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Introduction

in probability theory , the central limit theorem (CLT) establish

that, in many situations, when independent random variables

are added , their properly normalized sum tends toward a nor-

mal distribution even if the original variables themselves are not

normally distributed . the theorem is a key concept in proba-

bility theory because it implies that probabilistic and statistical

methods that work for normal distributions can be applicate to

many problems involving others types of distributions.

if X1;X2;:::; Xn are n random samples drawn from a population

with overall mean � and �nite variance �2 ,and if �Xn is the sam-

ple mean , the limiting form of the distribution, Z = limn!1
p
n
�
�Xn��
�

�
is the standard normal distribution .

for example , suppose that a sample is obtained containing

many observations, each observation being randomly generated

in a way that does not depend on the values of the other ob-

servations, and that the arithmetic mean of the observed values

is computed . if this procedure is performed many times , the

central limit theorem says that the probability distribution of

xiii



xiv INTRODUCTION

the average will closely approximate a normal distribution . a

simple example of this is that if one �ips a coin many times , the

probability of getting a given number of heads will approach a

normal distribution , with the mean equal to half the total num-

ber of �ips . at the limit of an in�nite number of �ips , it will

equal a normal distribution .

the central limit theorem has several variants . in its com-

mon form , the random variables must be identically distrib-

uted . in variants , convergence of the mean to the normal dis-

tribution also occurs for non-identical distributions or for non-

independent observations, if they comply with certain condi-

tions.



Chapter 1

The Proof of Central Limit

Theorem

1.1 Random Variable

De�nition 1 a random variable is a function X that assigns a

rule of correspondence for every point � in the sample space S

(called the domain ) a unique real value X (�) .

the rule of correspondence is given either by a probability mass

function or the probability density function, depending on the

type of random variable considred .

1.2 Probability Mass Function

De�nition 2 for a random variable that can take on at most a

countable number of possible values, a probability mass function

1
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p(a) is de�ned by

p(a) = P (X = a)

1.3 Probability Density Function

De�nition 3 for a random variable X that is continuously de�ned

, a probability density function f(x) is de�ned such that for a

subset B 2 R

P (X 2 B) =
R
B
f(x)dx

we might also be interested in the probability that the random

variable is less than some value . for such cases we de�ne the

distribution function .

1.4 Distribution Function

De�nition 4 for a random variable X , the distribution function

F is de�ned by F (x) = P (X � x) for continuous random variables,

the above equation can be represented as F (x) =
R1
�1 f(t)dt where

f(t) is a probability density function .

1.5 Normal Random Variable

De�nition 5 X is a normal random variable with parameters �

and �2 if the density of X is given by f(x) = 1p
2��
e�(x��)

2=2�2 when

ever � = 0 and �2= 1 we get a simpli�ed equation :
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f(x) =
1p
2�
e�x

2=2

we can see that f(x) is indeed a distribution function since

integrating it from �1 to +1 gives 1 and hence the sample space

has probability 1 , as required by the second axiom of probability .

having de�ned the random variable , we are now interested in its

properties . we can discribe the whole distribution of probabilities

through two qualities of a random variable : its average value

and spread . these terms are called expected value and variance

, respectively .

1.6 Expected Value or Mean

De�nition 6 if X is a discrete random variable having the prob-

ability mass function p(x) , the expected value , denoted by E [X]

, is de�ned as

E [X] =
P

x:p(x)>0 xp(x)

if X is a continuous random variable having the probability

density function f(x) , the expected value is de�ned as

E [X] =

Z 1

�1
xf(x)dx

1.7 Variance

De�nition 7 if X is a random variable with mean � , where

� = E [X], then the variance of X , denoted by V ar(X) ,is de�ned

as V ar(X) = E
�
(X � �)2

�
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1.8 Sample Mean

De�nition 8 let X1;::::;Xn be independent and identically distrib-

uted random variables having distribution function F and ex-

pected value � . such a sequence constitutes a sample from the

distribution F . given a sample , we de�ne the sample mean ,X̂

,as

X̂ =
Pn

i=1
Xi
n

furthermore, E
h
X̂
i
= 1
n

Pn
i=1E [Xi]

so we now know how to take the expected value of a random

variable , but let�s say we were interested in the expected value of

the square of the random variable , or the cube , or so on . this

brings us to the concept of the moments of a random variable .

1.9 Moments of a Random Variable

De�nition 9 the K-th moment of a random variable X is
E
�
Xk
�

8k 2 N .
to make the computation of the moments of a random

variable easier, we de�ne a special moment generating
function .

1.10 Moment Generating Function

De�nition 10 the moment generating function M(t) of a random

variable X is de�ned for all real values of t by
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M(t) = E
�
etX
�
=

8><>:
P

x e
tXp(x) if X is discrete with mass function p(x) ,R1

�1 e
tXf(x)dx if X is continuous with density f(x) .

9>=>;
the moment generating function (MGF) has a few interesting

properties which we will need to keep in mind throughout the pa-

per .�rst , for independent random variables X and Y , the MGF

satis�es MX+Y (t) = E
�
et(X+Y )

�
= E

�
etX :etY

�
=Mx(t):My(t) second ,

all moments of a random variable can be obtained by di¤erentiat-

ing the MGF and evaluating the derivative at 0 . more precisely

,

Mk(0) = E
�
Xk
�

Proof. �M(t) = d
dt
E
�
etX
�
= E

�
d
dt
(etX)

�
= E

�
XetX

�
and when we evaluate �M(t) at t = 0 , we get :

�M(0) = E [X:e0] = E [X]

which is the �rst moment of the random variable X .

the use of MGFs, and in particular of the MGF of the stan-

dard normal distribution , will be the key of the proof of the

central limit theorem .

Lemma 11 Markov�s Inequality

if X is a random variable that takes only nonnegative values,

then for any value a > 0 ,

P (X � a) �E[X]
a

Proof. de�ne a new random variable i such that

I =
� 1 if X�a
0 otherwise

	



6 CHAPTER 1. THE PROOF OF CENTRAL LIMIT THEOREM

case 1: if I = 1 then X � a ; therfore I �X
a
since X � 0 and

a � 0 .

case 2: if I = 0 then X < a but X
a
� 0 since X � 0 and a > 0 .

thus, the inequality I �X
a
holds in all cases .

next , we take the expected value of both sides, i.e E [I] and

E
�
X
a

�
, s.t .

E [I] =
R1
�1 p(x):I E

�
X
a

�
=
R1
�1 p(x):

X
a

clearly E [I]� E
�
X
a

�
since I �X

a

furthermore, E [I] = P (X � a) since E [I] is just the sum the

probabilities where X � a .

hence, P (X � a) �E[X]
a
.

using markov�s inequality , we can create a bound on the prob-

ability of a certain outcome given only the distribution�s mean .

furthermore , this result is integral to deriving other bounds on

the probability distribution of a random variable , such as the

bound given by Chebyshev�s inequality .

