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FINAL EXAM 

Exercise N°1 (4 pts) 

Given an orthonormal basis ൫𝚤, 𝚥, 𝑘ሬ⃗ ൯ and vectors: 𝑉ሬ⃗ ଵ = 𝑎𝚤 + 𝚥 + 𝑏𝑘ሬ⃗    ; 𝑉ሬ⃗ ଶ = 𝑏𝚤 + 𝚥 + 𝑐𝑘ሬ⃗   
1) Write the tensor [𝑃] = 𝑉ሬ⃗ ଵ ⊗ 𝑉ሬ⃗ ଶ  
2) If 𝑎 = 2 

2-1) Find 𝑏 and 𝑐 to get [𝑃] symmetric 
2-2) Calculate the contracted product [𝑃]: 𝑉ሬ⃗ ଵ 
2-3) Show that 𝑉ሬ⃗ ଵ is an Eigenvector for the representative matrix [𝑃] 

Exercise N°2 (8 pts) 

Consider Cauchy stress tensor [𝜎] defined at the point M(x,y,z):  
 

𝜎௜௝ = ቐ
5𝑖𝑗 ⇔ 𝑖 ≠ 𝑗

2𝑖 ⇔ 𝑖 = 𝑗
   (𝑖 = 1,3  and 𝑗 = 1,3)   (MPa) 

 
1) Write the tensor [𝜎] 
2) At the facet perpendicular to X direction and without any calculation, write: 

2-1) Stress vector 
       2-2) Normal stress 

2-3) Shear vector 

3) At the facet with normal 𝑛ሬ⃗ =
ଵ

ଷ
൝
2
1
2

ൡ , calculate: 

3-1) The normal stress 
3-2) The magnitude of the shear vector 

4) Write the deviatoric tensor 

Exercise N°3 (8 pts) 

Given a structure, the material is supposed to be a homogeneous continuum. At a point M(x,y,z) is 
defined the following stress tensor: 

[𝜎] = 100 ൥
2 −1 0

−1 1 0

0 0 −1

൩ (MPa) 

1) Determine principal stresses 
2) Determine the principal directions 
3) Given Young Modulus E=2.105MPa and Poisson’s Ratio v=0.3, calculate the linear strain tensor 
4) By using Strength Rankine Criterion, choose the suitable steel to ensure the strength. 

Steel X001 X002 X003 X004 
Elastic Limit (MPa) 210 180 320 460 

 
 
 
 
 



****************** MODEL ANSWER **************************** 
Exercise N°1 (4pts) 

1)  [𝑃] = 𝑉ሬ⃗ ଵ ⊗ 𝑉ሬ⃗ ଶ = (𝟎. 𝟐𝟓) ቊ
𝑎
1
𝑏

ቋ ⊗ ൝
𝑏
1
𝑐

ൡ = ൥
𝑎𝑏 𝑎 𝑎𝑐
𝑏 1 𝑐

𝑏ଶ 𝑏 𝑏𝑐
൩  (0.5) 

2) If a=2 

              2-1) (0.25*3) ൝
𝑎 = 𝑏

𝑏ଶ = 𝑎𝑐
𝑏 = 𝑐

   𝑎 = 𝑏 = 𝑐 = 2 (0.5) 

 

2-2)     [𝑃]: 𝑉ሬ⃗ ଵ = (𝟎. 𝟐𝟓) ൥
4 2 4
2 1 2
4 2 4

൩: ൝
2
1
2

ൡ = ൝
18
9

18
ൡ (0.5) 

2-3)  (0.5)  ൥
4 2 4
2 1 2
4 2 4

൩: ൝
2
1
2

ൡ = 2 ൝
2
1
2

ൡ   2= Eigenvalue  (0.75) 

Exercise N°2 (8pts) 

𝜎௜௝ = ቐ
5𝑖𝑗 ⇔ 𝑖 ≠ 𝑗

2𝑖𝑗 ⇔ 𝑖 = 𝑗
   (𝑖 = 1,3  and 𝑗 = 1,3) 

