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Introduction

L’étude de l’existence, unicité et les approximations itératives des solutions de différentes équa-
tions fonctionnelles émanant de la programmation dynamique ont attiré beaucoup de chercheurs
depuis les années 70. La programmation dynamique qui consiste à décomposer un problème
d’optimisation en sous-problèmes et les résoudre ensuite par stockage des résultats intermédi-
aires.

En 1978, l’article de Bellman and Lee [9] est considéré comme le fil déclencheur d’une
série de questionnements concernant le lien des équations fonctionnelles avec la programmation
dynamique. En 1984, Bakhta et Mitra [11] ont mis en place la forme basique d’une équation
fonctionnelle qui provient de la programmation dynamique. Dans les années qui suivirent, une
quantité importante d’articles s’intéressant à l’existence et l’unicité ainsi qu aux problèmes de
convergence de différentes équations fonctionnelles ont vu le jour, voir par exemple [39, 40, 41,
42, 44].

La résolution de plusieurs problèmes mathématiques se ramène souvent à la recherche de
point fixe pour certaines fonctions non linéaires. De plus, plusieurs problèmes intervenant en
physique, dans des disciplines aussi diverses que l’éonomie, la biologie, la physique, la mé-
canique, etc.... De nombreux phénomènes sont modélisables sous forme de problèmes mathé-
matiques. Cette mise en forme permet d’utiliser les ressources des mathématiques appliquées :
programmation mathématique, recherche de points fixes. L’origine de la théorie du point fixe
est une méthode des approximations successives utilisée pour prouver l’existence des solutions
d’équations différentielles introduites indépendamment par Liouville en 1837 et Picard en 1890.
En 1922, S. Banach a établi le théorème du point fixe qui porte son nom ou connu sous le
nom du principe de contraction de Banach qui est un outil important en théorie des espaces
métriques et en analyse en général, il garantit l’existence et l’unicité de points fixes pour cer-
taines applications qui diminuent les distances et donne une méthode constructive pour trouver
ces points fixes. Ce principe est donné comme suit:

Soit (X, d) un espace métrique. L’application T : X → X est dite une contraction sur X
s’il existe k ∈ [0, 1[ telle que

d (T (x), T (y)) ≤ kd(x, y)

pour tout x, y ∈ X.
Soit (X, d) un espace métrique complet, et T : X → X une contraction. Alors T admet un

point fixe unique u dans X. De plus, pour tout élément arbitraire x0 ∈ X, la suite {xn}n≥1

définie par xn = T (xn−1) = T n(x0) converge vers u dans (X, d).
Ce théorème de Banach fournit aussi un algorithme d’approximation de ce point fixe comme

limite d’une suite itérée, contrairement à d’autres théorèmes du point fixe ( Brouwer, Schauder,...),
qui nous assurent seulement l’existence de points fixes sans indiquer comment les déterminer.
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Mais d’une part, montrer que l’application est contractante peut entraîner de laborieux calculs.
D’autre part, les conditions sur l’application et l’espace étudié restreignent le nombre de cas aux
quels on peut appliquer ce théorème. D’où la nécessité d’étendre et de généraliser le principe de
contraction de Banach afin d’élargir son domaine d’applications, d’une part, et de récupérer ses
avantages. L’une des généralisations les plus répandues des espaces métriques est donnée dans
l’article [3, 20] à travers la notion d’espaces b-métriques. Dans l’article [82], une généralisation
intéressante du principe de contraction de Banach est donnée en introduisant le concept de
F-contraction. Après cela, la notion de F-contraction de Hardy-Rogers est introduite dans [18]
comme une généralisation de la F -contraction dans un espace métrique complet. Une autre
généralisation du théorème de Banach, dite, θ-contraction et établie par [30] a donné naissance
à plusieurs résultats intéressants dans la théorie du point fixe et ses applications dans le cadre
des équations fonctionnelles émanant de la programmation dynamique.

Cette thèse comprend quatre chapitres:
Dans le premier chapitre, on rappelle quelques outils nécessaires à notre étude menée dans

cette thèse.
Dans le deuxième chapitre, on établi des généralisations de certains résultats existant dans

la littérature concernant les équations fonctionnelles émanant de la programmation dynamique.
D’une manière plus précise, des résultats d’existence, d’unicité et d’approximations itératives
sont établis moyennant les théorème de Krasnoselskii, Boyd-Wong et Liu.

Le troisième chapitre est dédié essentiellement à la notion de F -contractions de Hardy–
Rogers dans le cadre d’espaces b-métriques. Il s’agit de généraliser et améliorer certains résultats
dans [79] (respectivement, dans [55]). Une application sur les équations fonctionnelles provenant
de la programmation dynamique dans le cadre des espaces b-métriques est donnée pour mettre
en valeur l’efficacité de nos résultats.

Au chapitre 4, on donne une démonstration courte et différente pour le théorème de Lukács et
Kajántó et nous établissons une forme équivalente basée sur les θ-contractions. Une application
intéressante (suivie d’un exemple) est réalisée à la fin de ce chapitre pour les équations fonc-
tionnelles émanant de la programmation dynamique dans le contexte des espaces b-métriques.



Chapter 1

Preliminaries
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1.1 Definitions and auxiliary results
Throughout this thesis, we denote by N, R the sets of positive integers and real numbers,
respectively. We also write N0 = N∪{0}. Henceforth, X will denote a nonempty set and the
Picard sequence of a self-mapping T : X → X based on an arbitrary x0 ∈ X is given by
xn = Txn−1 = T nx0 for all n ∈ N, where T n denotes the nth-iterates of T .

For convenience, we set

∆1 :=
{
φ, φ : R+ → R+ is right continuous at 0

}
;

∆2 :=
{
φ, φ : R+ → R+ is nondecreasing

}
;

∆3 := {φ, φ ∈ ∆1, φ (0) = 0} ;
∆4 := {φ, φ ∈ ∆3, φ (t) < t, ∀t > 0} ;
∆5 := {φ, φ ∈ ∆1 ∩∆2, φ (t) < t, ∀t > 0} ;
∆6 := {φ, φ ∈ ∆2, φ (t) < t, ∀t > 0} ;
∆7 :=

{
φ, φ ∈ ∆6 and φ is right continuous in R+

}
.

1.1.1 b-metric spaces

In 1989, Bakhtin [4] introduced the concept of b-metric spaces as a generalization of the metric
spaces in the sense that the triangle inequality contains a suitable constant s ≥ 1 (see also
Czerwik [20]). Since then, several published papers have dealt with b-metric spaces and fixed
point theory in the setting of b-metric spaces (see, e.g., [2, 3, 10, 12, 13, 14, 24, 64, 67, 75] and
some related references therein). For more details concerning some technical and useful tools
in the context of b-metric spaces, the reader may consult [2] and [64]. Note that the topological
framework of a b-metric space with the topology induced by its convergence was studied in [3].

We will first recall the definition of a b-metric space.

Definition 1.1.1 (See [21]) Let X be a nonempty set and let s ≥ 1 be a given real number.
A mapping σ : X × X → [0,∞) is said to be a b-metric if, for all x, y, z ∈ X, the following
conditions hold:

(b1) σ (x, y) = 0 if and only if x = y;

(b2) σ (x, y) = σ (y, x);

(b3) σ (x, z) ≤ s [σ (x, y) + σ (y, z)].

The pair (X, σ) is called a b-metric space with constant (or coefficient) s ≥ 1.

It is obvious from the above definition that the class of b-metric spaces is larger than that of
metric spaces, since a b-metric space is a metric space when s = 1 but the converse is not true.
The following classical examples illustrate this fact.

Example 1.1.1 (See [2], [75]) Let (X, d) be a metric space and let the mapping σd : X×X →
[0,∞) be defined by

σd (x, y) = (d (x, y))p , for all x, y ∈ X,

where p > 1 is a fixed real number. Then (X, σd) is a b-metric space with s = 2p−1.
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In particular, if X = R, d (x, y) = |x− y| is the usual Euclidean metric and

σd (x, y) = (x− y)2, for all x, y ∈ R,

then (R, σd) is a b-metric with s = 2. However, (R, σd) is not a metric space on R since (b3)
does not hold. Indeed,

σd(−2, 2) = 16 > 8 = 4 + 4 = σd(−2, 0) + σd(0, 2).

Example 1.1.2 (See [36]) Let X be the set of Lebesgue measurable functions on [0, 1] such
that ∫ 1

0

|f (x)|2 dx <∞.

Define D : X ×X → [0,∞) by

D (f, g) =

∫ 1

0

|f (x)− g (x)|2 dx.

Then D satisfies the following properties

1. D (f, g) = 0 if and only if f = g,

2. D (f, g) = D (g, f), for any f, g ∈ X,

3. D (f, g) ≤ 2 (D (f, h) +D (h, g)), for any points f, g, h ∈ X.

Clearly, (X,D) is a b-metric space with s = 2 but is not a metric space. For example, take

f(x) = 0, g(x) = 1 and h(x) =
1

2
, for all x ∈ [0, 1]. Then

D (0, 1) = 1 >
1

2
=

1

4
+

1

4
= D(0,

1

2
) +D(

1

2
, 1).

Example 1.1.3 Let 0 < p < 1 and let

Lp ([0, 1]) =

{
u : [0, 1] → R :

∫ 1

0

|u (t)|p dt <∞
}
,

together with the functional σ : Lp ([0, 1])× Lp ([0, 1]) → [0,∞) given by

σ (u, v) =

(∫ 1

0

|u (t)− v (t)|p dt
) 1

p

for all u, v ∈ Lp ([0, 1]) ,

is a b-metric space with coefficient s = 2
1
p
−1.
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Example 1.1.4 The space lp (R) with 0 < p < 1, where

lp (R) =

{
(xn) ⊂ R :

∞∑
n=1

|xn|p <∞

}
,

together with function σ : lp (R)× lp (R) → [0,∞) defined by

σ (x, y) =

(
∞∑
n=1

|xn − yn|p
) 1

p

for all x = (xn) , y = (yn) ∈ lp (R) ,

is a b-metric space with coefficient s = 2
1
p
−1.

We present now the concepts of convergence, Cauchy sequence and completeness in b-metric
spaces.

Definition 1.1.2 (See [12], [13], [14]) Let (X, σ) be a b-metric space. Then a sequence {xn}
in X is called:

(a) convergent if and only if there exists x ∈ X such that lim
n→∞

σ (xn, x) = 0 and in this case
we write lim

n→∞
xn = x;

(b) Cauchy if and only if lim
n,m→∞

σ (xn, xm) = 0.

Definition 1.1.3 (See [12], [13], [14]) The b-metric space (X, σ) is said complete if every
Cauchy sequence in X converges in X.

Remark 1.1.1 (See [12], [13], [14]) In a b-metric space, the following assertions hold:

(i) a convergent sequence has a unique limit;

(ii) each convergent sequence is Cauchy.

Lemma 1.1.1 (See [24, Lemma 2.1]) Let (X, σ) be a b-metric space with constant s ≥ 1 and
{xn}, {yn} two sequences such that lim

n→∞
xn = x, lim

n→∞
yn = y in (X, σ). Then lim

n→∞
σ (xn, yn) = 0

if and only if x = y.

It is worth recalling that a b-metric is generally not continuous (see, e.g., [27, Example 3.3]).
The following lemmas are very useful to manage this problem.

Lemma 1.1.2 (See [2], [55]) Let (X, σ) be a b-metric space with constant s ≥ 1 and {xn} be
a convergent sequence in X with limxn = x. Then for each y ∈ X, we have

1

s
σ (x, y) ≤ lim inf

n→∞
σ (xn, y) ≤ lim sup

n→∞
σ (xn, y) ≤ sσ (x, y) .
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Lemma 1.1.3 (See [64, Lemma 1.7]) Let (X, σ) be a b-metric space with constant s ≥ 1 and
let {xn} be a sequence in X such that

lim
n→∞

σ (xn, xn+1) = 0. (1.1.1)

If {xn} is not a Cauchy sequence in (X, σ), then there exist ε > 0 and two sequences {m(k)}
and {n(k)} of positive integers such that the following items hold:

ε ≤ lim inf
k→∞

σ
(
xm(k), xn(k)

)
≤ lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ sε;

ε

s
≤ lim inf

k→∞
σ
(
xm(k), xn(k)+1

)
≤ lim sup

k→∞
σ
(
xm(k), xn(k)+1

)
≤ s2ε;

ε

s
≤ lim inf

k→∞
σ
(
xm(k)+1, xn(k)

)
≤ lim sup

k→∞
σ
(
xm(k)+1, xn(k)

)
≤ s2ε;

ε

s2
≤ lim inf

k→∞
σ
(
xm(k)+1, xn(k)+1

)
≤ lim sup

k→∞
σ
(
xm(k)+1, xn(k)+1

)
≤ s3ε.

Inspired by the works in [62], we can state the following lemma

Lemma 1.1.4 Let all the conditions of Lemma 1.1.3 be satisfied. Then there exist ε > 0 and
two sequences {m(k)} and {n(k)} of positive integers such that the following items hold:

ε+ ≤ lim inf
k→∞

σ
(
xm(k), xn(k)

)
≤ lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ sε+;

ε

s
≤ lim inf

k→∞
σ
(
xm(k), xn(k)+1

)
≤ lim sup

k→∞
σ
(
xm(k), xn(k)+1

)
≤ s2ε;

ε

s
≤ lim inf

k→∞
σ
(
xm(k)+1, xn(k)

)
≤ lim sup

k→∞
σ
(
xm(k)+1, xn(k)

)
≤ s2ε;

ε

s2
≤ lim inf

k→∞
σ
(
xm(k)+1, xn(k)+1

)
≤ lim sup

k→∞
σ
(
xm(k)+1, xn(k)+1

)
≤ s3ε.

Proof. If {xn} is not a Cauchy sequence, then there exist ε > 0 and sequences
{
xm(k)

}
and{

xn(k)
}

of positive integers such that n (k) is the smallest index for which n (k) > m (k) > k
and σ

(
xm(k), xn(k)

)
> ε. Due to (1.1.1), this implies that σ

(
xm(k), xn(k)−1

)
≤ ε for all k ≥ 1.

Using the relaxed triangle inequality (b3), we have

σ
(
xm(k), xn(k)

)
≤ sσ

(
xm(k), xn(k)−1

)
+ sσ

(
xn(k)−1, xn(k)

)
≤ sε+ sσ

(
xn(k)−1, xn(k)

)
.

This leads to
1

s
σ
(
xm(k), xn(k)

)
≤ ε+ σ

(
xn(k)−1, xn(k)

)
.

Since σ
(
xn(k)−1, xn(k)

)
> 0, then by taking limit superior as k → ∞ with (1.1.1), we get

1

s
lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ ε+,



CHAPTER 1. PRELIMINARIES 9

or, equivalently,
lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ sε+. (1.1.2)

On the other hand, we have

1

k
+ σ

(
xm(k), xn(k)

)
>

1

k
+ ε, for all k ≥ 1.

Taking the limit inferior as k → ∞, we have

lim inf
k→∞

σ
(
xm(k), xn(k)

)
≥ ε+. (1.1.3)

From (1.1.2) and (1.1.3), we obtain the first item of Lemma 1.1.4. Since the remaining items
are the same as in Lemma 1.1.3, the proof is completed. ■

Remark 1.1.2 Taking s = 1 (the case corresponding to a metric space (X, d)) in Lemma 1.1.4,
we find Lemma 2.2 in [62]. More precisely, the above items become as follows

lim
k→∞

d
(
xm(k), xn(k)

)
= ε+

and
lim
k→∞

d
(
xm(k)+1, xn(k)

)
= lim

k→∞
d
(
xm(k), xn(k)+1

)
= lim

k→∞
d
(
xm(k)+1, xn(k)+1

)
= ε.

In 2015, An et al. [3] proved the following result:

Proposition 1.1.1 (See [3, Proposition 3.11]) Let (X, σ) be a b-metric space with constant
s ≥ 1. If σ is continuous with respect in one variable, then σ is continuous in other variable.

Obviously, we observe from the above result that if σ is not continuous with respect one variable,
then σ is not continuous in each variable (refer to [3, Examples 3.9, 3.10].

We end this subsection by giving an example which illustrates some preceding properties
concerning b-metric spaces.

Example 1.1.5 Let X = [0,∞). Let σ : X ×X → [0,∞) be a mapping defined by

σ (x, y) =

{
d (x, y) , xy ̸= 0,

4d (x, y) , xy = 0,

where d (x, y) = |x− y| . Then the following hold:

(1) (X, σ) is a complete b-metric space with constant s = 4.

(2) σ is not a metric on X.

(3) σ is not continuous in each variable.
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Proof. (1). We start to prove that (X, σ) is a b-metric space with constant s = 4. Clearly,
(b1) and (b2) are satisfied. For (b3), we can easily observe that for any x, y ∈ X,

d (x, y) ≤ σ (x, y) ≤ 4d (x, y) . (1.1.4)

We consider then the following cases.
Case 1. Suppose that xy ̸= 0. Then, using (1.1.4), for any z ∈ X, we obtain

σ (x, y) = d (x, y) ≤ d (x, z) + d (z, y)

≤ σ (x, z) + σ (z, y) ≤ 4 (σ (x, z) + σ (z, y)) .

Case 2. Assume that xy = 0. Also, through (1.1.4), we have for any z ∈ X

σ (x, y) = 4d (x, y) ≤ 4d (x, z) + 4d (z, y)

≤ 4 (σ (x, z) + σ (z, y)) .

Next, since (X, d) is a complete metric space, the completeness of (X, σ) follows immediately
from (1.1.4).
(2). Indeed, σ is not a metric on X since we have

σ(0, 2) = 8 > 5 = 4 + 1 = σ(0, 1) + σ(1, 2).

(3). Let xn =
1

n
for each n ∈ N. We have

lim
n→∞

σ

(
1

n
, 0

)
= lim

n→∞

4

n
= 0.

Then lim
n→∞

xn = 0 in (X, σ). On the other hand, we have

lim
n→∞

σ (xn, 1) = 1 ̸= 4 = σ (0, 1) .

This, together with Proposition 1.1.1, proves that σ is not continuous in each variable. ■

1.1.2 F -contractions

Now, let us review some results concerning F -contractions related to the existing literature.
In 2012, Wardowski [82] initiated one of an attractive and important generalization of the
remarkable Banach contraction principle [8]. He considered a new type of contractions, the
so-called F -contraction.

Definition 1.1.4 (See [82]) Let (X, d) be a metric space. A mapping T : X → X is said to
be an F -contraction if there exist F ∈ F and τ > 0 such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ τ + F (d (Tx, Ty)) ≤ F (d (x, y)) , (1.1.5)

where F is the family of all functions F : (0,∞) → R satisfying the following conditions:
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(F1) F is strictly increasing, i.e., for all α, β ∈ (0,∞), if α < β, then F (α) < F (β).