Lemma 12 Chebyshev�s Inequality

if X is �nite random variable with �nite mean � and variance

�2 ,then for any value k > 0 ,

P ( jX � �j � k) ��2

k2

Proof. from markov�s inequality we know that

P (X � a) �E[X]
a

where X is any random variable that takes on only nonnega-

tive values and a > 0 .
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we can apply markov�inequality to the random variable (X � �)2

, which satis�es the necessary conditions we get :

P ((X � �)2� k2) �E[(X��)2]
k2

next, notice that (X � �2) � k2()jX � �j � k .hence , whenever

one of these inequalities is true so is the other inequality . in

other words, the probability of either inequality being true is the

same thus, we can swap one inequality for the other to get :

P ( jX � �j � k) �E[(X��)2]
k2

lastly, by de�nition of variance , E [(X � �)2] = �2 , so we get :

P ( jX � �j � k) ��2

k2

chebyshev�s inequality will be used to prove the weak law of

large numbers that states the conditions under which the aver-

age of a sequence of random variables converges to the expected

average . this result will rely primarily on chebyshev�s inequality

by allowing the random variable X to be a sequence of random

variables.

1.11 Weak Law of Large Numbers

Theorem 13 The Weak Law of Large Numbers

let X1; X2; :::be a sequence of independent and identically dis-

tributed random variables, each having �nite mean E [Xi] = � and

variance �2 . then, for any " > 0 ,

P (
��X1+:::+Xn

n
� �

��� ")! 0 as n!1
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Proof. we see that ,

E
�
X1+:::+Xn

n

�
= 1
n
E [X1] +:::+ E [Xn] =

n�
n
= �

furthermore,

V ar(X1+:::+Xn
n

) = V ar(X1
n
) + :::+ V ar(Xn

n
)

we can see that V ar(X1
n
) = E

�
(X1��

n
)2
�
= ( 1

n2
)� E [(X1 � �)2] , and

therfore we get :

V ar(X1+:::+Xn
n

) =

z }| {
�2

n2
+ ::::+

�2

n2
=�2

n2

now we treat (X1+:::+Xn
n

) as a new random variable X . the new

random variable X clearly satis�es the conditions for chebyshev�s

inequality .hence , we apply the lemma to get the following :

p( jX � �j � �) �V ar(X)
�2

= �2

n��2

as n!1 ,it then follows that

limn!1 P ( jX � �j � ") = 0

the weak law of large numbers demonstrates that given a large

aggregate of identical random variables, the average of the results

obtained will approach the sample mean .

next, i will prove a restricted case of the central limit the-

orem that deals only with a standard normal random variable.

this theorem is concerned with determining the conditions un-

der which the sum of a large number of random variables has a

probability distribution that is approximately normal .

the following lemma is integral to the proof of the central

limit theorem.

Lemma 14 let Z1; Z2; :::: be a sequence of random variables having
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distribution functions FZn and moment generating functions MZn

s:t . n � 1 . furthermore, let Z be a random variable having

distribution function FZ and moment generating functions MZ .

if MZn(t)!MZ for all t , then FZn(t)! FZ(t) for all t at which

FZ(t) is continuous .

to see the relevance of this lemma , let�s set Zn=
Pn

i=1
Xip
n
where

Xi are independent and identicaly distributed random variables

and let Z be a normal random variable . then, if we show that

the MGF of
Pn

i=1
Xip
n
approaches the MGF of Z (which we previ-

ously calculated to be et2=2 ) as n!1 ,we simultaneously show

that the probability distribution of
Pn

i=1
Xip
n
approaches the normal

distribution as n!1 . this is the method we will use to prove

the central limit theorem .

Theorem 15 The Central Limit Theorem

let X1; X2; ::: be a sequence of independent and identically dis-

tributed random variables each having mean � and variance �2

.then the distribution of tends to the standard normal as n!1

. that is, for �1 < a <1 ,

P (X1+:::+Xn�n�
�
p
n

� a)�! 1p
2�

R a
�1 e

�x2=2dx as n!1

1.12 The proof of Central Limit Theorem

Proof. we begin the the proof with the assumption that � = 0,�2= 1

and that the MGF of the Xi exists and is �nite .
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we already know the MGF of a normal random variable , but

we still need to compute the MGF of the sequence of random

variables we are interested in :
Pn

i=0
Xip
n
.

by de�nition of MGF, we can see thatM( tp
n
) = E

h
exp( tXip

n
)
i
.however,

we are interested in the MGF of E
h
exp(t

Pn
i=1

Xip
n
)
i
here is how

we �nd the MGF :

E
h
exp(t

Pn
i=1

Xip
n
)
i
= E

h
exp(

Pn
i=1Xi � tp

n
)
i

= E
h
�ni=1 exp(Xi � tp

n
)
i

= �ni=1E
h
exp(Xi � tp

n
)
i

= �ni=1M(
tp
n
)

=
h
M( tp

n
)
in

step1 is accomplished by simple distribution . step 2 uses

the rule ex+y= ex�ey . steps 3 relies on the fact that the Xis are

independent and therefore the E and the � operators are inter-

changeable .

in steps 4 i simply substitute a previously calculated identity .

and in steps 5 i simply rewrite the equation into a more accessible

format .

now we de�ne L(t) = logM(t) and evaluate L(0) , �L(0) , L"(0) .

L(0) = logM(0) = logE
�
e0�Xi

�
= logE [1] = log 1 = 0

�L(0) =
�M(0)
M(0)

= �M(0) = E
�
Xe0�Xi

�
= E [X] = � = 0

L"(0) =
M(0)M"(0)�[ �M(0)]

2

[M(0)]2
=
1�E[X2]�02

12
= E [X2] = �2= 1

now we are ready to prove the central limit theorem by show-

ing that
h
M( tp

n
)
in
! et

2=2 as n!1

by taking the log of both sides, we can see that this is equiv-



1.12. THE PROOF OF CENTRAL LIMIT THEOREM 11

alent to showing nL( tp
n
)! t2=2 as n!1 hence , we compute :

limn!1
L( tp

n
)

n�1 = limn!1
��L( tp

n
)n�

3
2 t

�2n�2

= limn!1
��L( tp

n
)t

�2n�1=2

= limn!1
�L"( tp

n
)n�3=2t2

�2n�3=2

= limn!1 L"(
tp
n
) t
2

2

= t2

2

here, step1 was accomplished by L�Hopital�s rule since both

the top and the bottm of riginal fraction equaled 0 . step 2

simply reduces the fraction . step 3 is again accomplished by

L�Hopital�s rule since again both the top and the bottom of the

reduced fraction equal 0 . step 4 reduces the equation . step

5 uses the previously calculated value of L"(0) to give us the

�nal result . having shown this, we can now apply lemma 3.3

to prove the central limit theorem for the case where � = 0 and

�2= 1 .

i will brie�y illustrate the theorem with a simple application

from investment . consider an investor who chose a diversi�ed

portfolio with 100 stocks . we assume that possible yields of

each stock are identically distributed(although in reality such

an assumption would be di¢ cult to satisfy)

then,using the central limit theorem, he can model the re-

turns of this portfolio using the normal distribution.
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Chapter 2

Generalization of The Central

Limit Theorem

2.1 The Central Limit Theorem

The Xk being real random variables de�ned on the same proba-

bility space and independent, we note

Sn=
Pn

k=1Xk

and we study the convergence in law of

S�n=
Sn�ESnp
V arSn

when this quantity is de�ned. We will then consider the case

where the Xk are random vectors of Rd .

