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Introduction

in probability theory , the central limit theorem (CLT) establish
that, in many situations, when independent random variables
are added , their properly normalized sum tends toward a nor-
mal distribution even if the original variables themselves are not
normally distributed . the theorem is a key concept in proba-
bility theory because it implies that probabilistic and statistical
methods that work for normal distributions can be applicate to
many problems involving others types of distributions.

it X; X, ..., X,, are n random samples drawn from a population

with overall mean x and finite variance o° ,and if X,, is the sam-

ple mean , the limiting form of the distribution, Z =1lim,, .., v/n (u

(e

is the standard normal distribution .

for example , suppose that a sample is obtained containing
many observations, each observation being randomly generated
in a way that does not depend on the values of the other ob-
servations, and that the arithmetic mean of the observed values
is computed . if this procedure is performed many times , the

central limit theorem says that the probability distribution of

xiii

)



xiv INTRODUCTION

the average will closely approximate a normal distribution . a
simple example of this is that if one flips a coin many times , the
probability of getting a given number of heads will approach a
normal distribution , with the mean equal to half the total num-
ber of flips . at the limit of an infinite number of flips , it will
equal a normal distribution .

the central limit theorem has several variants . in its com-
mon form , the random variables must be identically distrib-
uted . in variants , convergence of the mean to the normal dis-
tribution also occurs for non-identical distributions or for non-
independent observations, if they comply with certain condi-

tions.



Chapter 1

The Proof of Central Limit

Theorem

1.1 Random Variable

Definition 1 a random wvariable is a function X that assigns a
rule of correspondence for every point ¢ in the sample space S
(called the domain ) a unique real value X (€) .

the rule of correspondence is given either by a probability mass
function or the probability density function, depending on the

type of random variable considred .

1.2 Probability Mass Function

Definition 2 for a random variable that can take on at most a

countable number of possible values, a probability mass function

1



2 CHAPTER 1. THE PROOF OF CENTRAL LIMIT THEOREM

p(a) is defined by

1.3 Probability Density Function

Definition 3 for a random variable X that is continuously defined
, a probability density function f(x) is defined such that for a
subset B € R
P(X € B) = [, f(x)da
we mught also be interested in the probability that the random
variable 1s less than some value . for such cases we define the

distribution function .

1.4 Distribution Function

Definition 4 for a random variable X , the distribution function
F is defined by F(z) = P(X < z) for continuous random variables,
the above equation can be represented as F(x)= [ f(t)dt where

f(t) s a probability density function .

1.5 Normal Random Variable

Definition 5 X s a normal random variable with parameters p

and o® if the density of X is given by f(z) =——e " =""/2" when

2mo

ever =0 and o*=1 we get a simplified equation :
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1 2
T) = e/
/(@) V2 :

we can see that f(x) is indeed a distribution function since

integrating it from —oo to +oo gives 1 and hence the sample space
has probability 1 , as required by the second axiom of probability .
having defined the random variable , we are now interested in its
properties . we can discribe the whole distribution of probabilities
through two qualities of a random wvariable : its average value
and spread . these terms are called expected value and variance

, respectively .

1.6 Expected Value or Mean

Definition 6 if X is a discrete random variable having the prob-
ability mass function p(x) , the expected value , denoted by E [X]
, 1s defined as

E [X} - Zx:p(m)>0 l’p(x)
if X 1s a continuous random variable having the probability

density function f(z) , the expected value is defined as

E[X] :/_fo(x)d:v

1.7 Variance

Definition 7 if X s a random wvariable with mean u , where
p = E[X], then the variance of X , denoted by Var(X) ,is defined
as Var(X) = E [(X — p)’]
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1.8 Sample Mean

Definition 8 let X, X, be independent and identically distrib-

uted random wvariables having distribution function F and ex-
pected value p . such a sequence constitutes a sample from the
distribution F . given a sample , we define the sample mean ,X
,as
X = Z?:l XT

furthermore, E [X } =15 E[X)

so we now know how to take the expected value of a random
variable , but let’s say we were interested in the expected value of

the square of the random variable , or the cube , or so on . this

brings us to the concept of the moments of a random variable .

1.9 Moments of a Random Variable

Definition 9 the K-th moment of a random variable x is
E[X*] VkeN.

to make the computation of the moments of a random
vartable easier, we define a special moment generating

function .

1.10 Moment Generating Function

Definition 10 the moment generating function M(t) of a random

variable X 1s defined for all real values of t by
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S, e ¥ p(z) if X is discrete with mass function p(z) ,

7 e X f(x)dx if X is continuous with density f(x) .

the moment generating function (MGF) has a few interesting
properties which we will need to keep in mind throughout the pa-
per .first , for independent random variables X and Y, the MGF
satisfies Mx,y(t) = E [/ = E [eX.e™] = M, (t).M (t) second ,
all moments of a random variable can be obtained by differentiat-
ing the MGF and evaluating the derivative at 0 . more precisely

)

MK(0) = E [X*]

Proof. M(t)=4F [eX]=E[4(e¥)]=E [XeX] m

t
and when we evaluate M(t) at t=0 , we get :
M(0) = E[X.€°) = E [X]

which is the first moment of the random variable X .
the use of MGF's, and in particular of the MGF' of the stan-
dard normal distribution , will be the key of the proof of the

central limit theorem .

Lemma 11 Markov’s Inequality
if X 1s a random variable that takes only nonnegative values,
then for any value a >0
P(X > a) <X

Proof. define a new random vartable 1 such that

1—{ 1 4f X>a !

o otherunse
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case 1: if I=1 then X >a ; therfore I <X since X >0 and
a>0.

case 2: if I =0 then X <a but £>0 since X >0 and a >0 .

thus, the inequality I << holds in all cases .

next , we take the expected value of both sides, i.e E[I] and
E[2], st.

El= [ p(z).] E[3]=/Z0p()-5

clearly E[I|< E[X] since I <%

furthermore, E[I]= P(X >a) since E[I] 1s just the sum the
probabilities where X > a .

hence, P(X > a) g@ )

using markov’s inequality , we can create a bound on the prob-
ability of a certain outcome given only the distribution’s mean .
furthermore , this result is integral to deriving other bounds on
the probability distribution of a random variable , such as the

bound given by Chebyshev’s inequality .

