -t
—s1p1. Pe—m1p1p3s—wp1. pa—lipeps—dipapa—eip3pa) (4.81)
and

-1
|2) = caexp o [A§1)Pl + Ag;ﬂz + Az(as)l)s + A514)P4
+2(Ag_22)71 PQ+A§3)/)1 P3+Ag4)P1 P4+Ag3)P2 ,03+Ag4),02 P4+A§4)p3 p4)
= crexp|—api—baps—wap3—t2p}

—$9p1. P2 —map1.ps—up1.pa—lope ps—dapapa—erpspal . (4.82)

Then, we got twenty-two variational parameters ai, b1, wi, t1, $1, m1, u1, l1, di, €1, az, b, wa,
ta, S2,ma, uz, la, d2, 2, c1, and ca.
The best approximation of the ground state using two generations of gaussianns eq. (4.80),

noted by E®  — B2 Wil be obtained by the minimisation of (H) " compared to twentytwo

Ovar Quar
parameters:
(2 _ ;
Eovar = ¢,y , e () (4.83)
with
2(1|H |1) +2 1| H |2 2 (2| H |2
<H>w201<’ |>+ 6162<| |>—|-02<| ‘> (484)

cf (1]1) + 2c1e2 (1]2) + 3 (2(2) ’
where (1| H |1), (1| H |2) and (2| H |2) are given by the equation (4.60). The overlap of the
gaussian functions (1]1), (1]2) et (2|2) will be calculated by the equation (4.37) which is reduced
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in our case to:

~3/2
A Al Al Al
apy = -6 Ay A%2 A%3 Ay 7 (4.85)
Ay A Al A
A Ay Al Al

_3/2
A} A, AR AL
A2 AZ A2, A2
(22) = 1 51 Ay Ajz Ay ’
A3 A3, A% A3
AG, AL, Al AL
and
1 1 1 1 —3/2
(AL +AY) (AL, +AD) (Al +4%) (A1, +AY)
(1]2) = 78 5(AL +A43) (AL +A3) (A} +A43;) (A3 + A3 (4.86)
%(Aél + A3) %(A:%)Q + A3y) %(Aé:a + A3s) %(A§4 + A3,)
%(Azlu + A3) %(Azlu + A3y) %(Azll?) + Al3) %(Azlm + A3,)

4.3.4 Numerical results

In the following tables, we reported the approximative values of the fundamentals states of
(g)

ovar (9=1, 2) of five-body systems in interaction by using g correlated gaussians as

energies F
trial wave function. We consider different mass configuration (mq,mg, ms, mg, ms). We are
limited to the two-body interactions which is derived from power-law potentials of the same
type for all pairs of particles.:

VD (ry) = xrl (4.87)

with A = sign(v). That is to say, A and v are of the same sign. We considered all configurations
of the five-body problem studied in chapter 3 and four representative forms of the power law
potential were chosen, namely; the harmonic potential v = 2 (tables 1, 5, 9 and 13), the linear
potential v = 1 (tables 2, 6, 10 and 14), the Martin potential v = 0.1 (tables 3, 7, 11 and 15)

"widely used in heavy meson spectroscopy" and the colombian potential v = —1 (tables 4, 8,
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12 and 16). All the numerical minimization calculations, always in the system of natural units
or h = 1, were carried out with a special software, the Mathcad software.

An example of Mathcad numerical calculation is illustrated by a Mathcad screen shoot
(figure 4) which we have created to calculate the variational approximations of the energy of
the ground state of the five-body system using a single gaussian with the standard choice of
Jacobi coordinates. we consider the configuration (m,m, M, M, ms)=(1,1,2,2,0.1) for a linear

potential ¥ = 1 and A;; = 1.

me=l M2 msm 0.1 A2 1 A3 1 Aldm 1 Al5m1 A3 1
: N24m1 251 N4m 1 51 245w 1
U -
M 1 m+M
1im — L m — ERT. ] 4 ‘- M5 ———————
e = 2 k2 m+ M H 2m+ IM + mS
Al2:m0 Ali:m0 Al4=0 AZ3:=0 A4:m0 {2123
. . A3
fiplal F  eLGE G gy 0 Al4
2% a3 2 E 3
¥ 1 11 1 1 iR
sed @ e moE | Toig  w o h
M M o
S T S y B T Y o I T
M+m M+m M+m M+m
oo 0p° S o R sen o ¥ 4 i
{ALL AIZ Al3 A4 RN

; Al2 A2 A3 AM
A[AT1, A2 A33 A44 A34) -
oo Al3 A3 A33 A34

LAl4 AZ4 AT4 A4
; \ ‘o !
+{Al1,A22, 453,444, 434) - DT{a{A11,422 433, 444,834)] "D