13
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2.1.1 Case of an I.I.D of sequence

De Moivre- Laplace Theorem

Theorem 16 If the Xk are independent and have the same Bernoulli

law with parameter p 2 ]0; 1[ , with q = 1� p ,we have

S�n=
Sn�npp
npq
=
q

n
pq

�
Sn
n
� p
�
!law
n!1N(0; 1)

Since the distribution function �of N(0; 1) is continuous on R,

this is equivalent to

P (S�n� x)!n!1�(x) =
R x
�1 exp (

�t2
2
) dtp

2�

2.1.2 The Central Limit Theorem in the i.i.d case

Theorem 17 Let (X i)i�1 be a sequence of independent random

variables,with the same law and square integral (and not con-

stant). Note

� = E [X1] ,�2= V ar(X1) with � > 0

so

S�n=
Sn�E[Sn]p
V ar(Sn)

=Sn�n�
�
p
n
!law
n!1N(0; 1)

Corollary 18 If Yn follows a Poisson distribution with parameter

� = n� ( � constent )

Y �n=
Yn��p
�
!law
n!1N(0; 1)

Proof. It su¢ ces to notice that Yn has the same law as X1+:::+Xn

where the Xi are

independent and with the same distribution Pois(�) , the S�n

build on the series of Xi converges in law to N(0; 1). As E [Yn] = �



2.1. THE CENTRAL LIMIT THEOREM 15

and V ar(Y n) = � , we see that Y �n has the same law .that S�n . It

follows that Y �n converges in law to the same limit as S�n .

Before examining other applications of the central limit the-

orem, it is advisable to recall the following result .

Lemma 19 Slutsky

Let (Xn) and (Y n) be two sequences of real random variables

de�ned on the same probabilized space and convergent in law

respectively towards the random variable X and the constant C

. Then the sequence of random vectors (Xn; Y n) converges in law

to (X;C). Here are three useful consequences:

� a) For any continuous function g : R2! R converges in law

to g(X;C):

� b) If Xn converges in law to X and Yn converges in proba-

bility to 0 , then Xn+Y n converges in law to X .

� c) If Xn converges in law to X and Yn converges in proba-

bility to C , then XnYn converges in law tawards CX .

Corollary 20 Convergence of Student�s tn statistic

let (X i)i�1 be a sequence of random variables i.i.d de�ned on

the same space and having a moment of order 2 . We note

E [X1] = �

and
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�Xn=
1
n

Pn
i=1Xi

so

Tn=
p
n( �Xn��)p

1
n�1

Pn
i=1(Xi� �Xn)2

!law
n!1N(0; 1) .

Comment: When we want to construct con�dence intervals

for the estimate of an unknown expectation � by the arithmetic

mean �Xn of the sample, the �rst idea is to use Theorem17 by

noting that

S�n=
Sn�E[Sn]p
V ar(Sn)

=
p
n( �Xn��)p
V ar(X1)

The problem is that in general V ar(X1) is unknown. It is then

replaced by an estimator without bias

Wn=
1
n�1

Pn
i=1 (X i� �Xn)

2

which is none other than the �2n�1 of calculators. Corollary

20 provides the legitimation theory of this recipe .

Proof. Before demonstrating Tn=
p
n( �Xn��)p

1
n�1

Pn
i=1(Xi� �Xn)2

!law
n!1N(0; 1) . ,

let us verify that Wn is a strongly consistent estimator and with-

out bias.

Interpreting

Vn(w) =
1
n

Pn
i=1 (X i(w)� �Xn(w))

2

as the variance of the measure vn(w) = n�1
Pn

i=1 �Xi(w) ( empir-

ical measure, whose esperance is
R
R xdvn(w)(x) =

�Xn(w), Koenig�s

formula gives us

Vn(w) =
1
n

Pn
i=1X

2
i (w)� ( �Xn(w))

2:
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By a double application of the strong law of large numbers,we

see that

Vn!A:s:
n!1E [X

2
1 ]�(E [X1] )

2= V ar(X1)

using Koenig�s formula again, but in the other direction and

for the law of X1 instead of vn(w) . As Wn= (
n

(n�1))V n, we deduce

Wn!A:s:
n!1V ar(X1)

Now let us verify that Wn is unbiased

E(
Pn

i=1 (X i� �Xn)
2) = nE

�
1
n

Pn
i=1X

2
i � ( �Xn

�2
)

= E(
Pn

i=1X
2
i )� nE( 1n2 (

Pn
i=1Xi)

2)

= nE [X2
i ]� 1

n
E(
Pn

i=1X
2
i +
P

1�i6=j�nXiXj)

= (n� 1)E [X2
1 ]� 1

n

P
1�i6=j�nE [XiXj]

= (n� 1)E [X2
1 ]�n2�n

n
(E [X1]

2 ) (because E [X1X2] = (E [X1] )
2)

= (n� 1)(E [X2
1 ]�E [X1] )

2)

= (n� 1)V ar(X1)

We therefore have E [Wn] = V ar (X1)

To establish the convergence in law of Tn , we write

Tn=
Sn�n�
�
p
n
�W�1=2

n

where � =
p
V ar(X1) , �W�1=2

n Almost sure convergence and

therefore a fortiori in law towards 1 . The Theorem 17 and

Slutsky�s lemma give us the convergence of Tn towards N(0; 1)

2.2 Reciprocal of the i.i.d CLT

Theorem 21 Let (X i)i�1 be a sequence of random variables i.i.d

de�ned on the same probabilized space and such that Snp
n
con-
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verges in law to N(0; 1) . Then X1 is square integrable, E [X1] = 1

and E [X1] = 0

comment : This theorem essentially contains the converse of

Theorem17.More precisely, we deduce that if there are � 2 R

and � > 0 constants such that (�n)�1=2(Sn�n�) converges in law

to N(0; 1) , then X12 L2(
) , E [X1] = � and V ar(X1) = �
2 . Indeed, it

su¢ ces to apply Theorem to the random variables �X = (Xi��)
�
.Thus

Theorem 17 give us the equivalence between the convergence in

law towards a Gaussian of n�1=2(Sn�n�) ( for a certain constant

� ) and the existence of a moment of order 2 for X1.

Proof. The proof has 5 steps including two lemmas. We start

with reduce the problem to the proof of the member ship of X1

to L2(
). Lemma 9 establishes then a link between the behavior

of the characteristic function of X1 in the neighborhood from 0

and E [X2
i ] . We can then complete the proof in the particular

case where X1 has a law symmetrical. Lemma 22 and 23 are

useful for the transition from the symmetric case to the general

case .