 

1) Stress tensor 

[𝜎] = ൥
2 10 15

10 8 30
15 30 18

൩   (1) 

2) Stress vector at the facet perpendicular to X direction 

𝑇ሬ⃗ (𝑀, 𝚤) = ൝
2

10
15

ൡ      (0.5) 

The normal stress:             𝜎௜ = 2         (0.5) 

Shear vector: 𝜏 = 10𝚥 + 15𝑘ሬ⃗ = ቊ
0

10

15

ቋ    (0.5) 

3) At the facet with normal 𝑛ሬ⃗ =
ଵ

ଷ
൝
2
1
2

ൡ , calculate: 

3-1) The normal stress 

𝑇ሬ⃗ (𝑀, 𝑛ሬ⃗ ) = ൥
2 10 15

10 8 30
15 30 18

൩
ଵ

ଷ
൝
2
1
2

ൡ   (𝟎. 𝟓) =
ଵ

ଷ
൝
44
88
96

ൡ      (0.5) 

𝜎௡ = 𝑇ሬ⃗ (𝑀, 𝑛ሬ⃗ ). 𝑛ሬ⃗ =    (𝟎. 𝟓)
1

3
ቊ

44

88

96

ቋ
1

3
ቊ

2

1

2

ቋ =
370

9
= 41.11𝑀𝑃𝑎   (0.5) 

3-2) The magnitude of the shear vector 

  (0.5)  𝑇ሬ⃗ (𝑀, 𝑛ሬ⃗ ) = 𝜎𝑛𝑛ሬ⃗ + 𝜏ሬ⃗    𝜏 = 𝑇ሬ⃗ (𝑀, 𝑛ሬ⃗ ) − 𝜎௡𝑛ሬ⃗ =
1

3
ቊ

44

88

96

ቋ − 41.11 ቊ
2

1

2

ቋ = ቊ
−67.55

−11.78

−50.22

ቋ (0.5) 

 

(0.5) |𝜏| = ඥ(−67.55)ଶ + (−11.78)ଶ + (−56.22)ଶ=88.67MPa   (0.5) 
4) Write the deviatoric tensor 

[𝜎] = [𝜎]ௌ + [𝜎]஽  [𝜎]஽ = [𝜎] − [𝜎]ௌ (0.5) 

 (0.5) [𝜎]஽ = ൥
2 10 15

10 8 30
15 30 18

൩ −

⎣
⎢
⎢
⎢
⎡

ଶ଼

ଷ
0 0

0
ଶ଼

ଷ
0

0 0
ଶ଼

ଷ ⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡−

ଶଶ

ଷ
10 15

10 −
ସ

ଷ
30

15 30
଼

ଷ ⎦
⎥
⎥
⎥
⎤

    (0.5) 

Exercise N°3 



[𝜎] = 100 ൥
2 −1 0

−1 1 0

0 0 −1

൩ (MPa) 

1) Determine principal stresses 

(0.5) [𝜎] = ቮ

200 − 𝜎௣ −100 0

−100 100 − 𝜎௣ 0

0 0 −100 − 𝜎௣

ቮ = 0    

 ൫100 + 𝜎𝑝൯ൣ൫100 − 𝜎𝑝൯൫200 − 𝜎𝑝൯ − 10000൧ = 0       (0.5) 
𝜎௣

ଶ − 300𝜎௣ + 10000 = 0     ∆= 90000 − 40000 = 50000 (0.5) 

𝜎௣ = −100𝑀𝑃𝑎; 𝜎௣ =
ଷ଴଴ା√ହ଴଴଴଴

ଶ
= 261.80𝑀𝑃𝑎  and 𝜎௣ =

ଷ଴଴ି√ହ଴଴଴଴

ଶ
= 38.20𝑀𝑃𝑎   

𝜎௣ଵ = 261.80𝑀𝑃𝑎 (0.5);  𝜎௣ଶ = 38.20𝑀𝑃𝑎  (0.5) and 𝜎௣ଷ = −100𝑀𝑃𝑎 (0.5) 
 