Lemma 12 Chebyshev’s Inequality
if X 18 finite random variable with finite mean p and variance
o? ,then for any value k >0 ,
P(IX = | > k) <5
Proof. from markov’s inequality we know that
P(X >a) <X

where X is any random variable that takes on only nonnega-

tive values and a >0 .
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we can apply markov’ inequality to the random variable (X — p)*

, which satisfies the necessary conditions we get :

P((X — p)?> k?) <20

next, notice that (X — i) > k><=|X — u| > k .hence , whenever
one of these inequalities 1s true so is the other inequality . n
other words, the probability of either inequality being true is the
same thus, we can swap one inequality for the other to get :

P(IX — | > k) <20
lastly, by definition of variance , E[(X — p)* =02 , so we get :
P(IX —p|> k) <& =

chebyshev’s inequality will be used to prove the weak law of
large numbers that states the conditions under which the aver-
age of a sequence of random variables converges to the expected
average . this result will rely primarily on chebyshev’s inequality
by allowing the random variable X to be a sequence of random

variables.

1.11 Weak Law of Large Numbers

Theorem 13 The Weak Law of Large Numbers

let X1, X,,...be a sequence of independent and identically dis-
tributed random variables, each having finite mean E[X;)= p and
variance o . then, for any e >0 ,

PRt —p2 =0 a5 n—oo



8 CHAPTER 1. THE PROOF OF CENTRAL LIMIT THEOREM

Proof. we see that ,

B [%] :%E [Xl] +..+F [Xn} :%: K

furthermore,
Var(3F=F2a) = Var(2) + .+ Var(32)
we can see that Var(X1) = [(Xln‘“)ﬂ = (%) E[(X1—n)? , and
therfore we get :
—_——f—
Xi1+..4+Xn o’ o’ a2
Var(—n >:ﬁ+"”+ﬁ:ﬁ

now we treat (X1+=+X1) qs a new random variable X . the new
random variable X clearly satisfies the conditions for chebyshev’s
inequality .hence , we apply the lemma to get the following :

p(1X — | > ) Vo2,

as n — oo ,it then follows that

limy, oo P(|X — | > ) =0

the weak law of large numbers demonstrates that given a large
aggregate of identical random variables, the average of the results
obtained will approach the sample mean .

next, © will prove a restricted case of the central limit the-
orem that deals only with a standard normal random variable.
this theorem 1is concerned with determining the conditions un-

der which the sum of a large number of random variables has a

probability distribution that s approximately normal . m

the following lemma is integral to the proof of the central

limit theorem.

Lemma 14 let Z,,7,, .... be a sequence of random variables having
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distribution functions F;, and moment generating functions My,
st . n>1. furthermore, let Z be a random wvariable having
distribution function F, and moment generating functions My .
if Mz, (t)— M, for allt , then Fy (t) — F,(t) for all t at which
Fz(t) 18 continuous .

to see the relevance of this lemma , let’s set Z,=3, 5t where
X; are independent and identicaly distributed random variables
and let Z be a normal random variable . then, if we show that
the MGF of Y_I_, 3+ approaches the MGF of Z (which we previ-
ously calculated to be e’/ ) as n — oo ,we simultaneously show
that the probability distribution of Y, % approaches the normal

distribution as n — oo . this is the method we will use to prove

the central limit theorem .

Theorem 15 The Central Limit Theorem

let X1, X,,... be a sequence of independent and identically dis-
tributed random variables each having mean n and variance o2
.then the distribution of tends to the standard normal as n —
. that 1s, for —oco < a < oo

X1+..+Xn— — 1L re —z2/2
P(Sr < a) —>\/—27rf_ooe »2dy as n — oo

1.12 The proof of Central Limit Theorem

Proof. we begin the the proof with the assumption that p = 0,02=1
and that the MGF of the X, exists and is finite .
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we already know the MGF of a normal random variable , but

we still need to compute the MGF of the sequence of random

variables we are interested in : 377, JL.
by definition of MGF, we can see that M () = E [exp(%)} .however,

we are interested in the MGF of E [exp(t Sy f/(—ﬁ)] here is how
we find the MGF :

B [exptt i 3] = 2 [exn( X )]

= B I, exp(X; - 5]
— 1", E [exp(Xi : \/Lﬁ)}
I, M)
=[]

stepl is accomplished by simple distribution . step 2 uses
the rule e**v=e".e¥ . steps 3 relies on the fact that the X;s are
independent and therefore the F and the II operators are inter-
changeable .

in steps 4 i simply substitute a previously calculated identity .
and in steps 5 i simply rewrite the equation into a more accessible
format .

now we define L(t) =log M(t) and evaluate L(0) , L(0) , L7 (0) .

L(0) =log M (0) =log E ["¥i] =log E[1] =log1 =0

L(0) =588 = N1(0) = B [X*¥] = E[X] = =0
-

—[M1(0) 1-E[x2]-02
[_relxe_

L(0) XY= ot=1

now we are ready to prove the central limit theorem by show-

ing that [M(ﬁ>]n—> e’/ as n — oo

by taking the log of both sides, we can see that this is equiv-
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alent to showing nL(--) — ¢*/2 as n — oo hence , we compute :

vn
, 3
L(L) _L(L)n*gt
. \/7 . f
lim, 0o —F-=1limy, oo —5—=
e (L
- 1Irl’l7,4><>o _2n—1/2
. —L”(ﬁ)n73/2t2
- hmn—>oo “on—3/2

=lim, o, L” ()5

2
2

here, stepl was accomplished by L’Hopital’s rule since both
the top and the bottm of riginal fraction equaled 0 . step 2
simply reduces the fraction . step 3 is again accomplished by
L’Hopital’s rule since again both the top and the bottom of the
reduced fraction equal 0 . step 4 reduces the equation . step
5 uses the previously calculated value of L”(0) to give us the
final result . having shown this, we can now apply lemma 3.3
to prove the central limit theorem for the case where =0 and
ol=1.

i will briefly illustrate the theorem with a simple application
from investment . consider an investor who chose a diversified
portfolio with 100 stocks . we assume that possible yields of
each stock are identically distributed(although in reality such
an assumption would be difficult to satisfy)

then,using the central limit theorem, he can model the re-

turns of this portfolio using the normal distribution. =
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Chapter 2

Generalization of The Central

Limit Theorem

2.1 The Central Limit Theorem

The X, being real random variables defined on the same proba-

bility space and independent, we note

Sn= 22:1 Xk
and we study the convergence in law of

S*: Sn—ESy,
n  /VarSy,

when this quantity is defined. We will then consider the case

where the X, are random vectors of R¢ .

