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Abstract – Many facets of the behavior of shape memory alloys have enormously attracted scientists and
researchers, studying and modeling their behavior are still problematic. It is in this context that several
models have been developed using a lot of approaches ranging from microscopic to macroscopic scale. In
this paper we have considered the superthermal effect (thermoelastic) of shape memory alloys and we
have adopted a macroscopic approach. The model takes in account only macroscopic observations, it was
built basing on thermodynamic laws of thermodynamics and simple assumptions in order to simplify as
much as possible its use in engineering without losing accuracy. To validate the model, we have simulated
numerically the response and compared it to experimental data.
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1 Introduction

During these last decades, materials have seen ma-
jor development and application in different areas; among
this category of materials we distinguish shape memory
alloys (SMAs), which are known by the property to re-
cover their initial shape by simple heating after having
been deformed under an applied mechanical load, it is
the simple shape memory effect. Other properties can be
exhibited by these materials after combining mechanical
and thermal loads and include: double shape memory ef-
fect, superelasticity (pseudoelasticity) [1,2], superthermal
effect (thermoelastic) [3], damping effect [4].

These properties derive from phases transformations
i.e. higher temperature phase (austenite) to lower tem-
perature phase (martensite).

It is important to observe that these phases trans-
formations do not occur with diffusion but rather with
displacement i.e. displacement at a distance less than
interatomic [5, 6].

Previous cited properties are at the origin of various
applications of SMAs, used in many varied fields: auto-
motive industry, fire watch devices, aeronautics, medical
devices [7].

To understand the thermomechanical behavior of
these materials and to use it in engineering, various
models have been developed; they can be classified into
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great categories: micromechanical and macroscopic ones.
Most of the micromechanical models for polycrystalline
SMAs are based on a self consistent type of averaging
methods. Let us mention some models as micromechani-
cal approaches for modeling pseudoelasticity [8, 9] devel-
oped model for polycrystalline SMA [10], micromechani-
cal model for multivariant SMA [11].

The macroscopic models seem less accurate than pre-
vious models but are used in engineering. We can include
the Tanaka’s model to describe pseudoelasticity and sim-
ple memory effect [12]; the macroscopic model developed
by Berveiller et al. [13]; the one-dimensional model of
SMA developed by Brinson et al. [14]; the phenomenolog-
ical model to describe the two way shape memory effect
of shape SMA [15]; the improvement to SMAs models
carried out by Raniecki and Lexcellent [16]; the unified
constitutive model developed by Lagoudas [17]; the ex-
tended model 3D developed by Lagoudas and Entchev
to consider the stress-induced transformation by allowing
both transformation and plastic strains as a result of the
applied load [18].

This paper is intended to develop a macroscopic con-
stitutive model to describe the isobaric thermal cycle of
the SMA using thermodynamics laws, and constitutive
equations.

The first section is devoted to write expression of the
potential and constitutive equations, the last one is con-
secrated to the application and validation of the model.
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Fig. 1. Superthermal effect (under σ = σ0).

ε0: Maximum deformation of transformation.
εa: Deformation before transformation.
Mσ

s : Temperature of transformation. start A → M under
stress σ.
Mσ

f : Temperature of transformation finish A → M under
stress σ.
Aσ

s : Temperature of transformation start M → A under
stress σ.
Aσ

f : Temperature of transformation finish M → A under
stress σ.

2 Methods

2.1 Presentation of the subject

Superthermal effect is obtained with applying a ther-
momechanical loading cycle. Under a constant stress (σ =
σ0) and cooling below Mσ

f then the material undergoes
a large deformation, it is because of transformation of
austenite to martensite, that was the direct transforma-
tion A → M. When heating above Aσ

f the previous defor-
mation is recovered because of transformation of marten-
site to austenite, it is the reverse transformation M → A
(Fig. 1).

2.2 Expression of thermodynamic potential

We consider a representative elementary volume REV
of austenite with sufficient size to have a fraction of
martensite when the transformation occurs (Fig. 3):

fraction of martensite: f =VM

V
The macroscopic strain is written as:

E =Ee+εt (1)

• εt: deformation due to austenite transformation
to martensite directly related to the formation of
Martensite:

εt= fε0 (2)

• Ee: overall elastic deformation:

Ee= fεe
M+(1 − f)εe

A (3)

Fig. 2. Phase diagram of SMA.