[𝜎] = อ
261.80 0 0

0 38.20 0

0 0 −100

อ (0.5) 

2) Determine the principal directions 

[𝜎] = อ
200 −100 0

−100 100 0

0 0 −100

อ ቊ

𝑥

𝑦

𝑧

ቋ = 𝜎௣ ቊ

𝑥

𝑦

𝑧

ቋ  (0.25) 

(0.25) 𝜎௣ଵ ൝
200𝑥 − 100𝑦 = 261.80𝑥
−100𝑥 + 100𝑦 = 261.80

−100𝑧 = 261.80𝑧

𝑦  ൝
61.80𝑥 + 100𝑦 = 0
100𝑥 + 161.80𝑦 =

−361.80𝑧 = 0

0  ൝
𝑥 = 0
𝑦 = 0
𝑧 = 0

  𝑉ሬ⃗ ଵ = ቊ
0

0

0

ቋ   (0.25) 

(0.25) 𝜎௣ଶ  ൝
200𝑥 − 100𝑦 = 38.20𝑥
−100𝑥 + 100𝑦 = 38.20

−100𝑧 = 38.20𝑧

𝑦  ൝
161.80𝑥 + 100𝑦 = 0
−100𝑥 + 61.80𝑦 =

−61.80𝑧 = 0

0  ൝
𝑥 = 0
𝑦 = 0
𝑧 = 0

  𝑉ሬ⃗ ଶ = ቊ
0

0

0

ቋ  (0.25) 

(0.25) 𝜎௣ଷ  ൝
200𝑥 − 100𝑦 = −100𝑥
−100𝑥 + 100𝑦 = −100

−100𝑧 = −100𝑧

𝑦  ൝
300𝑥 − 100𝑦 = 0
−100𝑥 + 200𝑦 =

𝑧 = 𝑧
0  ൝

𝑥 = 0
𝑦 = 0
𝑧 = 𝑧

  𝑉ሬ⃗ ଶ = 𝑧 ቊ
0

0

1

ቋ  let be ൝
0
0
1

ൡ  (0.25) 

 
3) Given Young Modulus E=2.105MPa and Poisson’s Ratio v=0.3, calculate the linear strain tensor 

𝜀௜௝ =
ଵ

ଶீ
ቀ𝜎௜௝ −

జ

ଵାజ
𝛿௜௝𝜎௞௞ቁ       𝐺 =

ா

ଶ(ଵାజ)
 

(0.25) 𝜀ଵଵ =
ଵାజ

ா
ቀ𝜎ଵଵ −

జ

ଵାజ
𝜎௞௞ቁ =

ଵ.ଷ

ଶଵ଴
ቀ261.80 −

଴.ଷ

ଵ.ଷ
200ቁ =0,001401722      (0.25) 

(0.25) 𝜀ଶଶ =
ଵାజ

ா
ቀ𝜎ଶଶ −

జ

ଵାజ
𝜎௞௞ቁ =

ଵ.ଷ

ଶଵ଴
ቀ38.20 −

଴.ଷ

ଵ.ଷ
200ቁ =-5,17221E-05          (0.25) 

(0.25) 𝜀ଷଷ =
ଵାజ

ா
ቀ𝜎ଷଷ −

జ

ଵାజ
𝜎௞௞ቁ =

ଵ.ଷ

ଶଵ଴
ቀ−100 −

଴.ଷ

ଵ.ଷ
200ቁ =-0,00095                (0.25) 

 
4) By using Strength Rankine Criterion, choose the suitable steel to ensure the strength. 

(0.25) 𝜎ோ = 𝑀𝑎𝑥(ห𝜎௣ଵห, ห𝜎௣ଶห, ห𝜎௣ଷห = 261.80𝑀𝑃𝑎 (0.5)  
  We choose Steel X003 (𝜎௘=320MPa)   (0.5) 