13
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2.1.1 Case of an I.I.D of sequence

De Moivre- Laplace Theorem

Theorem 16 If the X, are independent and have the same Bernoull
law with parameter p €10,1[ , with ¢ =1 —p ,we have

1= 2 (5~ ) V0.

Since the distribution function ®of N(0,1) is continuous on R,
this is equivalent to

P(Si< ) —,  O(x)=["_exp (L)L

2.1.2 The Central Limit Theorem in the i.i.d case

Theorem 17 Let (X)), be a sequence of independent random
variables,with the same law and square integral (and not con-
stant). Note

p=E[X)] ,0°=Var(X,) with o >0

S0

* Sn—E[Sh n—"N aw
o= \/VaTESn}) =S GN(0,1)

Corollary 18 IfY, follows a Poisson distribution with parameter

A=na (a constent )

Vy=Yazd ol N(0,1)

Proof. It suffices to notice that Y,, has the same law as X;+... + X,
where the X; are
independent and with the same distribution Pois(a) , the S

build on the series of X; converges in law to N(0,1). As E[Y,]= A
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and Var(Y,) =\, we see that Y;* has the same law .that S; . It
follows that Y* converges in law to the same limit as S* .
Before examining other applications of the central limit the-

orem, it is advisable to recall the following result .
Lemma 19 Slutsky

Let (X)) and (Y,) be two sequences of real random variables
defined on the same probabilized space and convergent in law
respectively towards the random variable X and the constant C
. Then the sequence of random vectors (X,,Y,) converges in law

to (X,C). Here are three useful consequences:

e a) For any continuous function g:R?*— R converges in law

to g(X,0).

e b) If X,, converges in law to X and Y, converges in proba-

bility to 0, then X,+Y, converges in law to X .

e ¢) If X, converges in law to X and Y, converges in proba-

bility to C , then X,Y, converges in law tawards CX .

Corollary 20 Convergence of Student’s t,, statistic
let (X,);», be a sequence of random variables i.i.d defined on
the same space and having a moment of order 2 . We note
EXi|=p

and
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_ 1 n
Xn:H Zizl Xz
SO

n(Xn— aw
=y %l\g’?_ﬂxl:)fxn)? —nteN (0 1) -

Comment: When we want to construct confidence intervals
for the estimate of an unknown expectation p by the arithmetic
mean X, of the sample, the first idea is to use Theorem17 by

noting that

G*— Sn—BlSn] _ Vi(Xn—p)
" \/Var(Sn)  /Var(X1)

The problem is that in general Var(X,) is unknown. It is then

replaced by an estimator without bias
Wn:ﬁ Z?:l (Xz‘_Xn)2

which is none other than the o2 | of calculators. Corollary
20 provides the legitimation theory of this recipe .
Proof. Before demonstrating 7, = \/ﬁ*/gg&’:)_)_(n)Q—ﬂggooN 0,1) .,

let us verify that W, is a strongly consistent estimator and with-

out bias.

Interpreting

Va(w) =3 31 (X (w) = X, (w))?

as the variance of the measure v, (w) = n™"'

?:1 5X1:(’LU) ( empir—

ical measure, whose esperance is [, zdv,(w)(z) = X, (v), Koenig’s

n

formula gives us

Va(w) =3 S0, XP(w) — (X, ()"
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By a double application of the strong law of large numbers,we
see that
V,—ds E[X?—(E[X1])*= Var(X,)

n—oo

using Koenig’s formula again, but in the other direction and

for the law of X, instead of v,(w) . As W,= (525

)V, , we deduce
W,—as Var(X,)

n—oo

Now let us verify that W, is unbiased
B(XL (X,=Xo)") = nE ( L, X7~ (X))
= E(X1, X2) - nE(H (X, X))

=nE [ X7 =t B30, XP 20 cisjen Xi X))

=(n—=DE[X?] =5 X 1cisjen B [X: X))

= (n = 1)E[X}] -22(E [X1)) (because E[X1X5]= (E[X1])?)
= (n-)(E[X}]-E[Xi])")

— (n—1)Var(X,)

We therefore have E [W,|= Var (X;)

To establish the convergence in law of T, , we write

T,=5t oW, 2

where o =\/Var(X;) , oW,? Almost sure convergence and
therefore a fortiori in law towards 1 . The Theorem 17 and

Slutsky’s lemma give us the convergence of T,, towards N(0,1) =

2.2 Reciprocal of the i.i.d CLT

Theorem 21 Let (X,),., be a sequence of random variables 1.1.d

defined on the same probabilized space and such that j—% con-



18CHAPTER 2. GENERALIZATION OF THE CENTRAL LIMIT THEOREM

verges in law to N(0,1) . Then X, is square integrable, F[X,]=1
and E[X;]=0

comment : This theorem essentially contains the converse of
Theorem17.More precisely, we deduce that if there are yecR
and o > 0 constants such that (on) /(S —nyu) converges in law
to N(0,1), then X € L*(Q) , E[X,]= p and Var(X,) = ¢ . Indeed, it
suffices to apply Theorem to the random variables X =%# Thus
Theorem 17 give us the equivalence between the convergence in
law towards a Gaussian of n='/2(S_—npu) ( for a certain constant
1) and the existence of a moment of order 2 for X;.
Proof. The proof has 5 steps including two lemmas. We start
with reduce the problem to the proof of the member ship of X;
to L?(©2). Lemma 9 establishes then a link between the behavior
of the characteristic function of X; in the neighborhood from 0
and E[X?] . We can then complete the proof in the particular
case where X, has a law symmetrical. Lemma 22 and 23 are
useful for the transition from the symmetric case to the general

case . m

Reduction to the proof of F[X;]< +oco .Suppose that X; be-
longs to L%(Q) . We then have E [X;] < +cc therefore by the strong
law of large numbers, n=1S, almost sur converges towards E [X],
therefore also in lawtowards the same limit. On the other hand,
by writing n=5,=n"Y2(n""/?3,) , the hypothesis of convergence

of n=1/25, towards Z of law N(0,1) a nd Slutsky’s lemma (in a
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form degenerate) give us the convergence in law of n~1S, towards
0 x Z =0 . By uniqueness ofthe limit law, the two constant ran-
dom variables E [X;] and 0 must have the same law.This implies
E[X1]=0 (for Dirac masses, d,= d, is equivalent to a =b ). Then
by the CLT , n='/28, converges in law to N(0, £ [X?]) . By unique-
ness of the limit law, we must therefore have N(0,1) = N(0, £ [X?])
hence F[X?=1 .