Reduction to the proof of E [X1]< +1 .Suppose that X1 be-

longs to L2(
) . We then have E [X1]< +1 therefore by the strong

law of large numbers, n�1Sn almost sur converges towards E [X1] ,

therefore also in lawtowards the same limit. On the other hand,

by writing n�1Sn= n�1=2(n�1=2Sn) , the hypothesis of convergence

of n�1=2Sn towards Z of law N(0; 1) a nd Slutsky�s lemma (in a
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form degenerate) give us the convergence in law of n�1Sn towards

0� Z = 0 . By uniqueness ofthe limit law, the two constant ran-

dom variables E [X1] and 0 must have the same law.This implies

E [X1] = 0 (for Dirac masses, �a= �b is equivalent to a = b ).Then

by the CLT , n�1=2Sn converges in law to N(0; E [X2
1 ] ) . By unique-

ness of the limit law, we must therefore have N(0; 1) = N(0; E [X2
1 ] )

hence E [X2
1 ] = 1 .

Lemma 22 Let be X a real random variable with characteristic

function ' so

limu!0
2(1�Re'(u))

u2
=
R
R x

2dPX(x) = E [X
2]2 �R+

Lemma 23 If X and Y are two independent random variables

such that X + Y 2 L2(
), then X 2 L2(
) and Y 2 L2(
)

2.3 Convergence Speed

The speed of convergence in Theorem 17 is in the right cases in

O(n�1=2) , as for the de Moivre-Laplace theorem. More precisely,

we have the following result

Theorem 24 Berry-Esséen

Let (X i)i�1 be a sequence of random variables i.i.d such that

E [X1] = 0 , E jX1j3< +1 We denote by �2= E [X2
1 ] (� > 0) . uni-

versal constant C > 0 such that for all n � 1 ,

�n=sup
���P ( Sn�

p
n
� x)� �(x)

���� C EjX1j3
�3

1p
n
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The key to the problem is to obtain an inversion formula al-

lowing to control the di¤erence of the distribution functions us-

ing the di¤erence of the characteristic functions ticks. Once this

has been acquired, we carry out a third-order expansion as inthe

proof of CLT is what explains the presence of E jX1j3 in the up-

per bound . getting the best constant C has been the object of

a long quest. The initial value of Esséen was C = 7; 59. Feller

proposes C = 3 . A value more modern and close to the optimum

is C = 0:7975 (Van Beek (1972).

It is interesting to look at what the Berry-Esséen theorem

gives for the case of de Moivre-Laplace, therefore with X1= Y 1�p

, where Y1 follows a Bernoulli law with parameter p. We then

�nd

�n� C p2+q2p
pq

1p
n

Here is a very elementary example allowing to understand

that there is no instead of hoping for a speed of convergence

better than O(n�1=2) for �n Take X1 of Bernoulli�s law of para-

meter 1
2
. We then have

Sn� Bin(2n;12); E(S2n) = 2n
1
2
= n:

We are looking for an equivalent of P (S�2n� 0)� �(0) . Note

�rst that

fS�2n < 0g= f0 � S2n < ng and fS�2n > 0g= fn < S2n � 2ng
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Due to the symmetry of the binomial coe¢ cients (Ck2n= C
2n�k
2n )

,

P (S�2n< 0) =
Pn�1

k=0 C
k
2n2

�2n=
P2n

j=n+1C
j
2n2

�2n= P (S�2n> 0)

We thus have 2P (S�2n< 0) + P (S�2n= 0) = 1 from which we take

P (S�2n< 0) =
1
2
�1
2
P (S�2n= 0) and P (S

�
2n� 0) =1

2
+1
2
P (S�2n= 0) . Recall-

ing that �(0) =1
2
, we end up with

P (S�2n� 0)� �(0) =1
2
P (S�2n= 0) =

1
2
P (S2n= n) = C

n
2n2

�2n�1

By the Stirling formula (n! �
p
2�nn+1=2e�n) , we get the equiv-

alent

P (S�2n� 0)� �(0) � 1p
2�

1p
2n

Since (2�)�1=2> 0:3989, we have for n � n0 ,jP (S�2n� 0)� �(0)j � 0:398(2n)
�1=2

,lower bound to be compared with the uniform upper bound

�2n� 0:798(2n)�1=2 provided in this case by the Berry-Esséen the-

orem

Let us return to the general situation of Theorem 11. What

is happening in the area intermediate where X1 satis�es the CLT

(i:e E [X2
1 ]< +1 ) but has no order moment 3 ? We always have

a speed of convergence, provided that the integrability of X1 is

a little stronger than the only existence of a moment of order 2

.

Theorem 25 (Katz 1963, Petrov 1965). Let (X i)i�1 be a sequence

of random variables i.i.d such that E [X1] = 0, E [X2
1 ] g(X1) < +1
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where g is a positive, pair, increasing on ]0;+1[ and such that
x
g(x)

is increasing on ]0;+1[. There is then a universal constant

A > 0 such that for all n � 1

�n=sup
���P ( Snpn � x)� �(x)���� AE(X2

1g(X1))

�2g(�
p
n)

in particular if E jX1j2+� < +1 for a � 2]0; 1];

�n� AEjX1j2+�
�2+�

1
n�=2

2.4 CLT without Equidistribution

We now consider the question of CLT for independent random

variables not necessarily having the same law. The essential

result is Lindeberg�s theorem

Theorem 26 lindeberg

Consider the �triangular array � of random variables of row

number n(n 2 N�)

Xn;1; :::; Xn;i; :::Xn;kn ,

where these kn variables are de�ned on the same (
n;zn; Pn) ,

independent, centered, of integrable squares. We notice

�2n;i= V ar(Xn;i) S2n=
Pkn

i=1 �
2
n;i Sn=

Pkn
i=1Xn;i

We assume Sn> 0 for all n If moreover the table satis�es the

condition of Lindeberg

8" > 0; 1
S2n

Pkn
i=1

R
fjXn;ij>�sngX

2
n;idP n!n!+10

then Sn
sn
converges in law to N(0; 1)
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Theorem 27 We suppose that X and Y are square integrable (

with �X ; �Y> 0 ) and that l = l(n) and m = m(n) tend to in�nity

with n. Then under (H0) the statistic of test T = T n converges in

law to N(0; 1) as n approaches in�nity. Through against, under

(H1), jTnj almost sure tends towards in�nity

Proof. Whether we are under (H0) or (H1), the independence

and equidistribution of the Xi the one hand and Y j on the other

hand give us by the strong law of large numbers the almost sure

convergences from �X to E [X] , from S2X to �2X , from �Y to E [Y ]

and from S2Y towards �2Y .

Thus the numerator of Tn almost sure converges towards

E [X]�E [Y ] and the almost sure denominator towards 0 . It

is then clear that under (H1) , jTnj tends almost sure towards

in�nity.