(F2) For each sequence {αn} of positive numbers, the following holds:

lim
n→∞

αn = 0 if and only if lim
n→∞

F (αn) = −∞.

(F3) There exists k ∈ (0, 1) such that lim
α→0+

αkF (α) = 0.

Remark 1.1.3 (See [82]) Let α > 0. Let the following functions F1 (α) = lnα, F2 (α) =

lnα + α, F3 (α) =
−1√
α

and F4 (α) = ln
(
α2 + α

)
. Then, F1, F2, F3 and F4 ∈ F .

Remark 1.1.4 (See [82]) Clearly, if F is an increasing function (not necessary strictly in-
creasing), the inequality (1.1.5) implies that T is a contractive mapping, i.e.,

d (Tx, Ty) < d (x, y) , ∀x, y ∈ X, x ̸= y.

Hence, every F -contraction is a continuous mapping.

Wardowski proved that every self-map T on a complete metric space (X, d), which is an F -
contraction is a Picard operator (see [82, Theorem 2.1]). Since then, the aforementioned result
has been developed by many authors, see, for example, the survey [34] and the works [22, 85].
More precisely, these developments are mainly based on defining new kinds of contractions in
different spaces or considering some weaker conditions on the mapping F .

Wardowski’s result is given as follows:

Theorem 1.1.1 (See [82, Theorem 2.1]) Let (X, d) be a complete metric space and let T :
X → X be an F -contraction. Then T has a unique fixed point x∗ and for every x0 ∈ X the
sequence {T nx0}n∈N converges to x∗.

Remark 1.1.5 (See [82]) Wardowski showed that T is a Banach contraction [8] by taking
F (α) = lnα in (1.1.5).

In [68], Secelean showed that condition (F2) can be replaced by an equivalent and more easier
one (noted (F ′

2): inf F = −∞). Afterwards, Piri and Kumam [58] established Wardowski’s
theorem by using (F ′

2) and the continuity instead of (F2) and (F3), respectively. Later, War-
dowski [83] proved a fixed point theorem concerning F -contractions when τ is taken as a
function. In this work, the author used a relaxed version of (F2) and dropped also condition
(F3). In 2018, Lukács and Kajántó [55] extended Wardowski’s theorem in the setting of b-
metric spaces and omitted condition (F2). Very recently, some authors proved (in different
ways) the original results of Wardowski without both conditions (F2) and (F3) (see, e.g., [56,
Remark 3.7], [62, Corollary 3.21 and Theorem 4.1]). It is also worth mentioning that many
others papers dealing with various types of F -contractions can be found in the literature (see,
e.g., [17, 23, 25, 35, 56, 57, 59, 60, 61, 66, 69, 70, 71, 73, 74, 80, 81] and references therein).
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1.1.3 Pseudometric spaces and some related results

Definition 1.1.5 Let X be a nonempty set. A mapping ρ : X × X → [0,∞) is said to be a
pseudometric if, for all x, y, z ∈ X, the following conditions hold:

(d1) ρ (x, x) = 0;

(d2) ρ (x, y) = ρ (y, x);

(d3) ρ (x, z) ≤ [ρ (x, y) + ρ (y, z)].

The pair (X, ρ) is called a pseudometric space.

Lemma 1.1.5 ([41]) Let E be a nonempty set and {ρn}n∈N a countable family of pseudometrics
on E such that for any x, y ∈ E with x ̸= y, there exists i ∈ N satisfying ρi (x, y) ̸= 0. Suppose
that d : E × E → R+ satisfies that

d (x, y) =
∞∑
k=1

1

2k
ρk (x, y)

1 + ρk (x, y)
, x, y ∈ E.

Then, d is a metric on E.

Remark 1.1.6 The metric d in the above Lemma is said to be an induced metric by the count-
able family of pseudometrics {ρn}n∈N and (E, d) is called an induced metric space by the count-
able family of pseudometrics {ρn}n∈N .

• A sequence {xn}n∈N ∈ E converges to a point x ∈ E if and only if ρk (xn, x) → 0 for each
k ∈ N.

• {xn}n∈N is a Cauchy sequence if ρk (xn, xm) → 0 as n,m→ ∞ for each k ∈ N.

Definition 1.1.6 ([41]) Let (E, d) be an induced metric space by a countable family of pseu-
dometrics {ρn}n∈N and T : (E, d) → (E, d) be a mapping. For x, y ∈ E,A ⊆ E and k ∈ N, let
us consider

OT (x) =
{
T ix, i ∈ N0

}
, OT (x, y) = OT (x) ∪OT (y) ,

δρk (A) = sup {ρk (a, b) , a, b ∈ A} .
Then E is said to be T−orbitally complete iff every Cauchy sequence that is contained in OT (x)
for x ∈ E converges in E.

Theorem 1.1.2 (Liu’s fixed point theorem [39]) Let (E, d) be an induced metric space by a
countable family of pseudometrics {ρn}n∈N , (E, d) is said to be T−orbitally complete space and
T : (E, d) → (E, d) satisfy that

(i) for any (k, x) ∈ N×E, there exists p (k, x) > 0 with δρk (OT (x)) ≤ p (k, x) ;

(ii) there exists φ ∈ ∆7 such that

ρk (Tx, Ty) ≤ φ (δρk (OT (x, y))) , ∀ (k, x, y) ∈ N×E2.

Then, f has a unique fixed point w ∈ E and the sequence {T nx}n∈N0
converges to w for each

x ∈ E.
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1.1.4 Some other useful fixed point theorems

Definition 1.1.7 ([15]) A metric space (X, d) is said to be metrically convex if for each (x, y) ∈
M, there exists a z ̸= x, y for which d (x, y) = d (x, z) + d (z, y) .

Theorem 1.1.3 (Boyd-Wong’s fixed point theorem [15]) Suppose that (E, d) is a completely
metrically convex metric space and that T : (E, d) → (E, d) satisfies

d (Tx, Ty) ≤ φ (d (x, y)) , ∀x, y ∈ E,

where φ : P → R+ satisfies φ (t) < t for all t ∈ P − {0} , P = {d (x, y) , x, y ∈ E} and P
denotes the closure of P. Then T has a fixed point u ∈ E and lim

n→∞
T nx = u for each x ∈ E.

Theorem 1.1.4 (Krasnoselskii’s fixed point theorem) Let F be a bounded closed convex subset
of a Banach space E, P and Q : F → E satisfy that Px+Qy ∈ F for every pair x, y ∈ F. If P
is a contraction mapping and Q is completely continuous, then the equation Px+Qx = x has
a solution in F.



Chapter 2

Solvability and iterative approximations
of solutions for a functional equation
originating from dynamic programming

Abstract

In this chapter, we present some results concerning a certain functional equations arising in dy-
namic programming. Roughly speaking, we provide some slight generalizations and extensions
of the works [11, 39, 41, 46, 51, 52].

14
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2.1 Preliminaries
Throughout this chapter, we consider the following:

• R+ = [0,+∞[ .

• R− = ]−∞, 0] .

• (X, ∥.∥) and
(
Y, ∥.∥

′
)

be real Banach spaces.

• S ⊆ X be the state space and D ⊆ Y be the decision space.

For convenience, let us consider the following sets:

B (S) := {u, u : S → R is bounded} ;
BC (S) := {u, u ∈ B (S) is continuous} ;
BB (S) := {u, u : S → R is bounded on each bounded subsets of S} ;
χ (C,K) := {h ∈ BC (S) , |h (x1)| ≤ 2C, |h (x2)− h (x1)| ≤ K ∥x1 − x2∥ ,∀x1, x2 ∈ S} ,
C,K ∈ R+ − {0} .

Remark 2.1.1 1. If we set

dk (f, g) = sup
{
|f (x)− g (x)| ;x ∈ B (0, k)

}
,

where
B (0, k) = {x;x ∈ S and ∥x∥ ≤ k}

and

d (f, g) =
∞∑
k=1

1

2k
dk (f, g)

1 + dk (f, g)
, ∀ (k, f, g) ∈ N× (BB (S))2 ,

then, clearly (BB (S) , d) is the induced metric space by the countable family of pseudometrics
{dn}n∈N and it is also complete.
2. If we consider the norme ∥h∥1 = sup

x∈S
|h (x)|, it is easy to see that (B (S) , ∥.∥1) and

(BC (S) , ∥.∥1) are Banach spaces.
3. Clearly, χ (C,K) is a bounded closed convex subset of the Banach space BC (S) .

2.2 Existence and iterative approximations for the func-
tional equation

In this chapter, we study the following functional equation:

u (x) = opty∈D {p (x, y) [f (x, y) +G (x, y, u (a (x, y)))]}
+ opty∈D {q (x, y) [g (x, y) +H (x, y, u (b (x, y)))]} , x ∈ S,

(2.2.1)

where "opt" denotes the sup or inf with x ∈ S and y ∈ D. u (x) is the optimal return function
with initial state x and a, b represent the transformations of the process. The following lemma
is useful in the sequel.
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Lemma 2.2.1 (See [46]) Let A be a nonempty set. Suppose that J,K : A→ R are two bounded
functions. Then

|optx∈AJ (x)− optx∈AK (x)| ≤ sup
x∈A

|J (x)−K (x)| .

Now, we are ready to state and prove our first result which deals with the existence of the
solutions for the functional equation (2.2.1) in χ (C,K).

Theorem 2.2.1 Let C,K, λ1, λ2, L1,L2, and L3 be positive constants and S be compact, a, b :
S ×D → S, f, g, p, q : S ×D → R and G,H : S ×D × R → R be mappings such that

(H1)
(i) sup

(x,y)∈S×D

|p (x, y)| ≤ λ1, sup
(x,y)∈S×D

|q (x, y)| ≤ λ2 with λ1 + λ2 = 1,

(ii) sup
(x,y)∈S×D×R

max {|f (x, y)| , |g (x, y)| , |G (x, y, t)| , |H (x, y, t)|} ≤ C;

(H2)

sup
y∈D

max {|p (x2, y)− p (x1, y)| , |q (x2, y)− q (x1, y)| ,

|f (x2, y)− f (x1, y)| , |g (x2, y)− g (x1, y)|}
≤ L1 ∥x2 − x1∥ , x1, x2 ∈ S;

sup
y∈D

max {∥a (x2, y)− a (x1, y)∥ , ∥b (x2, y)− b (x1, y)∥} ≤ L2 ∥x2 − x1∥ , x1, x2 ∈ S;

(H3)

sup
y∈D

max {|G (x2, y, z2)−G (x1, y, z1)| , |H (x2, y, z2)−H (x1, y, z1)|}

≤ L3max (∥x2 − x1∥ , |z2 − z1|) , x1, x2 ∈ S, z1, z2 ∈ R;

(H4)
L1 (1 + 2C) + max {1, KL2} ≤ K and 0 < λ1L3 < 1.

Then, the functional equation (2.2.1) has a solution ω ∈ χ (C,K) .

Proof. Let us define the mappings: T1, T2 : χ (C,K) → BC (S) as follows:

T1u (x) = opty∈D {p (x, y) [f (x, y) +G (x, y, u (a (x, y)))]} , x ∈ S, u ∈ χ (C,K)

and

T2v (x) = opty∈D {q (x, y) [g (x, y) +H (x, y, v (b (x, y)))]} , x ∈ S, v ∈ χ (C,K) .

By (H1) and Lemma 2.2.1, on can get, for x ∈ S and u, v ∈ χ (C,K) ,

|T1u (x)| ≤ sup
y∈D

|p (x, y)| sup
y∈D

{|f (x, y)|+ |G (x, y, u (a (x, y)))|}

≤ 2C sup
(x,y)∈S×D

|p (x, y)| ≤ 2Cλ1.
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and
|T2v (x)| ≤ sup

y∈D
|q (x, y)| sup

y∈D
{|g (x, y)|+ |H (x, y, v (b (x, y)))|}

≤ 2C sup
(x,y)∈S×D

|q (x, y)| ≤ 2Cλ2.

Again by (H1) , the above inequalities lead to

|T1u (x) + T2v (x)| ≤ |T1u (x)|+ |T2v (x)|
≤ 2C, ∀x ∈ S, u, v ∈ χ (C,K) .

On the other hand and in view of (H1)− (H4) with Lemma 2.2.1, we get

|T1u (x2)− T1u (x1)| ≤
(
sup
y∈D

|p (x2, y) f (x2, y)− p (x1, y) f (x1, y)|

+ sup
y∈D

|p (x2, y)G (x2, y, u (a (x2, y)))− p (x1, y)G (x1, y, u (a (x1, y)))|
)

≤ sup
y∈D

|p (x2, y)|
(
sup
y∈D

|f (x2, y)− f (x1, y)|

+ sup
y∈D

|G (x2, y, u (a (x2, y)))−G (x1, y, u (a (x1, y)))|
)

+sup
y∈D

|p (x2, y)− p (x1, y)|
(
sup
y∈D

|f (x1, y)|+ sup
y∈D

|G (x1, y, u (a (x1, y)))|
)

≤ sup
(x,y)∈S×D

|p (x2, y)| (L1 ∥x2 − x1∥

+ L3max

{
∥x2 − x1∥ , sup

y∈D
|u (a (x2, y))− u (a (x1, y))|

})
+2L1C ∥x2 − x1∥

≤ λ1 (L1 ∥x2 − x1∥

+ L3max

{
∥x2 − x1∥ , K sup

y∈D
∥a (x2, y)− a (x1, y)∥

})
+2L1C ∥x2 − x1∥

≤ λ1 (L1 (1 + 2C) + max {1, KL2}) ∥x2 − x1∥
≤ λ1K ∥x2 − x1∥ , ∀x1, x2 ∈ S, u ∈ χ (C,K)
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and

|T2v (x2)− T2v (x1)| ≤
(
sup
y∈D

|q (x2, y) g (x2, y)− q (x1, y) g (x1, y)|

+ sup
y∈D

|q (x2, y)H (x2, y, v (b (x2, y)))− q (x1, y)H (x1, y, v (b (x1, y)))|
)

≤ sup
y∈D

|q (x2, y)|
(
sup
y∈D

|g (x2, y)− g (x1, y)|

+ sup
y∈D

|H (x2, y, v (b (x2, y)))−H (x1, y, v (b (x1, y)))|
)

+sup
y∈D

|q (x2, y)− q (x1, y)|
(
sup
y∈D

|g (x1, y)|+ sup
y∈D

|H (x1, y, v (b (x1, y)))|
)

≤ sup
(x,y)∈S×D

|q (x2, y)| (L1 ∥x2 − x1∥

+ L3max

{
∥x2 − x1∥ , sup

y∈D
|v (b (x2, y))− v (b (x1, y))|

})
+2L1C ∥x2 − x1∥

≤ λ2 (L1 ∥x2 − x1∥

+ L3max

{
∥x2 − x1∥ , K sup

y∈D
∥b (x2, y)− b (x1, y)∥

})
+2L1C ∥x2 − x1∥

≤ λ2 (L1 (1 + 2C) + max {1, KL2}) ∥x2 − x1∥
≤ λ2K ∥x2 − x1∥ , ∀x1, x2 ∈ S, u ∈ χ (C,K)

The above inequalities through (H1) yield that

|T1u (x2) + T2v (x2)− T1u (x1)− T2v (x1)|
≤ |T1u (x2)− T1u (x1)|+ |T2v (x2)− T2v (x1)|
≤ Kλ1 ∥x2 − x1∥+Kλ2 |q (x, y)| ∥x2 − x1∥
≤ K ∥x2 − x1∥ , ∀x1, x2 ∈ S, v ∈ χ (C,K)

Actually, from above, we have obtained that, T1, T2 : χ (C,K) → BC (S) and T1u + T2v ∈
χ (C,K) , for any u, v ∈ χ (C,K).

Again, using Lemma 2.2.1 and (H4), we have

|T1u (x)− T1v (x)|
≤ sup

(x,y)∈S×D

|p (x, y)| sup
y∈D

|G (x, y, u (a (x, y)))−G (x, y, v (a (x, y)))|

≤ λ1 sup
y∈D

{L3 |u (a (x, y))− v (a (x, y))|}

≤ λ1L3 ∥u− v∥1 , ∀x ∈ S, u, v ∈ χ (C,K) .

Using (H4) , the last inequality ensures that T1 is a contraction mapping in χ (C,K) .
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Now, we claim that T2 is completely continuous. Let {vn} ⊂ χ (C,K) and v ∈ χ (C,K)
with lim

n→∞
vn = v. Let ε > 0, thus, there exists n0 ∈ N such that

∥vn − v∥1 < ε (1 + L3)
−1 , ∀n ≥ n0,

which implies with (H1) , (H4) and Lemma 2.2.1

|T2vn (x)− T2v (x)|
≤ sup

(x,y)∈S×D

|q (x, y)| sup
y∈D

|H (x, y, vn (b (x, y)))−H (x, y, v (b (x, y)))|

≤ λ2 sup
y∈D

{L3 |vn (b (x, y))− v (b (x, y))|}

≤ L3 ∥vn − v∥1 < ε, ∀x ∈ S, u, v ∈ χ (C,K) .

Hence
∥T2vn − T2v∥1 < ε

and T2 is continuous in χ (C,K) . Next, given ε > 0 and we put α = ε(1 +K)−1

From preceding calculations, we have obtained for all x1, x2 ∈ S, v ∈ χ (C,K) with ∥x2 − x1∥ <
α

|T2v (x2)− T2v (x1)| ≤ λ2K ∥x2 − x1∥ ≤ K ∥x2 − x1∥ .
Hence, by theorem of Ascoli-Arzela, T2 (χ (C,K)) is relatively compact in S. Therefore, T2 is a
completely continuous operator. In view of Theorem 1.1.4, there exists ω ∈ χ (C,K) such that
(T1 + T2)ω = ω which is bounded continuous solution of the functional equation (2.2.1). This
concludes the proof. ■

Theorem 2.2.2 Let (φ, ψ) ∈ ∆3×∆5 and S be compact, a, b : S×D → S, f, g, p, q : S×D → R
and G,H : S ×D × R → R be mappings such that

(H5) f, g are bounded on S ×D and G,H are bounded on S ×D × R and

sup
(x,y)∈S×D

{|p (x, y)|+ |q (x, y)|} ≤ 1;

(H6) for each (x0, η) ∈ S × {p, q, f, g, a, b} ,

lim
x→x0

η (x, y) = η (x0, y)

uniformly for y ∈ D, respectively;

(H7)

max {|G (x, y, z)−G (x0, y, z)| , |H (x, y, z)−H (x0, y, z)|}
≤ φ (∥x− x0∥) , x, x0 ∈ S, y ∈ D, z ∈ R;

(H8)

max {|G (x, y, z)−G (x, y, z0)| , |H (x, y, z)−H (x, y, z0)|}
≤ 2−1ψ (|z − z0|) , x,∈ S, y ∈ D, z, z0 ∈ R.
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Then, the functional equation (2.2.1) possesses a unique solution ω ∈ BC (S) and the sequence
{T nh} converges to ω for each h ∈ BC (S) , where

Th (x) = opty∈D {p (x, y) [f (x, y) +G (x, y, h (a (x, y)))]}
+opty∈D {q (x, y) [g (x, y) +H (x, y, h (b (x, y)))]} , x ∈ S.