Lemma 22 Let be X a real random variable with characteristic
function ¢ so

lim,, g w: Jp2?dPx(z) = E[X?| € Ry

Lemma 23 If X and Y are two independent random variables

such that X +Y € L*(Q), then X € L*(Q) and Y € L*(Q)

2.3 Convergence Speed

The speed of convergence in Theorem 17 is in the right cases in
O(n™?) , as for the de Moivre-Laplace theorem. More precisely,

we have the following result

Theorem 24 Berry-FEsséen
Let (X,)~, be a sequence of random variables 1.1.d such that
E[X1]=0 , E|X;|’ < +00 We denote by o= E[X?] (0 >0) . uni-

versal constant C >0 such that for alln>1

A, =sup P(Uf’/lﬁ < x) — (I)(x)’ < CEB?'B\/LH
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The key to the problem is to obtain an inversion formula al-
lowing to control the difference of the distribution functions us-
ing the difference of the characteristic functions ticks. Once this
has been acquired, we carry out a third-order expansion as inthe
proof of CLT is what explains the presence of E|Xi|* in the up-
per bound . getting the best constant C has been the object of
a long quest. The initial value of Esséen was C =7,59. Feller
proposes C =3 . A value more modern and close to the optimum

is C=0.7975 (Van Beek (1972).

It is interesting to look at what the Berry-Esséen theorem
gives for the case of de Moivre-Laplace, therefore with X,=Y,—p

, where Y] follows a Bernoulli law with parameter p. We then

|il|d
p?+¢% 1
A, < C VPg /n

Here is a very elementary example allowing to understand
that there is no instead of hoping for a speed of convergence
better than O(n?) for A, Take X; of Bernoulli’s law of para-

meter ; . We then have

Sp~ Bin(2n,3),  E(S,,) = 2n3=n.

We are looking for an equivalent of P(S; <0)— ®(0) . Note
first that

{83, <0}={0< Sy, <n} and {93, >0}={n< Sy, <2n}



2.3. CONVERGENCE SPEED 21

Due to the symmetry of the binomial coefficients (¢} = C2*)

P(S; < 0) =31, Ck 22— Z?Zn L, 03,27 = P(S5, > 0)

We thus have 2P(S; < 0)+ P(S;,=0) =1 from which we take

P(S5,< 0) =3~

P(S;,=0) and P(S;,<0)=3+35 P(S;,=0) . Recall-

1
2
1

ing that ®(0) =% , we end up with

2
P(S5,< 0) = @(0) =} P(S5,=0) =} P(S,,=n) = Cj,27"

By the Stirling formula (n! ~v/2mn"*1/2¢=) | we get the equiv-

alent

P(85,<0) = ®(0) ~ 5= 75

Since (2r) 72> 0.3989, we have for n > ng ,|P(S}, < 0) — ®(0)| > 0.398(2n) /2
Jower bound to be compared with the uniform upper bound
A2, < 0.798(2n)""/? provided in this case by the Berry-Esséen the-
orem
Let us return to the general situation of Theorem 11. What
is happening in the area intermediate where X, satisfies the CLT
(i.e E[X?]< +oc ) but has no order moment 3 7 We always have
a speed of convergence, provided that the integrability of X, is

a little stronger than the only existence of a moment of order 2

Theorem 25 (Katz 1963, Petrov 1965). Let (X)), be a sequence
of random variables 1.i.d such that E[X,]=0, E[X?g(X,) < +o0
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where g 1s a positive, pair, increasing on |0,+oo| and such that
oGy s increasing on ]0,+ocl. There is then a universal constant

A >0 such that for all n > 1

BE(X2g(X
A —sup‘P S < 1) - ()| < AZGIDD

|2+5

in particular if £ |X;]*™ < 400 for a ¢ €]0, 1],

2445

E|X 1
A< AR

rye)

2.4 CLT without Equidistribution

We now consider the question of CLT for independent random
variables not necessarily having the same law. The essential

result is Lindeberg’s theorem

Theorem 26 lindeberg
Consider the <triangular array > of random variables of row
number n(n € N¥)

Xty oos Xy oo X i

where these k, variables are defined on the same (., F », P,) ,
independent, centered, of integrable squares. We notice

= Var(XW-) S2= Z]?" o?. S,= 2?21 Xoni

n i=1"n,
We assume S,> 0 for all n If moreover the table satisfies the

condition of Lindeberg

Ve > 0,2

n 2
152 > il f{|Xn,i|>esn} X idPr— 1000

then 2= converges in law to N(0,1)
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Theorem 27 We suppose that X and Y are square integrable (
with ox,0y>0 ) and that 1 =1(n) and m =m(n) tend to infinity
with n. Then under (H,) the statistic of test T =T, converges in
law to N(0,1) as n approaches infinity. Through against, under

(H)), |T,| almost sure tends towards infinity

Proof. Whether we are under (H,) or (H,), the independence
and equidistribution of the X; the one hand and Y on the other
hand give us by the strong law of large numbers the almost sure
convergences from X to E[X] , from S% to ¢% , from Y to E[Y]
and from S% towards o% .

Thus the numerator of 7, almost sure converges towards
E[X]-E[Y] and the almost sure denominator towards 0 . It
is then clear that under (H,) , |T;,| tends almost sure towards
infinity.