V]|
N |
f v 3A1Il A2 A33 AMY 2 e+ 3T ', ) 2
HiiAll,A22 433,844 A34) .= of 20— & ki ia ) ) (Gl et 1 Z Ay(ALLA22 433 A%4 a34) 1) |
N B = T N I A : e
] £0.407 1
1
(0.9287 N
All = va A] = va ASS e VA, Add e va,  ASdmva | | :
0 1 3 3 4 13 0738
i = Minimize{Hr, A1, A22, A33 444, 434) var— | 2.102 i)
0.421
+ \ 0.040 ) Hr{vary var,  var) vary var,) - 20.74074
(1)

figure 4: Mathcad page for calculating E,, for a five-body system

Configuration (1,1,2,2,0.1) with v = 1.

To meet the requirements of the software we have redefined some parameters:
- va is a five element vector whose elements are the initial values of the variational parameters
AH, cey A44 and A34.

- Hr is the mean value of the hamiltonian, function of variational parameters Ajq, .., Agq
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and Asy. This is the function tahat will be minimized.

- var is a five element vector whose elements are the resulting values of the variational
parameters Ai1, .., Asq and A4 that minimize Hr.

At the end of the programme, the results are displayed in a box at the bottom of the page:

Hr = BV = 20.74074

Ovar

is the value of best approximation of the ground state energy and

A11 = 0928, A22 = 137, A33 = 2.192, A44 =0.421 and A34 = 0.049

(1)

are the values of the variational parameters corresponding to Ej, .

So the gaussian function

which best approximates the ground state is
-1
1) = ¢1 exp - [0.92857 + 1.3755 + 2.19255 + 0.42157 + 0.04955.5,] -

Noting that applying this method in the case of harmonic forces v = 2 and A = 1 for the
configuration (1,1,1,1,1) one finds identically the exact solution eqs. (3.24,).
We will present in what follows some numerical results for 5-body systems. It is about upper

bounds Eé}))ar eq. (4.79) and B?

ovar €d- (4.83) obtained by the variational approximation using

one or two generations of gaussians. We have also reported the exact values of the ground state

energy when it is available (only for harmonic oscillator).

Table 1: FEepqer and E(()BW for the ground state energy of a five-body system
in configuration (m,m, m,m,m) interacting via a potential,

Vij(rij) = 7°i2j , with v = 2, m variable.

m 2.5 2 1.5 1 0.1
Eegact 12.000 13.416 15.492 18.974 60.000
B 12.000 13.416 15.492 18.974 60.000
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Table 2: E[(hl})ar and Eéi)ar for the ground state energy of a five-body system
in configuration (m,m, m, m,m) interacting via a potential,

Vij(rij) = rj; , with v = 1, m variable.

m 2.5 2 1.5 1 0.1
Y. 12.729 13.720 15.092 17.276 37.221
EY. 12.717 13.699 15.078 17.260 37.187

Table 3: Eél) and E((]zan, for the ground state energy of a five-body system

var
in configuration (m,m,m, m,m) interacting via a potential,

Vij(rij) = T%l , with v = 0.1, m variable.

m 2.5 2 1.5 1 0.1
Bl 11.346 11.468 11.626 11.852 12.035
EY. 11.340 11.461 11.619 11.845 13.218

Table 4: EY and E®  for the ground state energy of a five-body system

Ovar Ovar
in configuration (m,m,m,m,m) interacting via a potential,
Vij(rij) = T%l , with v = —1, m variable.
m 2.5 2 1.5 1 0.1
ED —13.263 ~10.610 ~7.958 —5.305 —0.531
EY. —13.768 ~11.014 —8.261 —5.507 —0.530

Table 5: Eepqer and EY  for the ground state energy of a five-body system

Ovar
in configuration (m,m, m, m,ms) interacting via a potential,
Vij(rij) = rfj , with v =2, m = 1, and my variable.

ms 1000 2 1 0.5 0.1 0.01
Eegact 16.356 17.904 18.974 20.594 27.813 56.710
Bl 16.356 17.904 18.974 20.594 27.813 56.710
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Table 6: E[SBM“ and Eév)ar for the ground state energy of a five-body system
in configuration (m,m, m, m,ms) interacting via a potential,

Vij(rij) = ri; , with v = 1, m = 1, and mj variable.

ms 1000 2 1 0.5 0.1 0.01
Y. 15.591 16.613 17.276 18.231 21.964 33.257
EY. 15.590 16.597 17.260 18.213 21.941 33.202
Table 7: Eév)m, and Eév)ar for the ground state energy of a five-body system

in configuration (m,m,m,m,ms) interacting via a potential,

Vij(rij) = rojl with v = 0 1, m = 1, and my variable.