Under (H0) we have an indeterminate form of the type �0=0�

for the almost sure convergence and we study the convergence

in law. Consider for this the triangular array of nth line
�X1

l
; :::;�Xl

l
;Y1
m
; :::;Ym

m

Here kn= l +m and the sum of the row is Sn= �Y � �X Thanks

to independence, its variance is

s2n= V ar(Sn) =
1
l

Pl
i=1 V ar(X i)+

1
m2

Pm
j=1 V ar(Y j) =

1
l
�2X+

1
m
�2Y

By the strong law of large numbers, it is easy to verify that
1

l(n)
�2X+

1
m(n)

�2Y
1

l(n)
S2X+

1
m(n)

S2y
!A:S

n!+11.

by writing Tn in the form
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Tn=
�

1
l
�2X+

1
m
�2Y

1
l
S2X+

1
m
S2y

�1=2
�Sn
sn

and by invoking Slutsky�s lemma, we reduce the proof of the

theorem to the veri�cation of the Lindeberg condition for the

triangular array. It is therefore a question of showing for all

" > 0 the convergence towards 0 of

An(") =
1
s2n

hPl
i=1

R
fjuj�"sng u

2P(�Xi=l)
(du) +

Pm
j=1

R
fjvj�"sng

v2P(Y =m)(dv)
i

= 1
s2n

R
fjuj�"sng u

2P(�X1=l)
(du)+m

s2n

R
fjvj�"sng v

2P(Y =m)(dv)

The changes of variable u = �x
l
and v = y

m
give us as mea-

sures respective images PX1 and PY1 and as new integration sets

fjxj � "lsngand fjyj � "msng . We thus see that

An(") =
1
ls2n

R
fjxj�"lsng x

2PX1(dx)+
1

ms2n

R
fjyj�"msng y

2PY1(dy)

To increase An(") , we notice that ls2n > �2X hence the inclusion

fjxj � "lsng= fx2 � "2l2s2ng�
�
x2 � l"2�2X

	
by doing the same with m and �2Y , we get

An(") � 1
�2X

R
fx2�l"2�2Xg x

2PX1(dx) +
1
�2Y

R
fy2�m"2�2Y g

As l = l(n) and m = m(n) tend towards +1 , this upper bound

tends towards 0 by convergence dominated since X1 and Y1 are

square integrable

Theorem 28 Lyapounov

Let (Xk)k�1 be a sequence of random variables de�ned on the

same probabilized space, independent (but not necessarily of the

same law), centered,all having a moment of order 2 + � (� > 0)

. We notice s2n= V ar(Sn) and we assumes sn> 0 . We further

assume that Lyapunov�s condition is veri�ed
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1

s2+�n

Pn
k=1E jXkj2+�!n!+10

then Sn=sn converges in law to N(0; 1) .

Proof. We apply Lindeberg�s theorem to the triangular array

Xn;k= Xk , 1 � k � n . It is then su¢ cient to verify that the

Lyapunov condition results in that by Lindeberg . By noting

that on the event fjXkj � "sng we have jXkj�

("sn)
� � 1 , the increaseR

fjXkj�"sngX
2
kdP �

R
fjXkj�"sngX

2
k(
jXkj
"sn
)�dP � 1

"�s�n

R


jXkj2+� dP

gives the expected conclusion via inequality
1
s2n

Pn
k=1

R
fjXkj�"sngX

2
kdP � 1

"�s2+�n

Pn
k=1E jXkj2+�

2.5 The CLT in Rd

We study in this section the CLT in �nite dimension. For the

sake of simplicity, we will be limited mainly to CLt i.i.d in Rd

. We will see that in fact there is always a way to reduce to

dimension 1 thanks to the Cramér-Wold lemma (Cramér-Wold

device) (in Anglo-Saxon literature). However, this does not ex-

empt the possession of a minimum knowledge on random vectors

(functional characteristics,covariance structure, Gaussian laws

in dimension d ) . It is convenient to present these "reminders"

in the more abstract framework of a vector space E , on the one

hand to avoid to prematurely play a role in the Euclidean struc-

ture of Rd , on the other hand for pave the way in the direction
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of Gaussian laws and CLT in in�nite dimension

2.5.1 Random Vectors

Let E therefore be a �nite dimensional R-vector space d and

E its dual. Recall that there is only one topology of vector

space on E (i.e. making the addition continuous vectors and the

multiplication of a vector by a scalar) and that all the norms on

E are equivalent and each metrize this topology.

In the following, E will be provided of its Borelian tribe, that

is to say the tribe generated by the openings of E. A vector

random X in E is a measurable application of a probability space

(
; F; P ) in E.

The characteristic functional of X (or of its law) is the appli-

cation

'X : �E ! C , u! 'X(u) = E exp (iu(X))

The link with the characteristic functions in dimension 1 is

given by

8u 2 �E ; 8t 2 R ; 'X(tu) = E exp (itu(X)) = 'u(X)(t).

As in dimension 1 , the characteristic functional characterizes

the law and the convergence point of the characteristic func-

tionals is equivalent to the convergence in law. The lemma of

Cramér-Wold is an immediate consequence of these remarks
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Lemma 29 Cramér-Wold

The sequence (Xn)n�1 of random vectors in vector space�nite

dimensional toriel E converges in law in E towards the random

vector X if and only if for any linear form u 2 �E , the sequence

of real random variables (u(Xn))n�1 converges in law in R towards

u(X).

Let us move on to the de�nition of the expectation of a ran-

dom vector X . We suppose for this that for all u 2 �E, E ju(X)j

is �nite and we consider the application

� : �E ! R , u! E(u(X))

Due to the linearity of the expectation, � is a linear form on

E therefore an element of bidual E". There is then a unique

element x02 E such that �(u) = u(x0). This element which is de-

�ned as the E [X] deterministic vector. Thus E [X] is the unique

element of E verifying

8u 2 �E , u(E [X] ) = E [u(X)]

To give a more familiar expression of E [X] , let us choose a

basis (e1; :::; ed) of E and denote by �ek the associated coordinate

forms (�ek(ej) = �j;k , Kronecker symbol ) so that (�e1; :::; �ed) is a

basis of �E and all X 2 E is written x =
Pd

k=1 �ek(x)ek . In applying

8u 2 �E , u(E [X] ) = E [u(X)] with u =�ek(k = 1; :::; d) , we obtain by

noting that X =
Pd

k=1 �ek(X)ek;

E [X] =
Pd

k=1 (E[�ek(X)])ek= (E [�e1(X)] ; :::; E [�ed(X)] )

Suppose now that for all u 2 �E ,u(X) has an integrable square

and de�ne
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B : �E � �E ! R , (u; v)! B(u; v) = Cov(u(X); v(X))

B is clearly a bilinear form on �E � �E and using the identi�-

cation of E"with E , we have for each v 2 �E a unique element

y = Kv 2 E such that u(y) = B(u; v) .The operator K : �E ! E is

linear, autoadjoint (u(Kv) = v(Ku)) and positive (u(Ku) � 0) .

We call it the covariance operator of X . It is intrinsically

de�ned by

8u; v 2 �E , u(Kv) = Cov(u(X); v(X)) .

We can give a matrix representation of K by providing the

arrival space E of a basis (e1; :::; ed) and the starting space E of

the dual basis (�e1; :::; �ed) de�ned as above. By choosing u = �ei and

v = �ej in 8u; v 2 �E , u(Kv) = Cov(u(X); v(X)) . we see that the

matrix of K has a general term

Ki;j= Cov(�ei(X); �ej(X)) , 1 � i; j � d

The covariance operator gives information on the support of

the law of X. Let us indeed de�ne H =
n
u 2 �E;u(Ku) = 0

o
. As

the belonging of u to his equivalent to V ar(u(X)) = 0 , it is easy

to verify that H is a vector subspace of �E.