Under (H,) we have an indeterminate form of the type <0/0>
for the almost sure convergence and we study the convergence

in law. Consider for this the triangular array of nth line

X3 X1 Ym

1 g eeey 1 MmO m

Here k,=1+ m and the sum of the row is S,=Y — X Thanks

to independence, its variance is
sn=Var(S,) =1 X, Var(X,) 455 X5, Var(Y ) =10+ 0%

By the strong law of large numbers, it is easy to verify that

1 1
z(n)‘7§(+m(n)"7§f _AS 4
T oo I o3 = .
(n) S§(+m(n) sy oo

by writing 7,, in the form
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1/2
7, ($5%) 2 s

158%+182 Sn

and by invoking Slutsky’s lemma, we reduce the proof of the
theorem to the verification of the Lindeberg condition for the
triangular array. It is therefore a question of showing for all
e > 0 the convergence towards 0 of

An(e) :é [Zlizl f{|u\2asn} u?Pox,y(du) + 377 f{|v\zasn} UQP(Y/m)(dU)]

= Jjuisesny CLx 0 (d)+5 [0 3 VP Py jmy(dv)

The changes of variable v = =* and v = £ give us as mea-
sures respective images Py, and Py, and as new integration sets
{|z| > els,}and {|y| > ems,} . We thus see that

An() =57 Jyappetny 7 P50 (00) 5 Jipemay ¥ i (40)

To increase A,(¢) , we notice that Is2 > 0% hence the inclusion

{|z] > els,} ={a? > 22s2} C {a? > Ie°0% }

by doing the same with m and ¢2 , we get

An(€) < 57 Jrarsiroz } TP (0) + 55 Jyneng )

As 1 =1I(n) and m = m(n) tend towards +oc , this upper bound
tends towards 0 by convergence dominated since X; and Y; are

square integrable

Theorem 28 Lyapounov
Let (X,),-, be a sequence of random variables defined on the
same probabilized space, independent (but not necessarily of the
same law), centered,all having a moment of order 2+ (§ > 0)
We notice s2=Var(S,) and we assumes s,>0 . We further

assume that Lyapunov’s condition is verified
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53% D B |Xk|2+(S —n—stool)

then S,/s, converges in law to N(0,1) .

Proof. We apply Lindeberg’s theorem to the triangular array
Xpp=Xp , 1<k<n . It is then sufficient to verify that the
Lyapunov condition results in that by Lindeberg . By noting
that on the event {|X;| > es,} we have Ei—"'i > 1, the increase

(es,,)

XEAP < fixy ey XECEEN AP < i Jo | X770 P

f{IXk\Zesn} }

gives the expected conclusion via inequality

246
é 2 k-1 f{|Xk|Zesn} XidP S@ S EIXG [T m

2.5 The CLT in R¢

We study in this section the CLT in finite dimension. For the
sake of simplicity, we will be limited mainly to CLt i.i.d in R?

We will see that in fact there is always a way to reduce to
dimension 1 thanks to the Cramér-Wold lemma (Cramér-Wold
device) (in Anglo-Saxon literature). However, this does not ex-
empt the possession of a minimum knowledge on random vectors
(functional characteristics,covariance structure, Gaussian laws
in dimension d ) . It is convenient to present these "reminders"
in the more abstract framework of a vector space E , on the one
hand to avoid to prematurely play a role in the Euclidean struc-

ture of R? | on the other hand for pave the way in the direction
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of Gaussian laws and CLT in infinite dimension

2.5.1 Random Vectors

Let E therefore be a finite dimensional R-vector space d and
E its dual. Recall that there is only one topology of vector
space on E (i.e. making the addition continuous vectors and the
multiplication of a vector by a scalar) and that all the norms on
E are equivalent and each metrize this topology.

In the following, E will be provided of its Borelian tribe, that
is to say the tribe generated by the openings of E. A vector
random X in E is a measurable application of a probability space

(Q,F,P)in E.

The characteristic functional of X (or of its law) is the appli-

cation
pxt E—C, u— py(u) = Eexp (iu(X))
The link with the characteristic functions in dimension 1 is
given by
Vue E |, VteR | py(tu) = Eexp (itu(X)) = Puix)y(t)

As in dimension 1 , the characteristic functional characterizes
the law and the convergence point of the characteristic func-
tionals is equivalent to the convergence in law. The lemma of

Cramér-Wold is an immediate consequence of these remarks
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Lemma 29 Cramér- Wold

The sequence (X)), of random vectors in vector spacefinite
dimensional toriel E converges in law in E towards the random
vector X if and only if for any linear form we E , the sequence
of real random variables (u(X,)),~, converges in law in R towards
u(X).

Let us move on to the definition of the expectation of a ran-
dom vector X . We suppose for this that for all ue E, E|u(X))|
s finite and we consider the application

0:F—R, u— BEuX))

Due to the linearity of the expectation, 0 is a linear form on
E therefore an element of bidual E”. There is then a unique
element xo€ E such that 6(u) = u(z,). This element which is de-
fined as the E[X] deterministic vector. Thus E[X] is the unique
element of E verifying

VYue E , u(E[X]) = E[u(X)]

To give a more familiar expression of E[X] , let us choose a
basis (e,,...,e;) of E and denote by ¢é, the associated coordinate
forms (é.(e;) =6,, , Kronecker symbol ) so that (¢,,....é,) is a
basis of E and all X € E is written x =Y1_, éx(x)e, . In applying
Vue E , w(E[X])=E[uX)] with u=s(k=1,...d) , we obtain by
noting that X =Y1_, é(X)e,,

EIX]= X0, (B (X))e,= (B (X))o B[Ea(X)])

Suppose now that for all u e E ,u(X) has an integrable square

and define
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B:ExE—R, (uv)— Bluv)=Cov(u(X),v(X))

B is clearly a bilinear form on E x E and using the identifi-
cation of E’with E , we have for each v e E a unique element
y=KveE such that u(y) = B(u,v) .The operator K:E — E is
linear, autoadjoint (u(Kv) = v(Ku)) and positive (u(Ku) > 0) .

We call it the covariance operator of X . It is intrinsically
defined by

Vu,v e E u(Kv) = Cov(u(X),v(X)) .

We can give a matrixz representation of K by providing the
arriwal space E of a basis (e,,...,e;) and the starting space E of
the dual basis (¢,,....¢é,) defined as above. By choosing u=¢; and
v=4¢; inVu,vekE u(Kv) = Cov(u(X),v(X)) . we see that the
matrix of K has a general term

Kij= Cou(é,(X),é,(X)) ,  1<ij<d

The covariance operator gives information on the support of
tMMmuﬁ’X.LdusWM%dddMeH:{ueEuMm%ﬂ%.As
the belonging of wu to his equivalent to Var(u(X)) =0 , it is easy
to verify that H is a vector subspace of E.

Consider then H°={x € E;Vu € H,u(x) = 0}. It is clear that H°
s av.s of E .

