Ministry of Higher Education and Scientific Research
Abbes Laghrour University of Khenchela
Faculty of Science and Technology
Department of Mathematics and Computer Science

DOCTORAL THESIS

Field: Mathematics and Computer Science

Option: Mathematics

Specialty: Applied mathematics

Theme

‘ Dynamics of the Lengyel-Epstein Reaction-Diffusion System

‘ and its Generalizations

Presented by:

Djamel Mansouri

Supervising Committee

Said Kouachi Prof Abbes Laghrour, Khenchela University President
Salem Abdelmalek MCA Larbi Tebessi, Tebessa University Supervisor
Samir Bendoukha A-Prof Taibah University, Saudi Arabia Co-supervisor
Khaled Saoudi Prof Abbes Laghrour, Khenchela University Examiner
Amar Youkana Prof Hadj Lakhdar, Batna 1 University Examiner
Rachid Mechraoui Prof Abbes Laghrour, Khenchela University Examiner
Salim Mesbahi MCA Farhat Abbas, Setif 1 University Examiner

Academic year
2020/2021




o}

Dedicace

I dedicate my dissertation work
To my dear patents, may God have mercy on them, source of life, love and affectation
To my wonderful wife
To my childrens Maria, Amir and Amani
To my family for their support and encouragement throughout my study

To all my friends and colleagues

% Djamel Mansouri <



Acknowledgements

ﬁonld like to express my deep gratitude to Dr. Salem Abdelmalek and Dr. Samir
Bendoukha , for the continuous support of my thesis study and related research, for
his patience, motivation, and immense knowledge. His guidance helped me in all the time of

research and writing of this thesis Besides my Reporter .

would like to thank the rest of my thesis committee: Prof. Said Kouachi , Prof.
Khaled Saoudi, Prof. Amar Youkana , Prof. Rachid Mechraoui, and Dr.

Salim Mesbahi, for giving the encouragement and sharing insightful suggestions. They all
have played a major role in polishing my research writing skills. Their endless guidance is hard

to forget throughout my life.

L/@S mally, I wish to thank my family for their support and encouragement throughout my
study.

#o % Djamel Mansouri %



Abstract

The aim of this thesis is to study some generalizations of Lengyel-Epstein Reaction-Diffusion
System . Where we proposed and studied the dynamics of a fractional system consistent with
the Lengyel - Epstein model, we established sufficient conditions for the stability of the local
convergence of the unique equilibrium of the system by the linearization method, we used Lya-
punov’s direct method to establish the global asymptotic stability of the steady state solution.
. Moreover, we studied the stability and instability of the generalized Lengyel - Epstein system
as well as examining the Hopf-bifurcation of the system in diffusion-free and diffusive states.
The numerical results obtained using the finite difference method were presented to confirm and

verify theoretical results.

Keywords
Reaction-diffusion, Lengyel Epstein model (ODE/PDE), CIMA reaction, existence
of solutions, asymptotic stability, Turing instability, Hopf-bifurcation .
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Résumé

Le but de cette these est d’étudier certaines généralisations du systeme de réaction-diffusion
de Lengyel-Epstein, ot nous avons proposé et étudié la dynamique d’un systéme fractionnaire
cohérent avec le modele de Lengyel-Epstein, nous avons établi des conditions suffisantes pour la
stabilité de la convergence locale de I’équilibre unique du systeme par la méthode de linéarisation,
nous avons utilisé la méthode directe de Lyapunov pour établir la stabilité asymptotique glob-
ale de la solution d’état stationnaire. De plus, nous avons étudié la stabilité et 'instabilité
du systeme Lengyel - Epstein généralisé ainsi que la bifurcation de Hopf du systeme dans des
états sans diffusion et diffusifs. Les résultats numériques obtenus en utilisant la méthode des

différences finies ont été présentés pour confirmer et vérifier les résultats théoriques.

Les Mot-clés
Réaction-diffusion, modéle de Lengyel Epstein (ODE / PDE), réaction CIMA, ex-

istence de solutions, stabilité asymptotique, instabilité de Turing, bifurcation de
hopf.
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Introduction

OR centuries, scientists have struggled to understand the origins of the patterns and
forms found in nature from the leopards spots to the graceful spirals of a mollusk
shell to the complex designs on a butterflies wing. In the early 1950s, British math-

ematician Alan Turing proposed a revolutionary model that explains and accounts for pattern
formation in morphogenesis, which is the biological process by which organisms develop their
physical shapes and colors [40] . In his work, Turing showed mathematically that diffusion driven
instability may give rise to spatial concentration patterns. In other words, if a system that is
stable in the ODE sense under certain parameters and initial conditions but become unstable
once diffusion is accounted for, then special types of patterns arise in the spatial dimensions
of the solution. It should be noted that in his work, Turing only explained the linear regime.
The physical interpretation and the possibility to have spatial oscillations in far from equilib-
rium systems were proved in [36] . In this study, the authors showed that the transition to a
spatial order is not in contradiction with the second principle of thermodynamics extended for
out of equilibrium systems. For more insights into dissipative structures from the theoretical
as well as experimental perspectives, the reader may refer to [41, 42]. This pattern formation
theory remained untested for decades. One of the earliest physical realizations of this theory was
achieved in [11] , where the authors considered a chlorite-iodide malonic-acid (CIMA) chemical
reaction across a diffusive membrane. A mathematical model was . first coined in [23, 24] and
numerous studies followed that examine the existence and nature of solutions, asymptotic sta-
bility conditions, bifurcation analysis, and pattern formation in the so called Lengyel-Epstein
reaction-diffusion model. Among the most prominent of these studies are [25] 34} 49, [50]. Tur-
ing patterns formed in the chlorite-iodide-malonic acid (CIMA) reaction, a far from equilibrium
chemical reaction-diffusion system, are morphologically compared to patterns obtained in the
Lengyel-Epstein model, which is based on a nonlinear partial differential equation and believed
to model the CIMA reaction.

Numerous modifications have been made to the original model. These new models were either
based on modifications made to the reaction itself, such as the intensity of light applied to the

reactants, or based on theoretical conceptualization [9] 18] 33| 38|, 39, 51. [52]. A number of gen-

#o % Djamel Mansouri %



CONTENTS 10

eralizations have been proposed for the Lengyel-Epstein system with the aim of relaxing existing
asymptotic stability and Turing instability conditions as well as extending the results to other
similar models [1} B, 4, 2, 14]. Lengyel and Epstein analyzed the reaction mechanism and the
related CDMIA reaction and were able to reduce it to two main variables, iodide and chlorite,
assuming that the concentrations of chlorine dioxide, iodine and malonic acid can be taken as
being effectively constant compared to the large variants. Changes in the concentrations of the
other two species. In 1991, Ouyang and Swinney measured the hexagonal and nearly constant
two-dimensional Turing patterns in the CIMA reaction in a two-sided open gel disk reactor, see
figure [I} This model was capable of theoretical analysis and explanation of the appearance of
Turing patterns in these experiments. Diffusion constants for small ions in solution are usually
similar in size, and the low diffusion constants of activated iodide in relation to chlorite arose as
a result of this species’ binding to starch, a natural polymer that was not able to diffuse in the
gel, thus ensuring the conditions necessary for Turing instability.

The CIMA reaction can be described by three chemical reaction schemes as follows

MA+I, > IMA+I1-+Ht
CIOs + 1~ = LI+ CIO;
CIO; +41- +4H' = 2L, + CI~ + 2H,0

- ~
inlet outlet !

&
B —t
; - 4
% gel strip

| 3
ﬁ'\.
A N
r:“_‘___-_-__-'w I\I'.

inlet outlet . . ; -

(a) (b) ©)

e 3 Y ——p.

Figure 1: [43] (a) Sketch of the two-sided CFUR; dimensions of the gel slab: length L = 20mm,
width w = 3mm, thickness e = Imm. (b) Dark regions of the gel correspond to reduced state,
colored blue, and clear regions to the oxidized state. (c) An enlarged region of the pattern;

dimensions are inmm.

This thesis is systematized into four chapters.

Chapter 01: In the first chapter, we recall some of the necessary nomenclature, and some
preliminary definitions concerning stability, bifurecation, fractional calculus and formula that
will be useful in the following chapters.

Chapter 02: this chapter is divided into four sections : in the section one we give a general

introduction to reaction-diffusion systems, with some examples of that. In the section two we
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study the 2D reaction-diffusion systems by studying the stability local, stability global, Turing
instabilities and Hopf-Bifurcation in free diffution .In the section three we applying all previous
studies(ODE and PDE) in Lengyel-Epstein reaction—diffusion model .In the last section we give
a description of the numerical finite difference method.

Chapter 03: We are interested in a fractional version of the Lengyel-Epstein reaction-
diffusion system, We have established sufficient conditions for the local asymptotic stability of
the system’s unique equilibrium in the ODE and PDE senses through the linearization method.
In addition, we have employed the direct Lyapunov method to establish the global asymptotic
stability of the steady state solution.

Chapter 04: In this chapter we will expand the study of the Lengyel - Epstein system
previously studied to the generalized system which is proposed by [Il, 3] and expand the current
study to include sufficient conditions for the existence of Turing patterns in addition to examining

the Hopf-bifurcation of the system in the diffusion-free and diffusive cases .
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Nomenclature
The following are some notations the are used in the theses.

e N: Denotes the set of natural numbers.

e R: Denotes the set of real numbers.

e C: Denotes the set of complex numbers.

e Q: Open bounded subset of RV,

e RY: Set of all N-tuples z = (21,22, ..., zn).

e D (A): Domain of A.

e A~!: Denotes the inverse of matrex A.

e det (A): Denotes the determinant of a matrix A.

e AT: The transpose of matrix A.

e Re()): Denotes the real part of a complex number A.

e arg (A\) : Denotes the argument of a complex number.

. af = Oy, [ = fz,: denotes the partial derivative of f (x1,...,z,) with respect to z;.
o Af=>3", %f: Denotes the Laplace operator.

e Vf(zx)= (% (x), 88—52 (), .eny ;TJ; (x)) Gradient operator.
e (u,v): The scalar product of u and v.

e (f, g)Lg(Q) = Jo fgdz : Inner product in L2(Q).

e (f.9) = Jo fodx+ [, <Z?:1 ggi%gJ dz : Inner product of H! ().

e H™(Q) = {f:[0,T] = V Meserable, [, ||f (z)|]}; dt < co}: Sobolev space, functions with

weak derivatives in L2 to order m.
e H?(Q): Hilbert space withe norme | f ()| = Jo If (z)] da
e C(9Q): Space of continous function on €.
e CF(Q), k € N: Space of function continously differentiable to order k on Q.

e L7 (Q): Space of p-integrables function on €2 .

| f (x Hp fQ |f (z)|dz: norme of L? (Q) , 1 < p < oc.
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HE () = {f € H (2)\f =0 in 00} .

e [' : Gamma fonction.

ng (t): Denotes the Caputo fractional derivative .

e R: Is invariant rectangle.
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Chapter

Preliminary

f this chapter, we present the basic notions used in this thesis, important formulas,
stability analysis of ODE systems, and some of the necessary notation concerned of

fractional calculus.

1.1 Important formulas

Jordon normal forme

Definition 1.1.1 [5/ If A is nonsingular matriz, there exist two nonsingular matrizs J and B
sush that A = B~YJB, or equivalenty BA = JB, J is called the Jordon normal forme (or simply
jordan matriz) of A . The Jordan matriz J is triangular (but not necessarily diagonal). Let us
show what happens if n = 2, which is the case we will deal with in the sequel. Let A be a 2 x 2
matriz with eigenvalues A1, Aa. Then the Jordan matriz is as follows.

1. If A1, Ao are real and distinct, then their algebric and geometric multiplicity is 1 and hence
A0
J=( " .
0 A

2. If A1 = Ao is real, then its algebric multiplicity is 2. Either its geometric multiplicity is also

(a0
(), "

or its geometric multiplicity is 1, a case where

e
J_<O A2>. (1.2)

Furthermore, if the eigenvalues are complex conjugate, A1 2 = oo + i3, then one can show that

a —f
J = . 1.3
e 09

#o % Djamel Mansouri %
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1.2 Stability analysis of ODE systems 15

o}

Taylor’s formula
If a function f (x) has continuous derivatives up to the (n + 1) order, to approximate of f (u)

better near u*. The n-degree Taylor polymnmial of f (u) for w near the point u*is:

(n)
f(u):f(u*)+%(u—u*)+%(u—u*)2+....+%

(u—u")"4+o0(u—u"). (1.4)
If a function of two variables f (u,v) its partial derivatives through order (n+ 1) are continuous
throughout an open rectangular region R centered at the point (u*,v*), the 2"%-degree Taylor

polymnmial of f (u,v) for (u,v) near the point (u*,v*)is:

Flwn) = F@0)+ ) T o) ) 0= 0) (1)
fur

+%(u—u*)2+7(u—u*)2+o (u—u*)?, (v—v")?].

1.2  Stability analysis of ODE systems

In this section we present some definitions, theorems, relating to dynamic systems. We consider

the system in a way that it depends on a parameter o,

{‘ig:(fw»a)

bl 1.6
U =p (19

where U = (u17u27 "7un) € Rn, f = (f17f27 af'n,) c Rn7 b= (pl:plv "'7p1) € an and o € R".

Definition 1.2.1 [3] Given a system U’ (t) = f (U (t)) with equilibrium U* = 0, its linearization
at U* = 0 is the linear system U (t) = AU (t), where A = Vf(0) . Developing f in Taylor’s
expansion we find f(U) = AU+ O(|U])

Then the linearized system is U’ (t) = AU. We have seen that a sufficient condition for the
asymptotic stability of U = 0 for U’ (t) = AU is that all the real parts of the eigenvalues of A
be negative, whilst if at least one eigenvalue is positive, or has positive real part, then U = 0 is

unstable. This result is extended to the nonlinear case in the next theorem.