Fig. 3. Representative elementary volume.

• εe
M ; εe

A: respectively elastic deformation of formed
martensite and elastic deformation of remaining
austenite:

εe
M =

σ

EM
; εe

M =
σ

EA
(4)

• EM ; EA: respectively Young modulus of martensite
and austenite.

The thermodynamic potential is Gibbs free energy:

G(σ, T, f) = Wm + Wch + Wint (5)

• Wm: mechanical energy:

Wm= −σE (6)
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Using equations (1)–(4) Wm will be written:

Wm = −σ2

2

(
1 − f

EA
+

f

EM

)
− σfε0 (7)

– Wch: chemical free energy due to phase change;

Wch= fB (T−T0) (8)

B: proportional coefficient to be identified by test
[MPa/K].
T0: reference temperature; T0 = M0

s (M0
s temperature

of transformation start of martensite) [K].
– Wint: interaction energy; according to many au-

thors this energy is a function of the fraction of
martensite [19, 20].

We can choose the expression:

Wint= Cf(f − 1) (9)

C: proportional coefficient to be identified by test [MPa].
Consequently, Gibbs free energy can be written:

G (σ, T, f) = −σ2

2

(
1 − f

EA
+

f

EM

)

− σfε0+fB (T−T0)+C f(f − 1) (10)

EA; EM : Young modulus of austenite and martensite re-
spectively.

Driving force F th is derived from the potential
G (σ, T, f).

Because of dissipation due to martensite transforma-
tion, Clausius inequality gives:

−∂G

∂f

df

dt
≥ 0 (11)

Let us write
F th = −∂G

∂f
(12)

F th =
σ2

2

(
1

EM
− 1

EA

)
+ σε0−B (T−T0)−C(2f − 1)

(13)
It should be important to observe the hysteresis appear-
ing when the inverse transformation happens, dissipation
takes place. The dissipative force F di is opposed to F th:

F th = F di (14)

F di can be given as following:
F di = Kf + H ; K and H are constants to be determined.

When considering the direct and reverse
transformations, we can deduce:

F th =

⎧⎪⎨
⎪⎩

F di;
df

dt
> 0 Forward transformation

−F di;
df

dt
< 0 Reverse transformation

(15)

2.3 Constitutive equations

2.3.1 Forward transformation

From Equation (13) we obtain:

F th − F di = 0 (16)

Using consistency conditions we can write:

˙F th − ˙F di = 0 (17)

Finally, we deduce:

σ2

2

(
1

EM
− 1

EA

)
+ σε0−B (T−T0)−C (2f − 1)

− Kf − H = 0 (18)

Let us write:

σ2

2

(
1

EM
− 1

EA

)
+σε0−B (T−T0) − C(2f − 1)

− Kf − H = ϕ1(σ, T, f) (19)

dϕ (σ, T, f)
dt

=
∂ϕ

∂σ

dσ

dt
+

∂ϕ

∂T

dT

dt
+

∂ϕ

∂f

df

dt
= 0 (20)

Using (18) and (19); finally we obtain:[
σ

(
1

EM
− 1

EA

)
+ ε0

]
σ̇−BṪ−(2C + K)ḟ = 0; ḟ > 0

(21)
Equation (11) determines the evolution of the
transformation.

In this case σ̇ = 0, then (20) can be written:

ḟ = − BṪ

2C + K
; (ḟ > 0)(Ṫ < 0) (22)

2.3.2 Reverse transformation

Using the same procedure as previously, we obtain:

σ2

2

(
1

EM
− 1

EA

)
+ σε0−B (T − T 0) − C (2f − 1)

+ Kf + H = 0 (23)

σ2

2

(
1

EM
− 1

EA

)
+ σε0−B (T − T 0)−C (2f − 1)

+ Kf + H = ϕ2(σ, T, f) (24)

[
σ

(
1

EM
− 1

EA

)
− ε0

]
˙σ − B ˙T − (2C − K)ḟ = 0; ḟ < 0

(25)