Proof. Let (x0, h) be arbitrary in S × BC (S) . First, it follows from assumption (H5) that
there exists M ≥ 1 such that

sup
(x,y)∈S×D×R

max {|p (x, y)| , |q (x, y)| , |f (x, y)| , |g (x, y)| , |G (x, y, t)| , |H (x, y, t)|} ≤M.

(2.2.2)
From (2.2.2) and Lemma 2.2.1, it is easy to deduce that Th is bounded. Let ε > 0. By virtue
of assumption (H6) , (φ, ψ) ∈ ∆3 ×∆5 and the compactness of S, we obtain that there exists
µ1, µ2, µ3 > 0 such that

φ (∥x− x0∥) <
ε

8M
, ∀x ∈ S with ∥x− x0∥ < µ1;

ψ (µ1) <
ε

8M
;

max {|q (x, y)− q (x0, y)| , |p (x, y)− p (x0, y)| , |f (x, y)− f (x0, y)| , |g (x, y)− g (x0, y)|} <
ε

8M
,

for all (x, y) ∈ S ×D with ∥x− x0∥ < µ1;

|h (x)− h (x0)| < µ1, ∀x ∈ S with ∥x− x0∥ < µ2;

max {∥a (x, y)− a (x0, y)∥ , ∥b (x, y)− b (x0, y)∥} ≤ µ2,

for all (x, y) ∈ S ×D with ∥x− x0∥ < µ3.
From the above inequalities, one can get

ψ

(
sup
y∈D

max {|h (a (x, y))− h (a (x0, y))| , |h (b (x, y))− h (b (x0, y))|}
)

≤ ψ (µ1) <
ε

8M
, ∀x ∈ S ×D with ∥x− x0∥ < µ3.

Setting µ4 = min {µ1, µ3} . Using (2.2.2), (H7) , (H8) and Lemma 2.2.1, we obtain the following
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chain of inequalities:

|Th (x)− Th (x0)| ≤ sup
y∈D

|p (x, y)|
(
sup
y∈D

|f (x, y)− f (x0, y)|

+ sup
y∈D

|G (x, y, h (a (x, y)))−G (x0, y, h (a (x0, y)))|
)

+sup
y∈D

|p (x, y)− p (x0, y)|
(
sup
y∈D

|f (x, y)|+ sup
y∈D

|G (x, y, h (a (x, y)))|
)

+sup
y∈D

|q (x, y)|
(
sup
y∈D

|g (x, y)− g (x0, y)|

+ sup
y∈D

|H (x, y, h (b (x, y)))−H (x0, y, h (b (x0, y)))|
)

+sup
y∈D

|q (x, y)− q (x0, y)|
(
sup
y∈D

|g (x, y)|+ sup
y∈D

|H (x, y, h (b (x, y)))|
)

≤ 3ε

4
+M sup

y∈D
{|G (x, y, h (a (x, y)))−G (x, y, h (a (x0, y)))|

+ |G (x, y, h (a (x0, y)))−G (x0, y, h (a (x0, y)))|}
+M sup

y∈D
{|H (x, y, h (b (x, y)))−H (x, y, h (b (x0, y)))|

+ |H (x, y, h (b (x0, y)))−H (x0, y, h (b (x0, y)))|}

≤ 3ε

4
+M sup

y∈D

{
φ (∥x− x0∥) + 2−1ψ (|h (a (x, y))− h (a (x0, y))|)

}
+M sup

y∈D

{
φ (∥x− x0∥) + 2−1ψ (|h (b (x, y))− h (b (x0, y))|)

}
≤ 15ε

16
< ε, ∀x ∈ S with ∥x− x0∥ < µ4.

The above inequality implies that Th is continuous at an arbitrary x0. Hence Th ∈ BC (S) .
Given ε > 0, x ∈ S and h, k ∈ BC (S) . In light of (H5) , (H8) and Lemma 2.2.1, we have

|Th (x)− Tk (x)| ≤ sup
y∈D

|p (x, y)| sup
y∈D

|G (x, y, h (a (x, y)))−G (x, y, k (a (x, y)))|

+sup
y∈D

|q (x, y)| sup
y∈D

|H (x, y, h (b (x, y)))−H (x, y, k (b (x, y)))|

≤ sup
(x,y)∈S×D

{|p (x, y)|+ |q (x, y)|}
(
2−1ψ (|h (a (x, y))− k (a (x, y))|)

+ 2−1ψ (|h (b (x, y))− k (b (x, y))|)
)

≤ ψ (∥h− k∥1) ,

which implies
∥Th− Tk∥1 ≤ ψ (∥h− k∥1) .

Consequently, all the assumptions of Theorem 1.1.3 are satisfied. Hence, T has unique fixed
point ω ∈ BC (S), which is a unique solution of the functional equation (2.2.1) and the sequence
{T nh} converges to ω for each h ∈ BC (S) . This concludes the proof. ■
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Corollary 2.2.1 Let ψ ∈ ∆6 and S be compact, a, b : S ×D → S, f, g, p, q : S ×D → R and
G,H : S ×D × R → R be mappings such that (H5) and (H8) are satisfied

Then, the functional equation (2.2.1) possesses a unique solution ω ∈ B (S) and the sequence
{T nh} converges to ω for each h ∈ B (S) , where T given by

Th (x) = opty∈D {p (x, y) [f (x, y) +G (x, y, h (a (x, y)))]}
+opty∈D {q (x, y) [g (x, y) +H (x, y, h (b (x, y)))]} , x ∈ S.

Remark 2.2.1 If p (x, y) = p0 and q (x, y) = q0 with p0 + q0 = 1 in Theorem 2.2.2 and
Corollary 2.2.1, we recover Theorem 3.2 and Theorem 3.3 in [41] and its all consequences.

Theorem 2.2.3 Let φ ∈ ∆7, a, b : S×D → S, f, g, p, q : S×D → R and G,H : S×D×R → R
be mappings such that

(H9) for each (k, h) ∈ N×BB (S) , there exists p (k, h) > 0 such that

max {|f (x, y)|+ |G (x, y, u (a (x, y)))| ,
|g (x, y)|+ |H (x, y, u (b (x, y))) , δdk (OT (h))|}

≤ p (k, h) , ∀ (x, y) ∈ B (0, k)×D;

(H10)

sup
y∈D

max {|G (x, y, l1 (a (x, y)))−G (x, y, l2 (a (x, y)))| ,

|H (x, y, l1 (b (x, y)))−H (x, y, l2 (b (x, y)))|}
≤ φ (δdk (OT (l1, l2))) , ∀ (k, x, l1, l1) ∈ N×B (0, k)× (BB (S))2 ,

where

Th (x) = opty∈D {p (x, y) [f (x, y) +G (x, y, h (a (x, y)))]}
+opty∈D {q (x, y) [g (x, y) +H (x, y, h (b (x, y)))]} , ∀ (k, x, h) ∈ N×B (0, k)× (BB (S)) .

Assume that (H1)− (i) holds.Then, the functional equation (2.2.1) possesses a unique solution
ω ∈ BB (S) and the sequence {T nh} converges to ω for each h ∈ BB (S) .

Proof. Through Lemma (2.2.1), assumptions (H9) and (H1)− (i) , we get

|Th (x)| ≤ sup
y∈D

|p (x, y)| sup
y∈D

{|f (x, y)|+ |G (x, y, h (a (x, y)))|}

+sup
y∈D

|q (x, y)| sup
y∈D

{|g (x, y)|+ |H (x, y, h (b (x, y)))|}

≤ λ1p (k, h) + λ2p (k, h) = p (k, h)

for all (k, x, h) ∈ N×B (0, k)×BB (S) . Hence, T maps BB (S) into itself.
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In view of (H10) and again Lemma (2.2.1), we have

|T l1 (x)− T l1 (x)| ≤ sup
y∈D

|p (x, y)| sup
y∈D

|G (x, y, l1 (a (x, y)))−G (x, y, l1 (a (x, y)))|

+sup
y∈D

|q (x, y)| sup
y∈D

|H (x, y, l1 (b (x, y)))−H (x, y, l1 (b (x, y)))|

≤ λ1φ (δdk (OT (l1, l2))) + λ2φ (δdk (OT (l1, l2)))

= φ (δdk (OT (l1, l2)))

for all (k, x, l1, l1) ∈ N×B (0, k)× (BB (S))2 .
It follows that

dk (T l1, T l2) ≤ φ (δdk (OT (l1, l2))) , (k, l1, l1) ∈ N× (BB (S))2 .

Consequently, all the assumptions of Theorem 1.1.2 are satisfied. Hence, T has unique fixed
point ω ∈ BB (S), which is a unique solution of the functional equation and the sequence
{T nh} converges to ω for each h ∈ BB (S) . This concludes the proof. ■

Remark 2.2.2 In the case p (x, y) = 1 and q (x, y) = 1, in Theorem 2.2.3, we recover Theorem
3.1 in [39].

Remark 2.2.3 Through Examples 3.2, 3.2, 3.3 and 3.4 in [41], we can easily construct suitable
examples to provide the usability of our obtained results (for example, taking p (x, y) = f (x, y)
and q (x, y) = g (x, y).)



Chapter 3

An application in dynamic programming
via F -contractions of Hardy-Rogers type

Abstract

The purpose of this chapter is to introduce the notions of extended F -contraction of Hardy-
Rogers-type and generalized F -weak contraction of Hardy-Rogers-type and to establish some
new fixed point results for such kind of mappings in the setting of complete b-metric spaces.
These fixed point results improve (and/or) extend those obtained in Refs. Vetro [Nonlinear
Analysis: Modelling and Control 21(4) (2016), 531–546] and Lukács and Kajántó [Fixed Point
Theory 19(1) (2018), 321–334] since some conditions made therein are removed or weakened. In
addition, some illustrative examples are provided to show the usability of the obtained results.
As an application of our results, we obtain the existence and uniqueness of solutions for certain
functional arising in dynamic programming.

NB: This chapter is an extracted part from the following paper:
" D. Derouiche, H. Ramoul, New fixed point results for F -contractions of Hardy–Rogers type in
b-metric spaces with applications. J. Fixed Point Theory Appl. 22(86) (2020)."

24
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3.1 F -contractions of Hardy-Rogers-type
We present here various types of F -contractions of Hardy-Rogers and some related works which
will be needed for stating our results in the sequel.

In 2014, Wardowski and Dung [84] proved the following result.

Theorem 3.1.1 (See [84, Corollary 2.5]) Let (X, d) be a complete metric space. Assume that
there exist τ > 0 and F ∈ F such that T : X → X satisfies

d (Tx, Ty) > 0 ⇒ τ + F (d (Tx, Ty)) ≤ F
(
Bd

T (x, y)
)
,

where
Bd

T (x, y) = ad (x, y) + bd (x, Tx) + cd (y, Ty) + e [d (x, Ty) + d (y, Tx)]

with a, b, c, e ≥ 0 and a+ b+ c+ 2e < 1. If T or F is continuous, then
(1) T has a unique fixed point x∗ ∈ X.
(2) For all x ∈ X, the sequence {T nx} is convergent to x∗.

Afterwards, Cosentino and Vetro [18] introduced a new notion, namely, the notion of F -
contraction of Hardy-Rogers-type given below.

Definition 3.1.1 (See [18]) Let (X, d) be a metric space. A self-mapping T on X is called an
F -contraction of Hardy-Rogers-type if there exist F ∈ F and τ > 0 such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ τ + F (d (Tx, Ty)) ≤ F
(
Qd

T (x, y)
)
,

where
Qd

T (x, y) = αd (x, y) + βd (x, Tx) + γd (y, Ty) + δd (x, Ty) + Ld (y, Tx)

with α, β, γ, δ, L ≥ 0, α + β + γ + 2δ = 1 and γ ̸= 1.

The authors in [18] obtained the following fixed point result.

Theorem 3.1.2 (See [18, Theorem 3.1]) Let (X, d) be a complete metric space and let T :
X → X be an F -contraction of Hardy-Rogers-type. Then T has a fixed point. Moreover, if
α + δ + L ≤ 1, then the fixed point of T is unique.

Later, Vetro [79] proved some new results about F -contraction of Hardy-Rogers-type. Before
enunciating these results, we need to introduce some notations and definitions. Let us note S
the family of all functions τ : (0,∞) → (0,∞) satisfying the following property:

lim inf
t→η+

τ (t) > 0, for all η ≥ 0.

Let us consider also the following condition:
(F ′

3) : F is continuous on (0,∞) .
Henceforth, we denote by F the set of all functions F : (0,∞) → R satisfying the conditions
(F1), (F2) and (F ′

3) and by F the set of all functions F : (0,∞) → R satisfying the conditions
(F1) and (F2).

Vetro [79] generalized the notion of F -contraction of Hardy-Rogers-type as follows:
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Definition 3.1.2 (See [79, Definition 3]) Let (X, d) be a complete metric space. A self-
mapping T on X is called an F -contraction of Hardy-Rogers type if there exist F ∈ F and
τ ∈ S such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ τ (d (x, y)) + F (d (Tx, Ty)) ≤ F
(
Qd

T (x, y)
)
,

where α, β, γ, δ, L ≥ 0, α + β + γ + 2δ = 1, γ ̸= 1 and α + δ + L ≤ 1.

The first Vetro’s result is the following:

Theorem 3.1.3 (See [79, Theorem 1]) Let (X, d) be a complete metric space. If T is an F -
contraction of Hardy-Rogers type and F is continuous (i.e., F ∈ F), then T has a unique fixed
point.

Remark 3.1.1 In [79, Remark 3], Vetro proved that if (F ′
3) is weaken to the condition that F is

upper semicontinuous on (0,∞), then Theorem 3.1.3 holds for the strict inequality α+δ+L < 1.

Vetro established also the following corollaries.

Corollary 3.1.1 (See [79, Corollary 1]) Let (X, d) be a complete metric space and let T be a
self-mapping on X. Assume that there exist an upper semicontinuous F ∈ F and τ ∈ S such
that for all x, y ∈ X with Tx ̸= Ty,

τ (d (x, y)) + F (d (Tx, Ty)) ≤ F (βd (x, Tx) + γd (y, Ty)) ,

where β, γ ∈ [0,∞) satisfying β + γ = 1 and γ ̸= 1. Then T has a unique fixed point in X.

Corollary 3.1.2 (See [79, Corollary 3]) Let (X, d) be a complete metric space and let T be a
self-mapping on X. Assume that there exist a continuous F ∈ F and τ ∈ S such that for all
x, y ∈ X with Tx ̸= Ty,

τ (d (x, y)) + F (d (Tx, Ty)) ≤ F (αd (x, y) + βd (x, Tx) + γd (y, Ty)) ,

where α, β, γ ∈ [0,∞) satisfying α + β + γ = 1 and γ ̸= 1. Then T has a unique fixed point in
X.

Consistent with [17] and [55], what follows is needed to deal with more results concerning
F -contraction of Hardy-Rogers-type.

In 2015, Cosentino et al. [17] introduced the following condition (noted (F4) in [17, Definition
3.1]):

Let s ≥ 1. If {αn} ⊂ (0,∞) is a sequence such that τ + F (sαn) ≤ F (αn−1), for all n ∈ N
and some τ > 0, then τ + F (snαn) ≤ F

(
sn−1αn−1

)
, for all n ∈ N.

In the same context, Lukács and Kajántó [55] defined a new class of functions (noted Fs,τ )
satisfying an easier condition than (F4). Their definition is given below.

Definition 3.1.3 (See [55, Definition 2.7]) Let s ≥ 1 and τ > 0. We say that F ∈ F∗ belongs
to Fs,τ if it is also satisfies

(Fs,τ) if inf F = −∞ and x, y, z ∈ (0,∞) are such that τ+F (sx) ≤ F (y) and τ+F (sy) ≤
F (z) then

τ + F
(
s2x
)
≤ F (sy) ,

where F∗ is the set of all functions F : (0,∞) → R satisfying the conditions (F1) and (F3).
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Next, the authors in [55] introduced the notion of F -weak contraction of Hardy-Rogers-type in
the setting of b-metric spaces as follows:

Definition 3.1.4 (See [55, Definition 5.1]) Let (X, σ) be a b-metric space with constant s ≥ 1,
a, b, c, e, f ≥ 0 real numbers and T : X → X an operator. If there exist τ > 0 and F ∈ Fs,τ

such that for all x, y ∈ X the inequality σ (Tx, Ty) > 0 implies

τ + F (sσ (Tx, Ty)) ≤ F (Aσ
T (x, y)) ,

where
Aσ

T (x, y) = aσ (x, y) + bσ (x, Tx) + cσ (y, Ty) + eσ (x, Ty) + fσ (y, Tx) ,

then T is called an F -weak contraction of Hardy-Rogers-type.

In [55], Lukács and Kajántó showed that if F is an increasing function, then (Fs,τ ) is equivalent
to (F4) (see [55, Proposition 2.8]) and proved the fixed point result below.

Theorem 3.1.4 (See [55, Theorem 5.2]) Suppose that (X, σ) is a b-metric space with constant
s ≥ 1 and T : X → X is an F -weak contraction of Hardy-Rogers-type. If either a + b + c +
(s+ 1) e < 1 or a + b + c + (s+ 1) f < 1 holds, then every x0 ∈ X, the sequence xn+1 = Txn
converges to a fixed point of T. Moreover, if a+ e+ f < s holds as well, then T has exactly one
fixed point.

3.2 Main results
In this section, we essentially improve (and/or) extend the aforementioned results: Theorem
3.1.3, Remark 3.1.1 and Theorem 3.1.4 in the setting of b-metric spaces. It is worth mentioning
that in our following results, the b-metric need not to be continuous.

For convenience, we set

Fc = {F : (0,∞) → R : F is nondecreasing continuous function} .

We denote by S1 the family of all functions τ : (0,∞) → (0,∞) which satisfy the following
condition:

lim inf
t→η+

τ (t) > 0, for all η > 0. (A1)

Example 3.2.1 Let the following function G : (0,∞) → R, G (x) =
−1

x+ 1
. Clearly, G ∈ Fc

but it does not satisfy condition (F2). Indeed, if αn =
1

n
, n ∈ N, we have lim

n→∞
αn = 0 and

lim
n→∞

G (αn) = −1 ̸= −∞. More precisely, we have F ⊂Fc.

Example 3.2.2 (See [73, Example 2.2])

(a) Let τ > 0 be a fixed real number and τ1 (t) = τ for all t ∈ (0,∞). Then τ1 ∈ S1.