Theorem 1.2.1 [5/ Suppose that all the eigenvalues of V f (0) have negative real parts. Then the
equilibrium U* = 0 is asymptotically stable with respect to the system U’ (t) = V£ (0) U+O(|U)).
If at least one eigenvalue of V f (0) has positive real part, then the equilibrium U* = 0 is

unstable.

Theorem 1.2.2 [5] Suppose that A is a constant n X n nonsingular matriz.
(i) If all the eigenvalues of A have negative real part, then U* = 0 is asymptotically stable.
More precisely, for all p € R™ one has that the solution U (t,p) — 0 as t — oc.

1) If one eigenvalue of A has positive real part, then U* = 0 is unstable.
g p p

#o % Djamel Mansouri %
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1.2.1  Stability theory

The stability of fixed points of a system of constant coefficient linear differential equations of
the first order can be analyzed using the eigenvalues of the corresponding matrix. In this work

we will study the stability of the (2 x 2) case of system (1.6]) , and we are writing the system in

the form
d%gt) =aju+ apu = F (u,v)
du(t) ) (17)
5 = a21u + av = G (u,v)
where the coefficients a;; are real numbers. Letting
A a1l a12 ’
az1 a2
and
ajlu + appu = f (u,v
11 12 f (u,v) (1.8)
agu + agev = g (u,v),
System (|1.7) has a unique equilibrium (u*,v*) = (0,0) such as:
F(u*,v*)=0
G (u*,v*) =0,
The Jacobian matrix of the system ([1.7)) is
J—= Jz fy _ ail a2
9z Gy az1 a22
the characteristic polynomial is defined by:
p()\) = det(J — )\I) = )\2 — (CL11 + CLQQ))\ + aj1a92 — a21a12
= N —tr(J)\+det(J), (1.9)
for solve the characteristic polynomial we calculed A when
A =tr(J)* —4det (J), (1.10)

where ¢r (J) and det (J) designate respectively the trace and the determinant of the Jacobian

matrix. So we have,
Case (I): A > 0 then

tr(J) £ VA
A2 = W, (A1,2 are reals ),

and the criterion of stability and the nature of the fixed points are obtained by:

e If the eigenvalues are real and negative, the equilibrium (u*,v*)is asymptotically stable,

whilst if one of the eigenvalues is positive, (u*,v*) is unstable.

#o % Djamel Mansouri %
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o If A\ < Ao <0, 0r Ao < A1 <0, in any case the origin is asymptotically stable and is called

a stable node.
o If A\;,\2 > 0, we have an unstable node.

e If A\i.\2 < 0, The origin is unstable and is called a saddle.

Case (II): A < 0 then

tr(J) £iv—A
Mpg=—""F75—"—

, 5 , (A1,2 are complex conjugates)

o If \j2 =a=+fBiand, o <0, then the origin is asymptotically stable, whilst if o > 0, the

origin is unstable.

o If \js = a+ Bi and , @ = 0, the origin is stable, but not asymptotically stable.The

equilibrium is called a center.

The following table summarizes the nature of the equilibrium (u*,v*) when A is nonsingular.

FEigenvalues FEquilibrium
A2 € R, A, A0 <0 | Asymptotically stable node
M2 €R, A, A0 >0 Unstable node
A2 €R, A2 <0 Unstable saddle
M2 =oa=£Pi, a <0 | Asymptotically stable focus
Mp=a=£Pi,a>0 Unstable focus

A2 =Ep0i Stable center

The typology of the solutions of the planar linear systems which we established with to leave
the nature of the eigenvalues of the matrix of the system (1.7 can be also summarized in a plan,

(Tr, det).(see Figure 1.1). Eigenvalues of J are solutions of the characteristic equation ([1.9)).

#o % Djamel Mansouri %
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A= (Tr A)%- ddet A
det A
A=0 A0 A=0: A>0

spiral sink spiral source

®

center

degenerate sink

degenerate source

uniform
motion

line of stable fixed points saddle line of unstable fixed points

sink source

Figure 1.1: Stability diagram

1.2.2 Hopf-bifurcation

The term Hopf bifurcation (also sometimes called Poincaré-Andronov-Hopf bifurcation) refers
to the local birth or death of a periodic solution (self-excited oscillation) from an equilibrium as
a parameter crosses a critical value. It is the simplest bifurcation not just involving equilibria
and therefore belongs to what is sometimes called dynamic (as opposed to static) bifurcation
theory. In a differential equation a Hopf bifurcation typically occurs when a complex conjugate
pair of eigenvalues of the linearised flow at a fixed point becomes purely imaginary. This implies

that a Hopf bifurcation can only occur in systems of dimension two or higher.

Definition 1.2.2 [13] A closed trajectory in the phase plane such that other trajectories spiral

toward it (either from the inside or outside) as t — oo is called a limit cycle.

Theorem 1.2.3 [13] The Hopf bifurcation occurs when a fized point exchanges its stability by
the generation of a periodic limit cycle . The necessary criteria are

i) f(U*,00) =0

ii) The Jacobian has a simple pair of pure imaginary eigenvalues and no other eigenvalues
with zero real part

iig) )£ 0

where og is Hopf Bifurcation point.

Theorem 1.2.4 [15] (Hopf Bifurcation theorem in R?) Suppose the pummetrezed system U=
f(U,o), U e R?, o cR has a fized point at the origin for all values of the mal prameter o.
Further, suppose the eigenvelues A1 (o) and Ao (o) of the (o dependent) Jacobian of f, at zero,
are purely imaginary for o = oo . If the reat part of the eigenvalues, Re\ (o) = Re)y (o) since
A1 = Mo, satisfies p

= (BeA1 (0)) lo=og > 0,
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and the origin is asymptoticallys stable when o = oq , then:
i) 0 = o9 is a bifurcation point.
i) for o € (01,00) some o1 < og the origin is a stable focuse.

iii) for o € (09, 02) some oa > oq the origin is an instable focuse.

Generic Hopf-bifurcation
let us consider the simple two—component system (1.7), which has at ¢ = o the equilibrium

(0,0) with eigenvalues A1 2 = %iwg,wp > 0. Thus, the system can be written as
t=A(0)x+ F(z,0). (1.11)

The Jacobian matrix A (o) can be written as

Ao) = ( a(9) blo) ) (1.12)

Its eigenvalues are the roots of the characteristic equation

N — A+ A =0,

where
plo) =trA(o) =a(o)+d(o),
and
A(o)=detA(c) =a(o)d(c)—b(o)c(o).
So

ha=j (w0 i@ - 12 (). (113)

The Hopf bifurcation condition implies

For small |o| we can introduce

8(0) = 5u(0),w (o) = 3 VB (0) 42 (0), (1.14)

and therefore obtain the following representation for the eigenvalues:

Ai(0) = A(0), A2 (o) = A(0),

where

Ao)=p(o)+iw(o),pn(0) =0,w(0) =wy > 0.

The matrix A (o) has its canonical real (Jordan) form:

(1.15)
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1.3 Fractional calculus 20

Suppose that at o = 0, the function F'(x,0) from ([1.11)) is represented as
1 1
F(2,0) = 3B (2,2) + 2C (w,a,2) + O (Jlo]*) (1.16)
where B(xz,y) and C(z,y,u) are symmetric multilinear vector functions of z,y,u € R? . In

coordinates, we have
2

2
O%F; (
Z (€, 0) Ty, i =1,2. (1.17)

Py - 9GOG,

¢=0
2
&*F; (¢,0)
- i =1,2. 1.1

.ZU y Y, U Z 6CJGCI<:8CI TiYrUl, 1 ) ( 8)

jikl=1 =0

We can, now, write
()=o) Gen) "

(Z EZZZ;) - <£ 253 Z;) (1.20)

Let us, now, use polar coordinates to obtain

with

{ F=B()r+aloc)rd+ ..,
0=w(o)+clo)r?+..

then the Taylor expansion of (1.19)) at o = o yields

{ =B (00) (0 —00)r +a(og)r® +0(..),
0 = w(00) + ' (00) (@ — 00) + ¢ (00) 12 + 40 (...) .

It turns out that the stability of the periodic solution is dependent on the sign of the coefficient
a (o), which is given by
1 * * * *
a (UO) = E [fa::r:p + fxyy + Ieay + gyyy]

1 * * * * * * * % %
+ ]_GT(O'O) [fxy (f:lfx + fyy) - g:ry (gmz + gyy) - fnga:x + fyygyy] . (121)

Theorem 1.2.5 [13/For the systeme

i) if a(oo) < 0 the periodic solutions bifurcating from (u*,v*) at o = oo are instable, and the
direction of the Hopf bifurcation is subcritical.

it) if a(o9) > 0 the periodic solutions bifurcating from (u*,v*) at o = oo are stable, and the

direction of the Hopf bifurcation is supercritical.

1.3 Fractional calculus

Fractional calculus has been around for centuries. In fact, its inception followed directly after

that of conventional calculus. However, it wasn’t until the last century that interest grew in
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1.3 Fractional calculus 21

the subject due to the many applications it has found in the fields of science and engineering.
In this section, we start with some of the necessary notation and stability theory related to the

subject. The aim is to clarify the analysis and proofs that will come at later stages in the thesis.

Definition 1.3.1 [35] The Riemann—Liouville fractional derivative of order § of an integrable
function f (t) is defined as

-5 1 bof(n) ~
WD) = 75 / el (1.22)

where 0 < 6 € RY and T (8) = [y e "9~ 1dt is the Gamma function.

Definition 1.3.2 [21] The Caputo fractional derivative of order 6 > 0 of a function f of class
C™ fort > tg is defined as

1 A )
e e =T (1.23)

with n =min{k € N | k > §} and ' representing the gamma function.

Note that the constant (u*,v*) is an equilibrium for the Caputo fractional non-autonomous

dynamic system

tCODfu:F(u,v), in RT,
(1.24)
¢Dlv =G (u,v), in RT,

if and only if
F(u*,v*) =G (u*,v") = 0.

The following lemmas hold.

Lemme 1.3.1 [7/Let u (t) be a continuous and differentiable real function. For any time instant
t > tO;
C
LD (t) < 2u(t)g, Diu(t), (1.25)

with 6 € (0,1].

Lemme 1.3.2 [3]] An equilibrium point (u*,v*) of is locally asymptotically stable if

|arg (Ai)] > %W, i=1,2, (1.26)

where \; are the eigenvalues of the Jacobian matriz J (u*,v*) and arg () denotes the argument

of a complex number.
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Chapter

Reaction diffusion systems and

Lengyel-Epstein model

f this chapter , we are concerned with the reaction diffusion systems and stability anal-
yses of PDE systems. We make a general introduction to reaction diffusion systems ,
with some examples of that and study the 2D system by studying the stability local, stability
global, Turing instabilities and Hopf-Bifurcation in diffusive case. Then we applying previous
studies of 2-D Lengyel-Epstein reaction—diffusion system with homogeneous Neumann boundary

condition.
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2.1 Introduction to Reaction-Diffusion systems

(%\I recent years, reactions-diffsion systems have received a great deal of attention motivated
by their widespread incident in models of biological and chemical phenomena, and by the richness
of the structure of their sets of solutions. Considering the numerous and varied applications
of these systems; The Approaches to modeling certain chemical problems such as reactions

oscillating chemicals (Brussellateur). Individuals diverge from one problem to another:

L%\I chemistry, for example, they are chemical substances. In biochemistry, they May
represent molecules. In metallurgy, atoms. In dynamics of Populations, they are humans. In
population genetics, they represent characters. In biophysics, electrical charges or potential
differences. In the environment, they can represent the animals or plants of a forest, a sea or
an ocean ....For most of these problems, we show that results in reaction-diffusion systems. The
conditions at the edges will be chosen according to the origin and the nature of the problem
studied: if there is no immigration of individuals across the boundary of the domain on which
the problem is posed, the conditions at the homogeneous edges of Neumann. If there are no
individuals on the border, we take the conditions at the edges Homogeneous of Dirichlet. The
unknown (the solution one seeks) is a vector of which the components are generally positive
functions : in chemistry, for example, it is a vector of chemical concentrations. In biochemistry
or metallurgy, a vector of concentrations in numbers of molecules or atoms respectively. In
population dynamics and in the environment, it is a vector of densities of Human, animal or

plant populations ...

(%\IITIAL conditions are generally positive; Since they are concentrations, densities, electri-
cal charges, etc. All these problems are in the form of:
0

- = DAU+f(U). (2.1)

where U (z,t) = (Uy (z,t), ..., Un (2,t)) is a vector of dependent variables and f (z,t,U (z,t)) =
(fi(x,t,U (x,t)), ..., fm (x,t,U (x,t))) is the reaction (usually nonlinear) and D is a square ma-
trix m x m positive and diagonalizable called dissemination matrix. The terms of reaction are

the result of any interaction between the componsents of U.

i/ OR example, in chemistry u is a vector of chemical concentrations and f represents the
chemical reactions on these concentrations. The term DAU represents the Molecular diagnoses

across the reaction boundary.
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Examples for reaction-diffusion systems

Brusselator model

L/ HE was proposed by Ilya Prigogine (Nobel Laureate in Chemistry 1977) and co-workers
in Brussels in 1971. The idea was to describe the autocatalytic oscillations ubiquitous in Nature,

especially in the living bodies. The reaction equations for the model are:
Al x
2X +Y 53 3x
B+X58 Dty
xMp
where A and B are the reactants and X and Y are intermediate products while D and E are the

nal products k1, ko, ksandk, being the reaction rate constants. The evolution of the compounds

X and Y is given by the equations:

{%ﬁ:mA+@XW>hﬁx+mx

4 — —kyX?Y + k3 BX.
After the following transformations:a = ATI?’ b= Bk—]f, ky = k3, X = u,Y = v, I])C—;( — D, and

Dk—SY — D,, the reaction-diffusion system has Brusselator kinematics in this way

% = D,V?u+a— (b+1)u+ u?v,
% = D,VZ?v + bu — u?v.