Consider then H0= fx 2 E;8u 2 H; u(x) = 0g. It is clear that H0

is a v.s of E .

The law of X is supported by the a¢ ne subspace E [X] +H0 ,

which means that P (X � E [X]2 H0) = 1. To verify this, note d0

the dimension of H and choose any basis (f i)1�i�d0 of H. We then

have

x=2H () 9i2f1; :::; d0g ; f i(x) 6= 0:
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from where

P (X � E [X] =2 H0
) = P ([di=1 ffi(X � E [X] ) 6= 0g ) �

Pd
i=1 P (f i(X � E [X] ) 6= 0):

Now by de�nition of H , for all i = 1; :::; d0 , V ar(f i(X � E [X] ) = 0

, which implies that the real random variable fi(X � E [X] ) which

has zero expectation is equal to 0 with probability 1 .The right-

hand member of

P (X � E [X] =2 H0
) = P ([di=1 ffi(X � E [X] ) 6= 0g )

�
Pd

i=1 P (f i(X � E [X] ) 6= 0):

is therefore zero and we have X 2 E [X] +H0 almost surely .

We say that the random vector X is Gaussian if for all u 2 �E

, the variable real random u(X) is Gaussian . This implies that

u(X) is square integrablefor all u and according to the above, X

therefore has an expectation m 2 E and an operator of covariance

K : �E ! E .

The law of X is then noted N(m;K) . As E [u(x)] = u(m) and

V ar(u(X)) = u(Ku) , the Gaussian law of u(X) is N(u(m); u(Ku))

,. We deduce that the characteristic functional of N(m;K) is

written

'X(u)=exp (iu(m)�
u(Ku)
2
) , u 2 �E

An immediate consequence of this de�nition is that the image

T (X) of a gaussian vector of E by a linear application T from E

to F is a Gaussian vector of F having for covariance operator T

K �T where �T : �F ! �E is the adjunct of T , de�ned by

8x 2 E , 8v 2 �F , v(T (x)) = ( �T (v))(x)

In the usual case E = Rd , we identify E and �E and we notice
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by
P
the matrix of K for the canonical basis of Rd. When K is

positive (the subspace H of �E de�ned above is therefore reduced

to the zero vector and K is invertible) the Gaussian law N(m;
P
)

then has for density with respect to the canonical Lebesgue mea-

sure of Rd

x! 1
(2�)d=2(det

P
)1=2

exp (�1
2
(x�m)t

P�1 (x�m))

In this case, the support of the Gaussian law N(m;K) is the

whole space Rd . If K is only positive semi-de�nite, the law

N(m;K) still exists, but is supported by the sub-a¢ ne space m+H0

, where H0 is now the orthogonal of H (after identi�cation of

E = Rd and �E) and has a density with respect to the canonical

Lebesgue measure of this subspace, except in the completely de-

generate case where H = Rd and where N(m;K) is the Dirac mass

at point m .

2.5.2 CLT i.i.d

Theorem 30 Let (Xk) be a sequence of independent random vec-

tors of Rd ,of the same law and square integrable (i:e E kX1k2< +1)

and Sn=
Pn

k=1Xk so
Sn�E[Sn]p

n
!law

n!+1N(0; K)

where K is the covariance operator of X1

Proof. By the Cramér-Wold lemma, it su¢ ces to verify that for

any linear form u on Rd , u(n�1=2(Sn�E [Sn] )) converges in law to

u(Z) where Z denotes a random vector Gaussian with law N(0; K)
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Let us note straight away that E [u(Z)] = u(E [Z] ) = u(0) = 0

and V ar(u(Z)) = u(Ku) = V ar(u(X1))

By linearity of u

u(Sn�E[Sn]p
n

) = 1p
n

Pn
k=1 (u(Xk)� E [u(Xk)] )

The u(Xk) are independent real random variables, of the same

law, of squared integrable (E ju(X1)j
2�kuk2�E E kX1k2E ) .

u(Sn�E[Sn]p
n

)!law
n!+1N(0; V ar u(X1))

The limit law is indeed that of u(Z)

To illustrate the theorem graphically in R2 , we have chosen

to generate 600 samples.independent of size 500 of a uniform law

over a triangle. For each of these samples have been calculated

n�1=2(Sn�E [Sn] ) and plotted the corresponding point. We obtain

thus a cloud of 600 points which behaves approximately like a

sample of size 600 of the limit Gaussian law. The level lines

drawn on this cloud of points are those of the density of this

Gaussian law (�gures 1:1and 1:2) .
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1.png

�gure 1.1 �n�1=2(Sn � E [Sn]) for 600 samples of the uniform

law on the triangle

�gure 1.2 �n�1=2(Sn � E [Sn]) for 600 samples of the uniform

law on the triangle

2.6 Local Limit Theorems

The CLT on R converges the mass of an interval for the law of

S�n towards the mass of same interval for the standard Gaussian

law N(0; 1). Local limit theorems relate to a uniform convergence

to the density of N(0; 1) .

The supposed quantity converge towards this density will be

either the density of S�n wh en it exists, let the mass suitably

normalized of atoms of the law of S�n when the law of X1 is

supported by a discrete lattice of R .

Theorem 31 Let (Xk))k�1 be an i.i.d sequence of centered real
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random variables and of variance 1. We suppose that the char-

acteristic function '(t) = E [exp(itX1)] satis�esR
R j'(t)j dt < +1

Then Snp
n
has a density which converges uniformly on R to-

wards that of N(0; 1)

Theorem 32 Let (Xk)k�1 be an i.i.d sequence of centered real ran-

dom variables and variance 1 . We further assume that the law

of X1 is supported by a network b+ hZ (b 2 R and h 2 R+� �xed ) In

the sequence h denote the greatest real such that P (X12 b+ hZ) = 1.Atoms

of the law of Snp
n
are then among the reals (nb+kh)p

n
; k 2 Z We note

An the set of these atoms and we de�ne

Pn(x) = P (
Snp
n
= x); x 2 An

Then we note f(x) = (2�)�1=2 exp (�x2=2)

supx2An

���pnh pn(x)� f(x)���!n!+10

comments:

The conclusion is also written

Pn(x) =
hf(x)p
n
+ "n(x)p

n
; supx2An j"n (x)j!n!+10

Let us examine the application of this result to the Gaussian

approximation of a binomial distribution.Let (Xk)k�1 therefore be

an i.i.d sequence of Bernoulli random variables with parameter p

, Sn= X1+:::+Xn then follows the Bin(n; p) law By noting q = 1� p,

we have
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S�n=
Sn�E[Sn]p
V ar(Sn)