The law of X 1is supported by the affine subspace E[X]+H° ,
which means that P(X — E[X]€ H°) =1. To verify this, note dy
the dimension of H and choose any basis (f,),<;<,, of H. We then

have

e@H <= Jic{1,....do}, f;(x) # 0.
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from where

P(X — BIX]¢ H') = P(UL, {/i(X — E[X]) #0}) 3L, P(/i(X — E[X]) #0).

Now by definition of H , foralli=1,...d, , Var(f(X —E[X])=0
, which implies that the real random variable fi(X — E[X]) which
has zero expectation is equal to 0 with probability 1 .The right-
hand member of

P(X — EIX]¢ H) = P(UL, {fi(X — E[X]) #0})

<YL P(F(X — E[X]) #0).

is therefore zero and we have X € E[X]+H" almost surely .

We say that the random vector X is Gaussian if for all u e E
, the variable real random u(X) s Gaussian . This implies that
u(X) s square integrablefor all u and according to the above, X
therefore has an expectation m € E and an operator of covariance
K:E—E.

The law of X is then noted N(m,K) . As Eu(x)]=u(m) and
Var(u(X)) = uw(Ku) , the Gaussian law of u(X) s N(u(m),u(Ku))
,. We deduce that the characteristic functional of N(m,K) is
written

Px=exp (iu(m)-“52) ,  uwekE

An immediate consequence of this definition is that the image
T(X) of a gaussian vector of E by a linear application T from E
to F 1s a Gaussian vector of F having for covartance operator T
K T where T : F — E 1is the adjunct of T, defined by

VeeE, YwelF , oT(z))=(Tw)(x)

In the usual case E =R? , we identify E and E and we notice
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by > the matriz of K for the canonical basis of R:. When K 1is
positive (the subspace H of E defined above is therefore reduced
to the zero vector and K is invertible) the Gaussian law N(m,3")
then has for density with respect to the canonical Lebesgue mea-
sure of R?

» = sy e (<3 =) 7 (@ = m)

In this case, the support of the Gaussian law N(m,K) is the
whole space R? . If K 1s only positive semi-definite, the law
N(m, K) still exists, but is supported by the sub-affine space m + H°
, where H° is now the orthogonal of H (after identification of
E=R? and E) and has a density with respect to the canonical
Lebesgue measure of this subspace, except in the completely de-
generate case where H =R and where N(m, K) is the Dirac mass

at point m .

2.5.2 CLT i.i.d

Theorem 30 Let (X,) be a sequence of independent random vec-
tors of R ,of the same law and square integrable (i.e E|X;|” < +o0)
and S,=>",_, Xy S0

Su Sl o N (0, K)

where K 1s the covariance operator of X,

Proof. By the Cramér-Wold lemma, it suffices to verify that for
any linear form v on R? | u(n~/*(S, —E|[S,])) converges in law to

u(Z) where Z denotes a random vector Gaussian with law N(0, K)
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.86

Let us note straight away that E[u(Z)]=u(E[Z])=u(0)=0

and Var(u(Z)) = u(Ku) = Var(u(X,))

By linearity of u

(2l = LS (u(X,) = Elu(X,)])

The u(X,) are independent real random variables, of the same
law, of squared integrable (E |u(X,)]> <|ul% E|X.1|l5) -

(T = N0, Var u(X)

The limit law is indeed that of u(2)

To illustrate the theorem graphically in R? , we have chosen
to generate 600 samples.independent of size 500 of a uniform law
over a triangle. For each of these samples have been calculated
n~Y2(S —FE[S,]) and plotted the corresponding point. We obtain
thus a cloud of 600 points which behaves approximately like a
sample of size 600 of the limit Gaussian law. The level lines
drawn on this cloud of points are those of the density of this

Gaussian law (figures 1.1and 1.2) . =
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1.png

figure 1.1 —n12(S, — F[S,]) for 600 samples of the uniform
law on the triangle
figure 1.2 —n=Y%(S, — E1S,]) for 600 samples of the uniform

law on the triangle

2.6 Local Limit Theorems

The CLT on R converges the mass of an interval for the law of
S* towards the mass of same interval for the standard Gaussian
law N(0,1). Local limit theorems relate to a uniform convergence
to the density of N(0,1) .

The supposed quantity converge towards this density will be
either the density of S wh en it exists, let the mass suitably
normalized of atoms of the law of S* when the law of X, is

supported by a discrete lattice of R .

Theorem 31 Let (X,)),., be an i.i.d sequence of centered real
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random variables and of variance 1. We suppose that the char-
acteristic function o(t) = E [exp(itX,)] satisfies
Jrle(®)]dt < +o0
Then 5_5 has a density which converges uniformly on R to-

wards that of N(0,1)

Theorem 32 Let (X,),., be an i.i.d sequence of centered real ran-
dom variables and variance 1 . We further assume that the law
of X, is supported by a network b+ hZ (b € R and h € R™ fixed ) In
the sequence h denote the greatest real such that P(X, € b+ hZ) =1
of the law of 5= are then among the reals %,k € 7Z We note
A, the set of these atoms and we define

Py(z) = P(3t=x),x € A,

Then we note f(z) = (2r) " exp (—2%/2)

comments:

The conclusion is also written

hf(x en(x
Po(w) =200 +2208) sup,cy, Jen ()] —n ool

Let us examine the application of this result to the Gaussian
approximation of a binomial distribution.Let (X),., therefore be
an i.i.d sequence of Bernoulli random variables with parameter p
, Sp= X1+... + X, then follows the Bin(n,p) law By noting ¢ =1 — p,

we have

JAtoms
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%_ Sn—FE[Sp] _ Sn—mp__ 1 n ¢ Sn
o= VVar(sy) V1 Vn 2t K=

where Xk:%, atoms of the law of 3—% are the z such that

P(S. = x\/n) > 0 By setting = = , we have

_y
V/1pq
P(Sn: xy/n) = P(S,—np = y)

and as the point masses of the binomial distribution of S, are

the integers K =0,1,2,....,n ,we see that

A= {’\7% k=0,1,2, n}

B o . .
So b= —\/g, h=—x and is written

—(k=np) %) | en.
P(S,= k) =5t exp <% ) +22, maXocken [En | —ntoc0

2.7 CLT for The Sums of a Random Number
of Terms

Theorem 33 All the considered random variables being defined

on the same probabilized space, we suppose that

1. (X,)=1 18 a sequence of random variables such that

= Y h Xe—le N(0,0%), (0> 0)