Degn and Harrison model

L/ HE chemical model introduced by Degn and Harrison in [I0]. It is used to explain the ob-
served oscillatory behavior of respiration rate in the continuous cultures of the bacteria Klebsiella

aerogenes, and follows the form of the three-step reaction scheme:

A—Y
B=X
X+Y —P

where X and Y are the intermediate reactants, and represent oxygen and nutrient respectively,
A and B explain “sources” or external parameters whose concentrations are to be kept at a
constant level all over the reactor vessel, P is the final product whose concentration is also

assumed to be constant. In the reaction process, the last step is considered to be inhibited by
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excess of oxygen in the reactor. The first and last steps are assumed to be irreversible, however

the second step is reversible. Degn and Harrison first proposed that the last step followed a

XY
1+gX?2 >

law. With the homogeneous Neumann boundary conditions, the above Degn—Harrison reaction

nonlinear rate equation of the type where ¢ measures the strength of the inhibitory

scheme is given by

X;— DxAX =koB — ks X — 22X 2 c Q. t>0,

1+¢X?2>
m—DyAY:klA—fiq%, reQ, t>0,

%:%:0, xed, t>0,

where A, B, X and Y denote dimensionless concentrations of the reactants, the constants kj
(1 = 1,2,3,4) are reaction rates, Dy and Dy , respectively, denote the Fickian molecular
diffusion coefficients of Xand Y , and they are assumed to be positive constants all over the
reactor vessel. The rate and diffusion constants are parameters characteristic for a given system,
and the concentrations A and B are variable parameters which can be controlled in the reaction

process.

2.2 Stability analysis of PDE systems

2.2.1 Local stability

Definition 2.2.1 Let Q be a domain which is enclosed by a simple curve 02 (in the phase
plane), Q is called invariant set for any solution with initial conditions in € stays inside
Q for allt > 0.

Definition 2.2.2 A rectangle R is said to be an invariant rectangle if the vector field (F,G) on
the boundary OR points inside, i.e.
F(0,v) >0 and F (r1,v) <0 for 0 < v < rg,

(2.2)
G (u,0) > 0 and G (u,r2) <0 for 0 <u <.

We consider a general R-D system subject to Neumann boundary condition on spatial domain
Q= (0,lr) withl e R

% — DyAu=F (u,v,0), x€(0,lr),t>0,
%—DUAU:G(U,’U,O'), z € (0,Im),t >0,
g (0,1) = ug (I7,t) = vy (0,8) = uy (Im, 1), > 0,
u(z,0) =g (v),v(z,0) =vo (z), x€/(0,lr)),

(2.3)

where D, D,,0c € R;, and F,G : R? x R — R are CX (k > 5) with f (0,0,0) = ¢(0,0,0) = 0.

Define the real-valued Sobolev space

X = {(u,v) € H*(0,1r) x H?(0,17) : up = (0,1) = uy = (Im,t) = v, = (0,¢) = v, = (Im,t) =0}
(2.4)
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Properties of the Eigenvalues of the Laplace Operator In order to study the local asymptotic
stability in the PDFE sense, one of the most commonly used methods is that of eigenfunction
expansion [8]. It is important to recall some of the theory related to the eigenvalues of the
Laplace operator. Let us denote these eigenvalues by 0 = A\g < A1 < Ao < ... < A < ...and the
corresponding normalized eigenfunctions in R by ¢g,¢1, ..., ¢k.... We assume Neumann boundary

conditions. These eigenvalues and eigenfunctions satisfy the eigenvalue problem
—Adg = Apdx

in Q with % =0 on{?, and

ot @z =1
R

The linearization reaction—diffusion system(2.3)at point equilibrium has the form:

LU = %—(tj = DAU + JyU, (2.5)

where Jy is the Jacobian matrix of the corresponding ODFE system evaluated at the equilibrium

point , and D is the matrix of diffusion coefficients given by :

u v Du 0
Jo = f f ,and D = .
Gu  Gv 0 D,

where D, and D,denote the diffusivity constants for substances u and v, respectively. The
eigenvalues of the Laplace operator A over the interval [0, I7] are the roots of the characteristic
polynomial

| Jo — Dk* — M| =0,

where k = 7—22 We consider the following characteristic equation of the operator L:

L(o)(9) =¢(9), =€, 26)
Oy =0, =0, x€dN. '

Let (¢,1)" be an eigenfunction of L (¢) corresponding to the eigenvalue &, and let

¢ > ag n .
= - h n d bn fﬁ t — O’ 17 ...
<,¢ g bk COS ( I .'L') ,where a, an are coermncients \n ( )

where

fu_Du (%)2 fv )
L, (o) = n=(0,1,2...... 2.7
( ) < u gv—DU (2)2 ( ) ( )

l
It follows that L (o) are given by the eigenvalues of L,, (o)for (n = 0,1,2,...). The characteristic

polynomial can be rewritten in the form
N —\T,, (6)+ D, () =0 (2.8)

where
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T, (o) = <tr(J0) . (”

~|
N—
[\
>
S
+
>
<
~—
N——
—
[AV]
Ne)
~

and

Dy, (o) = det (Jo) — (?)2 (fuDy + goDy) + (3)4 DuD,. (2.10)

The eigenvalues &, are given by

Gk \/T,%2(o) —4Dn(0) gy (2.11)

From the standard linear operator theory [5], it is known that if all the eigenvalues of the
operator have negative real parts, then positive equilibrium (u*,v*) is asymptotically stable,

and if some eigenvalues have positive real parts, the positive equilibrium (z*,y*) is unstable.

Theorem 2.2.1 [/9] i) The equilibrium of s globally asymptotically stable if for each
nonnegative integer n the eigenvalues of A — A, D have negative real parts. Further there exist

positive constants K and w such that for any t > 0,
U (¢ 2)]| < Ke ™ ||[U (¢, 2)] .

ii) The equilibrium is stable if for each monnegative integer n the eigenvalues of A — A\, D
have nonpositive real parts and those with zero real parts have simple elementary divisors.
ii1) The equilibrium is unstable if for some n there exists an eigenvalue of A — A\, D with

either a positive real part or a zero real part with a nonsimple elementary divisor.

2.2.2 Diffusion-driven instability

In this subsection we study the onset of Turing instabilities in more detail for two variable

systems

Definition 2.2.3 A diffusion-driven instability, or Turing instability, occurs when a steady

state, stable in the absence of diffusion, becomes unstable when diffusion is present.

Diffusion-driven instability refers to the situation where the solution is stable in the absence of
diffusion, but unstable in the presence of diffusion

if D, = D,,, the initial conditions for diffusion-driven instability become clear

T, (o) =tr(Jy) > 0,
Dy, (U) = det (J()) < 0,

if D, # D, Equation (2.9) will always be negative. So, for instability to occur, we must look
at Equation (2.10)).

Dy () = det (o) — (2)” (D + 9000) + (%) DuD, <0
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To find the minimum value of the D,, (¢), we set the derivative with respect to k% equal to zero
then :
(1)? = UDe £.0.D0)
l 2D, D, )
The minimum value, substitute this expression for (%)2 into the D, (¢). This is the third

condition required for diffusion-driven instability to occur.

uDy vDy wDoy wDu
det (JO) - (W) (quv + gvDu) + <(f2D+jg)

(quv+gvDu) 2 (quv+gvDu) 2
det (Jo) < T DD, + (T D.D, < O,

2
) D,D, < 0,

(fUD’U + gUDU)

2
D, D, <0
2D. D, ) ulo < U,

det (Jo) — (

(fuDv + gvDuy) > 21/ Dy D, det (Jy).

As det (Jp) > Othe third condition becomes

(fuDy + guDy) > 24/ Dy D, det (Jy) > 0.

Consequently, the sufficient conditions for the existence of Turing instability in a linear 2—

component reaction—diffusion system are

tT(A) = fu+ g, <0,
det (A) = fugv — fogu >0,
(fuDy + goDy) > 2\/DuDv (fugv — fogu) > 0.

2.2.3 Global stability

Lyapunov stability theory At the beginning of the 1900’s, the Russian mathematician Alek-
sandr Liapunov developed what is called the Liapunov Direct Method for determining the sta-
bility of an equilibrium point. We will describe this method and illustrate its applications. Let

f: X — X be a continuous mapping where X is a metric space.

Definition 2.2.4 [13] Let U* € R" is an equilibrium point of (2.1)), and @ C R™ is an open
set containing U*, then the real valued function V € C1 (Q,R) is called a Lyapunov function for
ifU e QU #U*
V(U) >V (U"),

and

dv (U (1))

dt

for allU € Q . It follows that if has a Lyapunov function, then U* is stable. Furthermore,
if for all U # 0, % < 0 then U* is asymptotically stable.

=<VV (), f{U)><0,
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In Definition above, < .,. > denotes the usual Euclidean scalar product. Note that the

asymptotic stability condition
av (U (1))
dt

for all U = 0 simply means that the Lyapunov function is nonincreasing when we travel along

the trajectory U ().

<0,

2.2.4 Hopf-Bifurcation

In this part we are interested, of derive an explicit algorithm for determining the direction of
Hopf bifurcation and stability of the bifurcating periodic solutions for a reaction—diffusion system
consisting of two equations with Neumann boundary condition, by using the center manifold
theory and normal form method, introduced by Hassard [17]. Where he summed up their results
[49, 48]
We consider Hopf bifurcations, we assume that for some o¢ € R, the following condition holds:
(H1) There exists a neighborhood O of o such that for o € O, L(0) has a pair of complex,
simple, conjugate eigenvalues a(o) £ iw(o), continuously differentiable in o, with a(og) = 0,
w(og) = wo > 0, and o' (05g) # 0; all other eigenvalues of L(c) have non-zero real parts for
o € 0. We rewrite system in the abstract form

%—(tj = L(o)U + F (0,U), with U = (u,v)" (2.12)

At o = 0 the system ([2.12]) reduces to

ou

S5 = Loo)U + F (00, U), (2.13)

Let
I
(U1, ) = /0 [(@us) + (@702)] dz,

with U; = (uj,v;) , i = (1,2) be the complex-valued L? inner product on Hilbert space X¢. Let
L* (o) be the conjugate operator of L (o) defined in ([2.5])

2
L (o) = Dy + fu fo
_ / ,
gu D’U% +g’U

Such that (U, L (o) V) = (L* (o) U, V) for any U € Dy+(o),V € Dp(o), and L*q* = —iwoq*, Lq =
—iwoq, (¢*,q) = 1, {(¢*,q) = 0.We can choose ¢* = cos (%) z (an,dn)" € Xc. We decompose
X = X°® X* with
X¢={2q+7zq\z € C},
{ X ={ue X\ (¢",u) =0}.

For any (u,v) € X, there exits z € C and w = (w1, w2) € X*® such that

(’LL, U)t =2z2q+2zq+ (wla w2)ta = <q*a (’LL, U)t>
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The system(2.13)) in (z,w)coordinates becomes

% = jwoz + (¢*, Fy) (2.14)
%—‘f = L(op)w + H (2,Z,w),
where
H (z,z,w) = Fy — (¢*, Fo) ¢ — (T", Fv)q, and Fy= Fy(2q+zZq+w). (2.15)
We write Fp in the form:
1 1
Fy(U) = 5B (U.U) + £C (UU,U) + 0 (HU||4) , where U = (u,v) (2.16)
Let
H. H
H(2,%,w) = =22 + Huzz + =252+ 0 (||z||3) ,

then by (2.14) and (2.15)), we have

Hyy = qu-i-(q*, qq>Q+< e qq>q7 where qu:B(q,q),

B 7. B
Hll = Bqﬁ + <q*a Bq§> q+ (q*a qu> q, where Bqﬁ =B (qaq) )
We can write w in the form: w = “222% 4+ wy12Z + %222 + O <||z||3>, the laste equation in z,Z

coordinates then

L(og)w+ H (2,z,w) = ?:CZ + ?;}(Z,
we have woy = (2iwpl — L(O’Q))il Hygand wi] = — (L(O‘()))il Hjy;. The reaction—diffusion system
restricted to the center manifold is given by
% = iwoz + (¢*, Fo) = iwoz + ;’!L?‘!zizj +0 (||U|y4) . (2.17)
2<i+5<3

where

g0 = (¢, qu> )

gu = (¢",Bg),

go2 = (¢",Bg),

921 = 2(¢", Buyg) + (0" Busoa) + (4" Cuqa) -

The dynamics of (2.14)) can be determined by the dynamics of (2.17)). We write the Poincaré
normal form of (2.17)) (for ¢ in a neighborhood of o) in the form:

M .
z2=(a(o) +iw (o)) z+ Zzaj (o) (22)
j=1

where z is a complex variable, M > 1 and a; (o) are complex-valued coefficients. We have

i 1 ga1
ai (o) = %n <920911 —2|gnl? - 3 |902|2> Ty
i 1 1
= TWO <q*7 qu> : <q*7 Bq6> + <q*7 Bw11q> + 5 <q*7 Bw20§> + 5 <q*7 CQQ@) :
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Theorem 2.2.2 Suppose (H1) is satisfied. Then possesses a family of real-valued T (s)
periodic solutions (o(s),u(s)(x,t),v(s)(x,t)), for s sufficiently small, bifurcating from (09,0, 0)at
o = og in the space R x X, and there exists a unique n € N, such that (u(s)(x,t),v(s)(x,t)) can
be parameterized in the form

u(s)(z,t) =s (ane%}rzt) + Ene_%??; cos (%) x4+ O (s?),

2mit 2mit

v(s)(z,t) =s (bnem +bpe” T<5>) cos () z+ O (s%).