ms 1000 2 1 0.5 0.1 0.01
B 11.673 11.785 11.852 11.942 12.230 12.778
EY. 11.673 11.778 11.845 11.935 12.222 12.768

Table 8: EY and B2 for the ground state energy of a five-body system

‘Ovar Ovar

in configuration (m,m,m, m, ms) interacting via a potential,

Vij(rij) = T%l , with v = —1, m = 1, and my variable.
ms 1000 2 1 0.5 0.1 0.01
ED —7.439 —5.994 —5.305 —4.557 —3.177 —2.614
EY. —7.438 ~6.223 —5.507 —4.731 —3.305 —2.742

Table 9: Eepqet and EY  for the ground state energy of a five-body system

Ovar
in conﬁguratlon (m, m,m, M, M) interacting via a potential,

Vij(rij) = Z] , with v =2, m =1, M = 1 variable.

m, M 1,2 1,1 1,0.5 1,0.1 1,0.01
Eezact 16.810 18.974 22.195 36.487 93.786
Bl 16.810 18.974 22.195 36.487 93.786
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Table 10: ESBW and Eéizlr for the ground state energy of a five-body system
in configuration (m,m,m, M, M) interacting via a potential,
Vij(rij) = rilj , with v =1, m = 1, M variable.

M 1,2 1,1 1,0.5 1,0.1 1,0.01
Y. 15.922 17.276 19.159 26.367 47.894
EY. 15.907 17.260 19.141 26.340 47.830

Table 11: Eéizlr and Eéi) for the ground state energy of a five-body system

ar
in configuration (m,m,m, M, M) interacting via a potential,

Vij(rij) = 1%, with v = 0.1, m = 1, M variable.

M 1,2 1,1 1,0.5 1,0.1 1,0.01
Bl 11.713 11.853 12.027 12.557 13.533
EY. 11.706 11.845 12.019 12.549 13.523

Table 12: E(()}]LT and Eéi?lr for the ground state energy of a five-body system

in configuration (m,m,m, M, M) interacting via a potential,

Vij(rij) = ’I“igl , with v = —1, m = 1, M variable.
M 1,2 1,1 1,0.5 1,0.1 1,0.01
B —6.840 —5.305 —3.935 —1.840 ~1.050
EY. ~7.100 —5.507 —4.084 ~1.912 ~1.050

Table 13: Fepqer and E(()len for the ground state energy of a five-body system
in configuration (m,m, M, M, ms) interacting via a potential,

Vij(rij) = Tfj , with v =2, m =1, M and mgs variable.

M, ms 1,1000 1,1 05,15 05,1 2,0.1 0.1,0.5  0.01,2

Eevact 16.335 18.974 21.541 22.195 25.744 37.975 92.894

7O

Ovar

16.335 18.974 21.541 22.195 25.744 37.975 92.894
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: E(l) and E(Q)

Ovar Ovar for the ground state energy of a five-body system
in configuration (m,m, M, M, ms) interacting via a potential,
Vij(rij) = rilj , with v =1, m =1, M and ms variable.

1, 1000 1,1 0.5,1.5 0.5,1 2,0.1 0.1,0.5

15.590 17.276 18.770 19.159 20.740 27.152

15.576 17.260 18.763 19.153 20.729 27.211

Table 15: E(()BM, and Eézzzr for the ground state energy of a five-body system

in configuration (m,m, M, M, ms) interacting via a potential,

Vij(rij) = r%l , with v =0.1, m =1, M and ms variable.

1, 1000 1,1 0.5,1.5 0.5,1 2,0.1 0.1,0.5

11.673 11.852 11.990 12.026 12.115 12.617

11.666 11.845 11.984 12.020 12.108 12.612

Table 16: EY  and E?)

for the ground state energy of a five-body system

0 0

iﬁ]%ronﬁguragiagn (m,m, M, M, ms) interacting via a potential,
Vij(rij) = ’I“igl , with v = —1, m =1, M and ms variable.

1,1000 1,1 0.5,1.5 0.5,1 2,0.1 0.1,0.5
—7.438 —5.305 —4.209 —4.152 —4.153 —1.593
—7.726 —5.507 —4.369 —4.084 —4.152 —1.653
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Conclusion

The work in this thesis is an extension of previous studies that have been carried out on three
and four body systems. Thus, in this work we are interested in the approximate solution of the
stationary Schrodinger equation for spinless five-body systems.