(b) Let τ2 (t) = ln (1 + t) for all t ∈ (0,∞) . Then τ2 ∈ S1.
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(c) Let τ3 (t) = ϱt for all t ∈ (0,∞), where ϱ > 0. Then τ3 ∈ S1.

Remark 3.2.1 Since τ2 /∈ S, it is easy to see that S ⊂ S1.

Motivated by the works in [55] and [79], we refine the notions of F -contraction of Hardy-
Rogers-type and F -weak contraction of Hardy-Rogers-type by introducing new notions in the
context of b-metric spaces, namely, the notions of extended F -contraction of Hardy-Rogers-type,
generalized F -weak contraction of Hardy-Rogers-type.

Before stating and proving our main results, we start to prove the following useful lemma
(see also the works in [62] and [72]).

Lemma 3.2.1 Let κ ≥ 1 be a given real number. Let {tn} ⊂ (0,∞) be a sequence and let
ϕ, ψ : (0,∞) → R be two functions satisfying the following conditions:

(i) ψ (κ tn) ≤ ϕ (tn−1), for all n ∈ N;

(ii) ψ is nondecreasing;

(iii) ϕ (t) < ψ (t), for all t > 0;

(iv) lim sup
t→η+

ϕ (t) < ψ
(
η+
)
, for all η > 0.

Then lim
n→∞

tn = 0.

Proof. First, we note that the right limit of ψ exists since ψ is nondecreasing. Through (i)
and (iii), we have

ψ (κtn) ≤ ϕ (tn−1) < ψ (tn−1) , for all n ∈ N.

Taking into account condition (ii), it follows that

κtn < tn−1, for all n ∈ N.

As κ ≥ 1, the last inequality implies that {tn} is a strictly decreasing sequence of positive
numbers. Hence, there exists r ≥ 0 such that

lim
n→∞

tn = r+.

Now, we show that r = 0. Arguing by contradiction, we assume that r > 0. Again by (i) and
(ii), we have

ψ (tn) ≤ ϕ (tn−1) , for all n ∈ N. (3.2.1)

Taking the upper limit as n→ ∞ in (3.2.1), we get

ψ
(
r+
)
= lim

n→∞
ψ (tn) ≤ lim sup

n→∞
ϕ (tn−1) ≤ lim sup

t→r+
ϕ (t) ,

which contradicts (iv). Thus, r = 0, that is, lim
n→∞

tn = 0. ■

We prove now the following proposition which plays an important role in the proofs of our
results.
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Proposition 3.2.1 Let (X, σ) be a b-metric space with constant s ≥ 1 and let λ be a given real
number such that 1 ≤ λ ≤ s. Let T : X → X be a mapping and {xn} the Picard sequence of T
based on an arbitrary x0 ∈ X. Assume that there exist a nondecreasing function F and τ ∈ S1

such that for all z ∈ X with Tz ̸= T 2z,

τ (σ (z, Tz)) + F
(
λσ
(
Tz, T 2z

))
≤ F ((d1 + d2)σ (z, Tz) + d3σ

(
Tz, T 2z

)
+ d4σ

(
z, T 2z

)
),

(P )

where d1, d2, d3, d4 are nonnegative real numbers satisfying

d1 + d2 + d3 + 2d4s =
λ

s
and d3 ̸=

λ

s
. (D)

Then lim
n→∞

σ (xn, xn+1) = 0.

Proof. Let us put σn := σ (xn, xn+1). If xn = xn+1 for some n ∈ N0, the proof is immediately
finished. Hence we assume that

xn ̸= xn+1, for all n ∈ N0.

This means that Txn−1 ̸= T 2xn−1 for all n ∈ N. Applying the inequality (P ) with z = xn−1,
we have for all n ∈ N

τ (σn−1) + F (λσn)

≤ F ((d1 + d2)σn−1 + d3σn + d4σ (xn−1, xn+1)) .
(3.2.2)

Using the relaxed triangle inequality (b3), we get

σ (xn−1, xn+1) ≤ s (σn−1 + σn) , for all n ∈ N.

So, (3.2.2) turns into

τ (σn−1) + F (λσn)

≤ F ((d1 + d2 + d4s)σn−1 + (d3 + d4s)σn) , for all n ∈ N.
(3.2.3)

Since F is nondecreasing and τ (t) > 0,∀t > 0, it follows that

λσn < (d1 + d2 + d4s)σn−1 + (d3 + d4s)σn, for all n ∈ N.

This implies that

(λ− d3 − d4s)σn < (d1 + d2 + d4s)σn−1, for all n ∈ N. (3.2.4)

Since
λ− d3 − d4s ≥

λ

s
− d3 − d4s,

inequality (3.2.4) gives(
λ

s
− d3 − d4s

)
σn < (d1 + d2 + d4s)σn−1, for all n ∈ N. (3.2.5)
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Since d1 + d2 + d3 + 2d4s =
λ

s
and d3 ̸=

λ

s
, we get

λ

s
− d3 − d4s > 0.

Therefore, inequality (3.2.5) yields

σn <
d1 + d2 + d4s

λ

s
− d3 − d4s

σn−1 = σn−1, for all n ∈ N. (3.2.6)

As F is nondecreasing, then by substituting (3.2.6) into (3.2.3) and using again d1 + d2 + d3 +

2d4s =
λ

s
with 1 ≤ λ ≤ s, we obtain

F (λσn) ≤ F ((d1 + d2 + d4s)σn−1 + (d3 + d4s)σn−1)− τ (σn−1)

= F

(
λ

s
σn−1

)
− τ (σn−1)

≤ F (σn−1)− τ (σn−1) .

(3.2.7)

This leads to
F (λσn) ≤ F (σn−1)− τ (σn−1) , for all n ∈ N. (3.2.8)

Taking ψ (t) = F (t) and ϕ (t) = F (t) − τ (t) for all t ∈ (0,∞), the inequality (3.2.8) can be
written in the following form:

ψ (λσn) ≤ ϕ (σn−1) , for all n ∈ N.

As F is nondecreasing, then in view of the last inequality and using the fact that τ ∈ S1 (i.e.,
(A1) holds), it is easy to see that all the conditions of Lemma 3.2.1 with (κ = λ ≥ 1) are
satisfied. Thus, lim

n→∞
σn = 0 and the proof is finished. ■

Remark 3.2.2 As in [79, Proposition 1, inequality (6)], Proposition 3.2.1 also furnishes that
the sequence {σn} is a strictly decreasing (see inequality (3.2.6)) when σn > 0, for all n ∈ N0.

Remark 3.2.3 Proposition 3.2.1 extends and improves [79, Proposition 1]. In fact, taking
s = 1 (which yields λ = 1 as well) in Proposition 3.2.1 (it corresponds to the case of metric
spaces), we find [79, Proposition 1]. Moreover, condition (F2) from [79, Proposition 1] is
omitted. Otherwise, for the function τ , we have used the condition that τ ∈ S1 instead of
the condition that τ ∈ S. This is a slightly weaker condition since S ⊂ S1. In addition, we
also change the condition that F is strictly increasing from [79, Proposition 1] into the weaker
condition that F is nondecreasing (i.e., the strictness of the monotonicity of F is not necessary).

3.2.1 Extended F -contraction of Hardy-Rogers-type

In this subsection and for the sake of readability, we present our results gradually in order
to point out the different techniques used in some steps of our proofs in the case where the
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only omitted condition is (F2) and in the case where we assume only the condition that F is
nondecreasing.

Let (X, σ) be a b-metric space with constant s ≥ 1. Throughout this subsection, we denote,
for all x, y ∈ X,

Qσ
T (x, y) = ασ (x, y) + βσ (x, Tx) + γσ (y, Ty) + δσ (x, Ty) + Lσ (y, Tx) ,

where α, β, γ, δ, L are nonnegative real numbers. If s = 1, we write Qd
T (x, y) instead of Qσ

T (x, y),
where d is a metric on X.

We begin this subsection with the following definitions.

Definition 3.2.1 Let (X, σ) be a b-metric space with constant s ≥ 1. A mapping T : X → X
is said to be an extended F -contraction of Hardy-Rogers-type if there exist F : (0,∞) → R and
τ ∈ S1 such that for all x, y ∈ X,

σ (Tx, Ty) > 0 ⇒ τ (σ (x, y)) + F (σ (Tx, Ty)) ≤ F (Qσ
T (x, y)) . (3.2.9)

Remark 3.2.4 If F is nondecreasing, it is easy to see from Definition 3.2.1 that every T which
is an extended F -contraction of Hardy-Rogers-type satisfies the following condition

σ (Tx, Ty) < Qσ
T (x, y), (3.2.10)

for all x, y ∈ X with Tx ̸= Ty.

Now, we are ready to state and prove our main results. The following theorem is one of them
and it is an extension and improvement of Theorem 3.1.3.

Theorem 3.2.1 Let (X, σ) be a complete b-metric space with constant s ≥ 1 and T : X → X
an extended F -contraction of Hardy-Rogers-type with F ∈ Fc. Suppose that either

(
H1

s

)
or(

H2
s

)
holds, where

(
H1

s

)
α + β + γ + 2δs =

1

s
and γ ̸= 1

s
,

(
H2

s

)
α + β + γ + 2Ls =

1

s
and β ̸= 1

s
.

Furthermore, we assume that s2α+ s3 (δ + L) ≤ 1. Then T has a unique fixed point x∗ and for
every x0 ∈ X the sequence {T nx0}n∈N converges to x∗.

Proof. First, we will show that T has at most one fixed point. Assume that x∗ and y∗ are
two distinct fixed points of T , that is, Tx∗ = x∗ ̸= y∗ = Ty∗. Then

σ (Tx∗, T y∗) = σ (x∗, y∗) > 0.

1. If α + δ + L > 0, from (3.2.9) (with x = x∗ and y = y∗), we obtain

τ (σ (x∗, y∗)) + F (σ (x∗, y∗)) ≤ F ((α + δ + L)σ (x∗, y∗))

≤ F (
(
s2α + s3 (δ + L)

)
σ (x∗, y∗))

≤ F (σ (x∗, y∗)).

The last inequality yields τ (σ (x∗, y∗)) ≤ 0, which is a contradiction.
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2. If α + δ + L = 0, from (3.2.10) (with x = x∗ and y = y∗), we have

σ (x∗, y∗) < Qσ
T (x

∗, y∗) = (α + δ + L)σ (x∗, y∗) = 0,

which is a contradiction.

Thus, in both cases, we get a contradiction. Hence, T has at most one fixed point.

Next, we prove the existence of a fixed point. Let {xn} be the Picard sequence based on an
arbitrary x0 ∈ X. If there exist n0 ∈ N0, such that xn0 = xn0+1, then xn0 is the fixed point of
T and the proof is completed. If xn ̸= xn+1, for all n ∈ N0, we have

σn := σ (xn, xn+1) = σ (Txn−1, Txn) > 0, for all n ∈ N. (3.2.11)

From the hypothesis of the theorem, we consider the following cases:
Case 1. If

(
H1

s

)
holds. Owing to (3.2.11), we can apply the contractive condition (3.2.9)

with x = xn−1 and y = xn. Hence, we get for all n ∈ N

τ (σ (xn−1, xn)) + F (σ (Txn−1, Txn))

≤ F ((α + β)σ (xn−1, xn) + γσ (xn, Txn) + δσ (xn−1, Txn)).
(3.2.12)

Putting xn−1 = z in (3.2.12) and using the fact that

Tz = Txn−1 = xn ̸= xn+1 = T 2xn−1 = T 2z,

the inequality (3.2.12) turns into (P ) with d1 = α, d2 = β, d3 = γ, d4 = δ and λ = 1. Therefore,
using the fact that τ ∈ S1 and Proposition 3.2.1 with λ = 1, we have lim

n→∞
σn = 0.

Case 2. If
(
H2

s

)
holds. From (3.2.11), we can also apply (3.2.9) with x = xn and y = xn−1.

So, using the symmetry condition (b2), we get for all n ∈ N

τ (σ (xn−1, xn)) + F (σ (Txn−1, Txn))

≤ F ((α + γ)σ (xn−1, xn) + βσ (xn, Txn) + Lσ (xn−1, Txn)).
(3.2.13)

Similarly, as in Case 1, the inequality (3.2.13) turns into (P ) with d1 = α, d2 = γ, d3 = β,
d4 = L and λ = 1. Again, according to Proposition 3.2.1 with λ = 1, we have lim

n→∞
σn = 0.

Consequently, in both cases, we obtain

lim
n→∞

σn = lim
n→∞

σ (xn, xn+1) = 0. (3.2.14)

Now, we prove that {xn} is a Cauchy sequence. Suppose on the contrary, i.e., {xn} is not a
Cauchy sequence. Then, from (3.2.14) and the first item of Lemma 1.1.4, there exist ε > 0 and
two sequences {m(k)} , {n(k)} of positive integers such that

ε+ ≤ lim inf
k→∞

σ
(
xm(k), xn(k)

)
≤ lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ sε+.

Thus, we infer that there exists k0 ∈ N such that
{
σ
(
xm(k), xn(k)

)}
is bounded for all k ≥ k0

and thereby it has a convergent subsequence. It follows that there exist a real number l and a
subsequence {k (p)}p≥k0

of {k}k≥k0
such that

lim
p→∞

σ
(
xm(k(p)), xn(k(p))

)
= l (3.2.15)
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with
0 < ε+ ≤ lim inf

k→∞
σ
(
xm(k), xn(k)

)
≤ l ≤ lim sup

k→∞
σ
(
xm(k), xn(k)

)
≤ sε+. (3.2.16)

On the other hand, using (b3), we get for all p ≥ k0

σ
(
xm(k(p)), xn(k(p))

)
≤ sσ

(
xm(k(p)), xm(k(p))+1

)
+ sσ

(
xm(k(p))+1, xn(k(p))

)
≤ sσ

(
xm(k(p)), xm(k(p))+1

)
+ s2σ

(
xm(k(p))+1, xn(k(p))+1

)
+s2σ

(
xn(k(p)), xn(k(p))+1

)
= sσm(k(p)) + s2σ

(
xm(k(p))+1, xn(k(p))+1

)
+ s2σn(k(p)).

This leads to
σ
(
xm(k(p))+1, xn(k(p))+1

)
≥ 1

s2
(
σ
(
xm(k(p)), xn(k(p))

)
− sσm(k(p)) − s2σn(k(p))

)
,

(3.2.17)

for all p ≥ k0.
Taking the lower limit as p→ ∞ in (3.2.17) and using (3.2.14), we obtain

lim inf
p→∞

σ
(
xm(k(p))+1, xn(k(p))+1

)
≥ l

s2
. (3.2.18)

Consequently, there exists N ≥ k0 such that

σ
(
Txm(k(p)), Txn(k(p))

)
= σ

(
xm(k(p))+1, xn(k(p))+1

)
> 0, for all p ≥ N. (3.2.19)

For convenience, we set

ap = σ
(
xm(k(p)), xn(k(p))

)
, bp = σ

(
xm(k(p))+1, xn(k(p))+1

)
,

cp = σ
(
xm(k(p)), xn(k(p))+1

)
, dp = σ

(
xn(k(p)), xm(k(p))+1

)
.

Therefore, it follows from (3.2.19) that the contractive inequality (3.2.9) can be applied with
x = xm(k(p)) and y = xn(k(p)). Hence, for all p ≥ N , we have

τ (ap) + F (bp) ≤ F
(
αap + βσm(k(p)) + γσn(k(p)) + δcp + Ldp

)
.

Using (b3), the monotonicity of F and s2α + s3 (δ + L) ≤ 1, we get

τ (ap) + F (bp)

≤ F
(
(α + s (δ + L)) ap + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))

)
≤ F

(
1

s2
ap + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))

)
,
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for all p ≥ N .
Now, combining the above inequality with (3.2.15) and (3.2.18) through the fact that F ∈

Fc, we obtain the following chain of inequalities

lim inf
t→l

τ (t) + F

(
l

s2

)

≤ lim inf
p→∞

τ (ap) + F

(
l

s2

)

≤ lim inf
p→∞

τ (ap) + F

(
lim inf
p→∞

bp

)
= lim inf

p→∞
τ (ap) + lim inf

p→∞
F (bp) = lim inf

p→∞
[τ (ap) + F (bp)]

≤ lim
p→∞

F

(
1

s2
ap + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))

)

= F

(
l

s2

)
.

Having in mind (3.2.16), we obtain a contradiction. This contradiction shows that {xn} is a
Cauchy sequence. By completeness of (X, σ), {xn} converges to some point x∗ in X, that is,

lim
n→∞

σ (xn, x
∗) = 0. (3.2.20)

Finally, we show that x∗ is a fixed point of T , that is, Tx∗ = x∗. Assume on the contrary, i.e.,
σ (x∗, Tx∗) > 0. Then, through (3.2.20), there exists n0 ∈ N such that

σ (xn, x
∗) ≤ σ (x∗, Tx∗)

2s
, ∀n ≥ n0. (3.2.21)

On the other hand, by (b3), we have

σ (x∗, Tx∗) ≤ sσ (x∗, Txn) + sσ (Txn, Tx
∗) . (3.2.22)

Using (3.2.21), the inequality (3.2.22) yields

σ (Txn, Tx
∗) ≥ 1

s
(σ (x∗, Tx∗)− sσ (x∗, Txn))

=
1

s
σ (x∗, Tx∗)− σ (x∗, xn+1)

≥ σ (x∗, Tx∗)

2s
> 0,

(3.2.23)

for all n ≥ n0.
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Taking into account (3.2.23), we can apply (3.2.10) with x = xn and y = x∗. Hence, for all
n ≥ n0, (3.2.22) gives

σ (x∗, Tx∗) ≤ sσ (x∗, Txn) + sσ (Txn, Tx
∗) .

< sσ (x∗, Txn) + sασ (xn, x
∗) + sβσ (xn, Txn)

+ sγσ (x∗, Tx∗) + sδσ (xn, Tx
∗) + sLσ (x∗, Txn)

= s (1 + L)σ (x∗, xn+1) + sασ (xn, x
∗)

+ sβσ (xn, Txn) + sδσ (xn, Tx
∗) + sγσ (x∗, Tx∗) .