Furthermore:

1) The bifurcation is supercritical (resp. subcritical) if

L
o’ (00))

2) If in addition all other eigenvalues of L(og) have negative real parts, then the bifurcating

Re (a(00)) <0 (resp. >0,)

periodic solutions are stable (resp. unstable) if Re (a(0g)) <0 (resp. > 0).

2.3 The CIMA Reaction-Diffusion model

The first experimental realization of a Turing pattern forming system is CIMA reaction that
involves chlorite-iodide and malonic acid proposed from Lengyel- Epstein Where identified the
key reactants in the system and the crucial role of the starch indicator as a complexing agent
i.e. it weakly binds iodide and iodine to slow down the effective diffusion rates. In the CIMA
reaction chlordioxide and iodine are produced as intermediates with near constant concentration
. The reaction is described by three stoichiometric equations of the five independent chemical
ingredients M A, I, C102,CIO; and I~ as shown in [24]. The first is the reaction of malonic
acid (M A) and iodine ([2):

MA+I, T MA+I +H" (2.18)

along with the associate rate law

9 1] [MA] [I5]
_ = kyy 2.19
U e T My (1) (219
The second is a reaction between chlorine dioxide (C103) and iodide (I7):
1
CIO; +17 — 5[2 +CIO; (2.20)
with rate
I
ry = 2a£lt2] = ko [CIO,] [L5] . (2.21)
And the third component reaction between chlorite
CIO; + 41~ +4H' — 2, + CI~ + 2H50, (2.22)
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with rate _
s [CI05] (1] (1]

r3 = k3q [CIOE] [Iﬁ] [H+] + a+ [17]2

(2.23)

where av = 1x10713M? is added to alleviate the situation when I~ goes to zero. The denominator
in (2.23) was introduced in [24]. The model consisting of the reactions (2.18)-(2.23) along
with their empirical rate equations describes both the batch oscillation in the C102 — I, —
M Asystem and the oscillatory behavior of the C102 —I~ reaction in a flow reactor. Treating
the concentration of CIO; , I, and M A as constants, we obtain a two-variable [C1O5 ] and [I~]
model, in agreement with the observed dynamics. The two-variable model shows the change of
concentrations of the species [C’I 05 ]and [I~] with respect to time. Generally, this change can
be obtained using the formula

9[4]

T Zm X rate of reaction — Zn X rate of reaction, (2.24)

A— A—
where A is any component in the reaction and m and n are the stoichiometric factors of compo-
nent A. The notation (— A) refers to component A being a product and (A — )indicates that it

is a reactant. Therefore, the change in concentration for [CI Oy ] and [I~] may be described by

a7

o [C10;]
ot

=17y — 1y —4rs, and 5

=T2 — T3, (225)

respectively. Considering that the concentrations of CIOo, I and M A are treated as constants,

the first two rates of reaction can be described as: 71 = kfjand ro = k) [I~] where

[MA] L]

k= kjg———=
1 ! kip + [IQ]

;and kb = ko [CIO9)] . (2.26)

As for r3, the first term has a negligible value compared to the second term under the applied
conditions of the experiment, and thus the rate of reaction can be given by

w withe k% = ks, [I2] . (2.27)

r3 = k‘é
Assigning the notations u and v for [I7] and [CI Oy }, respectively, Eq. 1} yield the ODE

system of the form

atu?’ (2.28)

90 = Jhu + ks

ou __ 1. / !/ uv
ot

a+u?’
Simple normalization of (2.28)) and considering the spatial diffusion of substances yields the

reaction—diffusion system

% =Au—a-— 1%52’
. w (2.29)
% = (ob) Av + (00) (u — 747 )

Now we can create the Lengyel-Epstein model in this form
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ut—Au:a—u—ﬁ‘;’Q, in RT x Q,
_ duv . +
vt—JcAv—ab(u— 2) in RT x Q)
Iu® ) ’ (2.30)

Oyu=0,v=0, on Rt x 00 |
0<u(x,0)=uo(z),0<v(z,0)=vy(z), z€.

Where Q is a bounded domain in R” with smooth boundary 9Q and A = >, aa—;zis the

Laplacian operator on ). The constants a, b, c , and o are assumed to be positive.

2.3.1 Local stability in the ODE sense

Several authors who have studied the model of Lengyle-Epstien were concerned with local sta-

bility [25] [49], [50] Omit the diffusion terms in system (2.30)), we have the following local system

U =a—u— 1%:;}2 :f(U,U,O'),

(2.31)
vy = ob <u — 111;2) =g (u,v,0).

It is easy to see that l) has a unique constant positive solution (u*,v*) = (a, 1+ aQ), where
a = g. Linearizing system (2.31)) at the positive equilibrium (u*,v*) = (0,0), we have

f f 3a°-5 4«
Jo = z Y _ 1+a? 1+a? (2 32)
0 200%b __ ocab ’ ’
9z Gy (0,0) 1+a2 T+a2

and the corresponding equation:
¢ —{tr (J)y (u*,v*) ¢ + det Jo (u*,v*) = 0,

where

(2.33)

* . %\ __ boab
det Jo (u,v*) = {753

{ {tr (Jo) (u*,v*) = 3a°=3=gab,

For stability, we require that the trace be negative and the determinant be positive. The
constants a, b, and o are positive, det Jy (u*,v*) > 0 is evident. As for the trace, we can see that
it is negative subject to the condition

302 -5
«

< ob. (2.34)

Holds, then the equilibrium (u*,v*) of system (2.31]) is locally asymptotically stable.

2.3.2 Local stability in the PDE sense

The linearization Lengyel-Epstein reaction—diffusion system(2.30)) at point equilibrium (u*, v*) =

(0,0) has the form:
LU= %Z — DAU + AU, (2.35)
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where Jy is the Jacobian matrix of the corresponding O D FE system evaluated at the equilibrium

point , and D is the matrix of diffusion coefficients given by

1 0
(1) -

From the standard linear operator theory [§], it is known that if all the eigenvalues of the operator
L have negative real parts, then (u*,v*) is asymptotically stable, and if some eigenvalues have
positive real parts, the (u*,v*) is unstable. Suppose that (¢ (x),% (x)) is an eigenfunction of L

corresponding to the eigenvalue A. Then

<A+3lof;25_)\(<i) e, ) <¢>:<0> 2.37)
(ob) 220h ge + (o) T22% — A (G) ¥ 0/ '
with
¢ = Z aij®j and ¢ = Z bijPij.,
0<i<oo,1<j<m; 0<i<o0,1<j<m;
We assume

Iy=Jo— DK (k=1,2,3,..).

The eigenvalues of L are given by the eigenvalues of I'y for k = 0,1,2,...The characteristic

equation of I'y, given by A2 — P\ — Q = 0,

where
Py = {tr (N)Tp={tr(J)y — (1 +oc) k? (2.38)
302 —5 —oab 2
= T — (1 + UC) k y
and

(ob)3a%2 -5 —oab 4
1+ a? 1+ a? + (o) k
b (3042 - 5) B ab n 5cab
1+ a? 1+a? 1+a?

Qr = detTy, :detJO—k:2<

= (ob) k' — K0 ( (2.39)

Consider the following system with the no-flux boundary condition in a one-dimensional over

the interval (0, )

x 14+u??
e >] (2.40)
with the above no-flux boundary condition
Uy (07 t) = Ug (7T7 t) = Ug (07 t) = Ug (7T, t) .

2_
Theorem 2.3.1 Suppose that b > by = (3a 5), so that (u*,v*) is a locally asymptotically stable

o«

equilibrium for(2.31). Then (u*,v*) is an unstable equilibrium solution of if

3ab
a? -3’

o’ >3 and ¢ >
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and (u*,v*) is a locally asymptotically stable equilibrium solution of if

%<a2§3,
or
a2<3and0<c§ag’2°il’3.

2.3.3 Diffusion-driven instability

Based on the sufficient conditions for the existence of turing in above , we can go back to our
Lengyel-Epstein model (2.30) and derive sufficient conditions for the existence or absence of

turing instabilities. The main related results that can be found in the literature of [49] and [45].

Theorem 2.3.2 [[/Y] Assuming

oo
So that (u*,v*) is a locally asymptotically stable equilibrium for ODE system .Then
(u*,v*) is an unstable equilibrium solution of PDE if

3ab
a? -3

a® >3 and c >

2_
Theorem 2.3.3 [/J] Suppose that b > %.is satisfied, the equilibrium (u*,v*) is Turing-
unstable
if

2 3
O[>g

)

ab 3a2-5
1302+5—4a4/10(a2+1)’ 0(13042—&-5—404\/10(@24-1)) ’
and 3 n,m,l € N and (n,m,l) # (0,0,0) satisfying

c > max

2 2
n“+m
H1 < HQ,
12
where ,
(2% - 0e%? ) - VBa
Hl — ;
20¢
and
2_
~ (£ —oc ) + VAa
H2 — 5
20¢
with

a2a2b? — 26030%be — 10a0?be +2 022 (3042 — 5)2

(14 a2)?

Ap (b) =

2.3.4 Global asymptotic stability

The authors focus on the global stability of (u*,v*) assuming that the feeding rate of iodide
a is less than /27, without any restriction on the other parameters, by we establish sufficient

conditions for the global asymptotic stability of its unique constant steady state[25] B34} [50].
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Theorem 2.3.4 [25]
The equilibrium point (u*,v*) is globally asymptotically stable for the ODE system ) if

32
b Z4a?) -4
o ><25+a>

Theorem 2.3.5 Suppose 0 < a® < 27 Then for any nonnegative ug (z), vy (z) € C? (Q)NC (Q),
the solution.(u (x) ,v (x))of the system converges uniformly in x to (u*,v*).

The detailed proof of Theorem ({2.3.5 ) above can be found in[50]. It suffices here to note that
the proof is based on the direct Lyapunov method. The authors establish that the function:

E() —/Q [/ (v~ )?) du+/(4(v—v*))dv] da. (2.41)

Corollary 2.3.1 If 0 < a® < 27. Then (u*,v*) is the only equilibrium solution of , and
it is globally asymptotically stable.

Theorem 2.3.6 Assume a® < % . Then, for any solution (u,v) to , we obtain

. % s ok
tlgr()lg“u (,t) — U ||L2(Q) —tliglOHU(,t) v ||L2(Q)
To prove this theorm, we use new lyapunov function

E(t) = /Q [(ab) (u — u*) (“+32“) +2(v— u*)2] dx.

2.3.5 Hopf-Bifurcation

The Hopf-bifurcation of the Lengyel-Epstein system in the absence of diffusion was studied
in [49] We analyze the Hopf bifurcation occurring at (u*,v*) by choosing b as the bifurcation

parameter. Denote
302 -5
by = .

[oxe%

By using the translations © — u — v* and v — v — v*, we obtain the modified system

o ~ [ 4@@+a) (T+(14a?2))
or = da—u 1+ (ita)? ’

e (2.42)
o - A(u+a) (v+(14+a?
= o0 2]
From Poincaré-Andronov-Hopf Bifurcation Theorem in [46], 8’ (by) = —% < 0 and calcu-
late the sign of
w0 (0) = 20" — 270% — 5
0= 202 (1 + o?)

we get new theorem
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Theorem 2.3.7 [[Y] Suppose o,a > 0,by = 30‘0%5 and 3a® — 5 > 0.

1) The equilibrium (u*,v*) of system ) is locally asymptotically stable when b > by, and
unstable when b < by.

2) The system undergoes a Hopf bifurcation at (u*,v*) when b = by The direction of the
Hopf bifurcation is subcritical and the bifurcating periodic solutions are orbitally asymptotically

stable if
5 27+ /769
5 < a? < %.

and the direction of the Hopf bifurcation is supercritical and the bifurcating periodic solutions

are unstable if

o 274 /769
Oé > f.

Theorem 2.3.8 Suppose o, > 0,by = % and 3a® — 5 > 0. Then system (ODE) has at
least one stable periodic solution satisfying 0 < u(t) < a, and 0 < v(t) < 1+ ¢ for some & > g‘—;

Theorem 2.3.9 Subject to 30> — 5 > 0, the system undergoes a Hopf-bifurcation at

(u*, v*)when by = 3025 Then,

oo

1) If g <a? < 27% VT69 then the direction of the Hopf bifurcation is supercritical and the

bifurcating periodic solutions are unstable.

2) If o? > M, then the direction of the Hopf bifurcation is subcritical and the bifurcat-

ing periodic solutions are unstable.

3) If% <a?<3ora’?<3and0<c< ;’2‘1}’3, then the direction of the Hopf bifurcation is

subcritical and the bifurcating periodic solutions are orbitally asymptotically stable.

2.4 Finite difference method

The finite-difference method among the first approaches applied to the numerical solution of
differential equations . In this part we are interested by the parabolic partial differential equation
we consider is the heat or diffusion equation[37]. We consider the parabolic partial differential
equation

ou 5 0%

Eu(m,t):a 922’ 0<z<lI, t>0, (2.43)

subject to the conditions:

u(0,t) =u(l,t)=0, t>0, and u(z,0)=f(x), 0 <z <L
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Let us assume the solution exists and focus on the finite difference method , which involves the
following steps.

Step 1: Generate a grid. First select an integer m > 0 and define the x-axis step size h = %
Then select a timestep size k. The grid points for this situation are (z;,t;), where x; = ih, for
i=0,1,...,m, and t; = jk, for j = 0,1, ....