n—-+0o

2. (N,),=, 18 a sequence of random variables with values in N*

tending to +oo in probability,

which means : YA > 0,lim, o, P(N, > A) =1



2.7. CLT FOR THE SUMS OF A RANDOM NUMBER OF TERMS 35

3. For all j > 1,N; is independent of the sequence (X,),., in

these conditions ,
\/LNT Zgﬁl X 1o N (0, o)

comments: Here is an illustration of this theorem in the field
of insurance N, represents the number of claims received by a
company during n units of time (say during the n working days
since an origin date) X, is the amount of compensation paid by
the company for the kth claim so stated. The total amount of

reimbursements for the period considered is therefore 35", X,

Theorem 34 All the considered random variables being defined

on the same probabilized space, we suppose that

1. Y, |y

n—-+o00

pr
2. Np—p_ioot00

3. For all j,n e N*|Y,

; and N, are independent

S0

YN _>law Y

n n—-4o0o

Proof. It suffices to show that at any point of continuity X of
the distribution function F of Y,

P (Ya, <) —nrioF (2)

To do this, we start by partitioning according to the possible

values of N, to obtain
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from 3

P(Yy,<2)=Y P (Yn,<z,N,=))

=25 P(Y;<a,N,= )

=20 P (i< a) P (Ny= j)

By 1, we have for all € €]0,1[ a jo= j,(¢,2) such that ,

Vi > jo | P(Y;<2)—F(x)|<e

By cutting then

P (Yy, < @) =F (@) = {Z0, + 1%, } (P (Vi< 2) =F (2) )P (N= )

and by increasing |P (Y;< x) —F (z)| by 1 for j < j, and by ¢ for
j>jo, , we end up with

P (Yn, < 2) = F(2)] € P(Na< jo) +P(N, > jo)

Due to2 , the two terms of this upper bound tend towards 0
and towards ¢ respectively when n tends to +co. We can deduce

Ve €]0,1[, upper lim,_., |P (Yn,< ) —F (z)| < ¢ ,which give

P(Yn,<2) =, 10F (r) and ends the proof . =



Chapter 3

Applications of The Central

Limit Theorem

we state the central limit theorem

Theorem 35 Suppose that X, X,... is an infinite sequence of inde-
pendent, tdentically distributed random variables with common
mean u = E(X,) and finite variance o*= Var(z,). Then, if we let

S,= X1+... + X,, we have that

lim, 40 P (5272 < ¢) = () :/_;V?ﬂ dx

There are many applications of this theorem to real-world
problems, and we will give two: An application to hypothesis

testing, and an application to noise cancellation.

37
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3.1 Hypothesis Testing

Here we will give an example of how to use the CLT to test hy-
potheses. We have already seen how to do this using a chi-square
test to determine whether to reject a hypothesized population
distribution (with finitely many classes) as being false. Here
we will do this for when the population breaks down into two

classes, smokers and non-smokers.

3.1.1 The Main Problem

Problem 36 You read in a newspaper that 20% of Georgians
smoke, and you decide to test this hypothesis by doing a poll on
1,000 randomly selected Georgians with replacement (if the pop-
ulation you are testing 1s very large, then you would not need
to test with replacement). Suppose that 205 of the responses are
“smoker”, while 795are “non-smoker”. Is the claim “20% of
Georgians smoke” unreasonable? (Obviously not, but let’s see

what the math tells us...)

Well, in order to answer this question we would need more
information; we would need to know what we mean by “unrea-
sonable”. Here we will mean “unreasonable” with respect to a
certain statistical test which we presently describe:

Let X;= 1 if respondant i says he/she is a smoker, and let X;= 0

if he/she is not a smoker. These X;’s are independent Bernoulli
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random variables. Let S,= X +... + X;000. If our hypothesis that
20% of Georgians smoke were correct, then u = E (X;)=0.2 , and
V (X;)=p (1 — p)=0.16; and so, the Central Limit Theorem would
tell us that

S1,000—200

L 0000TE is approximately N(0,1)

in the sense that

s (SLOOO*QOOS c) ~ ()

12.64911

Now, if S 44, is the observed value of S; g , and if

5% 000—200
7 = 1264911

then, on the basis of the central limit theorem and (1)we
wouldn’t expect that mis an atypical value for N(0,1). In partic-
ular, we wouldn’t expect that |y| is too big ; that is, we wouldn’t

expect that
P(IN(0,1)[ = [~]) < 0.05

if 4= 0.2 is the true mean
Thus, we have the following basic statistical test

Statistical Test .Fix an o > 0, typically a = 0.05 or 0.01. Com-

ST 000—200 f

pute y as In y =—2%e

PN, 1) = ) =22 (- hl) <«
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then we reject the hypothesis that the mean value of X, is u ;
and, if this inequality is not satisfied, we do not reject it, which

is not the same as saying we accept it.
In the example given above we have that

_ 205-200 _
V= Toeion — 0-39528

and one can readily compute that
28 (—0.39528) > 0.05

Thus, we do not reject the hypothesis that 20% of Georgians

smoke

3.2 Noise Cancellation

Suppose that a man is driving through the desert, and runs out
of gas. He grabs his cellphone to make a call for help, dialing
911, but he is just at the edge of the broadcast range for his
cellphone, and so his call to the 911 dispatcher is somewhat noisy
and garbled. Suppose that the 911 dispatcher has the ability to
use several cellphone towers to clean up the signal. Suppose
that there are about 100 towers near to the stranded driver, and
suppose that the signals they each receive at a particular instant

in time is given by

X1, ., Xqo0
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where
Xi=5+4Y;

where S is the true signal being sent to the towers, and where
Y; is the noise. Suppose that all the noises Y, ..., Y, are inde-
pendent and identically distributed, and further suppose they
all have mean 0 and variance o2. Further, it is not unreasonable
to assume that the noises are all normally distributed .

— i.e. they are all N(0,¢°) — though we will not need this
assumption for what follows.