The above inequality leads to

(1− sγ)σ (x∗, Tx∗) < s (1 + L)σ (x∗, xn+1) + sασ (xn, x
∗)

+ sδσ (xn, Tx
∗) + sβσ (xn, Txn) ,

(3.2.24)

for all n ≥ n0.
Taking the limit superior as n→ ∞ in (3.2.24) and using Lemma 1.1.2, (3.2.14) and (3.2.20),

we get
(1− sγ)σ (x∗, Tx∗) ≤ s2δσ (x∗, Tx∗) . (3.2.25)

In a similar way, we can also apply (3.2.10) with x = x∗, y = xn and we obtain

(1− sβ)σ (x∗, Tx∗) ≤ s2Lσ (x∗, Tx∗) . (3.2.26)

Again, according to the hypothesis of the theorem, we consider the following cases:

Case 1. If
(
H1

s

)
holds. In this case, we have 1 − sγ > 0 and γ + sδ <

1

s
. Consequently,

(3.2.25) implies that

σ (x∗, Tx∗) ≤ s2δ

(1− sγ)
σ (x∗, Tx∗) < σ (x∗, Tx∗) ,

which is a contradiction.
Case 2. If

(
H2

s

)
holds. In this case, we have 1 − sβ > 0 and β + sL <

1

s
. Hence, (3.2.26)

yields

σ (x∗, Tx∗) ≤ s2L

(1− sβ)
σ (x∗, Tx∗) < σ (x∗, Tx∗) ,

which is a contradiction. Therefore, whether
(
H1

s

)
or
(
H2

s

)
holds, we obtain a contradiction.

So, we have Tx∗ = x∗ and this completes the proof of the theorem. ■
In the sequel,

(
H1

s

)
and

(
H2

s

)
denote the hypotheses given in Theorem 3.2.1. Also, if s = 1,(

H1
s

)
and

(
H2

s

)
are noted

(
H1

1

)
and

(
H2

1

)
, respectively.

Remark 3.2.5 Theorem 3.2.1 extends and greatly improves Theorem 3.1.3. Actually, by taking
s = 1 in Theorem 3.2.1 with the hypothesis

(
H1

1

)
, we recover Theorem 3.1.3. In addition, we

show that Theorem 3.1.3 can be proved also through the hypothesis
(
H2

1

)
. Moreover, condition

(F2) from Theorem 3.1.3 is omitted and the condition that τ ∈ S is weaken to the condition
that τ ∈ S1. Beside these, we have shown implicitly from the proof of Theorem 3.2.1 that the
strictness of the monotonicity of F and lim inf

t→0+
τ (t) > 0 are superfluous conditions for all s ≥ 1.
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If s = 1, then by taking δ = L = 0 in Theorem 3.2.1, we obtain the following result.

Corollary 3.2.1 Let (X, d) be a complete metric space and let T be a self-mapping on X.
Assume that there exist F ∈ Fc and τ ∈ S1 such that for all x, y ∈ X with Tx ̸= Ty,

τ (d (x, y)) + F (d (Tx, Ty)) ≤ F (αd (x, y) + βd (x, Tx) + γd (y, Ty)) ,

where α, β, γ ∈ [0,∞) satisfying α+ β + γ = 1 and γ ̸= 1. Then T has a unique fixed point x∗

and for every x0 ∈ X the sequence {T nx0}n∈N converges to x∗.

Remark 3.2.6 Corollary 3.2.1 improves Corollary 3.1.2. Indeed, condition (F2) from Theorem
3.1.3 is deleted and the condition that τ ∈ S is weaken to the condition that τ ∈ S1. In addition,
Corollary 3.1.2 remains true without the strictness of the monotonicity of F .

Remark 3.2.7 Corollary 3.2.1 generalizes and improves [58, Theorem 2.1]. In fact, by taking
α = 1, β = γ = 0 in Corollary 3.2.1 and τ (t) = τ > 0 for all t ∈ (0,∞), we find Theorem 2.1
of Piri and Kumam [58]. Corollary 3.2.1 shows that condition (F ′

2) can be omitted from [58,
Theorem 2.1]. Besides these, the strictness of the monotonicity of F is not necessary.

Remark 3.2.8 Using F (t) = − 1

t+ 1
and τ (t) =

t

294
, the trivial example (see the details in

[22, Example 3.19]) T : X → X (where X = [0, 7]) given by

Tx =

{
7, if x ∈ ]0, 7] ,

6, if x = 0,

shows that all the conditions of Theorem 3.2.1 (with
(
H1

s

)
) are satisfied. Notice that F does

not satisfy condition (F2) and τ /∈ S.

In the following remarks, we omit the details.

Remark 3.2.9 The trivial example [22, Example 3.20] shows that Theorem 3.2.1 greatly im-
proves Theorem 3.1.3.

Remark 3.2.10 The trivial example [22, Example 3.21] shows that Theorem 3.2.1 greatly im-
proves Corollary 3.1.2.

Our second result extends and greatly improves the result stated in Remark 3.1.1. In the
following theorem, we prove a fixed point result concerning an extended F -contraction of Hardy-
Rogers-type in the setting of b-metric spaces without both conditions (F2) and "F is upper
semicontinuous".

Theorem 3.2.2 Let (X, σ) be a complete b-metric space with constant s ≥ 1 and T : X → X
satisfying the contractive condition (3.2.9) with F : (0,∞) → R a nondecreasing function
and τ ∈ S1. Suppose that either

(
H1

s

)
or
(
H2

s

)
holds. Furthermore, we assume that s2α +

s3 (δ + L) < 1. Then T has a unique fixed point x∗ and for every x0 ∈ X the sequence {T nx0}n∈N
converges to x∗.
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Proof. In this proof, for the sake of avoiding repetition, many details are omitted here and
readers are referred essentially to the proof of Theorem 3.2.1.

The uniqueness part is obtained similarly as in Theorem 3.2.1. Let {xn} be the Picard
sequence based on an arbitrary x0 ∈ X. Also, as in th proof of Theorem 3.2.1, without loss of
generality, we can assume that xn ̸= xn+1 for all n ∈ N0. Hence, we have

σn = σ (xn, xn+1) > 0.

Following the same steps as those used in the proof of Theorem 3.2.1, we obtain

lim
n→∞

σn = 0. (3.2.27)

Now we prove that {xn} is a Cauchy sequence. Arguing by contradiction, we assume that {xn}
is not a Cauchy sequence. By (3.2.27) and recalling again the process of proof of Theorem
3.2.1, there exist ε > 0, k0 ∈ N and two subsequences

{
xm(k(p))

}
p≥k0

,
{
xn(k(p))

}
p≥k0

of positive
integers such that

lim
p→∞

σ
(
xm(k(p)), xn(k(p))

)
= l (3.2.28)

where, 0 < ε+ ≤ l ≤ sε+.
Again, as in the proof of Theorem 3.2.1, we have

lim inf
p→∞

σ
(
xm(k(p))+1, xn(k(p))+1

)
≥ l

s2
. (3.2.29)

Let us put

µs =
l (1− As)

s2Bs

, (3.2.30)

where
As = s2α + s3 (δ + L) (3.2.31)

and
Bs = 1 + α + β + γ + 2s (δ + L) . (3.2.32)

From the fact that s2α+s3 (δ + L) < 1, we get As < 1 and µs > 0. This implies, using (3.2.27),
that there exist j1, j2 ≥ k0 such that

σm(k(p)) = σ
(
xm(k(p)), xm(k(p))+1

)
≤ µs, for all p ≥ j1,

σn(k(p)) = σ
(
xn(k(p)), xn(k(p))+1

)
≤ µs, for all p ≥ j2.

(3.2.33)

On the other hand, by virtue of (3.2.28) and µs > 0, it follows that there exists j3 ≥ k0 such
that

σ
(
xm(k(p)), xn(k(p))

)
≤ l + µs, for all p ≥ j3. (3.2.34)

Since Bs > 1 (otherwise, if Bs = 1, we get α = β = γ = δ = L = 0, which contradicts
(
H1

s

)
or(

H2
s

)
), we have µs <

l

s2
. Then, in view of (3.2.29) and µs > 0, there exists j4 ≥ k0 such that

σ
(
Txm(k(p)), Txn(k(p))

)
>
l − s2µs

s2
> 0, for all p ≥ j4. (3.2.35)
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Using (3.2.35), the relaxed triangle inequality (b3) and the monotonicity of F with keeping the
same notations as those used in the proof of Theorem 3.2.1, the contractive inequality (3.2.9)
with x = xm(k(p)) and y = xn(k(p)) gives for all p ≥ j4

τ (ap) + F (bp)

≤ F
(
(α + s (δ + L)) ap + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))

)
.

(3.2.36)

Setting j = max {j1, j2, j3, j4} and using (3.2.30)-(3.2.36) through again the monotonicity of F ,
we arrive at

τ (ap) + F

(
l − s2µs

s2

)

≤ F

(
As

s2
ap + (β + sL)σm(k(p)) + (γ + sδ)σn(k(p))

)

≤ F

(
As

s2
(l + µs) + (β + sL)µs + (γ + sδ)µs

)

= F

(
lAs

s2
+ (Bs − 1)µs

)

= F

(
l − s2µs

s2

)
,

for all p ≥ j.
The above inequality implies that τ (ap) ≤ 0, for all p ≥ j, which is a contradiction. In

other words, {xn} is a Cauchy sequence. By completeness of (X, σ), {xn} converges to some
point x∗ in X, that is,

lim
n→∞

σ (xn, x
∗) = 0. (3.2.37)

Following the same method as the one used in the proof of Theorem 3.2.1, we obtain also that
x∗ is a fixed point, i.e., Tx∗ = x∗. This completes the proof of the theorem. ■

Remark 3.2.11 Theorem 3.2.2 extends and greatly improves the result stated in Remark 3.1.1
on several sides. Firstly, by taking s = 1 in Theorem 3.2.2 with the hypothesis

(
H1

1

)
, we recover

the result given in Remark 3.1.1. Secondly, Theorem 3.2.2 shows that both conditions (F2) and
"F is upper semicontinuous" can be omitted from the result stated in Remark 3.1.1. Thirdly,
we show that the result given in Remark 3.1.1 can be proved also through the hypothesis

(
H2

1

)
.

Fourthly, the condition that τ ∈ S is weaken to the condition that τ ∈ S1 and the condition that
F is strictly increasing is changed into the weaker condition that F is nondecreasing (i.e., the
strictness of the monotonicity of F is not necessary).

Putting α = δ = L = 0, Theorem 3.2.2 reduces to the following corollary.

Corollary 3.2.2 Let (X, σ) be a complete b-metric space with constant s ≥ 1 and let T be a
self-mapping on X. Assume that there exist a nondecreasing function F : (0,∞) → R and
τ ∈ S1 such that for all x, y ∈ X with Tx ̸= Ty,

τ (d (x, y)) + F (d (Tx, Ty)) ≤ F (βd (x, Tx) + γd (y, Ty)) ,
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where β, γ ∈ [0,∞) satisfying β + γ =
1

s
and γ ̸= 1

s
. Then T has a unique fixed point x∗ and

for every x0 ∈ X the sequence {T nx0}n∈N converges to x∗.

Remark 3.2.12 Corollary 3.2.2 is a proper extension and an improvement of Corollary 3.1.1.
In fact, by taking s = 1 in Corollary 3.2.2, we recover Corollary 3.1.1. Moreover, we show that
both conditions (F2) and "F is upper semicontinuous" from Corollary 3.1.1 can be removed. In
addition, the condition that τ ∈ S is changed into the slightly weaker condition that τ ∈ S1 and
Corollary 3.1.1 remains valid without the strictness of the monotonicity of F .

Remark 3.2.13 Using τ (t) =
t

17
and F : (0,∞) → R defined by

F (t) =


ln (t+ 1) , if t ∈ ]0, 1] ,

t+
1

t
, if t > 1,

the trivial example (see [22, Example 3.32]) T : X → X (where X = [0, 4]) given by

Tx =


3, if x ∈ ]0, 4] ,

5

2
, if x = 0,

(3.2.38)

shows that all the conditions of Corollary 3.2.2 are satisfied. Notice that F is not upper semi-
continuous at t = 1 and does not satisfy condition (F2).

Remark 3.2.14 The trivial example [22, Example 3.33] shows that Corollary 3.2.2 generalizes
Corollary 3.1.1.

3.2.2 Generalized F -weak contraction of Hardy-Rogers-type

In this subsection, we do several improvements in Theorem 3.1.4. For the sake of readability,
we keep some notations used in [55]. Throughout this subsection, (X, σ) represents a b-metric
space with constant s ≥ 1. We recall again (see Definition 3.1.4), for all x, y ∈ X

Aσ
T (x, y) = aσ (x, y) + bσ (x, Tx) + cσ (y, Ty) + eσ (x, Ty) + fσ (y, Tx) ,

where a, b, c, e, f are nonnegative real numbers. If s = 1, we write Aσ
T (x, y) = Ad

T (x, y), where
d is a metric on X.

Before sating our result, we introduce the following definition.

Definition 3.2.2 Let (X, σ) be a b-metric space with constant s ≥ 1. A mapping T : X → X is
said to be a generalized F -weak contraction of Hardy-Rogers-type if there exist a nondecreasing
function F : (0,∞) → R and τ ∈ S1 such that for all x, y ∈ X,

σ (Tx, Ty) > 0 ⇒ τ (σ (x, y)) + F (sσ (Tx, Ty)) ≤ F (Aσ
T (x, y)) . (3.2.39)
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Remark 3.2.15 It is easy to see from Definition 3.2.2 that every T which is a generalized
F -weak contraction of Hardy-Rogers-type satisfies the following condition

σ (Tx, Ty) <
1

s
Aσ

T (x, y) , (3.2.40)

for all x, y ∈ X with Tx ̸= Ty.

Now, we are ready to state and prove our fourth result.

Theorem 3.2.3 Let (X, σ) be a complete b-metric space with constant s ≥ 1 and T : X → X a
generalized F -weak contraction of Hardy-Rogers-type. Suppose that either

(
A1

s

)
or
(
A2

s

)
holds,

where(
A1

s

)
a+ b+ c+ (s+ 1) e < 1,(

A2
s

)
a+ b+ c+ (s+ 1) f < 1.

Furthermore, we assume that sa + s2 (e+ f) < 1. Then T has a unique fixed point x∗ and for
every x0 ∈ X the sequence {T nx0}n∈N converges to x∗.

Proof. The uniqueness part is obtained similarly as in Theorem 3.2.1. Let {xn} be the
Picard sequence based on an arbitrary x0 ∈ X. Again, as in Theorem 3.2.1 and without loss of
generality, we can assume that xn ̸= xn+1 for all n ∈ N0. Hence, we have

σn = σ (xn, xn+1) > 0.

Following the same steps as those used in Theorem 3.1.4 with (3.2.39) and (3.2.40), we obtain
analogously

F (sσn) ≤ F (σn−1)− τ (σn−1) , for all n ∈ N. (3.2.41)

Note that the above part of the proof is proved without conditions (F3) and (Fs,τ ) (see Definition
3.1.3).

Now, by taking ψ (t) = F (t) and ϕ (t) = F (t) − τ (t) for all t ∈ (0,∞), the inequality
(3.2.41) can be written in the following form:

ψ (sσn) ≤ ϕ (σn−1) , for all n ∈ N.

Since F is nondecreasing, then in view of the above inequality and using the fact that τ ∈ S1,
it is easy to see that all the conditions of Lemma 3.2.1 are satisfied for κ = s ≥ 1. Thus,
lim
n→∞

σn = 0.
Now we prove that {xn} is a Cauchy sequence. Arguing by contradiction, we assume that

{xn} is not a Cauchy sequence. Again, by the process of proof of Theorem 3.2.2 and using

µ∗
s =

l (1− A∗
s)

sB∗
s

,

where
A∗

s = sa+ s2 (e+ f) , B∗
s = a+ b+ c+ s [1 + 2 (e+ f)] ,
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instead of µs =
l (1− As)

s2Bs

, we get

τ (ap) + F

(
l − s2µ∗

s

s

)
≤ F

(
l − s2µ∗

s

s

)
, (3.2.42)

for infinitely many values of p.
This is a contradiction. Therefore, {xn} is a Cauchy sequence. By completeness of (X, σ),

{xn} converges to some point x∗ in X, that is,

lim
n→∞

σ (xn, x
∗) = 0. (3.2.43)

The rest of the proof still the same as in Theorem 3.1.4 and the fact that x∗ is a fixed point of
T is proven in a similar way using (3.2.40). Thus, the proof of the theorem is finished. ■

Remark 3.2.16 It is worth noticing that (3.2.42) is well defined since l− s2µ∗
s > 0. This last

fact comes from B∗
s > s (otherwise, if B∗

s = s, we get α = β = γ = δ = L = 0 which contradicts
inequality (3.2.40)).

Remark 3.2.17 Compared with Theorem 3.1.4, it is clear that Theorem 3.2.3 gives some im-
provements. Actually, τ is taken as a function in Theorem 3.2.3. Moreover, Theorem 3.2.3
shows that both conditions (F3) and (Fs,τ) from Theorem 3.1.4 are dropped and replaced by the
condition that sa + s2 (e+ f) < 1. This latter condition is quite simple and ensures simul-
taneously, with the remaining common hypotheses of Theorem 3.1.4 and Theorem 3.2.3, the
existence and uniqueness of the fixed point. However, Theorem 3.2.3 does not cover totally
Theorem 3.1.4, since the condition that a+ e+ f < s (in Theorem 3.1.4) which is only used in
the uniqueness part is slightly weaker than the condition that sa+ s2 (e+ f) < 1. Besides, the
strictness of the monotonicity of F is not necessary.

Remark 3.2.18 By inspecting the proofs of Theorem 3.2.3 and Theorem 3.1.4, we can also
obtain lim

n→∞
σn = 0 in a straightforward manner using an adapted version of Proposition 3.2.1

( (D) is changed into d1 + d2 + d3 + (s+ 1) d4 <
λ

s
). The desired result is obtained by taking

λ = s.

By taking s = 1 and τ (t) = τ > 0, t ∈ (0,∞) in Theorem 3.2.3, we obtain the following result.

Corollary 3.2.3 Let (X, d) be a complete metric space and let T be a self-mapping on X.
Assume that there exist a nondecreasing function F : (0,∞) → R and τ > 0 such that for all
x, y ∈ X with Tx ̸= Ty,

τ + F (d (Tx, Ty)) ≤ F
(
Ad

T (x, y)
)
.

Suppose that either
(
A1

1

)
or
(
A2

1

)
holds, where(

A1
1

)
a+ b+ c+ 2e < 1,(

A2
1

)
a+ b+ c+ 2f < 1.
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Furthermore, we assume that a+ e+ f < 1. Then T has a unique fixed point x∗ and for every
x0 ∈ X the sequence {T nx0}n∈N converges to x∗.

Remark 3.2.19 Corollary 3.2.3 generalizes and greatly improves Theorem 3.1.1 in the follow-
ing sense.