Step 2: Substitute derivatives with finite difference formulas at each grid point

We obtain the difference method using the Taylor series in ¢ to form the difference quotient

ou w(wg, tivy) — +u(zi,t;)  koO%*u
i (ity) = ! - 2 — 3 g @irHg),  for pj € (&, tj1n), (2.44)

and the Taylor series in x to form the difference quotient

0u u(Tich, yi) — 2u (x5, y5) +u (Tiop, yj) A% 0tu
w (mz’tj) — + J h2 J J + 582:64 (C“yj), (245)

where (; € (2;—1,2;4+1). The parabolic partial differential equation ([2.43]) implies that at interior

gridpoints (z;,t;), for each i =1,2,...,m —1 and j = 1,2, ..., we have

2
%u (x,t) — az@ =0,

ot 0z
so the difference method using the difference quotients (2.44)) and (2.45) is

Wijtk = Wij o Withyj = 2Wij + Wi—h,;j
k h2

where w; ; approximates u (x;,t;). The local truncation error for this difference equation is

=0, (2.46)
k 0%u h? 0*u
Solving (2.46) for w; j4+1 gives
202k o’k
Wik = |\ 1= =5~ | Wij + S5 (Wit + Wion;),
foreachi=1,2,....m—1and j=1,2,..., So we have
wo0 = f(z0), wio=f (1), rrWimo = f(Tm).

Then we generate the next t-row by

202k o’k

winp=|(1- p | WL + Tz (wa,0 + wo,0) 5
202k o2k

wap = (1 pa | w20t oo (w30 +wip),
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202k a2k
Wm-1,1 = | 1— e Wp—1,0 + yxy (Wm0 + Wm—20)

W1 =u(m,t1) =0.

Step3: Solve the system of algebraic equations.
Now we can use the w; 1 values to generate all the w; o values and so on. The explicit nature
of the difference method implies that the (m — 1) x (m — 1) matrix associated with this system

can be written in the tridiagonal form

(1-2\) A 0 0
A (1=20 A
0 A
A= ,
A0
A A
0 L0 0 A (1—2))

where \ = 2‘;‘;]“ . If we let

and

] t
w = (wyj, w2, .o, Wm—15)"

for eatch (j =1,2...).

Then the approximate solution is given by

w? = AwY=Y | for eatch (j=1,2..).
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Chapter

On the asymptotic stability of the

time-fractional Lengyel-Epstein system

f this chapter E] interesting us a time fractional version of the conventional Lengyel-
Epstein CIMA reaction model. We establish sufficient conditions for the unique equilib-
rium’s local and global asymptotic stability . Numerical results are presented to illustrate the

effect of the fractional order on system dynamics.

'D. Mansouri, S. Abdelmalek, S. Bendoukha, On the asymptotic stability of the time-fractional Lengyel Epstein
system, Computers and Mathematics with Applications, Vol 78,(2019),pp.415-1430
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3.1 System model

In this chapter, we consider the time fractional Lengyel-Epstein system

§D{u— diAu=a—u— 1‘%;‘52 =: F (u,v), in RT x Q, (3.1)
§DYv — daAv = b (u - 11%) =:G(u,v), inRT xQ, '
n 62

where (2 is a bounded domain in R" (n = 2,3 in practice) with smooth boundary 02, A = > =,

i=1""¢
0 < § < 1 is the fractional order, §'DJ denotes the Caputo fractional derivative over (0,00) as
defined in ([1.23)), and dy, da, a, b and o are strictly positive constants. We assume the nonnegative
initial conditions

0<wu(0,z) =up(x), 0<v(0,z)=vp(x), inQ, (3.2)

with ug,vo € C2(Q)NC (ﬁ), and impose homogeneous Neumann boundary conditions

g:j = g:/) =0 on Rt x 9Q, (3.3)
where v is the unit outer normal to 9. Before we study the local and global asymptotic
stability of the solutions of the proposed system, let us define its invariant region. We start
with a definition of the term invariant region following the lines of [32] [50]. Note that when
F (u,v) = 0, the curves in the u—v plane are called u—isoclines. Similarly, they are called v—
isoclines when G (u,v) = 0. in addition, if the vector field (F, G) does not point outwards at the
boundary of a certain rectangle OR, then R is said to be an invariant rectangle (see definition
9.2.9).

Proposition 3.1.1 System admits the region of attraction
Ry = (0,a) x (0,1+a?). (3.4)

Lemme 3.1.1 If an equilibrium point (u*,v*) of is locally asymptotically stable for the

standard system
u = F (u,v), in R,
(3.5)
vy = G (u,v), in RT,

then, it is also locally asymptotically stable for .

Preuve. Assuming that (u*,v*) is a locally asymptotically stable equilibrium for (3.5), then

all the eigenvalues of the Jacobian matrix have negative real parts, i.e.
77
jarg (A)] > 2, i=1,2

Since d < 1, it is trivial to see that ([1.26)) holds, which leads to the local asymptotic stability of
(u*,v*) as an equilibrium of (1.24)). O
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Corollary 3.1.1 In the diffusion case, if an equilibrium point (u*,v*) of 1s locally asymp-

totically stable for the integer system
ug — d1Au = F (u,v), in Rt x Q,
vy — doAv = G (u,v), in RT x Q,
then it is also locally asymptotically stable for
§Du — diAu = F (u,v), in RT x Q,

CDv — dayAv = G (u,v), inRT x Q.

3.2 Asymptotic stability conditions

3.2.1 Local stability

In this section, we derive sufficient conditions for the local asymptotic stability of the equilibrium
point of (3.1)). The free diffusions system corresponding to (3.1)) is

4uv

1+u?’
3.6
ngv:ab(u—l_’f;Q) (3.6)

CDvw=a—u—

Let us assume that (u*,v*) = (a, 1+ o?) where (o = £) be the equilibrium point of the system
. In order to study the asymptotic stability of the equilibrium point (u*,v*), consider the
translation (u,v) = (u — u*,v — v*), and since by design we obtain §D{u* =§ Djv* = 0 , the
new system dynamics

* * 4(U+u*)(V4ov*
§07 (U +u) =§ DU = a— (U +u) - A7,

FDF(V +01) = DFV =ob (U + )~ D)

Using the Taylor series expansion of F (U 4+ u*), (V +v*)) and G (U 4+ u*), (V + v*)), we get

&
G
_|_
Q%
<
+
C*
I

F (u*,v*)+U %‘(0’0) U+ 3—5‘(070) V' + higher order terms,

Q
/a
+
g*
<
+
G*
|

= G (u*,v*) + %‘(070) U+ 2—3’(0’0) V' + higher order terms.

Given that F' (u*,v*) = G (u*,v*) = 0, and whenever (U, V) is small enough, we have

F(U+u), (V+0) =U Gl U+ 5700 V-

(3.7)
G((U+u),(V+0) = 5600 U+ 500 V-

Substituting this into the system dynamics, we obtain the linearized fractional order form

OF OF
cps(UY_ [ au av u
0FE\v oG 9G V)’

ou oV

(0,0)
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where the Jacobian matrix is obtained as

oF  OF oF  OF
ou oV — ou oV
oG 9G oG 9G
ou oV (0,0) ou oV

The local stability of equilibrium points of system (3.6)) reduces to stability of zero solution of

(u*v*)

linear system ([3.7). More on the properties of the linearized system in comparison to the original

nonlinear one can be found in[22].

Proposition 3.2.1 System (@ has the unique equilibrium

(u*,v*) = (a,1 + a2) ) (3.8)
with
a= % (3.9)
Subject to
302 — 5 — oba\ oba
YT=(—F—-5—] -2 >
( 14 a? > Oa2 +1 = 0
(u*,v*) is asymptotically stable if
tr(J) <0,
and unstable if
tr(J) >0,
where
( 3a2—25 _ 4a2 )
J = 1+a 1+a .

Alternatively, if T < 0, then (u*,v*) is asymptotically stable whenever trJ <0 or
larg (A1)] > 5% and |arg (A2)| > 5%, (3.10)

where

+ zﬂ] . (3.11)

Preuve. The Jacobian matrix in (u*,v*) is given by

3a%-5 4o
2 2
J (u*’ U*) — 1+20;2 14+« .

8]
obiier ~ObTiam

Its determinant and trace are given by

k) o
det J (u*,v )—50b7a2+1,

and ) )
. % 3a® —5 — oba
tr (J) (u*, v ):W

)
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respectively. The characteristic equation of the Jacobian matrix is
A2 — (tr (J) A4 det J =0,

and its discriminant is

Y =tr(J)* —4det J.

We study the different cases separately [30]. First, if T > 0, then the eigenvalues \; 5 are real

and can be rewritten as

A = é [tr(J) + ﬁ} .

Note that det J > 0. Hence, the negativity of the eigenvalues rests on the sign of the trace trJ:

e If trJ < 0, then

A= % [tr(J) - \F’r] <0,

and, therefore, arg (A1) = 7. Since both eigenvalues are real, the trace is negative, and the
determinant is positive, it is evident that |arg (A2)| = |arg (A\1)| = 7 > %T as 0 € (0,1]. It

follows that the equilibrium (u*,v*) is asymptotically stable.

e If trJ > 0, we have

tr (J) — V7T >0,

leading to

Alzé[tr(J)—\/ﬂ >0,

and thus
larg (A1)| = 0.

So, (u*,v*) is asymptotically unstable.

e If trJ =0, then
T>0= —4detJ >0,

which is a contradiction. Hence, this case does not show up.

Next, we consider the case of the discriminant Y being equal to zero. Since det J > 0, then it is

impossible that trJ = 0. The eigenvalues reduce to

1
)\1’2 = 5257“ (J) .

The sign of the eigenvalues is identical to that of the trace. Consequently, (u*,v*) is asymptot-
ically stable for all § € (0, 1] if ¢r (J) < 0 and unstable if tr (J) > 0.

Finally, if the discriminant T < 0, then
)\172 = [t?” (J) + \/?}

[tr (J) £ zﬂ} .

N =N =

We, now, have three cases:
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e If tr (J) < 0, then by means of Lemma (u*,v*) is asymptotically stable.

e If tr (J) =0, then

1
arg ([ Aio =2=ivV-"_" || = E.
' 2 2
Hence, for § < 1, (u*,v*) is asymptotically stable.

o If tr (J) > 0, then (u*,v*) is asymptotically stable subject to (3.10].

The proof is complete. O
Now, let us move on to the complete system (3.1)). For this, we are going to use the eigenfunc-

tion expansion method [8]. We denote the eigenvalues of the spectral problem with Neumann

boundary conditions by 0 = 19 < m < 12 < ... < np.. and the corresponding normalized
eigenfunctions by ¢q, - , ¢, - -. Let us set
Fo—dim; F;
Ji = 0 17 1 7 (3.12)
oGy oGy — dan;
and
1A+ F F
=" 0 ! : (3.13)
oGy doA + oGy
where ) )
3o —5 4o 2c @
0 1+0427 1 1+a27G0 b1+a2,aHdG1 b1+a2 (3 )
In addittion, if dy > ds, we define 191 < 1mp2 as the roots of
T = (dy — do)* 1} +2(d1 — da) (~Fo + 0G1)m; + Y. (3.15)

The following proposition describes the conditions for the asymptotic stability of the steady

state assuming Fp > 0.

Proposition 3.2.2 If diy = do, then the asymptotic stability conditions are identical to the free
diffusions case as stated in Proposition |3.2.1. Alternatively, if di # da, tr(J) < 0 and T > 0,

then (u*,v*) is an asymptotically stable constant steady state if di < da and

dy > Fo,
nmap = o, or i (3.16)
mdy < Fy and 0 <dy <d,
where ( )
«Q n:;d1 + 5
d; = ob ) 3.17
T4 a2 (Fo — mid) s (3.17)
and
d = min d;. (3.18)

i>0

If di > da, the euilibrium (u*,v*) is asymptotically stable if mdy > Fy and the eigenvalues

10 m) = [tr (J), & iy/1det J; — (tr (J),)? (3.19)
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satisfy
Jarg (1 ()] > 65and |arg (€2 (ni))] > 55 (3.20)

for all n; € (no1,M02)-

Preuve. In order to study the local asymptotic stability in the PDE sense, we will linearize
the system. Following the standard linear operator theory (see [8]), and keeping in mind the
fractional nature of the system, we can state that (u*,v*) is asymptotically stable if the eigen-
values of the linearized system satisfy the conditions of Lemma [1.3.2

Suppose that (¢ (x), (:c))T is an eigenfunction of L corresponding to the eigenvalue . Then,

<d1A+F0—§(77z‘) Fy ><¢>:<0>
oGy doA + oGy — € (i) " 0/

¢ = Z aij@ij and ¢ = Z bij(I)ijv

0<i<oo,1<j<m; 0<i<oo,1<j<m;

With

we obtain

Z (Fo—dlni—§(ﬂi) 3 ><aij><1>v,:<0>
0<i<oo0,1<j<m; UGO UGl - d277i - f (Th) bij ! 0

It holds that

Fo —din; — & (mi) Fy
oGo oGy — dani — & (i)
with J; as defined in (3.12). The characteristic equation of matrix J; is
& (m) —tr (J); €(mi) +det J; =0, (3.21)
where
tr(J); =—(di+do)m +tr(J),
and

oba
det J; = (n;d1 — Fo) mid — (md 5).
e (nid1 = Fo) midz + 35 (1 1+5)

In order to investigate the stability of (u*,v*), we examine the nature of the eigenvalues by
taking the discriminant of (3.21]), which is given by

T; = (tr (J),)* — 4det J;
— (d1 — do)? 02 + 2 (d1 — do) (—Fp + 0G1) s + ((—F0 + oG+ 4JF1G0>

= (d1 — d2)*n? +2(dy — do) (—Fy + 0G1)m; + Y.