=Sn�npp
npq
= 1p

n

Pn
k=1

�Xk=
�Snp
n

where �Xk=
(Xk�p)p

pq
, atoms of the law of �Snp

n
are the x such that

P ( �Sn= x
p
n) > 0 By setting x = yp

npq
, we have

P ( �Sn= x
p
n) = P (Sn�np = y)

and as the point masses of the binomial distribution of Sn are

the integers K = 0; 1; 2; :::; n ,we see that

An=
n
k�npp
npq
; k = 0; 1; 2; :::; n

o
So b = �

q
p
q
; h = 1p

pq
and is written

P (Sn= k) =
1p
2�npq

exp
�
�(k�np)
2npq

2
�
+
"n;kp
n
; max0�k�n j"n;kj!n!+10

2.7 CLT for The Sums of a Random Number

of Terms

Theorem 33 All the considered random variables being de�ned

on the same probabilized space, we suppose that

1. (Xk)k�1 is a sequence of random variables such that

1p
n

Pn
k=1Xk!law

n!+1N(0; �
2); (� > 0)

2. (Nn)n�1 is a sequence of random variables with values in N�

tending to +1 in probability,

which means : 8A > 0; limn!+1 P (Nn> A) = 1
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3. For all j � 1; N j is independent of the sequence (Xk)k�1 in

these conditions ,

1p
Nn

PNn
k=1Xk!law

n!+1N(0; �
2)

comments: Here is an illustration of this theorem in the �eld

of insurance Nn represents the number of claims received by a

company during n units of time (say during the n working days

since an origin date) Xk is the amount of compensation paid by

the company for the kth claim so stated. The total amount of

reimbursements for the period considered is therefore
PNn

k=1Xk

Theorem 34 All the considered random variables being de�ned

on the same probabilized space, we suppose that

1. Yn!law
n!+1Y

2. Nn!pr
n!+1+1

3. For all j; n 2 N�; Y j and Nn are independent

so

YNn!law
n!+1Y

Proof. It su¢ ces to show that at any point of continuity X of

the distribution function F of Y ,

P (YNn � x)!n!+1F (x)

To do this, we start by partitioning according to the possible

values of Nn to obtain
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from 3

P (YNn� x)=
P+1

j=1 P (YNn� x;Nn= j)

=
P+1

j=1 P (Yj� x;Nn= j)

=
P+1

j=1 P (Yj� x)P (Nn= j)

By 1, we have for all " 2 ]0; 1[ a j0= j0("; x) such that ,

8j > j0; jP (Yj � x)�F (x)j � "

By cutting then

P (YNn� x)�F (x)=
nPj0

j=1+
P+1

j=j0+1

o
(P (Yj� x)�F (x) )P (Nn= j)

and by increasing jP (Yj� x)�F (x)j by 1 for j � j0 and by " for

j > j0 , we end up with

jP (YNn� x)� F (x)j � P (Nn� j0)+"P (Nn> j0)

Due to2 , the two terms of this upper bound tend towards 0

and towards " respectively when n tends to +1. We can deduce

8" 2 ]0; 1[ ; upper limn!+1 jP (YNn� x)�F (x)j � " ,which give

P (YNn� x)!n!+1F (x) and ends the proof .



Chapter 3

Applications of The Central

Limit Theorem

we state the central limit theorem

Theorem 35 Suppose that X1; X2::: is an in�nite sequence of inde-

pendent, identically distributed random variables with common

mean � = E(X1) and �nite variance �2= V ar(x1). Then, if we let

Sn= X1+:::+Xn we have that

limn!+1 P
�
Sn�n�
�
p
n
� c
�
= �(c)=

Z c

�1

e�x
2=2

p
2�
dx

There are many applications of this theorem to real-world

problems, and we will give two: An application to hypothesis

testing, and an application to noise cancellation.

37
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3.1 Hypothesis Testing

Here we will give an example of how to use the CLT to test hy-

potheses. We have already seen how to do this using a chi-square

test to determine whether to reject a hypothesized population

distribution (with �nitely many classes) as being false. Here

we will do this for when the population breaks down into two

classes, smokers and non-smokers.

3.1.1 The Main Problem

Problem 36 You read in a newspaper that 20% of Georgians

smoke, and you decide to test this hypothesis by doing a poll on

1; 000 randomly selected Georgians with replacement (if the pop-

ulation you are testing is very large, then you would not need

to test with replacement). Suppose that 205 of the responses are

�smoker�, while 795are �non-smoker�. Is the claim �20% of

Georgians smoke� unreasonable? (Obviously not, but let�s see

what the math tells us...)

Well, in order to answer this question we would need more

information; we would need to know what we mean by �unrea-

sonable�. Here we will mean �unreasonable�with respect to a

certain statistical test which we presently describe:

Let Xi= 1 if respondant i says he/she is a smoker, and let Xi= 0

if he/she is not a smoker. These Xi�s are independent Bernoulli
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random variables. Let Sn= X1+:::+X1;000. If our hypothesis that

20% of Georgians smoke were correct, then � = E (Xi)= 0:2 , and

V (Xi)= � (1� �)= 0:16; and so, the Central Limit Theorem would

tell us that

S1;000�200p
1;000�0:16 is approximately N(0; 1)

in the sense that

P
�
S1;000�200
12:64911

� c
�
� � (c)

Now, if S�1;000 is the observed value of S1;000 , and if


 =
S�1;000�200
12:64911

then, on the basis of the central limit theorem and (1)we

wouldn�t expect that is an atypical value for N(0; 1). In partic-

ular, we wouldn�t expect that j
j is too big ; that is, we wouldn�t

expect that

P (jN (0; 1)j � j
j)< 0:05

if � = 0:2 is the true mean

Thus, we have the following basic statistical test

Statistical Test .Fix an � > 0 , typically � = 0:05 or 0:01. Com-

pute 
 as in 
 =S�1;000�200
12:64911

. if

P (jN (0; 1)j � j
j)= 2� (� j
j)< �
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then we reject the hypothesis that the mean value of X1 is � ;

and, if this inequality is not satis�ed, we do not reject it, which

is not the same as saying we accept it.

In the example given above we have that


 = 205�200
12:64911

= 0:39528

and one can readily compute that

2� (�0:39528)> 0:05

Thus, we do not reject the hypothesis that 20% of Georgians

smoke

3.2 Noise Cancellation

Suppose that a man is driving through the desert, and runs out

of gas. He grabs his cellphone to make a call for help, dialing

911, but he is just at the edge of the broadcast range for his

cellphone, and so his call to the 911 dispatcher is somewhat noisy

and garbled. Suppose that the 911 dispatcher has the ability to

use several cellphone towers to clean up the signal. Suppose

that there are about 100 towers near to the stranded driver, and

suppose that the signals they each receive at a particular instant

in time is given by

X1; :::; X100
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where

Xi = S + Y i

where S is the true signal being sent to the towers, and where

Yi is the noise. Suppose that all the noises Y1; :::; Y 100 are inde-

pendent and identically distributed, and further suppose they

all have mean 0 and variance �2. Further, it is not unreasonable

to assume that the noises are all normally distributed .

� i.e. they are all N(0; �2) �though we will not need this

assumption for what follows.