1. By taking f = e in Corollary 3.2.3, we recover Theorem 3.1.1.

2. The assumption that T or F is continuous is removed.

3. Both conditions (F2) and (F3) are omitted.

4. The strictness of the monotonicity of F is not necessary.

Remark 3.2.20 Using τ =
22

9
and F : (0,∞) → R defined by

F (t) =


− 1

t2 + 1 + (−1)q
, if 0 < t ≤ 1, q ∈ N0,

t+
1

t
, if t > 1,

the trivial example given in [22, Example 3.43] T : X → X (where X = [0, 5]) defined by

Tx =


5, if x ∈ ]0, 5] ,

9

2
, if x = 0,

shows that all the conditions of Corollary 3.2.3 are satisfied. In addition, Corollary 3.2.3,
generalizes and greatly improves Theorem 3.1.1. Indeed, Theorem 3.1.1 can not be applied
since neither T nor F is continuous. Moreover, F does not satisfy condition (F2) when q is
even and does not satisfy condition (F3) when q is odd. In other words, Corollary 3.2.3 is
greatly superior to Theorem 3.1.1.

In what follows, we give an another proof of Theorem 1-(a) of Hardy-Rogers [26] (see also Reich
[63]).

Corollary 3.2.4 (See [26, Theorem 1-(a)]) Let (X, d) be a complete metric space and T a
self-mapping on X satisfying for all x, y ∈ X,

d (Tx, Ty) ≤ θ1d (x, y) + θ2d (x, Tx) + θ3d (y, Ty) + θ4d (x, Ty) + θ5d (y, Tx) , (3.2.44)

where θi, i = 1, ..., 5 are nonnegative numbers such that θ =
5∑

i=1

θi < 1. Then, T has a unique

fixed point.
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Proof. First, we prove that T has at most one fixed point. Assume that x∗ and y∗ are two
fixed points of T, i.e., Tx∗ = x∗ ̸= y∗ = Ty∗. Using (3.2.44) with x = x∗ and y = y∗, we get
when θ ̸= 0 (the case θ = 0 is trivial)

0 < d (x∗, y∗) ≤ θd (x∗, y∗) < d (x∗, y∗) .

It is a contradiction. Accordingly, T has at most one fixed point.
If d (Tx, Ty) > 0 with x, y ∈ X, we have θ > 0 (otherwise, θi = 0,∀i = 1, ..., 5 and from

(3.2.44), this yields d (Tx, Ty) = 0, which is a contradiction). Thus, choosing ρ ∈ ]θ, 1[, we can
write

d (Tx, Ty) ≤ ρ [ad (x, y) + bd (x, Tx) + cd (y, Ty) + ed (x, Ty) + fd (y, Tx)] , (3.2.45)

where
a =

θ1
ρ
, b =

θ2
ρ
, c =

θ3
ρ
, e =

θ3
ρ
, f =

θ4
ρ
.

In addition, we have

a+ b+ c+ e+ f =
θ

ρ
< 1. (3.2.46)

By taking F (t) = ln (t) , t ∈ (0,∞) and τ (t) = ln

(
1

ρ

)
> 0, (3.2.45) turns into

τ + F (d (Tx, Ty))

≤ F [ad (x, y) + bd (x, Tx) + cd (y, Ty) + ed (x, Ty) + fd (y, Tx)] ,

for all x, y ∈ X with Tx ̸= Ty and a, b, c, e, f are nonnegative real numbers satisfying (3.2.46).
Then, we distinguish the following cases:

(i) If e ≤ f , from (3.2.46), we obtain a + b + c + 2e < 1. Therefore, Corollary 3.2.3 with(
A1

1

)
ensures that T has a fixed point.

(ii) If e > f , (3.2.46) implies that a+b+c+2f < 1. Consequently, the desired result follows
from Corollary 3.2.3 with

(
A2

1

)
.

■
General remark: In all previous results, we could have removed the functions F , τ and

only study the contractions (3.2.10) and (3.2.40) (Since F is nondecreasing and τ is positive).
Nevertheless, by keeping F and τ we have analysed the steps in which the monotonicity and
A1 are needed. Therefore, we can study the possibility to remove (or relax) condition F1 in a
near future.

3.3 Existence and uniqueness of bounded solutions of func-
tional equations in dynamic programming

In this subsection, we study the existence and uniqueness of the bounded solution of the fol-
lowing functional equation occurring in dynamic programming of multistage decision processes
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(see, e.g., [9] and [11]):

u (x) = sup
y∈D

{f (x, y) +G (x, y, u (φ (x, y)))} , x ∈ W, (3.3.1)

where f : W ×D → R and G : W ×D × R → R are bounded, φ : W ×D → W . We assume
that W and D are Banach spaces. In this framework, W (respectively, D) is called the state
space (respectively, the decision space). Furthermore, φ is the transformation of process and
u (x) represents the optimal return function with initial state x.

Let X = B (W ) denotes the space of all bounded real-valued functions on W . Now, we
endow X with σ defined by

σ (h, k) = sup
x∈W

|h (x)− k (x)|p , p ≥ 1,

for all h, k ∈ X. Hence, (X, σ) is a complete b-metric space with s = 2p−1 ≥ 1. Indeed, from
Example 1.1.1, we can deduce that (X, σ) is a b-metric space with s = 2p−1 ≥ 1. Also, it is
easy to see that every Cauchy sequence {hn} in X converges uniformly to a bounded function
h∗, which allows us to obtain the completeness of X.

We also define the mapping T : X → X by

(Tu) (x) = sup
y∈D

{f (x, y) +G (x, y, u (φ (x, y)))} , (3.3.2)

for all u ∈ X and x ∈ W . Since f and G are bounded, it is easy to see that T is well defined.
Let p ≥ 1 and let Ψ : (0,∞) → (0,∞) be defined by

Ψ(t) =


(3t)

1
p

21+
3
p

, if 0 < t ≤ 1,

1

21−
1
p

, if t > 1.

Let h, k ∈ X. Denote
χp (h, k) := ξM (h, k) ,

where M (h, k) = σ (h, Th) + σ (k, Tk) and ξ =
1

2p
, p ≥ 1.

Now, we are ready to state and prove our next result.

Theorem 3.3.1 Let p ≥ 1. Let T be the self-mapping on X defined by (3.3.2) and assume that
the following condition is satisfied:

(K): For all h, k ∈ X with Th ̸= Tk,

|G (x, y, h (z))−G (x, y, k (z))| ≤ Ψ(χp (h, k)) ,

where x, z ∈ W and y ∈ D. Then the functional equation (3.3.1) has a unique bounded solution.
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Proof. Let λ be an arbitrary positive number, x ∈ W and h, k ∈ X with Th ̸= Tk. Then
there exist y1, y2 ∈ D such that

(Th) (x) < f (x, y1) +G (x, y1, h (φ (x, y1))) +
λ

1
p

2
, (3.3.3)

(Tk) (x) < f (x, y2) +G (x, y2, k (φ (x, y2))) +
λ

1
p

2
. (3.3.4)

Again, by definition of T , we have

(Th) (x) ≥ f (x, y2) +G (x, y2, h (φ (x, y2))) , (3.3.5)

(Tk) (x) ≥ f (x, y1) +G (x, y1, k (φ (x, y1))) . (3.3.6)

Utilizing (3.3.3) and (3.3.6) together with (K), one can get

(Th) (x)− (Tk) (x) < G (x, y1, h (φ (x, y1)))−G (x, y1, k (φ (x, y1))) +
λ

1
p

2

≤ |G (x, y1, h (φ (x, y1)))−G (x, y1, k (φ (x, y1)))|+
λ

1
p

2

≤ Ψ(χp (h, k)) +
λ

1
p

2
.

(3.3.7)

Analogously, from (3.3.4) and (3.3.5) together with (K), we have

(Tk) (x)− (Th) (x) < Ψ(χp (h, k)) +
λ

1
p

2
. (3.3.8)

Combining (3.3.7) and (3.3.8), we deduce

|(Th) (x)− (Tk) (x)| < Ψ(χp (h, k)) +
λ

1
p

2
.

Using the following inequality

(a+ b)p ≤ 2p−1 (ap + bp) , a, b > 0,

it follows that
|(Th) (x)− (Tk) (x)|p < 2p−1 [Ψ (χp (h, k))]

p +
λ

2
.

The above inequality yields

σ (Th, Tk) < 2p−1 [Ψ (χp (h, k))]
p +

λ

2
. (3.3.9)

Now, we discuss the two possible cases:
Case 1. If 0 < χp (h, k) ≤ 1. In this case, (3.3.9) turns into

σ (Th, Tk) <
3χp (h, k)

16
+
λ

2
. (3.3.10)
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As (3.3.10) does not depend on x ∈ W and λ > 0 is taken arbitrarily, we have

σ (Th, Tk) ≤ 3χp (h, k)

16
, (3.3.11)

which follows that
σ (Th, Tk) < 1. (3.3.12)

On the other hand, by using (b3), we have

σ (h, k) ≤ sσ (h, Th) + s2σ (Th, Tk) + s2σ (Tk, k)

≤ s2σ (h, Th) + s2σ (k, Tk) + s2σ (Th, Tk)

≤ s2M (h, k) + s2σ (Th, Tk)

≤ s2
χp (h, k)

ξ
+ s2σ (Th, Tk) .

Keeping in mind s = 2p−1 and ξ =
1

2p
, the last inequality leads to

σ (h, k) ≤ 2s3χp (h, k) + s2σ (Th, Tk) . (3.3.13)

Owing to (3.3.10) and (3.3.13), we get

σ (h, k)

16s3
≤ χp (h, k)

8
+
σ (Th, Tk)

16s

<
χp (h, k)

8
+ σ (Th, Tk)

<
χp (h, k)

8
+

3χp (h, k)

16
+
λ

2

=
5χp (h, k)

16
+
λ

2
.

(3.3.14)

Taking into account (3.3.14) and using the following compound inequality

a

1 + a
< ln (1 + a) < a, for all a > 0,

we obtain
σ (h, k)

16s3
+ ln (1 + σ (Th, Tk)) <

5χp (h, k)

16
+
λ

2
+ σ (Th, Tk)

<
χp (h, k)

2
+ λ

≤ χp (h, k)

1 + χp (h, k)
+ λ

< ln (1 + χp (h, k)) + λ.

Since the last inequality does not depend on x ∈ W and λ > 0 is taken arbitrarily, we get

σ (h, k)

16s3
+ ln (1 + σ (Th, Tk)) ≤ ln (1 + χp (h, k)) . (3.3.15)
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In addition, by virtue of (3.3.11) and (3.3.13) with the fact that 0 < χp (h, k) ≤ 1, we get

σ (h, k) ≤ 2s3 +
3s2

16
= 23p−2 + 3× 22p−6. (3.3.16)

Case 2. If χp (h, k) > 1. In this case, (3.3.9) takes the form

σ (Th, Tk) < 1 +
λ

2
. (3.3.17)

Again, as (3.3.17) does not depend on x ∈ W and λ > 0 is taken arbitrarily, we have

σ (Th, Tk) ≤ 1. (3.3.18)

From (3.3.17) and using the following inequalities

ln (1 + b) < b, b+
1

b
≥ 2, for all b > 0,

one gets
1 + ln (1 + σ (Th, Tk)) < 1 + σ (Th, Tk)

< 2 +
λ

2

< χp (h, k) +
1

χp (h, k)
+ λ.

(3.3.19)

Since (3.3.19) does not depend on x ∈ W and λ > 0 is taken arbitrarily, we have

1 + ln (1 + σ (Th, Tk)) ≤ χp (h, k) +
1

χp (h, k)
. (3.3.20)

Therefore, bearing in mind inequalities (3.3.12), (3.3.16) and (3.3.18), inequalities (3.3.15) and
(3.3.20) allow us to obtain

τ (σ (h, k)) + F (σ (Th, Tk)) ≤ F (χp (h, k))

= F

(
1

2p
M (h, k)

)
,

for all h, k ∈ X and Th ̸= Tk with F : (0,∞) → R given by

F (t) =


ln (t+ 1) , if t ∈ ]0, 1] ,

t+
1

t
, if t > 1

and τ : (0,∞) → (0,∞) given as follows

τ (t) =


t

23p+1
, if t ∈ ]0, Cp] ,

1, otherwise,

where Cp = 23p−2 + 3× 22p−6.

Hence, all the conditions of Corollary 3.2.2 are satisfied with β = γ =
1

2p
, p ≥ 1. Conse-

quently, T has a unique fixed point u∗ in X = B (W ). Thus, the functional equation (3.3.1)
has a unique bounded solution. ■



Chapter 4

Some remarks on the paper by Lukács
and Kajántó with an application to
functional equations arising in dynamic
programming

Abstract

In this chapter, we give a short and new proof of the main result (Theorem 3.1) due to Lukács
and Kajántó (Results Math 73(82), (2018)). Our proof is established through Jachymski et.al
fixed point theorem (1995) in the setting of semimetric spaces, and some new results due to
Suzuki (2018). Roughly speaking, we provide a very short proof which is completely different
from the original one in the paper of Lukács and Kajántó. In addition, we derive a new
equivalent form of Lukács and Kajántó’s fixed point theorem which can be used to generalize
and improve Jleli and Samet’s fixed point theorem (2014) in the context of b-metric spaces.
As an application, the existence and uniqueness for functional equations occurring in dynamic
programming is established, followed by a suitable example.

48
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4.1 Introduction and preliminaries
Throughout this chapter, we will write R+ = [0,∞) .

In 2014, Jleli and Samet [30] introduced the family Θ of all functions θ : (0,∞) → (1,∞)
satisfying the following conditions:

(θ1) θ is nondecreasing;
(θ2) for each sequence {tn} ⊂ (0,∞) ,

lim
n→∞

θ (tn) = 1 ⇔ lim
n→∞

tn = 0;

(θ3) there exist r ∈ (0, 1) and l ∈ (0,∞] such that

lim
t→0+

θ (t)− 1

tr
= l.

The notion of θ-contraction is given as follows.

Definition 4.1.1 (See [30]) Let (X, d) be a complete metric space. A mapping T : X → X is
called a θ-contraction if there exist θ ∈ Θ and k ∈ (0, 1) such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ θ (d (Tx, Ty)) ≤ [θ (d (x, y))]k .

Theorem 4.1.1 (See [30, Corollary 2.1]) On a complete metric space (X, d), every θ-contraction
mapping is a Picard operator.

In 2018, Lukács and Kajántó [56] introduced a new contractive condition involving the so-called
comparison functions φ in the setting of b-metric spaces (see [56, Definition 2.6]). The authors
pointed out that this φ-contraction type is closer in spirit to the notion of F -contraction and
they proved a new fixed point theorem (see [56, Theorem 3.1]). Using this result, the authors
improved and extended [82, Theorem 2.1] to b-metric spaces by omitting and relaxing some
conditions imposed on the function F . It should be mention that the proof established for
Theorem 3.1 by Lukács and Kajántó is long and quite technical.

In this chapter, we propose a short and different proof of the main result in [56] (Theorem
3.1) using Jachymski et.al fixed point theorem [29, Theorem 1] and some new results proved
by Suzuki [76] in the framework of semimetric spaces. Furthermore, we extend and improve
the fixed point theorem (dealing with θ-contractions) of Jleli and Samet (2014) ([30]) in the
framework of b-metric spaces. This fact is obtained because the class of θ-contractions can
be derived from a suitable φ-contractive condition type (deduced from the one stated in [56])
which thereby extends the scope of Theorem 3.1 in [56] to study a wider class of mappings.
At the end of this note, we give an application dealing with the existence and uniqueness of
functional equations occurring in dynamic programming, followed by a suitable example.

We start by recalling the definitions of a semimetric space.

Definition 4.1.2 (See [38, 76]) Let X be a nonempty set and let s ≥ 1. A mapping d :
X×X → R+ is said to be a semimetric on X if, for all x, y ∈ X, the following conditions hold:
(D1) d (x, y) = 0 if and only if x = y;
(D2) d (x, y) = d (y, x).
The pair (X, d) is called a semimetric-metric space.
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In what follows, we state some definitions in the framework of semimetric spaces (see [38] and
[77]).

Definition 4.1.3 ([77, Definition 2.2]) Let (X, d) be a semimetric space, let {xn} be a sequence
in X and let x, y ∈ X.

1. {xn} is said to converge to x if lim
n→∞

d (xn, x) = 0.

2. {xn} is said to be Cauchy (or d-Cauchy) if for each ε > 0, there exists N ∈ N such that
m,n ≥ N ⇒ d (xm, xn) < ε.

3. {xn} is said to be complete if every Cauchy sequence converges.

4. {xn} is said to be Hausdorff if

lim
n→∞

d (xn, x) = 0 and lim
n→∞

d (xn, y) = 0 imply x = y.

Now, we need to present some notations and auxiliary results which will be used in the sequel.

Definition 4.1.4 Let I ⊆ R+. Let ΦI be the set of all functions φ : I → I satisfying the
following conditions:

1. φ is nondecreasing;

2. lim
n→∞

φn (t) = 0 for every t ∈ I.

Remark 4.1.1 When I = R+, we will write Φ instead of ΦR+. It is worth noting that Φ is
called the class of comparison functions (see [65]).

Definition 4.1.5 (See [28]) Let J ⊆ R+. We denote by GJ the set of all functions G : J → J
satisfying the following property:

For any sequence {αn}n∈N in J , we have

lim
n→∞

G (αn) = 0 ⇔ lim
n→∞

αn = 0.

When J = R+, we will write G instead of GR+.

Lemma 4.1.1 (See [78, Lemma 2.2] and [76, Lemma 16] ) Let η ∈ G. Then η−1 ({0}) = 0
holds, that is, η (α) = 0 ⇔ α = 0.

Lemma 4.1.2 (See [76, Lemma 17]) Let (X, d) be a semimetric space and let G̃ ∈ G. Define
a function ρ : X ×X → R+ by ρ = G̃ o d. Let {xn} be a sequence in X and let x ∈ X. Then
the following holds:

1. (X, ρ) is a semimetric space.

2. {xn} converges to x in (X, d) iff {xn} converges to x in (X, ρ) .

3. {xn} is Cauchy in (X, d) iff {xn} is Cauchy in (X, ρ) .
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4. (X, d) is complete iff (X, ρ) is complete.

5. (X, d) is Hausdorff iff (X, ρ) is Hausdorff.

Lemma 4.1.3 (See [76, Lemma 19]) Let (X, d) be a semimetric space. Assume that the fol-
lowing holds:

(D4) For any ε > 0, there exists δ > 0 such that, given x, y, z ∈ X,

d (x, y) < δ and d (y, z) < δ imply d (x, z) < ε.

Let G̃ ∈ G. Then (D4) holds for ρ = G̃ o d.

Lemma 4.1.4 ([76, Lemma 20]) Let (X, d) be a semimetric space. Assume that (D4) holds.
Then (X, d) is Hausdorff.

Lemma 4.1.5 (See [76, Lemma 18]) Let (X, d) be a b-metric space with coefficient s ≥ 1.
Then (D4) holds.

Now we recall the splendid fixed point theorem, due to Jachymski et.al [29], which plays a
crucial role to establish our own proof in Sect. 3.