The sign of T; is important for the stability of (u*,v*). The discriminant of Y; with respect to
7; 1S
2 b o?
A, =32(dy —dy) cb——.
n (d1 2) (1 2)2

We have a number of cases for A,

#o % Djamel Mansouri %



3.2 Asymptotic stability conditions 47

o}

o If di = do, we notice that

T, =Yo="71.

Hence, the exact same conditions for OFDE stability as described in Proposition [3.2.1

apply here.

o If di # do, then A, > 0. Hence, T; has two real roots and we have two cases:
> If di < dy, then using tr (J), > 0, we have
2 (d1 — dg) (—F() + O'Gl) > 0.

Thus, since T > 0, the solutions 791 and 72 of the equation Y; = 0 are both negative
regardless of i. Hence, T; > 0 for all i and the roots of (3.21])

tr (Jp) — /tr (J;)? — 4det.J;
g = D ¢2<>

I

and

&1 (s

) tr (Jr) + \/tr (J;)? — 4detJ;
= 5 :

are real. Note that
tr(J) <0=tr(J), <O,

which leads to & (n;) < 0. Also, if n1dy > Fpy, then & (n;) < 0. This leads to

larg (&1 (m:))] = larg (€2 (mi))| = m,

which guarantees the asymptotic stability of (u*,v*).
Alternatively, if n1dy < Fp and 0 < ds < CZ, then
nidy < Fy and do < d; for i € [1,14] .
It follows that detJ; > 0 for all ¢ € [1,i,]. Furthermore, if ¢ > i, then n;d; > Fy and
det J; > 0. The argument leads to the asymptotic stability of (u*,v*) again.
> If dy > do, we have
2(dy — dg) (—Fy +0G1) >0,
and since T > 0, we have 0 < ng1 < 7g2. Hence,
i = 102

or =7, >0,

7 < Mot
which takes us back to the previous case. Again, for ni1d; > Fy, we have det J; > 0 and
thus & and & are negative. Next, if ng1 < 7 < o2, we have T; < 0 and det J; > 0.
The eigenvalues are, thus, complex, see . Hence, (u*,v*) is an asymptotically stable
equilibrium subject to for all n; in the interval (11, n02)-
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3.2.2 Global stability

In this section, we derive conditions for the global asymptotic stability. First of all, let us define

the function

a— pu
Ja (u) = )
=W
where
u
v (u) = 1+ u?
Obviously, we have
e
o (U) = A\——

Also, setting

U=u—u"and V =v— 0",
we obtain the modified system
DU = AU = ¢ (U +u) [(fo (U + ") = fa () = 4V],
CDV — de AV = abp (U + u*) [U (U + 2u*) — V].

Theorem 3.2.1 Subject to
0<a® <27,

equilibrium (u*,v*) is globally asymptotically stable.

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Preuve. In order to establish the global asymptotic stability, we use the Lyapunov method.

Let

3
Taking the fractional Caputo derivative of (3.28) and using (|1.25)), we obtain

oL - |

Q

L(t)= / [UbU?’ + obu*U? + 2v2} dz.
Q

b
[(2) CDRUB + (obu®) thaUMngfvﬂ dz

< / [0bU?E DU + 2 (obu*) U §. DfU + 4V § DYV dx,
Q
see [6]. Further simplification yields

tCODfL(t)g/Q[abU(U+2u*) CDYU +4V { DYV da

< /Q o (U + 1) {obU (U + 267 [(fa (U + %) — fu (u*)) — 4V]

Vb [U (U + 2u%) — V] da + / obU (U + 20%) dy AUda
Q

4VdyAVd

—1—/9 2 T

< / obp (U +u"){U (U +2u) (fo (U +u7) = fa (u”))
Q
—4U (U + 2u*) V +4VU (U + 2u*) — 4V} dz

+ ab/ U (U + 2u*) di AUdz + 4dy / VAVdz,
Q Q

(3.28)
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leading to

“DIL(U,V) Sob/ﬂgo(U%—u*){U(U—FZu*)(fa (U +u*) — fo (u*)) — 4V?} do+

Il(t)

+ abdl/ U (U +2u*) AUdx + 4d2/ VAVdz. (3.29)
Q Q

I (1)

We note that the function f, is strictly decreasing over the interval (0,a) when 0 < a? < 27.

Hence, by the mean value theorem, there exists some ¢ between v and v* such that
fa(U+u™) = fo (W) =Ufy(c).
Substituting in I; (t) yields
10 =ab [ (U +0) {UF (U +20) fo () =4V} do <.
For I (t), we have
I (t) = obd; /Q U (U +2u*) AUdx + 4ds /Q VAVdx
- —abdl/ﬂv (U +2u*U) Vde—4d2/Q\VV\2dx
= —obd, /Q 2(U 4+ u*) |[VU|? dz — 4@/Q IVV[*dz < 0.

Hence,
“DiL(U,V) <0, (3.30)

and £ D{L (t) = 0 if and only if (U,V) = (0,0). Therefore, by the direct Lyapunov method, the
constant steady state (u*,v*) is globally asymptotically stable subject to (3.27)). O

3.3 Numerical examples

In this section, we present some numerical examples to show the effect of § on the dynamics
of the fractional Lengyel-Epstein system (3.1)). Consider the parameter set (a,b,o,di,ds) =
(15,1,7,1,10) and initial conditions
u(z,0) =14 0.3sin (%),
2 (3.31)
v (x,0) =24 0.6sin (%) .
The solutions of system ({3.1)) with zero Neumann boundary conditions and different values of §
were obtained numerically for ¢ € [0,10] and « € [0,20] with At = 0.001 and Az = 0.5. Figures
and show the one-dimensional spatio—temporal states u (z,t) and v (z,t), respectively.
We see that for § = 1, the solution is oscillatory in nature and thus asymptotically unstable.

This is confirmed by means of the phase-space plot taken at a single spatial point x = 10 as
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depicted in Figure[3.3] The solution converges to an ellipse signifying a periodic nature. As ¢ is
made smaller, the solution becomes asymptotically stable and converges to the unique spatially

homogeneous constant steady state

(u*, ) = (‘5‘1 + (§)2> — (3,10). (3.32)

Furthermore, we see that the smaller §, the faster the solution converges to the steady state.
This strong dependence of the asymptotic stability on § is very interesting as it gives us a new
perspective into the control and dynamics of the CIMA chemical reaction. In addition to these
one—dimensional examples, we have also examined the two—dimensional case. We consider the
parameter set (a,b,0,dy,d2) = (15,1.2,8,1,24) with initial conditions

u(z,y,0) = 3.5 (14 0.2wy (z,y)),

(3.33)
v (z,y,0) =10.5 (1 + 0.2w, (z,y)) .

with w,, (z,y) and w, (z,y) being Gaussian distributed random functions with zero mean and
unit variance. Figure shows snap shots of the concentrations u (z,y,t) and v (z,y,t) taken
at time instances t = 0, t = 5, and ¢t = 20 with § = 1. We see that the diffusion—driven or
Turing instability leads to the formation of patterns in the form of dots and stripes. Reducing
the fractional order to § = 0.98 leads to a different type of patterns as shown in Figure [3.5
This means that the fractional order has an impact on the Turing patterns evolving over time,
which is an interesting observation. Reducing the fractional order further to § = 0.95 also yields

slightly different patterns as shown in Figure |3.6
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6 =0.75 =038

Figure 3.1: One dimensional concentration u (z,t) as a solution of (3.1)) with (a,b,0,di,d2) =
(15,1,7,1,10), initial conditions (3.31]), zero Nuemann boundaries, and different values for .
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6 =0.75 =038

Figure 3.2: One dimensional concentration v (x,t) as a solution of (3.1) with (a,b,0,dy,ds) =
(15,1,7,1,10), initial conditions (3.31]), zero Nuemann boundaries, and different values for §.
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n3o
6=0.75 6=0.8
12 12
10 10
8 8
g ¢ S ¢
T 5
4 4
2 2
0 0
0 2 3 4 5 0 1 2 3 5
u(10,t) u(10,t)
0=0.85 0=09
15 15
10 10
= S
= =)
Z Z
\5/ [ 2 4
0 0
0 2 3 4 5 0 1 2 3 5
u(10,t) u(10,t)
0=0.95 d=1
20 20
15 15
= =
g gu
) )
5 5
0 0
0 2 3 5 0 1 2 3 5
u(10,t) u(10,t)

Figure 3.3: Phase plot of system (3.1)) taken at z = 10 with (a,b,0,d;,ds) = (15,1,7,1,10) ,
initial conditions (3.31)), zero Nuemann boundaries, and different values for 4.
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Figure 3.4: Two dimensional concentrations w(z,y,t) and v (z,y,t) for (a,b,o,dy,d2) =
(15,1.2,8,1,24), initial conditions (3.33)), zero Nuemann boundaries, and § = 1.
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Figure 3.5: Two dimensional concentrations u (z,y,t) and v (z,y,t) for (a,b,0,d1,d2) =
(15,1.2,8,1,24), initial conditions (3.33]), zero Nuemann boundaries, and § = 0.98.
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Figure 3.6: Two dimensional concentrations w(z,y,t) and v (z,y,t) for (a,b,o,d1,d2) =
(15,1.2,8,1,24), initial conditions (3.33)), zero Nuemann boundaries, and § = 0.95.

% Djamel Mansouri <



Chapter

Bifurcations and pattern formation in a
generalized Lengyel-Epstein

Reaction-Diffusion model

@_-ﬁis chapter F_] investigates the formation of spatial patterns in a reaction-diffusion system
t/ based on the generalized Lengyel-Epstein CIMA model. By analyzing the properties of
the system’s unique positive equilibrium in the ODE and PDE cases, we establish the existence
of non-constant steady state solutions thereby con rming the existence of Turing instability.
Hopf-bifurcation analysis of the system show the existence of periodic solutions in the absence
and presence of diffusion. Numerical simulations are presented to validate the theoretical results
of the work.

'D. Mansouri, S. Abdelmalek, S. Bendoukha, Bifurcations and pattern formation in a generalized Lengyel-

Epstein reaction—diffusion model, Chaos, Solitons and Fractals, Vol 132 (2020), 109579.
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In this work, we generalized the last step of 1D by using ¢ (u) v to replace 1‘{&1’2. After

resealing, we get the following reaction-difusion system:

{ u—diAu=a—pu—Ap(w)v, inRY xQ, (4.1)

v —deAv =0 (u—p(u)v), nRt xQ .

Where Q is a bounded domain in R” with smooth boundary 9Q and A = >, aa—;gis the

Laplacian operator on €. In [I], the initial conditions
u(z,0) =ug(z) >0,uc C*(Q)NC(Q), z € Q,
v (2,0) =vo(z) >0,0eC?(YNC(Q), z€Q,

and homogeneous Neumann boundary conditions
Oyu=0,v=0, on RT x 99,

where imposed. In addition, the following conditions were assumed to hold:
(H1) dy, do, a, A\, pi, 0 > 0, and ¢ (u)is a continuously differentiable function on R™.
(H2)  (0) = 0.
(H3) ¢ (u) > 0 for u € (O, %)
(H4) ¢ (u) > ¢’ (u) u for u € (O, %)
The constants dj, dg, a, A, p, and o are assumed to be positive. The function ¢ (u) is
assumed to be nonnegative and continuously differentiable on R*. For system , the local

system is an ordinary differential equation in the form of

{‘ﬁé=a—uu—w(U)v=F(“aU% t>0, (4.2)

@ =g (u—puv)=Guv), t>0.
Note that the system (4.2)) is an activator-inhibitor system under the condition (a1; > 0 and
az1 > 0 the Jacobian matrix ),
a /
—— ¢ (@) >0,
¢ (a)
since Observe that F, (u*,v*) < 0, G, (u*,v*) < 0, Gy, (u*,v*) > 0 and F, (u*,v*) > 0 (see

discussion of activator—inhibitor systems in [I].

Fg::—,u—)\

4.1 Analysis of the ODE model

In this cection we study the characteristics of the solutions to ODE system (4.2] ) by means of
stability analysis and Hopf-bifurcation.

4.1.1 Stability and bifurcation

Proposition 4.1.1 The system admits a unique positive constant equilibrium given by
e
(u*,v%) = (a, ) : (4.3)
v (@)
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where
o

“Traz %

o =
W+ A

and ¢ ()

Preuve. In the ODE case, the constant steady state solutions satisfy

a— pu+ A (u)v =0, (4.4)
o(u—¢(u)v)=0.
The second equation satisfed o (u — ¢ (u)v) =0 we know o >0  then
u=¢p(u)v. (4.5)
We compensate(4.5)) in the first equation of (4.4)), we find
a— pp (u)v —Ap(u)v =0,
then
a d a
v=———— and u= )
(1 +A) @ (u) ot A
we pose o = ﬁ
This leads to the solution
u ') = o, ——
¢ (@)
[l

Proposition 4.1.2 The solution (u*,v*) s locally asymptotically stable as an equilibrium of

ubject to

— lpp (a) + Aay' (o))
©* () ’

Alternatively, if o < og then (u*,v*) is asymptotically unstable.

(4.6)

o >o00=

Preuve. In order to assess the local asymptotic stability of the equilibrium (u*, v*), we examine

the trace and determinant of the Jacobian matrix associated with (4.2)) , whose general form is

T uw) = ( —p = v (u) =g (u) )
’ o (1— vy (w) —ow(u)

Evaluating the Jacobian at the equilibrium yields

—p = AP (@) —Ap(a)

Jo (o) = Jp (u*,v*) = . (4.7)
o (1-585¢ (@) —op(a)
The characteristic equation of Jy (o) is given by
(2—TC¢C+ D=0, (4.8)
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where
T=tr(J),(0) =— (,Lt + )\ai ((z)) top (a)) )

D=detJy(o)=0(u+ ) p(a)>0.