The 911 dispatcher cleans up the signal by computing the

average

X = 100 =5+ 100

Now, by the Central Limit Theorem, we would expect that

Yt ig approximately N(0,0%/100)

Of course we need to be careful here — the central limit theo-
rem only applies for n large, and just how large depends on the
underyling distribution of the random variables Y;. There are
more powerful versions of the central limit theorem, which give
conditions on n under which Y+ is approximately N (0, 0%/100)

holds under a precise notion of “is approximately”. At any rate,

if we assume that the Y;’s are all independent normal random
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variables, then we don’t even need the central limit theorem,
because in that case we have that X — S is exactly N (0,0%/100)
Now, suppose that, in fact, all the noises Y;’s have variance
o?=1. Then, the central limit theorem in the guise ¥t
is approximately N(0,0°/100) would be telling us that the new
noise X — S is approximately normal with variance 1/100, a 100-

fold improvement in the noise variance gotten just using one

tower!

3.2.1 Just How Good is the Average Method for Noise

Cancellation - Can we Do Better ?

It turns out that not only does averaging give us a pretty good
way to cancel noise, but it is, in some sense, the best thing
we could possibly try. The proper language is that taking the
average X gives us a maximum liklihood estimate for the signal
S, which is the same as the expected value of X; for alli = 1,...,100

. Let us make this more precise:

Maximum Liklihood Estimates. Suppose X is some random
variable having a distribution that depends on a list of unknown,
underlying parameters 64, ...,0,. Let f(x;60,,...,0,) denote the pdf
for X , given the parameters 6,,...,0, . Suppose we make n in-
dependent observations of our random source X , and suppose

these observations are the values z,,...,z,. Then, the liklihood

ne

value of this observation is
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L( x,..,x,; 0p,...,0,) =11 f (2 0,,...,0.)

We say that @1, - 9k are maximum liklihood estimates for
6,...,0,, given the observations z,,...,z, , if these values @ maxi-
mize L( xy,...,z,; 01,...,0,) . Note that the @is which maximize L
may not be unique (there may be more than one global max).

Question. Why the word ‘liklihood’, and not, say, ‘proba-
bility’? To answer this, note that in the discrete setting it is
easy to describe what the liklihood function computes: It is just
the probability that given particular values for 6, ....0, , the ob-
served values for some random variable X were zi,...,z, So, in
this case ‘liklihood’ and ‘probability’ coincide. However, as we
well know, the pdf for a continuous random variable X does not

give us probability values when we plug in varlues for » , and

hence the use of the word ‘liklihood’.

In our case, let us suppose that the received signals X; are,
in fact, normal, with mean S, and variance o2 ; that is to say,
the noises Y; are N (0,0%). Now suppose that we have definite
values for these observations (that is, our observed signals are
‘instantiated’), and suppose that those values are 1, ...,z,5,. The

liklihood function here is
L(z1,....,2,;9,0%) :m exp (— [(x1—5)2 +..+ (x100—5)2] /202)

If we seek S which maximizes this (for any given value for

0?), we can ignore the factor (27)*°¢'®, and we maximize the
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log of the remaining exponential factor; thus, we just need to
maximize

(z1-5)*+...+(z100—5)>
202

We can ignore the o?; so, we maximize

(£1—8)2+..+(x100—5)>
2

Taking a derivative with respect to S and setting equal to 0

we have
(I‘l—f— + [L’loo) —1005 =0

SO

__x1+...+T100
S = 100

which is our sample mean. The fact that the expression

— @t om=S" g 5 down-turning parabola means that, in-

deed, this is a maximum.
Thus, we see that by averaging we obtain a maximum lik-
lihood estimate for S, and therefore, in some sense, this is the

best we could hope to do to recover S.

3.3 Graphic Study

Let X;i,...,X, be n independent Bernoulli random variable with
the same parameter p. We pose S,= X;+...X,, . The law of S, is

then a binomial B (n,p) :
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0.08f A i

004

002k

Binomial n=50, p=10,5 (¢ =31 x 107
P (S,=k)=Cip*(1—p)"~" (0 <k <n)

The histograms below represent this law for different val-
ues of the parameters n and p . Although the histogram of
the distribution B (n,p) theoretically consists of n + 1 rectangles,
only a part of them is visible in the drawing, the others corre-
spond giving too small probabilities. The number e represents
for each figure aincreasing by the probability corresponding to
the union of these“invisible” rectangles.In each figure, the dot-
ted curve represents the density f,., whose parameters are given

by: m = E[S,]=np and o?= Var (S,) = npq
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Appendix A

Abbreviations and Notations

X,Y,...random variables

x,y,... values of the random variables X,Y,...

f(x) value of the probability density function of a contin-
uous random variable X

F(x) value of the cumulative distribution function of a
continuous random variable X

E[X] expectation of the random variable X

E[f(X)] expectation of f(X)

Var(X)  variance of the random variable X

e”,exp(x) exponential function of x

n! n factorial

Bern(p) bernoulli distribution with parameter p

My (t) moment genereting function for the random variable

N(u,0%) mnormal distribution with mean p and variance o?

49
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n population mean

o? population variance

o population standard deviation

X sample mean ,x =X > | x;

s? unbiased estimate of population variance from a

sample, s?=-1- 5" (2,—7)°
) probability density function of the standardised

normal variable Z ~ N(0,1)

P cumulative distribution function of the standardised

normal variable Z ~ N(0,1)

0 is an estimator for 6

Hy, H, null and alternative hypotheses for a hypothesis
test

a.s. almost surely

iid. independent and identically distributed

pdf probability density function

pmf probability mass function

r.v. random variable

CLT central limit theorem



Conclusion

The advantage of the CLT is that it is powerful, meaning im-
plying that regardless of whether the data originates from an
assortment of distributions if their mean and variance are the
equivalent, the theorem can even now be utilized.

The CLT notes that the sample means converge on the pop-
ulation means and the distance between them converges to be
normally distributed with a variance equal to the population
variance as the sample size increases. It is important in the

application of statistics and in the understanding of nature.

o1
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Abstract

The Central Limit Theorem establishes the convergence in law of the sum of a
series of random variables to the normal distribution. Intuitively, this result
asserts that a sum of identical and independent random variables tends towards a

Gaussian random variable.

Keywords: random variables, normal distribution, Bernoulli's law.

Résumé

Le théoreme de limite centrale établit la convergence en loi de la somme d'une
série de variables aléatoires a la distribution normale. Intuitivement, ce résultat
affirme qu'une somme de variables aléatoires identiques et indépendantes tend

vers une variable aléatoire gaussienne.

Mots clés : variables aléatoires, distribution normale, loi de Bernoulli.
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