Theorem 4.1.2 (a consequence of Theorem 1 in [29] or [77, Theorem 1.1]) Let (X, d) be a
Hausdorff, complete semimetric space satisfying the following property:

(D5) : There exist δ > 0 and ε > 0 such that, given x, y, z ∈ X,

d (x, y) < δ and d (y, z) < δ imply d (x, z) < ε.

Moreover, if there exists φ ∈ Φ such the mapping T : X → X satisfies

d (Tx, Ty) ≤ φ (d (x, y)) for all x, y ∈ X,

then T is a Picard operator.

Remark 4.1.2 (See [76]) Notice that (D5) is weaker than (D4).

4.2 Fixed point results of Lukács and Kajántó
In the paper [56], Lukács and Kajántó proved a fixed point theorem (see [56, Theorem 3.1])
in the context of b-metric spaces via φ-contractions type. In this section, we review all the
tools and auxiliary results used by the authors in [56] to prove the aforementioned fixed point
theorem.

From now onwards, R∗
+ denotes the interval (0,∞). In addition, we write Φ∗ and G∗ instead

of ΦR∗
+

and GR∗
+
, respectively. In the sequel, it is substantial to state the following definitions

(see [56]).

Definition 4.2.1 (See [56, Definition 2.5]) Let G1 be the set of all functions G : R∗
+ → R∗

+

satisfying inf G > 0.
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Definition 4.2.2 ([56, Definition 2.6]) Let (X, d) be a b-metric space with coefficient s ≥ 1
and G,φ : R∗

+ → R∗
+ be two functions. We denote by T (X,G, φ) the set of all mappings

T : X → X such that for all x, y ∈ X, the following φ-contractive condition holds

(R) d (Tx, Ty) > 0 ⇒ G (d (Tx, Ty)) ≤ φ (G (d (x, y))) .

The main result of Lukács and Kajántó [56] is the following.

Theorem 4.2.1 ([56, Theorem 3.1]) Let (X, d) be a complete b-metric space with coefficient
s ≥ 1. Assume that there exist a function G ∈ G1 ∪ G∗ and a function φ ∈ Φ∗ such that
T ∈ T (X,G, φ) . Then T is a Picard operator.

The authors in [56] have divided the proof of Theorem 4.2.1 into many auxiliary results. In the
case when G ∈ G1, Theorem 4.2.1 is simply proved through [56, Lemma 4.2].

In the case when G ∈ G∗, the result is obtained using several technical lemmas (see [56,
Section 4] for more details on the proof). For the sake of readability, we recall now all the
lemmas used in [56] to establish the proof of Theorem 4.2.1.

Lemma 4.2.1 (See [37], [56, Lemma 2.2]) Let (X, d) be a b-metric space with coefficient s ≥ 1
and {xn} be a convergent sequence in X with limxn = x. Then for each y ∈ X, we have

1

s
d (x, y) ≤ lim inf

n→∞
d (xn, y) ≤ lim sup

n→∞
d (xn, y) ≤ sd (x, y) .

Lemma 4.2.2 ([56, Lemma 4.1]) If φ ∈ Φ∗ then φ (t) < t for all t ∈ R∗
+.

Lemma 4.2.3 ([56, Lemma 4.3]) Suppose that G ∈ G∗. Then there exists ε0 > 0 such that
for all ε ∈ (0, ε0), we get

• sup
α<ε

G (α) ≤ 1;

• inf
α≥ε

G (α) > 0.

Lemma 4.2.4 ([56, Lemma 4.4]) Let (X, d) be a complete b-metric space with coefficient s ≥ 1,
G ∈ G∗, φ ∈ Φ∗ and T ∈ T (X,G, φ) and construct ε0 according to Lemma 4.2.3. Then for all
ε ∈ (0, ε0) , there exists nε ∈ N ∪ {0} such that

d (x, y) < ε⇒ d (T nx, T ny) <
ε

2s

for all n ≥ nε and x, y ∈ X.

Lemma 4.2.5 ([56, Lemma 4.5]) Let (X, d) be a complete b-metric space with coefficient s ≥ 1,
G ∈ G∗, φ ∈ Φ∗ and T ∈ T (X,G, φ). Then for all ε > 0 and n ∈ N, there exists mε such that

d (T nxmn, xmn) <
ε

2s

for all m ≥ mε.
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Lemma 4.2.6 ([56, Lemma 4.6]) Let (X, d) be a complete b-metric space with coefficient s ≥ 1,
G ∈ G∗, φ ∈ Φ∗ such that T ∈ T (X,G, φ) and construct ε0 according to Lemma 4.2.3. Then
for every ε ∈ (0, ε0) , there exist n = nε,m = mε ∈ N such that

T n (B (xmn, ε)) ⊆ B (xmn, ε) ,

where B (xmn, ε) = {a ∈ X; d (a, xmn) < ε}.

Lemma 4.2.7 ([56, Lemma 4.7]) Let {xk}k∈N∪{0} be a sequence such that lim
n→∞

d (xk+1, xk) = 0.

Then for all n ∈ N and ε > 0, there exists m0 ∈ N∪{0} such that

d (xmn, xmn+p) < ε

for all m ≥ m0 and p ∈ {0, · · · , n− 1} .

Lukács and Kajántó [56] obtained also the following equivalent version (in connection with
F -contractions) of Theorem 4.2.1.

Theorem 4.2.2 ([56, Theorem 3.2]) Let ψ : R → R be a nondecreasing function such that
lim
n→∞

ψn (t) = −∞ for each t ∈ R and F : R∗
+ → R be a function that satisfies one of the

following two conditions:

(H1) inf F > −∞;

(H2) F satisfies (F2) .

Assume that (X, d) is a complete b-metric space with coefficient s ≥ 1 and let T : X → X be a
mapping such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ F (d (Tx, Ty)) ≤ ψ (F (d (x, y))) .

Then T is a Picard operator.

4.3 A short proof of theorem of Lukács and Kajántó and
some consequences

Firstly, let mention that the proof of Theorem 4.2.1 ( Theorem 3.1 by Lukács and Kajántó [56])
is very long and quite technical. In this section, we present a very short, simple and different
proof for Theorem 4.2.1 in the case when G ∈ G∗. The key ingredient for establishing our proof
is Theorem 4.1.2 that can be applicable using some new results of Suzuki [76] in the setting of
semimetric spaces. In addition, we derive an equivalent result of Theorem 4.2.1 which allows
us to extend and improve Jleli and Samet’s fixed point theorem (see [30, Corollary 2.1]).
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4.3.1 Proof of Theorem 4.2.1

Proof. If G ∈ G1, we keep the same proof as in [56]. Now we deal with the case when
G ∈ G∗. First, we consider the functions G̃, φ̃ : R+ → R+ defined by

G̃ (t) =

{
0, if t = 0,
G (t) , if t > 0

and
φ̃ (t) =

{
0, if t = 0,
φ (t) , if t > 0.

Since G ∈ G∗ and φ ∈ Φ∗, we immediately deduce that G̃ ∈ G and φ̃ ∈ Φ. Next, by the
contractive condition (R), one gets

G̃ o d (Tx, Ty) ≤ φ̃
(
G̃ o d (x, y)

)
(4.3.1)

for all x, y ∈ X with d (Tx, Ty) > 0. It is easy to see that the above inequality holds also when
Tx = Ty. Setting ρ = G̃ o d, inequality (4.3.1) takes the form

ρ (Tx, Ty) ≤ φ̃ (ρ (x, y)) for all x, y ∈ X.

Therefore, according to Lemmas 4.1.2, 4.1.3, 4.1.4 and 4.1.5, we deduce that (X, ρ) is a Haus-
dorff, complete semimetric space and satisfies the property (D4). By Remark 4.1.2 (that is,
(D4) implies (D5) ) and the fact that φ̃ ∈ Φ, we obtain that all the assumptions of Theorem
4.1.2 are satisfied. Thus, T is a Picard operator and the proof is completed. ■

Remark 4.3.1 The approach used in our paper allowed us to prove Theorem 4.2.1 without use
of all Lemmas 4.2.1, 4.2.2, 4.2.3, 4.2.4, 4.2.5, 4.2.6 and 4.2.7.

4.3.2 Some consequences of Theorem 4.2.1

For convenience, Θ2 will denotes the set of all functions θ : R∗
+ → (1,∞) satisfying (θ2) .

Inspired by Theorem 4.2.2, one can deduce another equivalent version of Theorem 4.2.1 (in
terms of θ-contractions) given below.

Theorem 4.3.1 Let χ : (1,∞) → (1,∞) be a nondecreasing function such that lim
n→∞

χn (t) = 1

for each t ∈ (1,∞) and let θ : R∗
+ → (1,∞) be a function that satisfies one of the following two

conditions:

(i) inf θ > 1;

(ii) θ ∈ Θ2.

Assume that (X, d) is a complete b-metric space with coefficient s ≥ 1 and let T : X → X be a
mapping such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ θ (d (Tx, Ty)) ≤ χ (θ (d (x, y))) .

Then T is a Picard operator.
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Proof. The result follows immediately from the equivalence between Theorem 4.2.1 and
Theorem 4.3.1 obtained by taking G (t) = ln (θ (t)) and φ (t) = ln

(
χ
(
et
))

for all t ∈ R∗
+. ■

Remark 4.3.2 Theorem 4.2.1, Theorem 4.2.2 and Theorem 4.3.1 are equivalent.

Taking χ (t) = tk with k ∈ (0, 1) for all t ∈ (1,∞) in Theorem 4.3.1, we obtain the following
result.

Corollary 4.3.1 (Jleli and Samet fixed point in b-metric spaces). Let (X, d) be a com-
plete b-metric space with coefficient s ≥ 1 and let θ : R∗

+ → (1,∞) be a function that satisfies
one of the following two conditions:

(i) inf θ > 1;

(ii) θ ∈ Θ2.

Suppose that there exists k ∈ (0, 1) and T : X → X be a mapping such that for all x, y ∈ X,

d (Tx, Ty) > 0 ⇒ θ (d (Tx, Ty)) ≤ [θ (d (x, y))]k .

Then T is a Picard operator.

Remark 4.3.3 Corollary 4.3.1 extends and improves the fixed point theorem of Jleli and Samet
(see Theorem 4.1.1). Indeed, if we take s = 1 in Corollary 4.3.1, we recover Theorem 4.1.1.
Moreover, we have shown that both conditions (θ1) and (θ3) from Theorem 4.1.1 can be omitted.
Besides, condition (θ2) is relaxed.

Remark 4.3.4 Applying Theorem 4.3.1 with χ (t) = te
−τ

with τ > 0 and θ (t) = ee
F (t)

, where
F : R∗

+ → R satisfying either (H1) or (H2) (see Theorem 4.2.2), one can deduce an extension
of Theorem 2.1 in [82] to b-metric spaces. Furthermore, we have obtained an improvement of
[82, Theorem 2.1] by relaxing condition (F2) and omitting both conditions (F1) and (F3) (see
[56, Remark 3.4] as well).

4.4 An application to functional equations arising in dy-
namic programming

For the sake of readability, we remind the settings of the functional equations arising in dynamic
programming. Let us suppose that W and D are two nonempty sets. Also we consider the
functions f : W ×D → R, H : W ×D × R → R and φ : W ×D → W .

In this section, we use Corollary 4.3.1 to provide sufficient conditions for the existence and
uniqueness of bounded solutions of the following functional equation:

u (x) = sup
y∈D

{f (x, y) +H (x, y, u (φ (x, y)))} , x ∈ W. (4.4.1)

Such a type of equations appears in the study of dynamic programming in connection with
multistage decision processes. In this setting, W is called state space and D is the decision
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space. Moreover, φ represents the transformation of process and u (x) represents the optimal
return function with initial state x. The basic form of (4.4.1) has been initiated by Bellman and
Lee [9]. Thereafter, several works for various kinds of (4.4.1) have been done, see, for example,
[16, 31, 32, 39, 49].

Let B (W ) denotes the set of all bounded real-valued functions defined on W . For any
h ∈ B (W ), we define the classical norm given by

∥h∥ = sup
x∈W

|h (x)| .

It is well known that (B (W ) , ∥.∥) is a Banach space. Hence, B (W ) endowed with the sup
distance d defined by

d (h, k) = sup
x∈W

|h (x)− k (x)| for all h, k ∈ B (W ) ,

is a complete metric space.
Moreover, for some p > 1, we can define

σ (h, k) = (d (h, k))p = sup
x∈W

|h (x)− k (x)|p for all h, k ∈ B (W ) .

It is easy to see that (B (W ) , σ) is a complete b-metric space with coefficient s = 2p−1 (see, for
example, [22, 31]).

We recall the following result (a particular case in [46]).

Lemma 4.4.1 (See [16, Lemma 1]) Let A be a nonempty set. Suppose that J,K : A→ R are
two bounded functions. Then∣∣∣∣sup

x∈A
J (x)− sup

x∈A
K (x)

∣∣∣∣ ≤ sup
x∈A

|J (x)−K (x)| .

Lemma 4.4.2 Let Y and Z be two nonempty sets. Suppose that g : Y × Z → R is a function
bounded from above. Then

sup
(x,y)∈Y×Z

g (x, y) = sup
x∈Y

(
sup
y∈Z

g (x, y)

)
.

Proof. Obvious. ■
Now, we are ready to state our application.

Theorem 4.4.1 Suppose that the following conditions hold:

(i) f : W ×D → R and H(., ., 0) : W ×D × R → R are bounded functions;

(ii) there exists τ ∈ (ln 2,∞) such that, for some p > 1, for any x ∈ W, y ∈ D and
t, s ∈ R,

|H (x, y, t)−H (x, y, s)| ≤ |t− s|
(1 + τ |t− s|p)

1
p

.
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Then the functional equation (4.4.1) has a unique solution in B (W ).

Proof. Let T : (B (W ) , σ) → (B (W ) , σ) be the mapping defined as follows:

(Th) (x) = sup
y∈D

{f (x, y) +H (x, y, h (φ (x, y)))} ,

for all h ∈ B (W ) and x ∈ W .
First, we show that T is well defined (that is, Th ∈ B (W )). Denote

λ = sup {|f (x, y)| ; (x, y) ∈ W ×D} and µ = sup {|H (x, y, 0)| ; (x, y) ∈ W ×D}

(λ and µ exist by condition (i)).
Let h ∈ B (W ), then there exists N > 0 such that

|h (t)| ≤ N for all t ∈ W. (4.4.2)

Let h ∈ B (W ) and x ∈ W . Through Lemma 4.4.1, Lemma 4.4.2 and condition (ii) with
(4.4.2), we obtain the following chain of inequalities

|(Th) (x)| =
∣∣∣∣sup
y∈D

{f (x, y) +H (x, y, h (φ (x, y)))}
∣∣∣∣

≤ sup
y∈D

|f (x, y)|+ sup
y∈D

|H (x, y, h (φ (x, y)))|

≤ sup
y∈D

|f (x, y)|+ sup
y∈D

|H (x, y, h (φ (x, y)))−H (x, y, 0)|

+ sup
y∈D

|H (x, y, 0)|

≤ sup
y∈D

|f (x, y)|+ sup
y∈D

|h (φ (x, y))|
(1 + τ |h (φ (x, y))|p)

1
p

+ sup
y∈D

|H (x, y, 0)|

≤ sup
x∈W

(
sup
y∈D

|f (x, y)|
)
+ sup

y∈D
|h (φ (x, y))|

+ sup
x∈W

(
sup
y∈D

|H (x, y, 0)|
)

≤M := λ+N + µ.

The above inequality implies that Th ∈ B (W ) .
Next, for any x ∈ W and h, k ∈ B (W ) such that Th ̸= Tk, we have

|(Th) (x)− (Tk) (x)|p =
∣∣∣∣sup
y∈D

{f (x, y) +H (x, y, h (φ (x, y)))}

− sup
y∈D

{f (x, y) +H (x, y, k (φ (x, y)))}
∣∣∣∣p

≤ sup
y∈D

|H (x, y, h (φ (x, y)))−H (x, y, k (φ (x, y)))|p

≤ sup
y∈D

|h (φ (x, y))− k (φ (x, y))|p

1 + τ |h (φ (x, y))− k (φ (x, y))|p
,

(4.4.3)
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where we have used Lemma 4.4.1 and condition (ii). By (4.4.3) and the monotonicity of the

function R+ ∋ t 7→ t

1 + τt
, it follows that

|(Th) (x)− (Tk) (x)|p ≤ σ (h, k)

1 + τσ (h, k)
.

Taking the supremum on x ∈ W in the last inequality, we deduce that

σ (Th, Tk) ≤ σ (h, k)

1 + τσ (h, k)
. (4.4.4)

Let us consider the following two cases:
Case 1. If σ (h, k) > e. From (4.4.4), we have

σ (Th, Tk) ≤ 1

τ
. (4.4.5)

This implies that

ee
−

1

σ (Th, Tk)
≤ ee

−τ

=
(√

e
)2e−τ

≤
(√

σ (h, k)
)2e−τ

. (4.4.6)

Notice that from (4.4.4) and the fact that τ > ln 2, we have σ (Th, Tk) ≤ e.
Case 2. If 0 < σ (h, k) ≤ e. By (4.4.4) and after routine calculations, one can get

− 1

σ (Th, Tk)
≤ − 1

σ (h, k)
− τ,

which further implies

ee
− 1

σ(Th,Tk) ≤
[
ee

− 1
σ(h,k)

]e−τ

≤
[
ee

− 1
σ(h,k)

]2e−τ

. (4.4.7)

Let us remark that from (4.4.4), we also have

σ (Th, Tk) ≤ σ (h, k) ≤ e.

Hence, inequalities (4.4.6) and (4.4.7) allow us to obtain

θ (σ (Th, Tk)) ≤ [θ (σ (h, k))]k ,

where θ : R∗
+ → (1,∞) defined by

θ (t) =


ee

− 1
t , 0 < t ≤ e,

√
t, t > e,

(4.4.8)

and k = 2e−τ ∈ (0, 1) (since τ ∈ (ln 2,∞)).
Thus, all the conditions of Corollary 4.3.1 are fulfilled. Consequently, the functional equation

(4.4.1) has a unique solution in B (W ). ■
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Remark 4.4.1 It worth noting that the function θ, given by (4.4.8), does not satisfy both
conditions (θ1) and (θ3).

Example 4.4.1 Consider the following functional equation

u (x) = sup
y∈R

arctg
(

x

1 + x |y|

)
+ 1 + x+

1

1 + |y|
+

∣∣∣∣u( x

1 + x+ |y|

)∣∣∣∣
1 + (4 ln (2))u2

(
x

1 + x+ |y|

)
 . (4.4.9)

It is easy to see that equation (4.4.9) is a particular case of equation (4.4.1) with W = [0, 1] , D =
R and

• f : [0, 1]× R → R defined by

f (x, y) = arctg

(
x

1 + x |y|

)
;

• H : [0, 1]× R× R → R defined by

H (x, y, z) = 1 + x+
1

1 + |y|
+

|z|
1 + 4 ln (2) z2

;

• φ : [0, 1]× R → [0, 1] given by

φ (x, y) =
x

1 + x+ |y|
.