Given o0¢ as defined in , we know that o = o0y is the only root of tr (J), (c) = 0 . Hence, it
is easy to conclude that (u*,v*) is locally asymptotically stable if o > oy and unstable o < oy.

O
What remains to be examined is the nature of the solutions when o = gy. In the following, we
investigate the Hopf-bifurcation occurring at (u*,v*) with as the critical parameter. Obviously,
when o = gg, the characteristic polynomial has a pair of purely imaginary solutions of the

form

¢ = i /L + N oup (@) = 2iv/(+ N o0p (@),

Let us denote the general solutions of (4.7)) by ¢? — T + D = 0, with

¢ (a)
¢ ()

80) = 5tr(o = (n+ra

+op (a)> , (4.9)

and

w(o) = %\/4(16'6 Jo—tr (J)* =V (p+ N op(a).

The first derivative of 3 (o) evaluated at (4.9)) is given by

B (0)],py = 50 (@) <0
Hence, the well known Poincaré-Andronov—Hopf Bifurcation Theorem tells us that for o = oy,
system undergoes a Hopf-bifurcation at (u*,v*) when o = 0g. For more details on the
stated theorem, the reader may refer to Theorem 3.1.3 of [46]. In order to gain a broader
understanding of the nature of this Hopf-bifurcation,we must further analyze the normal form

of the system. We apply the transformation
u=u—u*,
v =0 — 0¥,

U = A — pu— Ao (U + ) (ﬁ—i—ﬁ),

Ut:%[/\a+)\ﬂ—)\<ﬁ(ﬂ+0‘) (WFﬁ)}’

we gete

to shift the equilibrium to the origin. In order to simplify the notation, we will drop the tilde
symbol and simply denote the new dependent variables by u and v. The transformed system

becomes
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U = Ao — pu — A +a)(v+ =) = Fi(u,v,0
: pu = o (u+a) (vt 525) - ), w0
v:§{/\a+)\u—)\<p(u+a ( (paa)} = G1 (u,v,0)
We consider two functions:
1 1 4
f (w,v,0) = SB1 ((w0), (w,0) + 5O (w0, (w0), () + O (o)), (411)
and
1 1 4
9 (1,0,0) = 5B ((u,v), (u,0)) + 2Ca (w,0), (w,0), (w,0)) + O ((ww)*) . (412)
where
_ O?Fi (u,v,0) 9 0’ Fy (u,v,0) 0?Fy (u,v,0) 9
Bl ((U, U) ) (U, U)) - 2 I u”+2 dudv I uv + avg —_— v,

by calculating each terms of second member, we get

0?Fy (u,v,0) 02 a
Bz WSt - CRERETC=0)) |
0 «
= —|—-p—-2A v—i—) ’u—l—a)
e (02 (o i) )|
o} d?
= Ao+ ) dae | i
o d? o (u+ta)
= ——— u y
SO (O[) du2 u=0
0?Fy (u,v,0) A o)
Sy~ (o (i )|
0
= o (FAp(u+a))
ou w0
d
=-A P (U + Oé) )
du u=0
and
0?Fy (u,v,0) 0? ( < a ))
_— Ao — pu — Ap (u+ « +—
8”% u=v=0 81}2 : (P( ) ¥ (Ot) u=v=0
=0.
So
o d? d
By ((u,v), (u,v)) = 2 () d2? (u+a) u:DU —2A o (u+a) . uv.
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3l
and
O3F (u,v,0) 3 O3F (u,v,0) 9
C1 ((u,v), (u,v), (u,v)) = a0 u:vzou +3 ~owow uzv:ou v
83Fjl (U, v, J) 2 83Fjl (U, v, J) 3
+3 T oun? uv” + B v,
u=v=0 u=v=0
By calculating each terms of second member, we get
O3 (u,v,0) 03 o
gn\wy9) R S VY e
0? a d
=2 (=2 =
5z (15t +)|
a d3
- L swta)|
O3F (u,v,0) 03 a
—_— 7 = Ao — pu — A
0o |,y OO0 ( @ Aeluta) ( T <a>)> wmm0
2
= —(—A
gz (Ae(ura)|
d2
=—A W@(“*‘@ )
P Fy (u,v,0) 0
Oudv? o0
and
O3F (u,v,0) 0
ov3 -
u=v=0
So
i ((u0) (0.0), (w.0) = A= Tt o Lpra)| w2
1 ((u,v), (u,v), (u,v)) = () gae(uta u:Ou qa¥uta u:Ou v,
therfour
1 1 .
f (w,v,0) = SB1 ((w0), () + 501 (w,0) , (,0) , (w,0)) + O ([ (w,v)]1*)
- 9
= 20 (@) Puu (U + @)|,—gu” = A pu (u+ @)],_guv
Q A
- )‘W Puuu (U + )], g u® — 9 Puu (U + a),—g wv+ 0 <H(u, U)H4) .

Same method we find the function

9(u,0,0) = Zf (u,0,0),

Using these functions, system (4.10) can be rewritten in vector form as
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(“Z) - J<u> * G EZZ;) (4.13)

Let us, now, define the matrix

where

B (,tH—Aﬁgo’ () —op (a)) \/4detJ—t7“(J)2

N = d M=
22 (a) - Kp)

whose inverse is simply

1 0

-1 _

M M

At the critical point o = g9, we have
\/(N +A) <_,u - Aai,(@?) o
My = M| = No = N| = =2 and w (09) = /(1 + ) o0 (o).
o= X (@) | Sy

Applying the transformation

system becomes
<$t>_5(0)<$>+<f*(u’v’a)), (4.14)
Yt Y g (u,v,0)
where
J(o) =P P = ( plo) ~w(o) )
w(o) Blo)
and
P—l ( f( ,U,O’) ) _ ( f*(u,v,a) )
9 (u,v,0) 9" (u,v,0)
Here
f* (u, v, O') = A201'2 + Anxy + A21x2y + A3()a}3 + 0 <H(x, y)H4) R (4.15)
and
* - <—N J) * 4.16)
g (U>U7J)_ M+)\M f (U,U,U), ( N
where

o
Aoy = —)\{ Ouu (U + )| ,—g + Pu (u+a)|u0N},

2¢ ()
A = =AM @y (u+ a)|,—g
AM
Aoy = *T Pun (U + Oé)|u:0 y

A «
Aszp = ) {3@@ Puun (U + )| =g + Puu (v + a)|u:0N} :
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Rewrite (4.13)) in the following polar coordinates form:

7'"‘:6(0)7“—1—61(0)7"34—..., (417)
0=w(o)+c(o)r?+..,
then the Taylor expansion of (4.17)) at o = o yields
7= (00) (0 —0oo)r+a(og)rd+0O(...), (4.18)
0 = w(og) +w (00) (0 — 00) + c(00) 12 ++0(...), '

In order to determine the stability of the periodic solution, we need to calculate the sign of the

coefficient a (0q), which is given by

1., i} . .
a (UO) = E [fzx:p + fxyy + gmy + gyyy]
1 *
* Tom (on] oo (a4 £3) = 02 (920 + G3) = Fraie + Sy ] (419)

Note here that the derivatives in (4.19) are all evaluated at the point (z,y,0) = (0,0, 0¢)., which

is the bifurcation point. It is easy to see that

fayy(0,0,00) = g,,,(0,0,00) = f,,(0,0,00) = g,,(0,0,00) = 0.
and
9ray(0,0,00) = 9;,(0,0,00) = g;,(0,0,00) = 0.
Therefore, (4.19) reduces to

1

1
1* 0,0,009) + —
xacz(v ) 0) 16 (0)

G(O'()) = E f;y(0,0,0'())f;x(0,0,0'()), (420)

where

(0%
f;zx 070700 :_BA{@uuu U+« u— + Quu (U + u— No},
(0.0,00) = =33 { - s (1 @l + (1 )l

f;y(oa 07 00) = _AMO Pu (u + a)|u:0 )

a
fa.(0,0, 09 ——2)\{<puu U+ )|+ u(u+a)|,_ NO}.

Finally, the following result follows directly from the above mentioned Poincaré-Andronov-Hopf

theorem (1.2.5)).

Theorem 4.1.1 The system undergoes a Hopf bifurcation at (u*,v*) The nature of the
bifurcation has two distinct cases:

case 1: if a(op) < 0 the periodic solutions bifurcating from (u*,v*) at o = oo are instable, and
the direction of the Hopf bifurcation is subcritical.

case 2: if a (o) > 0 the periodic solutions bifurcating from (u*,v*) at o = oo are stable, and the

direction of the Hopf bifurcation is supercritical.
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3leo
4.1.2 Numerical example
We choose the particular special case with
up
2 (u) - 1 + uq7

with ¢ € RTand 0 < p < 1. This particular example was considered in [53]. It is also similar to
the generalization of the Lengyel-Epstein model considered in [14]. The following three examples
examine the types of solutions for different parameter sets.

In this section, we would like to put the theoretical results of the previous two sections to the

test.
Exemple 4.1.1 In the first example, we let p = %, q=2, p= %, A= %, a=2,and o = %,
yielding
du _ 1 3 Vu
dv _ 2 Vu )
d—;’—g(u— Tz -

We are interested in the nature of the solutions in the absence of diffusion (ODE case). The
equilibrium point is given by

(07

(u*,v*) = <a, 90(0<)> =(1,2).

5y = — e (@) +Aag ()] _ 2.

0 () 3
According to Theorem the system undergoes a Hopf-bifurcation at (u*,v*) when o = oy.
The nature of the periodic solutions depends on the a (0¢) as defined in (4.19)). In this case, we

have a (0¢) = —%976 < 0, which implies that the periodic solutions are unstable, and the direction

From @), we have

of the Hopf-bifurcation is subcritical. Figure shows the numerical solutions obtained by
means of Matlab simulations. The solutions seem to converge towards a circle in phase space,

which agrees with the theoretical results.

—u(t)

* -—-v(t) ! 2.005

)
"y
| n
2l U/\f\/ AN s s~ — = — ] 2
v

1.995

0 0 1.99
0 50 100 150 0 0.5 1 1.5 2 0.99 0.995 1 1.005 1.01

Time u(t) u(t)

Figure 4.1: Numerical solutions of the local system (4.22)) with initial conditions (ug,vy) =
(0.5,1) and o = 1.
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Exemple 4.1.2 Let us now consider the case where p = %, q=2, u= % , A= %, a =2, and

o =1, yielding

1
du _ o 1 u3
dt — 2 1+u2v’

. (4.22)
&= (“_ 1112”) .

In this case, o9 = 1 and a (0g) = i > 0, which implies that periodic solutions bifurcating from

[\CJ[9V]

(u*,v*) = (1,2) at 0 = 1 are stable, and the direction of the Hopf bifurcation is supercritical.

This, again, agrees with the solutions obtained numerically as depicted in Figure

5 5
u(?)
at ———v(t)] at
S 1
1] —~
2 TITYTe >
—~ AP IS
x, “l”ll““”’\’\”I\II\I”\II‘ I\,\\I\\I\\I\\,\\,\ /\If‘lrJ 51
3 “ll\l\lu\lll‘,\,\l\,‘lv\\’\II.IJ/l\’\\
t
1 1
0 : : 0 : : .
0 50 100 150 0 0.5 1 1.5
Time u(t)

Figure 4.2: Numerical solutions of the local system (4.22)) with initial conditions (ug,vy) =

_1u
(0.5,1) and 0 = .

4.2 Analysis of the PDE model

In this section, consider the stability of (u*,v*), Turing instability and Hopf bifurcation near
(u*,v*). Throughout this section, N is the set of natural numbers .The eigenvalues of operator
—A with homogeneous Neumann boundary condition in 2 are denoted by 0 =19 < n1 < 19 <
..... < 7)p.. , and the eigenfunction corresponding to 7, is ¢ (x). The stability of (u*,v*) as a
steady state solution of rests on the nature of the eigenvalue problem obtained through

the linearization of the steady statem, which can be formulated as

L(o)(9) =¢(9), zeQ (4.23)
au¢:8y¢:0, T € 0N '

where the linearization operator L (o) is defned by

diAu — p— A=2~¢' (a) —Ap (a)
o s ' 1.24
D (- @) dAv- o o
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3l
For each n € N, we define a 2 x 2 matrix
—diMy — p— A== (a - («
L, (o) = n 2 @/(Q)SO (@) ¢ (o) . (4.25)
o (1 2 (a)) —dann, — o (@)

Obviously, for any eigenvalue of (4.23]) denoted by & , there exists n € N such that ¢ is also an
eigenvalue of L, (o). In order to establish the local asymptotic stability of (u*,v*) as a constant
steady state for (4.1)), it suffices to ensure that all the eigenvalues of L, (o) have negative real

parts. The characteristic equation of Ly, (0)is

2 —P,(0)E+Qn(o)=0. (4.26)

Then
P, (o) =—(di+d2)nn, — ¢ (a) (6 — 00), (4.27)
Qn (o) = dadan;, + ¢ (@) (dro — daoo) 1 + 0 () (n+ A) . (4.28)

Then (u*,v*) is locally asymptotically stable if P, (o) < 0 and @, (¢) > 0 for all n € N, and
it is unstable if there exists n € N such that P, (c) > 0 or Q, (¢) < 0. If g9 < 0, we have
P, (o) <0and @, (c) > 0,for all n € N, then (u*,v*) is locally asymptotically stable.