The 911 dispatcher cleans up the signal by computing the

average

�X =X1+:::+X100

100
= S+Y1+:::+Y 100

100

Now, by the Central Limit Theorem, we would expect that

Y1+:::+Y 100
100

is approximately N(0; �2=100)

Of course we need to be careful here �the central limit theo-

rem only applies for n large, and just how large depends on the

underyling distribution of the random variables Yi. There are

more powerful versions of the central limit theorem, which give

conditions on n under which Y1+:::+Y 100
100

is approximately N(0; �2=100)

holds under a precise notion of �is approximately�. At any rate,

if we assume that the Yi�s are all independent normal random
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variables, then we don�t even need the central limit theorem,

because in that case we have that �X � S is exactly N
�
0; �2=100

�
Now, suppose that, in fact, all the noises Yi�s have variance

�2= 1. Then, the central limit theorem in the guise Y1+:::+Y 100
100

is approximately N(0; �2=100) would be telling us that the new

noise �X � S is approximately normal with variance 1=100, a 100-

fold improvement in the noise variance gotten just using one

tower!

3.2.1 Just How Good is the Average Method for Noise

Cancellation - Can we Do Better ?

It turns out that not only does averaging give us a pretty good

way to cancel noise, but it is, in some sense, the best thing

we could possibly try. The proper language is that taking the

average �X gives us a maximum liklihood estimate for the signal

S, which is the same as the expected value of Xi for all i = 1; :::; 100

. Let us make this more precise:

Maximum Liklihood Estimates. Suppose X is some random

variable having a distribution that depends on a list of unknown,

underlying parameters �1; :::; �k. Let f (x; �1; :::; �k) denote the pdf

for X , given the parameters �1; :::; �k . Suppose we make n in-

dependent observations of our random source X , and suppose

these observations are the values x1; :::; xn. Then, the liklihood

value of this observation is
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L ( x1; :::; xn; �1; :::; �k)= �
n
i=1f (xi; �1; :::; �k)

We say that �̂1; :::; �̂k are maximum liklihood estimates for

�1; :::; �k, given the observations x1; :::; xn , if these values �̂i maxi-

mize L ( x1; :::; xn; �1; :::; �k) . Note that the �̂is which maximize L

may not be unique (there may be more than one global max).

Question. Why the word �liklihood�, and not, say, �proba-

bility�? To answer this, note that in the discrete setting it is

easy to describe what the liklihood function computes: It is just

the probability that given particular values for �1; :::; �k , the ob-

served values for some random variable X were x1; :::; xn So, in

this case �liklihood�and �probability�coincide. However, as we

well know, the pdf for a continuous random variable X does not

give us probability values when we plug in varlues for x , and

hence the use of the word �liklihood�.

In our case, let us suppose that the received signals Xi are,

in fact, normal, with mean S, and variance �2 ; that is to say,

the noises Yi are N
�
0; �2

�
. Now suppose that we have de�nite

values for these observations (that is, our observed signals are

�instantiated�), and suppose that those values are x1; :::; x100. The

liklihood function here is

L
�
x1; :::; xn;S; �

2
�
= 1
(2�)50�100

exp
�
�
�
(x1�S)2+:::+(x100�S)2

�
=2�2

�
If we seek S which maximizes this (for any given value for

�2), we can ignore the factor (2�)50 �100, and we maximize the
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log of the remaining exponential factor; thus, we just need to

maximize

� (x1�S)2+:::+(x100�S)2
2�2

We can ignore the �2; so, we maximize

� (x1�S)2+:::+(x100�S)2
2

Taking a derivative with respect to S and setting equal to 0

we have

(x1+:::+ x100)�100S = 0

so

S =x1+:::+x100
100

which is our sample mean. The fact that the expression

� (x1�S)2+:::+(x100�S)2
2

is a down-turning parabola means that, in-

deed, this is a maximum.

Thus, we see that by averaging we obtain a maximum lik-

lihood estimate for S, and therefore, in some sense, this is the

best we could hope to do to recover S.

3.3 Graphic Study

Let X1; :::; Xn be n independent Bernoulli random variable with

the same parameter p. We pose Sn= X1+::::Xn . The law of Sn is

then a binomial B (n; p) :
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P (Sn= k)= C
k
np
k (1� p)n�k (0 � k � n)

The histograms below represent this law for di¤erent val-

ues of the parameters n and p . Although the histogram of

the distribution B (n; p) theoretically consists of n+ 1 rectangles,

only a part of them is visible in the drawing, the others corre-

spond giving too small probabilities. The number " represents

for each �gure aincreasing by the probability corresponding to

the union of these�invisible�rectangles.In each �gure, the dot-

ted curve represents the density fm;� whose parameters are given

by: m = E [Sn] = np and �2= V ar (Sn)= npq
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Appendix A

Abbreviations and Notations

X,Y,...random variables

x,y,... values of the random variables X,Y,...

f(x) value of the probability density function of a contin-

uous random variable X

F(x) value of the cumulative distribution function of a

continuous random variable X

E[X] expectation of the random variable X

E[f(X)] expectation of f(X)

Var(X) variance of the random variable X

ex,exp(x) exponential function of x

n! n factorial

Bern(p) bernoulli distribution with parameter p

MX(t) moment genereting function for the random variable

X

N(�;�2) normal distribution with mean � and variance �2

49
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� population mean

�2 population variance

� population standard deviation

�x sample mean ,�x = 1
n

Pn
i=1 xi

s2 unbiased estimate of population variance from a

sample, s2= 1
n�1

Pn
i=1 (xi��x)

2

� probability density function of the standardised

normal variable Z � N(0; 1)

� cumulative distribution function of the standardised

normal variable Z � N(0; 1)

�̂ is an estimator for �

H0;H1 null and alternative hypotheses for a hypothesis

test

a:s: almost surely

i:i:d: independent and identically distributed

pdf probability density function

pmf probability mass function

r:v: random variable

CLT central limit theorem



Conclusion

The advantage of the CLT is that it is powerful, meaning im-

plying that regardless of whether the data originates from an

assortment of distributions if their mean and variance are the

equivalent, the theorem can even now be utilized.

The CLT notes that the sample means converge on the pop-

ulation means and the distance between them converges to be

normally distributed with a variance equal to the population

variance as the sample size increases. It is important in the

application of statistics and in the understanding of nature.
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Abstract 

The Central Limit Theorem establishes the convergence in law of the sum of a 

series of random variables to the normal distribution. Intuitively, this result 

asserts that a sum of identical and independent random variables tends towards a 

Gaussian random variable. 

Keywords: random variables, normal distribution, Bernoulli's law. 

 

Résumé 

Le théorème de limite centrale établit la convergence en loi de la somme d'une 

série de variables aléatoires à la distribution normale. Intuitivement, ce résultat 

affirme qu'une somme de variables aléatoires identiques et indépendantes tend 

vers une variable aléatoire gaussienne. 

Mots clés : variables aléatoires, distribution normale, loi de Bernoulli. 

 

 لخصـم

لمجموع سلسلة من المتغيرات )التقارب في التوزيع ( تؤسس نظرية الحد المركزي التقارب في القانون 

العشوائية للتوزيع الطبيعي. بشكل حدسي ، تؤكد هذه النتيجة أن مجموع المتغيرات العشوائية المتطابقة 

 . وسيلمستقلة يميل نحو متغير عشوائي غوا

 

 