ḟ = − BṪ

2C − K
;

(
ḟ < 0

)
; (Ṫ > 0) (26)
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2.4 Determination of coefficients B, C, K, H

2.4.1 Forward transformation

We use:

ϕ1 (σ = σ0, T, f) = 0; T = Mσ
s ; f = 0 (27)

ϕ1 (σ = σ0, T, f) = 0; T = Mσ
f ; f = 1 (28)

2.4.2 Reverse transformation

We use:

ϕ2 (σ = σ0, T, f) = 0; T = Aσ
s ; f = 1 (29)

ϕ2 (σ = σ0, T, f) = 0; T = Aσ
f ; f = 0 (30)

Resolving the system of equations we obtain:

B =
[
2σ2

0

(
1

EM
− 1

EA

)
+ 4σ0ε0

]/
(
Mσ

s + Mσ
f + Aσ

s + Aσ
f

)
(31)

C = σ2
0

(
1

EM
− 1

EA

)
+ 2σ0ε0 −

B(Mσ
f + Aσ

s − 2M0
s )

2
(32)

K =
σ2

0

2

(
1

EM
− 1

EA

)
+ σ0ε0 − B

(
Mσ

s − M0
s

)
+ C

(33)

H =
σ2

0

2

(
1

EM
− 1

EA

)
+ σ0ε0 − B

(
Mσ

f − M0
s

) − C − K

(34)

2.5 Model parameters and application

The parameters of the model were determined from a
test which was performed on CuZnAl specimen (Fig. 4),
and are presented in Table 1.

3 Results and discussion

We wrote the constitutive equations and conditions
of direct transformations (austenite to martensite) and
reverse (martensite to austenite) in the assumption that
the cycle is as described in Figure 1.

Experimental data were provided from (Bourbon
et al. [18]) work. The test performed on the alloy CuZ-
nAl [18], under applied stress σ0 = 65 MPa.

To simulate the response of the model we have used
an algorithm and we have obtained the results given in
Figures 4 and 5.

By analyzing results of each of previous figures (Figs. 4
and 5) we observe a hysteresis; this one is due to
dissipating phenomena.

Fig. 4. Results of simulation (σ0 = 65 MPa) [18].

Fig. 5. Response of the model (σ0 = 45 MPa; σ0 = 65 MPa;
σ0 = 100 MPa).

The results of simulation are purely linear. In Fig-
ure 4 we see that simulated results are in agreement
with experimental data despite the offsets which could
be observable. An offset of deformation at the corner of
the hysteresis could be noticed (Δε ≤ 0.001) approxi-
mately 3%. In the bottom we observe a slight offset after
the reverse transformation which is approximately 0.0005
approximately 2%.

Figure 5 shows an anticipated response in terms of
temperatures offset and maximum deformations.

4 Conclusions

Despite the variety of models proposed to describe the
thermomechanical behavior of shape memory materials,
only the cost and precision can differentiate them from
each other. Our model was built starting from simple as-
sumptions and using a simple formalism.
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Table 1. Parameters of the model [18, 20]. B = 1.149001E-01 MPa; C = 6.755679E-01 MPa; K = 1.762350E-01 MPa;
H = 9.390822E-01 MPa.

Parameters Values Parameters Values Parameters Values

M0
s (K) 313 Mσ

s (K) 324 EA(MPa) 72 000
M0

f (K) 303 Mσ
f (K) 311 EM(MPa) 70 000

A0
s(K) 315 Aσ

s (K) 330 ε0 0.023937
A0

f (K) 325 Aσ
f (K) 340 εa 0.001063

We compared the response to the experimental results,
and we conclude that:

1. The simulation results are generally in agreement with
the experimental data especially under σ0 = 65 MPa.

2. The cycle shows a complete loop i.e. the specimen re-
covers its initial state.

3. This model can be used in engineering.

The previous constitutive model developed with a phe-
nomenological approach was built using a simple formal-
ism. This model was able to predict the response under a
thermomechanical load. The obtained results by numeri-
cal simulation of the isobaric cyclic behavior are mostly
consistent with experimental data and with acceptable ac-
curacy. Finally we think that it can be used in engineering
fields.
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