Next we consider the case that og > 0. we define the functions

(d1 + dz) n

- ~ —didan® + ¢ (@) daoon
OH (77) - © (Oé)

+ 0g,and og (n) = @) (it A - du) (4.29)

Lemme 4.2.1 .The functionsand o (n) ) and og(n) have the following properties:
(i) Forn >0 og (n) is strictly decreasing wthe such og (nm,) = 0, where
¢ (a) 00
= 4.30
1Ho (d1 + da) ( )

(ii)-op (n) and o (n) intersect at a single point (N, os(ne)), with

= ((d2 = d1) poo + (di + da) (p+ N))
Neog = d%

V (d2 — dv) oo + (dr +do) (1 + N)? + Adgop (1 + A)

+
dt

(4.31)

(iii) os (n)is strictly increasing for n € (0,1n*), and strictly decreasing for n € (n*,+00),withe
denoting the unique root of og (n) given by

PRV TR (TERY ;w(a) o) = (1) _ ;o(ilvl) ™ (432
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Then o5(0) =05 (ns,) =0, 0" = sup,c(o,00) 7s (1) ,leading to

~ dip(a) (p+N)

Furthermore, o* > (=, <) oo if and only if Z—i > (=,<)x where

(Vi Vs e e@a—wen) . @

0" =os (1)

¢ (@) (k+A) oo
2
(\/(M+A)2+(M+A)<P(a)ao—(M+A)>

X = (4.34)

Preuve. The first result of Lemma (4.2.1)) (¢) is evident. With some manipulations we can
see that o (n) = og (n) if and only if satisfies.

d2n? — ((dg — dy) ¢ (@) o9 + (dy +dg) (u+ X))+ @ (a)og (u+ ) =0.

This leads to result (ii). Result (7i7) is obvious as

o () = A+ 2 H N ndh = (42 ¢ (@) 00)
i (1 +A) +ndr)? '
O

Before presenting the asymptotic stability conditions for the PDE case, let us define the constant

0= maxos (n.) <o (4.35)

The following results hold.

Theorem 4.2.1 The constant equilibrium (u*,v*) is locally asymptotically stable as a constant

steady state of if

oo <0 or,
oo > 0 and o > max (0¢,0) .

Alternatively,if oo > 0 and o < max (09,7) , then (u*,v*) is asymptotically unstable.

Preuve. First of all, we assume that oy < 0,which leads to @, (¢) > 0,and P, (¢) < 0,and
consequently (u*,v*) is locally asymptotically stable constant steady state.Next, we let oo >
0,which case we can use Lemma . The constant steady state (u*,v*) is locally asymptot-
ically stable if

o > max (09, 0). (4.36)

as P, (0) <0and @, () >0 for all n € N,
Alternatively, if
o < max (09,0), (4.37)

then there exists n € N sush that P, (¢) > 0 or @, (¢) < 0 and (u*,v*) is instable. O
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4.2.1 Turing instability

Now that we have established su cient conditions for the asymptotic stability of the equilibrium
in the ODE and PDE senses, we move our attention to the important issue of Turing instability.
It is well known that the term Turing instability refers to the equilibrium being stable in the
diffusion-free case but becomes unstable when diffusion is considered as in . In light
ofd.2.1 and Theorem [£.1.1} we conclude that the diffusion-driven instability occurs specifically

when is in the interval

0<op<o<a. (4.38)
Hence, we can state the following results.
Lemme 4.2.2 The equation og (n) = oo has two different positive roots.

Preuve. With some minor manipulations we nd that the equation og () = opis satisfied if

and only if is a root of the quadratic polynomialt
dvdan® + ¢ (@) a9 (dy — d2) 1 + o0 () (4 A) = 0,

which has the roots

(@) (3—371)7\/ [o(@)o0 (22-1)]" 42 s0p(e) (u+3)

"= 2d3 ’ (4.39)
p(@)oo(2-1) -~y [et@ren (2 -1)]" -1 o0p(@) (43
= 2do .
u

Theorem 4.2.2 Assuming og > 0 and da/dy > x ,where x is defined in . Then Turing
instability happens if there exists n € N such that n € (n;,m,) holds.

Preuve. Since ¢ < o* ,using Lemma [4.2.2] it is straight forward to see that the diffusion
coefficients must satisfy dy/d; > x . Hance holds if there exists n € N such that
n € () - 0.
The preceding lemma and theorem show that the occurrence of a Turing instability in the present
model is governed by the nature of the functions o (1) and og () and the values of o*and oy

. These results are summarized in figure (4.3).
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Figure 4.3: Graphs of the functions o (1) and og (1) for the cases 0* < o (left) and o* > oy
(right)

4.2.2 Hopf bifurcation

In order to understand more about the nature of the constant steady state (u*,v*) we examine
its Hopf-bifurcation with o as the critical parameter subject to og > 0 which makes the system
stable. The eigenvalues 7; of the Laplacian operator are assumed to be simple. A necessary and
sufficient condition for the existence of a Hopf-bifurcation value o was stated in48, 49| [17] :

Let us define the simpler notation
on,H =0p (Nn) and op 5 = 05 (1) - (4.40)

Theorem 4.2.3 Subject to og > 0 and assuming a smooth domain so that all eigenvalues 1y,
n € N are simple, then there exists an index ng € N such that nn, < nn,, < NMng+1 1t follows that
if o (M) # o (Mm) for any index n € {0,...,n0} and m > ng there exist ng + 1 possible Hopf

bifurcation points satisfuing the relation

o(n*) <o (Mng) < Mng—1) < weeeve. < o (ny) = op. (4.41)

Consequently, at oy, g as defined in , system undergoes a Hopf bifurcation, and the
periodic orbits near (o,u,v) = (on,m,u*,v*) can be parameterized by (oy (T),un (T),v, (1)) so
that oy, (1) = oy m + 0 (1) for 7 € (0, p) for som constant p > 0, and

up (1) (x,t) = u* +7apcos(a(onm)t)dn(z)+o0(7),

op (7) (z,t) = 0" +71bycos(a(onm)t) dn(z)+o0(T),
where o (op, 1) = \/Qn (on, 1) With Qy, (0n, 1) given in ) is the corresponding time frequency,

on (x) is the corresponding spatial eigenfunction, and (ay,by) is the corresponding eigenvector,

ona) = tend ) (157(0) = (o)

i.e.,
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where L (o)is given in ([4.23). Moreover:
1) The bifurcation periodic orbit from on, g = 0¢ is spatially homogeneous.

2) The bifurcation periodic orbits from oy g,n € {0,...,n0} are spatially nonhomogeneous.

Preuve. Using the Hopf bifurcation theorem in [48], in order to prove the results of this

theorem, it su ces to prove that (i) There exists and index n € N such that
P, (UH) =0, Qn (UH) > 0,

and
Py (og) #0, Qm(om)#0 forme N\{n}, (4.42)

where P, (0) and @, (0) as defined earlier in (4.27)) and (4.28) respectively. (ii)For the unique

pair of complex eigenvalues (o) + iw(o) near the imaginary axis.
B'(c) # 0 and w(o) > 0. (4.43)

In order to establish these conditions, we make use of the fact that o,, g is strictly deceasing as
proven in Lemma (4.2.1)).Hence o (1,) > o (1) for all n € {0, ..., ng}and consequently, there
existe a unique index ng € N such that 1,y < Nn,, < Nng+1 and o (Mny) > 0 (Ne) > 0 (Nng+1) -
Therefore, we have ng + 1 Hopf bifurcation points at og (n,) if n € {0,...,n9}. This establishes
the correctness of . On the other hand we have @y, (0, 5) > 0 for all n =0,1,2,3, ...... no
such that Q, (o,,5) = 0 isequivalent to oy (7,) = o5 (Mm) . If 7y # 1y then m # n and
P (on) #0, Qm(om) # 0.

This yields

8(0) = T L (ay+ do))m — o 0) (o~ o)
which leads to ,
#on) = 20— 2L @) <o
Hanse
(onst) =1/ Qn (onst) > 0. (4.44)

Then, conditions in (i) and (ii) are satisfied if n € {0,...,n9}. Direct application of the Hopf

bifurcation theorem in [48] concludes the proof of the theorem. O

4.2.3 Numerical example

Exemple 4.2.1 In this last example, we let p =2, ¢ =5, u = %, A= %, and a = 2. The ODE
system becomes:

(4.45)

1

The equilibrium solution is given by (u*,v*) = (1,2) and og = 5. It follows from Proposition

)
that the positive equilibrium (u*,v*) = (1,2) is locally asymptotically stable when o > 5
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and unstable when o < 5. Moreover, according to Theorem [{.1.1], when o passes from the right
side of %, (u*,v*) will lose its stability and a Hopf-bifurcation occurs.

Let us consider two separate examples with different diffusivity constants and analyze the ex-
istence of patterns by means of numerical solutions in the ODE and 2D PDFE cases. First,

consider the diffusivity constants di = 0.1 and de = 1.5. It follows that
o* =0.22078 < oy,

n* = 1.2132,
ne = 0.14079,
o (n.) = og () ~ 4.9472 x 102

and

Y = 33.971.

Since o* < o9, we have the case on the left hand side of Figure[[.3 In this case, no spatial
patterns occur. The numerical solutions of the local system when 0 = 0.02 and o0 = 1
are depicted in Figures[{.4] and[{.5, respectively. We see that the ODE system is asymptotically
unstable for o = 0.02 but asymptotically stable for o = 1, which agrees completely with the results
of Section[{.1. Numerical simulations have shown that no patterns exist in the diffusive case for
a wide range of o values. The results have been omitted as they do not present any novelty.
Next, let di = 0.1 and do = 10. Hence,

o = 1.4719 > oy,

n* = 0.6066,
e = 2.2051 x 1072,
on (ne) = o5 (ne) ~ 5.457 x 1072

and

¥ = 33.971.

Since o* > 0y, we have the case on the right hand side of Figure[3.1. Given that

m = 0.2219,
n, = 2.2531,

it is easy to wverify that there exist eigenvalues that satisfy n € (m, ), which according to
Theorem implies the existence of Turing patterns for og < o < @. This is meant to
lead to the formation of spatial patterns in the solutions as time progresses. We choose the
value o = 0.505, which clearly satisfies the condition. The numerical solutions of the local
system given initial conditions (ug,vo) = (0.5,1) are depicted in Figure . It is easy

to see that the solutions are asymptotically stable and in fact converge towards the equilibrium

#o % Djamel Mansouri %



4.2 Analysis of the PDE model 72

(u*,v*) = (1,2) in sufficient time. The numerical diffusive system corresponding to with
zero Neumann boundaries are depicted in Figure[4.7 at t = 500 units of time. The same initial
states are chosen as in the local ODE case but an additive white Gaussian noise perturbation
with zero mean and a variance of 0.2 is included to introduce spatial non-homogeneity. We see

that spots appear in both substances confirming the existence of patterns as a result of the Turing

instability of the system.

15 T T T 15

—u(t)

v(t)

ot

0 500 1000 1500 2000 0
Time u(t)

Figure 4.4: Numerical solutions of the local system (4.45) with initial conditions (ug,vg) =
(0.5,1) and o = 1.
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Figure 4.5: Numerical solutions of the local system (4.45) with initial conditions (ug,vg) =
(0.5,1) and o = 0.02.

#o % Djamel Mansouri %



4.2 Analysis of the PDE model 73
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Figure 4.6: Numerical solutions of the local system (4.45) with initial conditions (ug,vg) =
(0.5,1) and & = 0.505.

, Y, 500
100 v(z,y

35

3.5

80 3.4

60

y dimension
y dimension

0 50
z dimension z dimension

Figure 4.7: Numerical solutions of the diffusive system corresponding to ([4.45)) in the two spatial
dimensions scenario with ¢ = 0.505.
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Conclusion

NALLY, this two articles cover resultes, which the first, we have considered a time—

fractional version of the Lengyel-Epstein system modeling the chlorite—iodide mal-

onic acid (CIMA) chemical reaction. The Lengyel-Epstein model is well known for
exhibiting Turing patterns, which makes it of interest to researchers in mathematics, chem-
istry, and biology. Introducing fractional time derivatives has recently been shown to model
natural phenomena more accurately especially in chemical reactions. We have established suf-
ficient conditions for the local asymptotic stability of the system’s unique equilibrium in the
ODE and PDE senses through the linearization method. In addition, we have employed the di-
rect Lyapunov method to establish the global asymptotic stability of the steady state solution.
Through numerical investigation, we have seen that a periodic solution in the standard case,
which corresponds to pattern formation, became asymptotically stable when the differentiation
order decreased below 1. This is an important observation that requires closer investigation and
analysis as it provides a new perspective into the control and applications of the Lengyel-Epstein
system. We have also seen that the presence of diffusion alters the stability conditions of the
system, which is not at all unlike the standard case. Furthermore, we saw that the type of
patterns that form as a result of the diffusion—driven instability changes as the fractional order
is varied. In the second article,one deals with the dynamics of a reaction—diffusion system that
generalizes the famous Lengyel-Epstein model for the CIMA reaction. Previous results reported
in the literature derived sufficient conditions for the asymptotic stability of the system’s unique
steady state as well as the non—existence of Turing patterns. The current study has extended
the results to include sufficient conditions for the existence of Turing patterns in addition to ex-
amining the Hopf-bifurcation of the system in the diffusion—free and diffusive cases. The study
has established that Turing patterns occur subject to the bifurcation parameter ¢ lying within
a short interval around the bifurcation point. Numerical results obtained by means of the finite
difference method have been presented to confirm and validate the theoretical findings. We have
seen the emergence of spots in a two—dimensional implementation of the system after a duration
of 500s.
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