We started with a brief presentation of Schrédinger’s quantum physics. We have emphasized
the modifications to be made in order to generalize the study of a one-dimensional problem
when this study extends to a three-dimensional problem and in particular for central forces
with spherical symmetry. The generalization to three dimensions will be immediate in the case
of central forces. For this last case it suffices to consider a spherical wave function instead of a
plane wave function.

We then presented a detailed analytical study of an exactly solvable case. This is the
harmonic oscillator problem. We have used a purely analytical method, which does not require
creation and annihilation operators. Firstly, we have looked at the one-dimensional harmonic
oscillator. The energy spectrum and the exact wave functions are derived. For the three-
dimensional isotropic harmonic oscillator it is preferable to work in spherical coordinates and
apply the results already derived for the central forces problem. We have followed the same
approach to analytically determine the expressions of the bound state wave functions and the
corresponding eigen-energies.

We have once again taken up the problem of the harmonic oscillator, but this time for a
system with five particles. Instead of using the position vectors of the individual particles as
variables, we have used the coordinate of the centre of mass of the system with four other
coordinates, the so-called Jacobi coordinates. In this new coordinate system, we were able to

express the hamiltonian of the system as a sum of four decoupled two-body harmonic oscillator
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hamiltonians, which allowed us to determine the energy spectrum and the associated wave
functions. For some mass configurations the standard choice of Jacobi coordinates leads to
a non-diagonal form for the hamiltonian. This hamiltonian therefore describes a system of
four coupled harmonic oscillators. Consequently, the solution of the problem can no longer be
directly deduced. In order to get around this problem, we have made a new choice for these
Jacobi coordinates. In fact, a diagonal form for the hamiltonian is obtained with an appropriate
choice of these coordinates and the solution to the problem will be found immediately. We have
shown that, in general, the exact wave function associated to the ground state of the five-
body harmonic oscillator is no longer a simple gaussian in Jacobi coordinates but a correlated
gaussian.

On the other hand, we have focused on approximate solutions of the five-body problem
with non-harmonic interactions, where exact solutions can’t be obtained in general. For this,
we have used the method of expansion on correlated gaussians, which is a method of variational
nature based on the Ritz variational principle. This method consists of minimizing the mean
value of the hamiltonian over a number of free parameters involved in a wave function called
the trial wave function.

We have restricted ourselves to problems with five particles interacting with each other
through two-body forces that are derived from power-law potentials. The trial wave function
is chosen to be a series of correlated gaussians with Jacobi coordinates as variables. We have
analytically calculated the matrix elements needed to calculate the mean value of the system’s
hamiltonian. The method was then applied to five-body problems for different mass configura-
tions. It turns out that the method converges to the exact ground state energy by increasing
the number of gaussians, but this requires variational treatment that becomes more and more
complicated. It should be taken into account that we are dealing with non-linear optimisation
problem with constraints, where the number of variational parameters increases rapidly with
the number of gaussians used, and therefore requires considerable numerical calculations.

Finally, some numerical values of our calculations for the ground state energy of five-body
systems are presented in tables where we have limited ourselves to two-body interactions derived

from power-law potentials of the same type and for different powers.
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Abstract

The content of this thesis is summarized by the interest in the approximate solution to the
stationary Schrodinger equation for the five-body system, where we use the expansion on
the associated Gaussians to derive the upper limits of the energy of the fundamental case,
and adjustments have been made in order to generalize the study of a one-dimensional
problem when this study extends to a three-dimensional problem in the case of central
forces. The case is considered as a spherical wave function instead of a plane one, where we
presented an analytical study of a solvable case and dealt with the problem of the harmonic
oscillator for a system consisting of five bodies. The standard Jacobi coordinates were also
used, which allows us to determine the energy spectrum and the wave functions associated
with it.

Résumé

Le contenu de cette thése est résumé par l'intérét de la solution approchée de 1’équation
de Schrédinger constante pour le systéme a cing corps, ot 'on utilise le développement

sur les gaussiennes associées pour en déduire les bornes supérieures de 1’énergie du cas
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fondamentale, et des ajustements ont été faites dans le but de généraliser ’étude d’un
probléme unidimensionnel lorsque cette étude s’étend & un probléme tridimensionnel dans
le cas des forces centrales, le cas étant considéré comme une fonction d’onde sphérique au
lieu d’une fonction d’onde plane, ot nous avons présenté une étude analytique d’un cas
résoluble et a traité le probléme de 'oscillateur harmonique pour un systéme composé de
cinq corps.Les coordonnées standard de Jacobi ont également été utilisées, ce qui permet

de déterminer le spectre d’énergie et les fonctions d’onde qui lui sont associées.
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