We have immediately

|f (x, y)| ≤ π

4
for any (x, y) ∈ [0, 1]× R,

and
|H (x, y, 0)| ≤ 3 for any (x, y) ∈ [0, 1]× R.

Hence condition (i) of Theorem 4.4.1 is satisfied.
Now, we are going to prove that condition (ii) of Theorem 4.4.1 is satisfied. For arbitrary

t, s ∈ R, we have

|H (x, y, t)−H (x, y, s)| =
∣∣∣∣ |t|
1 + t24 ln (2)

− |s|
1 + s24 ln (2)

∣∣∣∣
≤ |t− s| |1− |ts| 4 ln (2)|

(1 + t24 ln (2)) (1 + s24 ln (2))

=
|t− s| |1− |ts| 4 ln (2)|√

(1 + t24 ln (2))2 (1 + s24 ln (2))2

≤ |t− s| |1− |ts| 4 ln (2)|

|1 + ts4 ln (2)|
√

1 + (t− s)2 2 ln (2)

≤ |t− s|√
1 + (t− s)2 2 ln (2)

,
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where we have used the following inequalities(
1 + a2

) (
1 + b2

)
≥ (1 + ab)2 , for any a, b ∈ R

and (
1 + a2

) (
1 + b2

)
≥ 1 +

1

2
(a− b)2 , for any a, b ∈ R.

Thus, condition (ii) of Theorem 4.4.1 is satisfied for p = 2 and τ = 2 ln (2) . Hence all the
conditions of Theorem 4.4.1 are fulfilled. Therefore, the functional equation (4.4.9) has a unique
solution u in B ([0, 1]) .



Conclusion and perspectives

Dans cette thèse, on s’est focalisé sur l’étude de certaines équations fonctionnelles émanant
de la programmation dynamique. L’aspect dominant pour réaliser nos résultats d’existence,
d’unicité et d’approximation est la théorie du point fixe. Nous avons donc ustilisé, soit des
théorèmes du point fixe existant dans la litérature adaptès à nos problèmes, soit de nouveaux
résultats (que nous avions démontrés via des contractions généralisées dans des espaces adéquats
pour les appliquer ensuite pour nos équations fonctionnelles choisies. Comme perspectives, on
peut essayer de voir les éventuelles généralisations pour un système d’équations fonctionnelles
provenant de la programmation dynamique via des thèoremes du point fixe commun.
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Résumé 

 

Dans cette thèse, on s’intéresse de manière approfondie à quelques 
propriétés des équations fonctionnelles émanant de la programmation 
dynamique. Il s’agit essentiellement d’établir quelques des résultats 
d’existence et d’unicité et d’approximations itératives via de nouveaux 
résultats dans la théorie du point fixe.  

 

Abstract 

 

In this thesis , we deeply focus on some properties of functional equations 
arising in dynamic programming. Roughly speaking, we establish some results 
on existence, uniqueness and iterative approximations via new results in 
fixed point theory. 

 

 ملخص

 

الموجودة في البرمجة  ببعض خصائص المعادلات التحليلية فة معمقة، نهتم بصالرسالةفي هذه 
بواسطة نتائج  التقريبات التكراريةنقوم ببرهنة نتائج الوجود و الوحدانية و  بصفة دقيقة،.  الديناميكية

  جديدة في نظرية النقطة الثابتة.



Bibliography

[1] D. R. P. Agarwal Existence and uniqueness of solutions for certain functional equations
and system of functional equations arising in dynamic programming. St. Univ. Ovidius.
ConstantaAn. 24(1) (2016), 3–28.

[2] A. Aghajani, M. Abbas, J. R. Roshan, Common fixed point of generalized weak contractive
mappings in partially ordered b-metric spaces. Math. Slovaca 64(4) (2014), 941–960.

[3] T. V. An, L. Q. Tuyen, N. V. Dung, Stone-type theorem on b-metric spaces and applications.
Topology and its Applications 185-186 (2015), 50–64.

[4] I. A. Bakhtin, The contraction mapping principle in quasi-metric spaces. Func. An. Gos.
Ped. Inst. Unianowsk 30 (1989), 26–37.

[5] S. Merdaci, T. Hamaizia, A. Aliouche, Some generalization of non-unique fixed point the-
orems for multi-valued mappings in b-metric spaces, U.P.B. Sci. Bull., Series A, 83(4),
2021

[6] T. Hamaizia, A. Aliouche, A nonunique common fixed point theorem of Rhoades type in
b-metric spaces with applications, Int. J. Nonlinear Anal. Appl. 12(2), (2021), 399-413

[7] S. Merdaci, T. Hamaizia, Some fixed point theorems of rational type contraction in b-metric
spaces, Moroccan J. of Pure and Appl. Anal. (MJPAA), 7(3), 2021, 350–363.

[8] S. Banach, Sur les opérations dans les ensembles abstraits et leurs applications aux équa-
tions intégrales. Fund. Math. 3 (1922), 133–181.

[9] R. Bellman, E. S. Lee, Functional equations in dynamic programming. Aequat. Math. 17
(1978), 1–18.

[10] V. Berinde, Generalized contractions in quasimetric spaces. Seminar on Fixed Point Theory
(1993), 3–9.

[11] P. C. Bhakta, S. Mitra, Some existence theorems for functional equations arising in dy-
namic programming. J. Math. Anal. Appl. 98 (1984), 348–362.

[12] M. Boriceanu, Strict fixed point theorems for multivalued operators in b-metric spaces.
Intern. J. Modern. Math. 4 (2009), 285–301.

62



BIBLIOGRAPHY 63

[13] M. Boriceanu, M. Bota, A. Petruşel, Multivalued fractals in b-metric spaces. Cent. Eur. J.
Math. 8(2) (2010), 367–377.

[14] M. Bota, A. Molnár, C. Varga, On Ekeland’s variational principle in b-metric spaces. Fixed
Point Theory 12(2) (2011), 21–28.

[15] D. W. Boyd, J. S. W. Wong, On nonlinear contractions. Proc. Am. Math. Soc. 20 (1969),
458–464.

[16] J. Caballero, J. Harjani, K. Sadarangani, A fixed point theorem for operators of Meir-
Keeler type via the degree of nondensifiability and its application in dynamic programming.
J. Fixed Point Theory Appl. 22(13) (2020).

[17] M. Cosentino, M. Jleli, B. Samet, C. Vetro, Solvability of integrodifferential problems via
fixed point theory in b-metric spaces. Fixed Point Theory Appl 2015(70) (2015).

[18] V. Cosentino, P. Vetro, Fixed point result for F -contractive mappings of Hardy-Rogers-
Type. Filomat 28(4) (2014), 715–722.

[19] S. Czerwik, Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostravien-
sis 1 (1993), 5–11.

[20] S. Czerwik, Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostravien-
sis 1 (1993), 5–11.

[21] S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces. Atti Sem. Math.
Fis. Univ. Modena 46(2) (1998), 263–276.

[22] D. Derouiche, H. Ramoul, New fixed point results for F -contractions of Hardy–Rogers type
in b-metric spaces with applications. J. Fixed Point Theory Appl. 22(86) (2020).

[23] N. V. Dung, V. T. L. Hang, A fixed point theorem for generalized F -contractions on com-
plete metric spaces. Vietnam J. Math. 43 (2015), 743–753.

[24] N. V. Dung, V.T.L. Hang, On the completion of b-metric spaces. Bull. Aust. Math. Soc.
98 (2018), 298–304.

[25] N. Goswami, N. Haokip, V. N. Mishra, F-contractive type mappings in b-metric spaces and
some related fixed point results. Fixed Point Theory Appl 2019(13) (2019).

[26] G. E. Hardy, T. D. Rogers, A Generalization of a fixed point theorem of Reich. Canad.
Math. Bull. 16(2) (1973), 201–206.

[27] N. Hussain, V. Parvaneh, B. Samet, C. Vetro, Some fixed point theorems for general-
ized contractive mappings in complete metric spaces. Fixed Point Theory Appl 2015(185)
(2015).

[28] J. Jachymski, Remarks on contractive conditions of integral type. Nonlinear Anal. 71
(2009), 1073–1081.



BIBLIOGRAPHY 64

[29] J. Jachymski, J. Matkowski, T. Swiatkowski, Nonlinear contractions on semimetric spaces.
J. Appl. Anal 1(2) (1995), 125–134.

[30] M. Jleli, B. Samet, A new generalization of the Banach contraction principle. J Inequal
Appl 2014, 38 (2014).

[31] Z. Kadelburg, H. K. Nashine, S. K. Padhan, G. V. V. J. Rao, Fixed point results in b-metric
spaces using families of control functions and their application to dynamic programming.
Nonlinear Analysis: Modelling and Control, 22(5), (2017), 719–737.

[32] S. B. Kaliaj, A functional equation arising in dynamic programming. Aequat. Math. 91
(2017), 635–645.

[33] E. Karapinar, A short survey on the recent fixed point results on b-metric spaces. Con-
structive Mathematical Analysis 1(1) (2018), 15–44.

[34] E. Karapinar, A. Fulga, R. A. Agarwal, A survey: F -contractions with related fixed point
results. J. Fixed Point Theory Appl. 22(69) (2020), 1–58.

[35] K. Khammahawong, P. Kumam, A best proximity point theorem for Roger–Hardy type
generalized F-contractive mappings in complete metric spaces with some examples. Rev. R.
Acad. Cienc. Exactas. Fis. Nat. Ser. A Math. RACSAM 112 (2018), 1503–1519.

[36] M. A. Khamsi, N. Hussain, KKM mappings in metric type spaces. Nonlinear Analysis 73
(2010), 3123–3129.

[37] W. Kirk, N. Shahzad, Fixed point theory in distance spaces. Springer International Pub-
lishing, Switzerland, 2014.

[38] W. A. Kirk, N. Shahzad, Fixed points and Cauchy sequences in semimetric spaces. J. Fixed
Point Theory Appl. 17 (2015), 541–555.

[39] Z. Liu, Existence theorems of solutions for certain classes of functional equation arising in
dynamic programming. J. Math. Anal. Appl. 262 (2001), 529–553.

[40] Z. Liu, R .P. Agarwal, S.M. Kang, On solvability of functional equations and system of
functional equations arising in dynamic programming. J. Math. Anal. Appl. 297 (2004),
111–130.

[41] Z. Liu, H. Dong, S. Y. Cho, S. M. Kang, Existence and iterative approximations of solutions
for certain functional equation and inequality. J. Optim. theory. Appl. 157 (2013), 716–736.

[42] Z. Liu, H. Dong, S. M. Kang, S. Lee, Properties of solutions for a functional equation
arising in dynamic programming. J. Optim. theory. Appl. 157 (2013), 696–715.

[43] Z. Liu, H. Dong, S. M. Kang, Solving a class of functional equations using fixed point
theorems. J. Inequal. Appl. 2013, 516 (2013).

[44] Z. Liu, L. Guan, S. M. Kang, Y. C. Kwun, Solvability of a functional equation arising in
dynamic programming. Fixed Point Theory. 15(1) (2014), 135–154.



BIBLIOGRAPHY 65

[45] Z. Liu, S. M. Kang, Properties of solutions for certain functional equations arising in
dynamic programming. J. Glob. Optim. 34 (2006), 273–292.

[46] Z. Liu, S. M. Kang, Existence and uniqueness of solutions for two classes of functional
equations arising in dynamic programming. Acta Math. Appl. Sin. 23 (2007), 195–208.

[47] Z. Liu, S. M. Kang, On properties of solutions for a functional equation. Topological
Methods in Nonlinear Analysis. 46(1) (2015), 113–133.

[48] Z. Liu, S. M. Kang, J. S. Ume, Solvability and convergence of iterative algorithms for
certain functional equations arising in dynamic programming. Optimization. 59(6) (2010),
88–916.

[49] Z. Liu, J. S. Ume, On properties of solutions for a class of functional equations arising in
dynamic programming. J Optim Theory Appl 117 (2003), 533–551.

[50] Z. Liu, J. S. Ume, S. M. Kang, Some existence theorems for functional equations arising
in dynamic programming. J. Korean Math. Soc. 43 (2006), 11–28.

[51] Z. Liu, J. S. Ume, S. M. Kang, Some existence theorems for functional equations and
system of functional equations arising in dynamic programming. Taiwan. J. Math. 14(4)
(2010), 1517–1536.

[52] Z. Liu, Y. G. Xu, J. S. Ume, S. M. Kang, Solutions to two functional equations arising in
dynamic programming. J. Comput. Appl. Math. 192 (2006), 251–269.

[53] Z. Liu, L. S. Zhao, J. S. Ume, S. M. Kang, On the solvability of a functional equation.
Optimization 60(3) (2011), 365–375.

[54] Z. Liu, J. Zhu, S. M. Kang, J. S. Ume, Solvability and iterative approximations for a
functional equation. J. Glob. Optim. 57 (2013), 969–995.

[55] A. Lukács, S. Kajántó, Fixed point theorems for various types of F -contractions in complete
b-metric spaces. Fixed Point Theory 19(1) (2018), 321–334.

[56] A. Lukács, S. Kajántó, On the conditions of fixed-point theorems concerning F -
contractions. Results Math 73(82) (2018).

[57] D. Paesano, C. Vetro, Multi-valued F -contractions in 0-complete partial metric spaces with
application to Volterra type integral equation. Rev. R. Acad. Cienc. Exactas. Fis. Nat. Ser.
A Math. RACSAM 108 (2014), 1005–1020.

[58] H. Piri, P. Kumam, Some fixed point theorems concerning F -contraction in complete metric
spaces. Fixed Point Theory Appl 2014(210) (2014).

[59] H. Piri, P. Kumam, Wardowski type fixed point theorems in complete metric spaces. Fixed
Point Theory Appl 2016(45) (2016).

[60] H. Piri, P. Kumam, Fixed point theorems for generalized F-Suzuki-contraction mappings
in complete b-metric spaces. Fixed Point Theory Appl 2016(90) (2016).



BIBLIOGRAPHY 66

[61] H. Piri, S. Rahrovi, H. Marasi, P. Kumam, A fixed point theorem for F-Khan-contractions
on complete metric spaces and application to integral equations. J. Nonlinear Sci. Appl. 10
(2017), 4564–4573.

[62] P. D. Proinov, Fixed point theorems for generalized contractive mappings in metric spaces.
J. Fixed Point Theory Appl. 22:21 (2020).

[63] S. Reich, Some remarks concerning contraction mappings. Canad. Math. Bull. 14(1)
(1971), 121–124.

[64] J. R. Roshan, V. Parvaneh, Z. Kadelburg, Common fixed point theorems for weakly isotone
increasing mappings in ordered b-metric spaces. J. Nonlinear Sci. Appl. 7 (2014), 229–245.

[65] I. A. Rus, Generalized ϕ-contractions. Mathematica 24 (1982), 175–178

[66] P. Saipara, K. Khammahawong, P. Kumam, Fixed-point theorem for a generalized al-
most Hardy-Rogers-type F - contraction on metric-like spaces. Math Meth Appl Sci. 42(17)
(2019), 5898–5919.

[67] B. Samet, The class of (α, ψ)-type contractions in b-metric spaces and fixed point theorems.
Fixed Point Theory Appl. 2015(92) (2015).

[68] N. A. Secelean, Iterated function systems consisting of F -contractions. Fixed Point Theory
Appl 2013(277) (2013).

[69] N. A. Secelean, Weak F -contractions and some fixed point results. Bull. Iranian. Math.
Soc. 42(3) (2016), 779–798.

[70] N. A. Secelean, D. Wardowski, New fixed point tools in non-metrizable spaces. Results
Math 72 (2017), 919–935.

[71] M. Sgroi, C. Vetro, Multi-valued F -contractions and the solution of certain functional and
integral equations. Filomat 27(7) (2013), 1259–1268.

[72] N. Shazad, E. Karapinar, A. F. Roldán López de Hierro, On some fixed point theorems
under (α, ψ, ϕ)-contractivity conditions in metric spaces endowed with transitive binary
relations. Fixed Point Theory Appl 2015(124) (2015).

[73] S. Shukla, D. Gopal, J. Martínez-Moreno, Fixed points of set-valued F -contractions and
its application to non-linear integral equations. Filomat 31(11) (2017), 3377–3390.

[74] D. Singh, V. Joshi, M. Imdad, P. Kumam, Fixed point theorems via generalized F -
contractions with applications to functional equations occurring in dynamic programming.
J. Fixed Point Theory Appl. 19 (2017), 1453–1479.

[75] W. Sintunavarat, Nonlinear integral equations with new admissibility types in b-metric
spaces. J. Fixed Point Theory Appl. 18 (2016), 397–416.

[76] T. Suzuki, Fixed point theorems for single- and set-valued F -contractions in b-metric
spaces. J. Fixed Point Theory Appl. 20(35) (2018).



BIBLIOGRAPHY 67

[77] T. Suzuki, Fixed point theorems for contractions in semicomplete semimetric spaces.
Carpathian J. Math. 34(2) (2018), 269–275.

[78] T. Suzuki, M. Kikkawa, Generalizations of both Ćirić’s and Bogin’s fixed point theorems.
J. Nonlinear Convex Anal. 17 (2016), 2183—2196.

[79] F. Vetro, F -contractions of Hardy-Rogers type and application to multistage decision pro-
cesses. Nonlinear Analysis: Modelling and Control 21(4) (2016), 531–546.

[80] F. Vetro, C. Vetro, The Class of F -Contraction Mappings with a Measure of Noncompact-
ness. In: J. Banaś, M. Jleli, M. Mursaleen, B. Samet, C. Vetro (eds) Advances in Nonlinear
Analysis via the Concept of Measure of Noncompactness, pp. 297–331, Springer, Singapore
(2017). https://doi.org/10.1007/978-981-10-3722-1-7

[81] F. Vetro, C. Vetro, On an idea of Bakhtin and Czerwik for solving a first-order periodic
problem. Journal of Nonlinear and Convex Analysis 18(12) (2017), 2123–2134.

[82] D. Wardowski, Fixed points of a new type of contractive mappings in complete metric
spaces. Fixed Point Theory Appl 2012(94) (2012).

[83] D. Wardowski, Solving existence problems via F -contractions. Proc. Am. Math. Soc. 146
(2018), 1585–1598.

[84] D. Wardowski, N. V. Dung, Fixed points of F-weak contractions on complete metric spaces.
Demonstratio. Math. 47 (2014), 146–155.

[85] O. Zahi, H.Ramoul, Fixed point theorems for (χ, F )-Dass–Gupta contraction mappings in
b-metric spaces with applications to integral equations Bol. Soc. Mat. Mex. 28(40), (2022).


